7 One-step logic

In this chapter we will zoom in on a micro-version of coalgebraic modal logic that we call
one-step logic. For this purpose we introduce one-step models; intuitively, these are windows
over a T-model, only allowing access to the coalgebraic unfolding of one single state. Formally
one-step models are simply defined as triples (.S, o, m) with o € T'S and m a marking of states
in S with a set of variables. In particular, no coalgebra map is assumed.

Then, given a modal signature A, we will introduce a very simple modal language 1MLy
for describing properties of one-step models, the one-step language associated with A. The
so-called one-step formulas of 1ML, will be based on a set A of propositional variables, which
should be seen as place-holders for proper MLj-formulas. In particular, they are different
from the proposition letters of the languages — to avoid confusion the latter could be encoded
as (nullary) predicate liftings, see Remark 6.11. Characteristic of one-step formulas is the
syntactic restriction that all occurrences of variables are in the scope of exactly one modality;
thus the one-step formalism can be seen as a very simple fragment of the full modal language.

The point of focussing on this ‘local’, one-step version of coalgebraic modal logic is that
many properties of coalgebraic modal logic are in fact already determined at this one-step
level. As we will see in this chapter and further on, this applies both to model-theoretic
properties and to derivation systems.

Throughout this chapter we fix a set functor 7" and a modal signature A.

7.1 One-step syntax and semantics

We can now turn to the formal definitions of one-step logic. We start with syntax. Given
any set E of expressions, we let PL(FE) denote the set of (boolean) propositional or rank-0
formulas over E, given by the following grammar:

mu=e€FE|L|T|mVm|mAm | 7.

Definition 7.1 Fix a set A of predicate liftings, and a set A of propositional variables. Given
any set ® of formulas, we define

A(®) :=={Ox(g0,---son—1 | A€ Ajar(A) =n, 90, ..., pn-1 € P}.

We shall call
1ML (A) := PL(A(PL(A))).

the one-step language for A over A, and refer to formulas o, 8 € 1MLy as one-step or rank-1
A-formulas. For both PL(A) and 1ML (A) we may use standard propositional abbreviations
such as the connectives — and <. <

A more direct characterisation of the language 1MLA(A) is that it consists of those
ML (A)-formulas in which every variable a € A occurs in the scope of ezactly one modality.
As yet another alternative, the set 1MLy (A) can be characterised by the following grammar:

o = @)\(’/To,...,ﬂnfl)|J_‘T|Oéo\/0q |OZ()/\011|ﬂCk7

where A € A and 7; € PL(A).



Example 7.2 (1) With A = {a,b,c} and A = {0, <}, examples of one-step formulas are
O(aAb), (O((aVa)AL)vT. The formulas ¢<Ca and a V OL are not one-step formulas.

One-step formulas are naturally interpreted in one-step models, which consist of a one-step
frame together with a marking. As mentioned, a one-step T-model can be seen as a window
over a T-model, or as a potential unfolding of one state in a T-model.

Definition 7.3 A one-step T-frame is a pair (S,0) with o € T'S. A one-step T-model over a
set A of variables is a triple (S, 0, m) such that (S, o) is a one-step T-frame and m : S — PA
is a A-marking on S. <

Definition 7.4 Given a marking m : S — PA, we define the 0-step interpretation [r]9, C S
of m € PL(A) by the obvious induction:

[a]°, = m’(a) ( —{seS|ac m(s)})
[[T]]gn = S

[L19, = O

[=7]5, = S\ [x]%

[to Amily, = [molp, N [mly,

[mo vV mly, = [molb, Ulmly,.

If s € [n]Y,, we will say that 7 is true or satisfied at s under m, and sometimes write
S,m,s 0 .
Similarly, the 1-step interpretation [a]} of o € 1MLA(A) is defined as a subset of T'S,
with
[Ox(m0, -+ s )L, = As([m0]%,, - - -, [7n_1]%,),
and standard clauses applying for L, A,V and —. Given a one-step model (5,0, m), we write
S,o,m -« for o € [a]},. <

Remark 7.5 The semantics of the one-step formulas defined above show that, indeed, one-
step logic is a way of ‘doing coalgebraic logic without coalgebras’. The link with the inter-
pretation of coalgebraic modal logic is as follows.

Let ¢ € ML be some formula of the form ¢ = Qx(wo,...,¥n-1), and let Sforo(y) =
{0,...,¥n—1} denote the set of direct subformulas of ¢. Take a set A of variables, and
some substitution 7 : A — Sforp(¢) mapping variables to direct subformulas of ¢. Now any
T-model S = (S,0,U) induces a A-marking m = m,g given by

m:s—{a€A|S,slF1(a)}.

In other words, we now think of the formulas in Sforg(y) as being atomic. It is then straight-
forward to verify that we have the following semantic link, for any formula ¢y € 1ML (A)
such that @o[7] = ¢:

[0l = [T (63)

Formulated in terms of one-step models, we have that, for all s € S:

S,m,o(s) IF @ iff S, s I .
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Notions like one-step satisfiability, validity and equivalence are defined in the obvious way.

Definition 7.6 Let o« and o/ be one-step formulas. The formula « is one-step satisfiable if
there is a one-step model (S, o, m) such that S,o,m IF! a, and one-step valid if S,o,m - «
for all one-step models (S,0,m). We say that o' is a one-step consequence of a (written
a Fl o) if S,0,m IF! a implies S, c,m IF' o, for all one-step models (S, o, m), and that o
and o/ are one-step equivalent, notation: o =' o/, if a E! o/ and o/ E! a. <

We also need morphisms between one-step frames and models.

Definition 7.7 A one-step frame morphism between two one-step frames (S’,¢’) and (S, o)
isamap f:S5 — S such that (Tf)o’ = o. In case such a map satisfies m’ = mo f, for some
markings m and m' on S and S’, respectively, viz.,

then we say that f is a one-step model morphism from (S’, o', m’) to (S,o,m). <

The following proposition, stating that the truth of one-step formulas is invariant under
one-step morphisms, is fundamental. We will occasionally refer to this proposition as natu-

rality, since this invariance essentially boils down to the naturality of the predicate liftings in
A.

Proposition 7.8 Let f : (S,0',m') — (S,0,m) be a morphism of one-step models over A.
Then for every formula o € 1ML (A) we have

S’ o' m F e iff S, o,m IF! a
Formulating it differently, for any marking m : S — PA and any map f:S" — S, we have

[almos = (PTF)[a])r- (64)

The following proposition states that the meaning of a one-step formula only depends on
the variables occurring in it.

Proposition 7.9 Let (S,0,m) be a one-step model over A, and let o € 1ML (A) be a one-
step formula which belongs to the set 1ML (A'), for some subset A’ C A. Then we have

. !
S,o,m I a iff S, o,mA IF! a,

Al

where mA" is the A'-marking given by m? (s) :== m(s) N A’.

Finally, an important role in one-step logic is played by the following rather special one-
step models.



Definition 7.10 Given a variable set A, we define the canonical marking for A as the A-
marking n4 :=idps : PA — PA. We say that a one-step model is A-canonical if it is of the
form (PA,T,ny4), for some I' € TPA. In the sequel we will occasionally denote the marking
idpa : PA — PA as ny. <

The term ‘canonical’ model is justified by the following proposition, the proof of which is
left as an exercise.

Proposition 7.11 Let o € 1ML (A) be a one-step formula. Then « is one-step valid iff o
holds at every A-canonical one-step model.

7.2 Monotone signatures and disjunctive bases

If A is a collection of monotone predicate liftings, we may further simplify the formulas of
one-step modal logic. In this setting we can also introduce the fundamental concepts of
disjunctive formulas and disjunctive bases, the latter providing us with a generic framework
for obtaining normal formals in coalgebraic modal logic.

Definition 7.12 Let \ : P" = PT be a predicate lifting for the set functor 7. We call A
monotone if it preserves the subset order in each coordinate, that is, for all sets S and all
tuples of pairs of subsets X;,Y; C .S, we have that

if X,L' g }/z'; all i, then As(X(), . ,anl) g )\5(%, PN ,Ynfl).
The n-ary predicate lifting A2 defined by putting
M(Xo,. .., Xp1) =TS\ As(S\ Xo,..., 5\ X,1)
is called the boolean dual of . <

It is straightforward to verify that the boolean dual of a monotone predicate lifting is
again mononotone.

In the setting where all predicate liftings are monotone, we may generally restrict attention
to the positive fragment of one-step modal logic, provided that A is closed under taking
boolean duals.

Definition 7.13 A monotone modal signature for a set functor T is a collection A of mono-
tone predicate liftings which is closed under taking boolean duals. <

Definition 7.14 Fix a monotone modal signature A for the set functor 7. Given any set F
of expressions, we let PLT(E) denote the set of lattice formulas over E, given by the following
grammar:

mu=e€FE|L|T|mVm|mAm.

Where A is a set of propositional variables, we define the set 1ML} (A) of positive one-step
A-formulas as IML} (A) := PLT(A(PL*(A)). <
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A more direct characterisation of the language 1MLA(A) is that it consists of those
negation-free ML (A)-formulas in which every variable a € A occurs in the scope of exactly
one modality.

For positive one-step formulas we have the following monotonicity property.

Proposition 7.15 Assume that A is a monotone modal signature for a set functor T, let
(S,0) be a one-step frame, and let m,m’ : S — PA be two markings such that m(s) C m/(s),
for all s € S. Then for any formula o € 1MLX(A) we have that

S, o,m -« implies S,o,m’ IF! a.

We now introduce the fundamental concept of a disjunctive basis. First we consider the
notion of a disjunctive formula.

Definition 7.16 A one-step formula o € lMLX(A) is called disjunctive if for every one-step
model (S,0,m) such that S,o,m IF' a there is a one-step frame (S',0’) together with a
one-step frame morphism h : (S’,¢') — (S,0) and a marking m’ : S’ — PA, such that:

1. 8 o ,m IF o
2. m'(s") Cm(h(s")), for all s" € S';
3. |m/(s")| < 1, for all ' € S'.

We sometimes refer to the one-step frame (5’,0') together with the map h as a cover of
(S,0), and to the one-step model (S, o', m’) together with the map h as a separating cover
of (S,0,m) for a. <

The intuition behind disjunctive formulas is that, in a certain sense, they never ‘force’
two distinct propositional variables to be true together, that is, any one-step model for a
disjunctive formula § in lMLX(A) is covered by one in which every point satisfies at most one
propositional variable from A.

Example 7.17 (1) A trivial example of a disjunctive formula is Oa for a € A, where we
recall that O was the next-time modality viewed as a predicate lifting for the identity functor
Id. A one-step model for this functor is a triple S, s, m consisting of a set S, an element
s € S and a marking m : S — PA. Then S,s,m IF' Oa if, and only if, a € m(s). But
then, no elements in S besides s are relevant to the evaluation of Oa, and for s we can just
forget about all other variables: set m/(s) = {a} and m/(v) = @ for all s € S\ {v}. We have
S, s,m' IFt Oa, m’(v) € m(v) and |m/(v)] <1 for allv € S.

(2) For an example of a one-step formula that is not disjunctive, consider Oa A Ob (where
< and O are the standard modalities for Kripke structures, that is,, coalgebras for the power
set functor P). Observe that a one-step model for this functor is a triple (S, o, m) with o C S.
It should be obvious that for the formula Oa A b to hold at such a structure, o needs to
have an element s where b holds, while at the same time every element of o, including s,
must satisfy a. There is no escape here: we can only have (S, o, m) IF! Oa A Ob if there is an
element s making both a and b true.



(3) This is very different if we consider the typical disjunctive formulas for basic modal
logic, which are of the form V{aq,...,a,}, or, in the language with O and <:

Qay AN+ ACay, AO(ar V- -V ay)

For example, consider the formula V{a, b, ¢}, which is true in a one-step model (S, s, m) with
S = {u,v}, m(u) = {a,b} and m(v) = {b,c}. Clearly there is no way to simply shrink the
marking m to a separating marking m’ so that (S,s,m) IF* V{a,b,c}: there are too many
pigeons and too few pigeon holes — so the obvious solution is to make more pigeon holes!
One way to do this is to “split” the points in {u,v} so that we make room for each variable
to be witnessed at a separate point. More formally, let S’ = {(u,a), (u,b), (v,b), (v,c)} and
define m’ : S” — {a, b, ¢} via the projection on {a, b, ¢}, i.e., m'(u,a) = {a}, etc. This one-step
model satisfies V{a,b,c} and it has the obvious covering map h being the projection g on
S.

(4) In fact, all nabla formulas are disjunctive. That is, let T" be a standard and smooth
set functor; given a set A and an element o € T,,A we may think of Va as a one-step formula.
It is not hard to show that every one-step formula of this form is disjunctive.

As we will see later on, disjunctive formulas have very attractive properties, and so modal
signatures with a rich supply of disjunctive formulas are of interest. Example 7.17(3) shows
that not every one-step formula is disjunctive. It does make sense to consider modal signatures
with a ‘critical’ amount of disjunctive formulas in the form of a disjunctive basis. Roughly
speaking, the existence of a disjunctive basis means that the coalgebraic modal logic satisfies
some version of the modal distributive laws that we proved for the V-logic in Chapter 5. For
more details, we need some definitions.

Definition 7.18 We will consider, next to a (finite) collection A of variables, every element
B € P,A as a (formal) variable B, and we shall be interested in the substitution

Ay:PuA— A
that replaces each formal variable B with its corresponding conjunction AB € PLT(4). <

Intuitively then, A having a disjunctive basis means that there are sufficiently many
disjunctive formulas so that for every formula o € 1MLy (A) there is a disjunctive formula
d € IMLA(P,A) such that

a=0[A\4l- (65)
Observe that if we take a to be a conjunction of disjunctive formulas (65) expresses a law

stating that conjunctions distribute over disjunctive formulas.

Example 7.19 » example 1: next time operator

» example 2: Oa A<D

We formulate the definition of a disjunctive basis in such a way that we only need to check
the existence of disjunctive formulas satisfying (65) in a small but representative number of
cases.



Definition 7.20 Let D be an assignment of a set of positive one-step formulas D(A) C
1ML (A) for all sets of variables A. Then D is called a disjunctive basis for A if each formula
in D(A) is disjunctive, and the following conditions hold:

1. D(A) contains T and is closed under finite disjunctions (in particular, also L =\/ @ €

D(A)).

2. D is distributive over A: for every one-step formula of the form ©,7 in 1ML} (A) there
is a formula 0 € D(P(A)) such that O 7 = 6[A 4].

3. D admits a binary distributive law: for any two formulas o € D(A) and o € D(A’), there
is a formula v € D(P*2(AU A’) such that a A o/ = y[A 4 a/]-

Here P*2(A U A’) is the collection of subsets C' of AU A’ such that either |C| =1 or |C| =2
and C overlaps with both A and A’. <

The key property of disjunctive bases is captured by the following normal form theorem,
which is easy to derive from the definition.

Proposition 7.21 Suppose D is a disjunctive basis for A. Then for every one-step formula
o € IMLY(A) there is a formula § € D(P(A)) such that (65) holds: o = §[A 4].

» examples to be added

7.3 One-step derivation systems: sequent style

In this section and the next we will develop some natural logic at the level of one-step formulas;
that is, we will introduce one-step derivation systems and discuss the notions of one-step
soundness and completeness pertaining to such systems. As we will see in more detail in
the next Chapter, the basic idea is that coalgebraic derivation systems consist of so-called
one-step rules, on top of a classical propositional calculus.

The derivation system in this section will be based on sequents, that is, finite sets of
formulas. We read sequents disjunctively, that is, we think of a sequent I' as representing
the formula \/ T, and the idea of a derivation of the sequent I' is to provide a formal proof
that this disjunction is valid. Following standard conventions in proof theory we will often
denote a singleton sequent by its unique member (that is, write ¢ instead of {¢}), and use
the comma for the union symbol (that is, let I'; A denote the union I'U A of the two sequents
I' and A).

Remark 7.22 Our set-up, which is sometimes referred to as Tait-style, differs from the
slightly more common approach in which sequents are pairs of sets (or even multi-sets) of
formulas, with the pair (I, A), usually written as I' - A or I' = A representing the formula
AT — \/ A. The point is that, given our classical (boolean) context we can represent the
two-sided sequent I' = A as @ = I', A, where T := {7 | v € I'} is the set of negations of the
formulas in T'. We may then subsequently drop the (fixed) antecedent @ and focus on the
Tait-style sequent I, A. Conversely, a Tait-style sequent Y. represents the consequent (right
hand side) of the two-sided sequent & = 3.



Based on these correspondences one may develop the proof theory of two-sided sequent
system along the same lines as what we doing here for one-sided sequent systems.

Remark 7.23 As a matter of fact, we could also have pursued a tableau-style approach
where the idea is to focus on the antecedent part (left hand side) of a two-sided sequent.
Such sequents are then to be read conjunctively, and the idea of a derivation is to refute the
sequent, i.e., to provide a formal proof that the sequent is not satisfiable.

7.3.1 Rules and derivations

We shall formulate derivation rules in terms of propositional and rank-1 formulas over A. Ac-
cordingly, we shall refer to finite sets of propositional formulas, (rank-1 formulas, respectively)
as propositional and rank-1 sequents.

The key concept in coalgebraic derivation system is that of a one-step derivation rule.

Definition 7.24 A derivation rule is a pair d = (Prem(d), conc(d)), where Prem(d) is a set
of sequents, the premises of d, and conc(d) is a sequent, the conclusion of d. If Prem(d) = &
we say that d is aziomatic and we call conc(d) an aziom. A derivation system or calculus is
nothing but a set of derivation rules.

A derivation rule is propositional if all of its premises and its conclusion are propositional
sequents, whereas a one-step rule is given by a set of propositional premises and a rank-1
conclusion. In particular, one-step axioms are sets of one-step formulas. <

A derivation rule d with Prem(d) = {A1,...,A,_1} and conc(d) = Ay is often represented
as Aq,...,A,_1/Aq or as
Ay o Ay

d
Ao

Example 7.25 Examples of propositional rules are Modus Ponens ({a,a — b},b) and Ex
Falso Quodlibet ({L},a).

In ordinary modal logic (that is, where T = P and we take both the diamond and the box
modality as primitives), we can present the usual modal rule as follows:

a, bOa R bnfl
Da, <>b0, ey <>bn,1

M

Other examples of one-step rules are the congruence rule Cj:

ap <> by -0 ap_1 4 by C
A
Q?)\(a(), R 7an,1) — @)\(bo, ey bnfl)
and the monotonicity rule M)
ag—by - apn—1 — b
0 0 n—1 n—1 M)\

@,\(am ey an_l) — Q?)\(b(), Ce pbn—l)

that we will associate with an n-ary modality ©j.
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Remark 7.26 As mentioned already, the basic idea in the development of proof theory
for coalgebraic modal logic is to consider derivation systems that consist of a fized set of
propositional derivation rules, together with a specific, purpose-built collection of one-step
rules. For instance, in the setting of one-sided sequent systems, we will consider the following
propositional rules for the connectives T, — and A:

Ax0 Ax1 R 0 I
x0 — Ax - -
a,—a T - anb —(aADb) "

Given a set G of one-step rules, we obtain the system GT by adding a suitable set of propo-
sitional rules, including the ones given above and similar ones for the other primitive propo-
sitional connectives.

To introduce derivations, we need to say how we can use substitutions to define instances
of derivation rules.

Definition 7.27 A substitution is a map 7 : A — ML (A). We will use the notation ¢/a
for the substitution that maps the variable a to the formula ¢ (and is the identity on the set
of remaining variables). A substitution 7 is propositional or rank-0 if 7 : A — PL(A), and
rank-1 if 7: A — 1IMLA(A). A renaming is a simple substitution 7 : A — A that replaces
variables with variables.

A substitution 7 naturally induces a translation [7] mapping MLy (A)-formulas to ML (A)-
formulas. For this translation we shall use postfix notation, @[] denoting the result of apply-
ing the substitution 7 to the formula ¢. For a sequent ® we will write ®[7] := {¢[7] | ¢ € ®}.
<

Remark 7.28 It is easy to see that if 7 is a propositional substitution, we obtain [7] :
PL(A) — PL(A) and [7] : IMLA(A) — 1IMLA(A). On the other hand, if 7 is rank-1, then [7]
maps rank-0 formulas to rank-1 formulas, [7] : PL(A) — 1IMLj (A). In the sequel we will use
these observations without explicit notice.

Roughly speaking, an instance of a derivation rule is a version of that rule where we
uniformly replace every formula in the rule with some substitution instance, and we (possibly)
add context formulas.

Definition 7.29 To define the instances of a derivation rule d = Aq,...,A,_1/Aq is, we
make a case distinction:

e If d is propositional, then any instance of d can be represented as a rule

F,Al[T] F,An_1[7']

d
F,Ao[T]

where 7 is a substitution and I is a set of formulas.
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e If d is a one-step rule, then any instance of d can be represented as a rule

Al[’r] An_l[’r]
F,AQ[T]

d

where 7 is a rank-0 substitution.

In both cases we refer to the formulas in Ag[r] as the principal formulas of the rule
instance, and the ones in I' as the context formulas. <

Note the distinction between instances of propositional and one-step rules when it comes
to the role of the context formulas: in the case of propositional rules, the context formulas
in the conclusion are also part of each premise, whereas in the case of a one-step rule the
context only appears in the conclusion.

Definition 7.30 Let D be a derivation system. A derivation in D is a structure (W, C, L, ),
where (W,C,7) is a well-founded tree!® with root r, and L is a map labelling every node
w of W with a sequent'! L(w), in such a way that for every inner node ¢ € W, the pair
({L(u) | w € C(t)}, L(t)) is an instance of a derivation rule in D.

Given an D-derivation D = (W,C,L,r), we call a sequent ¥ an assumption of D if
¥ = L(t) for some leaf t, but ¥ is not an instance of an axiom; we denote the set of
assumptions of D by Ass(D). We refer to the sequent L(r) labelling the root of the tree as
the result of D.

A sequent 2 € IMLx (A) is derivable from a collection A of sequents in a derivation system
D, notation: A Fp X if 3 is the result of an D-derivation D with Ass(D) C A. If @ bp X we
simply write Fp X and we say that X is derivable. <

Remark 7.31 Derivations of one-step sequents in one-step derivation systems have a rather
specific shape. The tree of such a derivation can be partitioned into an ‘upper’ and a ‘lower’
part, where the nodes of the uppper (lower) part are all labelled with rank-0 (respectively,
rank-1) sequents. Formulated differently, on every branch tgt; - - - ¢, from the root r = ¢y to
a leaf | = t, of the tree, we either have L(t;) C 1ML, (A), for every i, or else there is a
(necessarily unique) index k > 0 such that L(t;) C 1IMLa(A) for all ¢ with 0 < ¢ < k, while
L(t;) C PL(A) for all ¢ with & < ¢ < n. In the latter case L(¢x) is the only sequent on the
mentioned branch that is obtained by the application of a one-step rule — all other sequents
are the conclusion of an application of a propositional rule.

10T vees and related notions are defined in Definition A.S.
1 Sometimes we will also need to make explicit the actual rule that has been applied at the node.
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7.3.2 One-step soundness and completeness

We now introduce the two key concepts in the one-step approach towards derivation systems
for coalgebraic modal logics: one-step soundness and one-step completeness.

We may restrict attention to one-step rules in a simplified form. Recall that Lit(A) is the
set of literals over A, that is, variables and negations of variables in A.

Definition 7.32 A modal rule is a one-step rule d such that every A € Prem(d) satisfies
A C Lit(A) while conc(d) C Lit(A(A)). Furthermore we require that every variable that
occurs in one the premises also appears in the conclusion. <

Remark 7.33 The restriction to modal rules can be justified by the observation that every
one-step derivation system G can be replaced with a modal derivation system Mg that is
equivalent to G in the sense that the same set of one-step rules are derivable in the two
systems (extended with propositional rules). More details of this equivalence will be provided
later.

The definition of one-step soundness is not surprising.

Definition 7.34 A modal rule d is one-step sound if, for very marking m : X — PA such
that [A]Y, = X for each A € Prem(d) we have [conc(d)]}, = TX. A set G is one-step sound
if every rule in G is so. <

Remark 7.35 We leave it for the reader that all propositional-substitution instances of sound
one-step rules are sound.

The definition of one-step completeness is somewhat more involved.

Definition 7.36 A set G of modal rules is one-step complete if, for every I' C Lit(A(A)) and
every marking m : X — PA such that [[']}, = TX, there is some rule d = I'y,..., T, /Ty and
some renaming 7 : A — A such that To[7] C T and [[;[7]]%, = X, for all 4. <

Remark 7.37 The above definition is not the only way to make the concept of one-step
completeness precise. Here are two alternative (but basically equivalent) approaches.

First of all, we could get rid of renamings in the definition. That is, we could say that
a set G of modal rules is one-step complete if, for every I' C Lit(A(A)) and every marking
m : X — PA such that [[']}, = TX, there is some rule d = I'y,...,T,, /T such that 'y C T
and [T;]%, = X, for all i. The disadvantage of this definition is that for any rule in the system
we would also need to have each of its renamings.

Moving in the opposite direction, we could call a set G of modal rules one-step complete
if, for every I' C Lit(A(A)) and every marking m : X — PA such that [[']}, = TX, there are
rank-0 sequents I'y, ... T, such that I" is derivable from T'y,..., [, using the rules in G, in
combination with propositional logic. This definition would lead to smaller derivation systems,
but a drawback is that it involves propositional reasoning and thus somewhat obscures the
fact that the notion of one-step completeness is really about one-step rules.
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Example 7.38 We look at standard modal logic (that is, T' = P), taking the diamond
operator & as the single modality. We claim that the set of rules of the form

—ap, a1, .. .,0n

=ag, Cay, ..., Oay

mp

is one-step complete.
To see this, assume that [[]}, = TX, for some marking m : X — PA and some sequent
I C Lit({Ca | a € A}), say, I' = {=0bg, ..., ~Obg_1,Cco, ..., Ocp—1}. To arrive at a

contradiction, assume that [-b;, co, ..., cn_1]%, # X, for every i. Then for each i we may take
some object z; & [-b;,co,...,cn1]%,. Defining Y := {x; | 0 < i < k}, we find Y ¢ [I']},,
contradicting our earlier assumption. This means that we must have [-b;, co, . . . ,cn_l]]gn =X
for some 1.

Let Ag and Aj be the sequents Ag := {—ag, a1, ...,a,} and Ay := {=Cag, Cay, ..., Cay },
so that Ag/A; is the rule m,. Furthermore, consider the renaming 7 given by 7 : ag — b;
and 7 : aj — cj_1 for j > 1. We then have [Ag[7]] = X and A;[r] C A, as required by the
definition of one-step completeness.

The following Theorem states that we can always find a one-step complete set of one-step
rules — for every set functor and every modal signature for that functor.

Theorem 7.39 Let A be a modal signature for a set functor T'. Then the collection Sy of all
sound one-step rules is one-step complete.

7.4 One-step derivation systems: Hilbert-style

In this section we continue our exploration of one-step derivation systems, but now we concen-
trate on so-called Hilbert-style systems. Characteristically, these manipulate single formulas,
rather than sequents.

Definition 7.40 A Hilbert calculus is a derivation system consisting of one-step rules in
which the premises and conclusion of every rule are all singletons. A (Hilbert) aziomatization
is a Hilbert calculus consisting of axiomatic rules only. <

A Hilbert-style derivation rule will usually be presented as a pair R = (Ilg,yr) where
IIg is a set of formulas and «yg is a formula — that is, we replace the singleton sequents with
their unique formula members. Also, we will identify a Hilbert axiomatisation H with the set
{7r | R € H} of its axioms.

Remark 7.41 The restriction to singleton sequences (and thus, equivalently, to formulas)
extends to derivations well. As a consequence of this, in Hilbert-style derivations we will only
consider rule instances where the context is empty.

Convention 7.42 Throughout this text we will assume an arbitrary but fixed derivation
system C (consisting of propositional axioms and rules) which is sound and complete for
classical propositional logic.
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Definition 7.43 Given a derivation system H, we let H" denote the extension of H with
(1) all axioms and rules from C and (2) the congruence rule (Cy), for every A € A. <

In Hilbert calculi the tendency is to prefer axioms to non-axiomatic rules. In fact one
often fixes a minimal set of derivation rules and focuses on one-step axomatizations on top
of these. This approach is justified by Theorem 7.44 below which states that in fact we may
completely restrict attention to derivation systems in which the congruence rule is the only
non-axiomatic one-step rule.

Theorem 7.44 Let A be some set of predicate liftings for a set functor T, and let H be a
one-step Hilbert-style derivation system. Then there is an aziomatization A such that HT
and AT derive the same one-step formulas.

Proof. Clearly it suffices to show that we can replace every one-step rule R with an axiom
ap which is equivalent to R in the sense that R and ap are derivable from one another by
propositional reasoning and the congruence rule. Without loss of generality we may assume
the premises of R to be satisfiable; if not, we may just reply R with the axiom T.

Our proof is then based on an interesting property of classical propositional logic: The
claim below states that every satisfiable propositional formula has a so-called projective uni-

fier.

Claim 1 Let w € PL(A) be satisfiable. Then 7 has a projective unifier, that is, a substitution
7: A — PL(A) such that (1) = 7[r] and (2) 7 = a + 7(a), for all a € A.

Proor oF CrLAmM Given a propositional formula p and a valuation U : A — 2 we write
[plo € {0,1} to denote the truth value of p under U.
Since 7 is satisfiable, there is a valuation V : A — 2 with [7]y = 1. Let 7 be given by

_f mnAna ifV(a)=1
7(a) '_{ T —a ifV(a)=0.

It is straightforward to verify that 7 = a < 7(a), for all a € A. To check that n[7] is a
tautology, consider an arbitrary valuation U : A — 2. We claim that [7[7]]y = 1.

To see this, we make a case distinction. If [7]y = 1, we find by part (2) that [a]y =
[7(a)]u, and from this an easy induction shows that [p]y = [p[7]]u, for any formula p €
PL(A). In particular we have [7]y = [r[r]]u and since [r]y = 1 this gives [n[r]]u = 1,
as required. On the other hand, if [7]y = 0 then by definition of 7, no matter whether
V(a) =0 or V(a) = 1, we always have [a]y = [7(a)]y. From this again an easy induction
shows that [p]v = [p[7]]u, for any formula p € PL(A). In particular then for p = 7 we find
that [p[r]Jv = [plv = 1. <

Let R be the rule IT/v, and let 7 be the substitution we obtain by applying the claim to
the formula A II. Then we define

ap =[]

and we claim that R and ar are mutually derivable.
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To see this, by the first property of the claim the formula 7[7] is derivable, for each premise
m € II. From this we can derive ag by one application of R. Conversely, take the set II as
assumptions, so that we can derive AII by propositional reasoning. Then by the second
property of the claim we may derive a <> 7(a), for all propositions a. But then we may easily
derive a ++ 7] by applications of the congruence rule, and since «[r] is now an axiom we
obtain «. QED

Example 7.45 Consider the monotonicity rule a — b/Qa — ©Ob, and observe that there are
three valuations making the premise a — b true. In the table below we list these, together
with the induced substitutions.

V o a b|7(a) 7(b)

Vo 0 0j(a—=bAa = aAb|(aAb)Ab = b

Vi 0 1|(a—=bAa = anb|(anb)—b = aVbd
Vool 1|(a—=b)—=a = a (aANb)—=b = aVb

Applying these three substitutions to the conclusion Qa — Ob we obtain three axioms which
may replace the monotonicity rule: Q(a Ab) — Qb, O(a Ab) = V(aVb) and Qa — O(a V).

We now move to the concepts of one-step soundness and completeness for Hilbert-style
systems. The definition of soundness is the same as before.

Definition 7.46 Let A be a set of predicate liftings for a set functor T. A one-step rule
R =TI/~ for A is one-step sound if

ﬂ [7]%, = S implies [y]}, = TS,
mell

for all sets S and all markings m : S — PA. A derivation system H is one-step sound if all
of its derivation rules are one-step sound. <

The definition of one-step completeness is slightly more involved than in the case for
sequent systems.

Definition 7.47 Let A be a set of predicate liftings for a set functor T. We say that w €
PL(A) is a true (propositional) fact of a marking m : S — PA if [r]%, = S; we let TPF(m)
denote the collection of all these facts.

A one-step derivation system H for A is one-step complete if for every marking m : S —
PA, and every o € 1ML, (A) we have that

[a]}, = TS implies TPF(m) iyt a,

i.e., all formulas that are one-step true with respect to m are derivable from the true propo-
sitional facts of m in the extended derivation system HT. <

Remark 7.48 Note that in the case of Hilbert-style derivation systems our definition of
one-step completeness uses the approach sketched in Remark 7.37, rather than the one of
Definition 7.36.
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Example 7.49 As an example of a one-step complete derivation system, consider the modal
signature {0} for the powerset functor P (i.e., we look at standard modal logic where we take
the O modality as primitive). In the sequel we will continue writing 7" instead of P, however,in
order to clarify the role of the functor in the argument. We claim that the axiomatisation

K :={0T,0(a Ab) <> Oa A Ob}

is one-step sound and complete. Leaving soundness as an exercise for the reader, we prove
one-step completeness here.

Let m be a A-marking on some set S, and let « be a one-step formula such that [a]}, = T'S.
We will show that « is derivable from the true propositional facts of m:

TPF(m) Fi a.

Since we have the full power of classical propositional logic at our disposal, we may without
loss of generality assume that « is in conjunctive normal form, i.e., a = /\ﬁe p B for some
finite set B, where each [ is of the form

8 = \/DWZ'\/\/—!DTJ‘

iel Jj€J

for some finite index sets I and J, and where all 7;, 7; € PL(A). Clearly it suffices to prove
that we can derive each conjunct of o from the true propositional facts of m, so fix such a
conjunct 3 € B. Obviously it follows from [a]}, = T'S that [B]}, = T'S.

We first claim that

I+ (66)

To see this, assume for contradiction that I = &, so that g = VjeJ —0r7;. Consider the
empty set @ € TS, and observe that S,m, 2 IF1 Or for all rank-0 formulas 7 € PL(A);
so in particular, S,m,@ -1 Or; for all j € J. But this means S,m, @ If* 8, which clearly
contradicts the earlier observation that []}, = 7'S. This finishes the proof of (66).

Our second claim is that

at least one of the formulas &; is a true propositional fact of m, (67)

where we define

& = m VvV \/—|Tj.

To prove (67), assume for contradiction that none of formulas & belongs to the set TPF(m).
Then there are states (s;);e; such that s; & [£]9, for each i € I. So S,m,s; Y m;, while
S,m,s; IF0 7; for all j. Now consider the set o := {s; | i € I} € PS. It is immediate by the
semantics of O that S, m, o |f! On; for any i € I, while at the same time S, m, o IF! O7; for
all j € J. Clearly then we find that S, m, o If! 3, which provides the desired contradiction
with our assumption that S,m,o IF' a. This proves (67).
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To finish the one-step completeness proof, assume & = m; V'\/ .. ; =75 € TPF(m), then so

is the (propositionally equivalent) formula

/\Tj — ;.

jeJ

jedJ

Our third claim is that from the above formula we can derive its ‘boxed version’

/\ U7 — Oy,

Jj€J
by some propositional reasoning, applications of the congruence rule and of the axioms O(a A
b) <» Oa A Ob and OT, followed by further propositional reasoning. We leave the details for
the reader.

Finally, we can use propositional reasoning to show that the formula /\je ;01 — Om is

equivalent to

Um; V \/ —07y,

jeJ

B:\/Dﬂ'i\/ \/ﬁD’Tj.

iel jeJ

and therefore implies

In other words, we have established that
TPF(m) ik f.

And since § € B was an arbitrary conjunct of «, this means that we can also derive a =
A seB (B from the true propositional facts of m, as required.

Example 7.50 Similar axiomatizations can be given to monotone and graded one-step logic.
(1) The derivation system M, consisting of the monotonicity rule for the modality O of

monotone modal logic:
M := {a — b/Oa — Ob}

is one-step and complete.

(2) We write OF for the counting modality O, >x associated with the predicate lifting A=¥
for the bag functor, cf. Example 6.7. One may show that the following provides a one-step
sound and complete axiomatisation for the signature consisting of all these modalities:

a. O"tlg — Ong

b. O (a — b) = (O"a — O"b)

c. ~OMa Ab) AOFa A Ok — ORtk)l (g v p)

d. o'T
Here we abbreviate OFr := ~OF = and OF'r = OF e A —OFH

Finally, as a Hilbert-style analog of Theorem 7.39 we have the following result. It implies
that there always exists some one-step complete Hilbert-style derivation system; and thus, a
one-step complete Hilbert-style axiomatisation, for every set functor T" and for every modal
signature for T
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Theorem 7.51 Let A be a modal signature for a set functor T'. Then the set of all one-
step sound one-step Hilbert-style derivation rules is in fact a one-step complete Hilbert-style
derivation system for A and T.
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