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p
u
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o
c
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l
C
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o
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S
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0
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In
tr

o
d
u
c
tio

n
to

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e

U
lle

E
n
d
riss

In
stitu

te
for

L
ogic,

L
an

gu
age

an
d

C
om

p
u
tation

U
n
iversity

of
A

m
sterd

am

U
lle

E
n
d
ris

s
1

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

L
e
c
tu

r
e

4

T
o
d
ay

w
ill

b
e

an
in

tro
d
u
ction

to
ca

ke-cu
ttin

g
p
roced

u
res.

T
h
ese

are

algorith
m

s
for

fairly
d
iv

id
in

g
a

sin
gle

go
o
d

(th
e

“cake”)
am

on
gst

several
p
layers.

W
e

w
ill

cover:

•
D

efi
n
ition

of
d
iff

eren
t

n
otion

s
of

fairn
ess

•
R

ev
iew

of
several

classical
cake-cu

ttin
g

p
ro

ced
u
res

an
d

d
iscu

ssion
of

th
eir

p
rop

erties

•
O

p
en

p
rob

lem
s

(m
an

y
!)

•
B

rief
d
iscu

ssion
of

com
p
lex

ity
q
u
estion

s
an

d
p
ossib

ilities
to

form
ally

sp
ecify

p
ro

ced
u
res

u
sin

g
su

itab
le

logics

U
lle

E
n
d
ris

s
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

P
r
o
b
le

m
o
f
F
a
ir

D
iv

isio
n

C
on

sid
er

a
set

of
agen

ts
an

d
a

set
of

go
o
d
s.

E
ach

agen
t

h
as

th
eir

ow
n

p
referen

ces
over

altern
ative

allo
cation

s
of

go
o
d
s

to
agen

ts.

◮
W

h
at

con
stitu

tes
a

go
o
d

allo
cation

an
d

h
ow

d
o

w
e

fi
n
d

it?

W
h
at

go
o
d
s?

O
n
e

or
several?

A
vailab

le
in

sin
gle

or
m

u
ltip

le
u
n
its?

D
iv

isib
le

or
in

d
iv

isib
le?

C
an

go
o
d
s

b
e

sh
ared

?
A

re
th

ey
static

or

d
o

th
ey

ch
an

ge
p
rop

erties
(e.g.

con
su

m
ab

le
or

p
erish

ab
le

go
o
d
s)?

W
h
at

p
referen

ces?
O

rd
in

al
or

card
in

al
p
referen

ce
stru

ctu
res?

A
re

sid
e

p
ay

m
en

ts
p
ossib

le,
an

d
h
ow

d
o

th
ey

aff
ect

p
referen

ces?

U
lle

E
n
d
ris

s
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C
o
m

p
u
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c
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l
C

h
o
ic

e
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C
a
k
e
-C

u
ttin

g
P

r
o
b
le

m
s

W
e

w
ill

d
iscu

ss
th

e
d
iv

ision
of

a
sin

gle
d
iv

isib
le

go
o
d
,
com

m
on

ly

referred
to

as
a

ca
ke

(am
on

gst
n

p
la

yers).
It’s

th
e

sort
of

cake

w
h
ere

you
can

cu
t

off
slices

w
ith

a
sin

gle
cu

t
(so

n
ot

a
rou

n
d

ta
rt).

M
ore

ab
stractly,

you
m

ay
th

in
k

of
a

cake
as

th
e

u
n
it

in
terval

[0,1]:

|
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
|

0
1

E
ach

p
layer

i
h
as

a
va

lu
a
tio

n
fu

n
ction

v
i

m
ap

p
in

g
fi
n
ite

u
n
ion

s
of

su
b
in

tervals
(slices)

to
th

e
reals,

satisfy
in

g
th

e
follow

in
g

con
d
ition

s:

•
N

on
-n

egativ
ity

:
v

i (X
)
≥

0
for

all
X

⊆
[0,1]

•
A

d
d
itiv

ity
:

v
i (X

∪
Y

)
=

v
i (X

)
+

v
i (Y

)
for

d
isjoin

t
X

,Y
⊆

[0,1]

•
v

i
is

con
tin

u
ou

s
(th

e
In

term
ed

iate-V
alu

e
T

h
eorem

ap
p
lies)

an
d

sin
gle

p
oin

ts
d
o

n
ot

h
ave

an
y

valu
e.

•
N

orm
alisation

:
v

i ([0,1])
=

1

U
lle

E
n
d
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s
4

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

C
u
t-a

n
d
-C

h
o
o
se

T
h
e

classical
ap

p
roach

for
d
iv

id
in

g
a

cake
b
etw

een
tw

o
p
la

yers:

O
n
e

p
la

yer
cu

ts
th

e
ca

ke
in

tw
o

p
ieces

(w
h
ich

sh
e

co
n
sid

ers

to
be

o
f
equ

a
l
va

lu
e),

a
n
d

th
e

o
th

er
o
n
e

ch
oo

ses
o
n
e

o
f
th

e

p
ieces

(th
e

p
iece

sh
e

p
refers).

T
h
e

cu
t-an

d
-ch

o
ose

p
ro

ced
u
re

satisfi
es

tw
o

im
p
ortan

t
p
rop

erties:

•
P
ro

po
rtio

n
a
lity

:
E

ach
p
layer

is
gu

aran
teed

at
least

on
e

h
alf

(gen
eral:

1/n
)

accord
in

g
to

h
er

ow
n

valu
ation

.

D
iscu

ssion
:

In
fact,

th
e

fi
rst

p
layer

(if
sh

e
is

risk
-averse)

w
ill

receive
ex

actly
1
/2,

w
h
ile

th
e

secon
d

w
ill

u
su

ally
get

m
ore.

•
E
n
vy-freen

ess:
N

o
p
layer

w
ill

en
v
y

(an
y

of)
th

e
oth

er(s).

D
iscu

ssion
:

A
ctu

ally,
for

tw
o

p
layers,

p
rop

ortion
ality

an
d

en
v
y
-freen

ess
am

ou
n
t

to
th

e
sam

e
th

in
g.

U
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E
n
d
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C
o
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p
u
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n
a
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S
o
c
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l
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o
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e
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S
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0
0
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F
u
r
th

e
r

P
r
o
p
e
r
tie

s

W
e

m
ay

also
b
e

in
terested

in
th

e
follow

in
g

p
rop

erties:

•
E
qu

ita
bility

:
U

n
d
er

an
eq

u
itab

le
d
iv

ision
,
each

p
layer

assign
s

th
e

sam
e

valu
e

to
th

e
slice

th
ey

receive.

D
iscu

ssion
:

C
u
t-an

d
-ch

o
ose

clearly
v
iolates

eq
u
itab

ility.

F
u
rth

erm
ore,

for
n

>
2,

eq
u
itab

ility
is

often
in

con
fl
ict

w
ith

en
v
y
-freen

ess,
an

d
w

e
sh

all
n
ot

d
iscu

ss
it

an
y

fu
rth

er
to

d
ay.

•
P
a
reto

effi
cien

cy
:

U
n
d
er

an
effi

cien
t

d
iv

ision
,
n
o

oth
er

d
iv

ision

w
ill

m
ake

som
eb

o
d
y

b
etter

an
d

n
ob

o
d
y

w
orse

off
.

D
iscu

ssion
:

G
en

erally
sp

eak
in

g,
cu

t-an
d
-ch

o
ose

v
iolates

P
areto

effi
cien

cy
:

su
p
p
ose

p
layer

1
really

likes
th

e
m

id
d
le

of
th

e
cake

an
d

p
layer

2
really

like
th

e
tw

o
ou

ter
p
arts

(th
en

n
o

on
e-cu

t

p
ro

ced
u
re

w
ill

b
e

effi
cien

t).
B

u
t

am
on

gst
all

d
iv

ision
s

in
to

tw
o

con
tigu

ou
s

slices,
th

e
cu

t-an
d
-ch

o
ose

d
iv

ision
w

ill
b
e

effi
cien

t.
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O
p
e
r
a
tio

n
a
l
P

r
o
p
e
r
tie

s

T
h
e

p
ro

p
erties

d
iscu

ssed
so

fa
r

a
ll

rela
te

to
th

e
fa

irn
ess

(o
r

effi
cien

cy
)

o
f

th
e

resu
ltin

g
d
iv

isio
n

o
f
th

e
ca

k
e.

B
ey

o
n
d

th
a
t

w
e

m
ay

a
lso

b
e

in
terested

in
th

e
“
o
p
era

tio
n
a
l”

p
ro

p
erties

o
f
th

e
p
ro

ced
u
res

th
em

selv
es:

•
D

o
es

th
e

p
ro

ced
u
re

g
u
a
ra

n
tee

th
a
t

ea
ch

p
lay

er
receiv

es
a

sin
g
le

co
n
tig

u
o
u
s

slice
(ra

th
er

th
a
n

th
e

u
n
io

n
o
f
sev

era
l
su

b
in

terva
ls)?

•
Is

th
e

n
u
m

be
r

o
f
c
u
ts

m
in

im
a
l?

If
n
o
t,

is
it

a
t

lea
st

b
o
u
n
d
ed

?

•
D

o
es

th
e

p
ro

ced
u
re

req
u
ire

a
n

a
ctiv

e
re

fe
ree

,
o
r

ca
n

a
ll

a
ctio

n
s

b
e

p
erfo

rm
ed

b
y

th
e

p
lay

ers
th

em
selv

es?

•
Is

th
e

p
ro

ced
u
re

a
p
ro

p
er

a
lg

o
rith

m
(a

.k
.a

.
a

p
ro

to
co

l),
req

u
irin

g
a

fi
n
ite

n
u
m

b
er

o
f
sp

ecifi
c

a
ctio

n
s

fro
m

th
e

p
a
rticip

a
n
ts

(n
o

n
eed

fo
r

a

“
co

n
tin

u
o
u
sly

m
ov

in
g

k
n
ife”

—
to

b
e

d
iscu

ssed
)?

C
u
t-a

n
d
-ch

o
o
se

is
id

ea
l
a
n
d

a
s

sim
p
le

a
s

ca
n

b
e

w
ith

resp
ect

to
a
ll

o
f

th
ese

p
ro

p
erties.

F
o
r

n
>

2
,
it

w
o
n
’t

b
e

q
u
ite

th
a
t

ea
sy

th
o
u
g
h

...

U
lle

E
n
d
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s
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C
o
m

p
u
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n
a
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c
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l
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h
o
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e
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0
0
8

P
r
o
p
o
r
tio

n
a
lity

a
n
d

E
n
v
y
-F

r
e
e
n
e
ss

F
or

n
≥

3,
p
rop

ortion
ality

an
d

en
v
y
-freen

ess
are

n
ot

th
e

sam
e

p
rop

erties
an

y
m

ore
(u

n
like

for
n

=
2):

F
a
c
t

1
A

n
y

en
vy-free

d
ivisio

n
is

a
lso

p
ro

po
rtio

n
a
l,

bu
t
th

ere
a
re

p
ro

po
rtio

n
a
l
d
ivisio

n
s

th
a
t
a
re

n
o
t
en

vy-free.

O
ver

th
e

n
ex

t
few

slid
es,

w
e

are
goin

g
to

fo
cu

s
on

cake-cu
ttin

g

p
ro

ced
u
res

th
at

ach
ieve

p
rop

ortion
al

d
iv

ision
s.

U
lle

E
n
d
ris

s
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C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

S
te

in
h
a
u
s

P
r
o
c
e
d
u
r
e

T
h
is

p
ro

ced
u
re

fo
r

th
ree

p
la

y
e
rs

h
a
s

b
een

p
ro

p
o
sed

b
y

S
tein

h
a
u
s

a
ro

u
n
d

1
9
4
3
.

O
u
r

ex
p
o
sitio

n
fo

llow
s

B
ra

m
s

a
n
d

T
ay

lo
r

(1
9
9
5
).

(1
)

P
lay

er
1

cu
ts

th
e

ca
k
e

in
to

th
ree

p
ieces

(w
h
ich

sh
e

va
lu

es
eq

u
a
lly

).

(2
)

P
lay

er
2

“
p
a
sses”

(if
sh

e
th

in
k
s

a
t

lea
st

tw
o

o
f
th

e
p
ieces

a
re

≥
1
/
3
)

o
r

la
b
els

tw
o

o
f
th

em
a
s

“
b
a
d
”
.

—
If

p
lay

er
2

p
a
ssed

,
th

en
p
lay

ers
3
,

2
,
1

ea
ch

ch
o
o
se

a
p
iece

(in
th

a
t

o
rd

er)
a
n
d

w
e

a
re

d
o
n
e.

X

(3
)

If
p
lay

er
2

d
id

n
o
t

p
a
ss,

th
en

p
lay

er
3

ca
n

a
lso

ch
o
o
se

b
etw

een

p
a
ssin

g
a
n
d

la
b
ellin

g
.

—
If

p
lay

er
3

p
a
ssed

,
th

en
p
lay

ers
2
,
3
,
1

ea
ch

ch
o
o
se

a
p
iece

(in
th

a
t

o
rd

er)
a
n
d

w
e

a
re

d
o
n
e.

X

(4
)

If
n
eith

er
p
lay

er
2

o
r

p
lay

er
3

p
a
ssed

,
th

en
p
lay

er
1

h
a
s

to
ta

k
e

(o
n
e

o
f)

th
e

p
iece(s)

la
b
elled

a
s

“
b
a
d
”

b
y

b
o
th

2
a
n
d

3
.

—
T

h
e

rest
is

rea
ssem

b
led

a
n
d

2
a
n
d

3
p
lay

cu
t-a

n
d
-ch

o
o
se.

X

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
a
y
lo

r.
A

n
E

n
v
y
-free

C
a
k
e

D
iv

isio
n

P
ro

to
co

l.
A

m
e
rica

n

M
a
th

e
m

a
tica

l
M

o
n
th

ly
,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.
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C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
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e
E

S
S
L
L
I-2

0
0
8

P
r
o
p
e
r
tie

s

T
h
e

S
tein

h
au

s
p
ro

ced
u
re

—

•
G

u
aran

tees
a

p
ro

po
rtio

n
a
l

d
iv

ision
of

th
e

cake
(u

n
d
er

th
e

stan
d
ard

assu
m

p
tion

th
at

p
layers

are
risk

-averse:
th

ey
w

an
t

to

m
ax

im
ise

th
eir

p
ayoff

in
th

e
w

orst
case).

•
Is

n
o
t
en

vy-free
.

•
Is

a
d
iscrete

p
ro

ced
u
re

th
at

d
o
es

n
ot

req
u
ire

a
referee.

•
R

eq
u
ires

a
t
m

o
st

3
cu

ts
(as

op
p
osed

to
th

e
m

in
im

u
m

of
2

cu
ts).

T
h
e

resu
ltin

g
p
ieces

d
o

n
ot

h
ave

to
b
e

con
tigu

ou
s

(n
am

ely
if

b
oth

2
an

d
3

lab
el

th
e

m
id

d
le

p
iece

as
“b

ad
”

an
d

1
takes

it;

an
d

if
th

e
cu

t-an
d
-ch

o
ose

cu
t

is
d
iff

eren
t

from
1’s

origin
al

cu
t).

U
lle

E
n
d
ris

s
1
0

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
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e
E

S
S
L
L
I-2

0
0
8

T
h
e

B
a
n
a
c
h
-K

n
a
ste

r
L
a
st-D

im
in

ish
e
r

P
r
o
c
e
d
u
r
e

In
th

e
fi
rst

ev
er

p
a
p
er

o
n

fa
ir

d
iv

isio
n
,
S
tein

h
a
u
s

(1
9
4
8
)

rep
o
rts

o
n

h
is

ow
n

so
lu

tio
n

fo
r

n
=

3
a
n
d

a
g
en

era
lisa

tio
n

to
a
rb

itra
ry

n
p
ro

p
o
sed

b
y

B
a
n
a
ch

a
n
d

K
n
a
ster.

(1
)

P
lay

er
1

cu
ts

o
ff

a
p
iece

(th
a
t

sh
e

co
n
sid

ers
to

rep
resen

t
1
/
n
).

(2
)

T
h
a
t

p
iece

is
p
a
ssed

a
ro

u
n
d

th
e

p
lay

ers.
E

a
ch

p
lay

er
eith

er
lets

it

p
a
ss

(if
sh

e
co

n
sid

ers
it

to
o

sm
a
ll)

o
r

trim
s

it
d
ow

n
fu

rth
er

(to
w

h
a
t

sh
e

co
n
sid

ers
1
/
n
).

(3
)

A
fter

th
e

p
iece

h
a
s

m
a
d
e

th
e

fu
ll

ro
u
n
d
,
th

e
la

st
p
lay

er
to

cu
t

so
m

eth
in

g
o
ff

(th
e

“
la

st
d
im

in
ish

er”
)

is
o
b
lig

ed
to

ta
k
e

it.

(4
)

T
h
e

rest
(in

clu
d
in

g
th

e
trim

m
in

g
s)

is
th

en
d
iv

id
ed

a
m

o
n
g
st

th
e

rem
a
in

in
g

n
−

1
p
lay

ers.
P

lay
cu

t-a
n
d
-ch

o
o
se

o
n
ce

n
=

2
.

X

T
h
e

p
ro

ced
u
re’s

p
ro

p
erties

a
re

sim
ila

r
to

th
a
t

o
f
th

e
S
tein

h
a
u
s

p
ro

ced
u
re

(p
ro

p
o
rtio

n
a
l;

n
o
t

en
v
y
-free;

n
o
t

co
n
tig

u
o
u
s;

b
o
u
n
d
ed

n
u
m

b
er

o
f
cu

ts).

H
.
S
tein

h
a
u
s.

T
h
e

P
ro

b
lem

o
f
F
a
ir

D
iv

isio
n
.
E
co

n
o
m

e
trica

,
1
6
:1

0
1
–
1
0
4
,
1
9
4
8
.

U
lle

E
n
d
ris

s
1
1

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

D
u
b
in

s-S
p
a
n
ie

r
P

r
o
c
e
d
u
r
e

D
u
b
in

s
an

d
S
p
an

ier
(1961)

p
rop

osed
an

altern
ative

p
ro

po
rtio

n
a
l

p
ro

ced
u
re

for
a
rbitra

ry
n
.

It
p
ro

d
u
ces

co
n
tigu

o
u
s

slices
(an

d
h
en

ce

u
ses

a
m

in
im

al
n
u
m

b
er

of
cu

ts),
b
u
t

it
is

n
o
t
d
iscrete

an
y
m

ore
an

d

it
req

u
ires

th
e

active
h
elp

of
a

referee
.

(1)
A

referee
m

oves
a

k
n
ife

slow
ly

across
th

e
cake,

from
left

to

righ
t.

A
n
y

p
layer

m
ay

sh
ou

t
“stop

”
at

an
y

tim
e.

W
h
o
ever

d
o
es

so
receives

th
e

p
iece

to
th

e
left

of
th

e
k
n
ife.

(2)
W

h
en

a
p
iece

h
as

b
een

cu
t

off
,
w

e
con

tin
u
e

w
ith

th
e

rem
ain

in
g

n
−

1
p
layers,

u
n
til

ju
st

on
e

p
layer

is
left

(w
h
o

takes
th

e
rest).

X

O
b
serve

th
at

th
is

is
also

n
o
t
en

vy-free
.

T
h
e

last
ch

o
oser

is
b
est

off

(sh
e

is
th

e
on

ly
on

e
w

h
o

can
get

m
ore

th
an

1/n
).

L
.E

.
D

u
b
in

s
a
n
d

E
.H

.
S
p
a
n
ier.

H
o
w

to
C

u
t

a
C

a
k
e

F
a
irly.

A
m

e
rica

n
M

a
th

e
-

m
a
tica

l
M

o
n
th

ly
,
6
8
(1

):1
–
1
7
,
1
9
6
1
.

U
lle

E
n
d
ris

s
1
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

D
isc

r
e
tisin

g
th

e
D

u
b
in

s-S
p
a
n
ie

r
P

r
o
c
e
d
u
r
e

W
e

m
ay

“d
iscretise”

th
e

D
u
b
in

s-S
p
an

ier
p
ro

ced
u
re

as
follow

s:

•
A

sk
each

p
layer

to
m

ake
a

m
a
rk

at
th

eir
1/n

p
oin

t.
C

u
t

th
e

cake
at

th
e

leftm
ost

m
ark

(or
an

y
w

h
ere

b
etw

een
th

e
tw

o

leftm
ost

m
ark

s)
an

d
give

th
at

p
iece

to
th

e
resp

ective
p
layer.

•
C

on
tin

u
e

w
ith

n
−

1
p
layers,

u
n
til

on
ly

on
e

is
left.

X

T
h
is

also
rem

oves
th

e
n
eed

for
an

(active)
referee.

T
h
is

is
a

d
iscrete

p
ro

ced
u
re

gu
aran

teein
g

a
p
rop

ortion
al

co
n
tigu

o
u
s

d
iv

ision
(in

th
is

sen
se

it
is

su
p
erior

to
b
oth

D
u
b
in

s-S
p
an

ier
an

d

B
an

ach
-K

n
aster).

T
h
e

n
u
m

b
er

of
a
ctu

a
l

cu
ts

is
m

in
im

a
l

(alth
ou

gh

p
u
rists

w
ill

ob
ject

to
th

is:
th

e
m

ark
s

are
like

v
irtu

al
cu

ts).

U
lle

E
n
d
ris

s
1
3

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

E
v
e
n
-P

a
z

D
iv

id
e
-a

n
d
-C

o
n
q
u
e
r

P
r
o
c
e
d
u
r
e

E
ven

an
d

P
az

(1984)
in

vestigated
u
p
per

bo
u
n
d
s

for
th

e
n
u
m

b
er

of

cu
ts

req
u
ired

to
p
ro

d
u
ce

a
p
rop

ortion
al

d
iv

ision
for

n
p
la

yers,

w
ith

ou
t

allow
in

g
eith

er
a

m
ov

in
g

k
n
ife

or
“v

irtu
al

cu
ts”

(m
ark

s).

T
h
ey

con
jectu

red
th

e
follow

in
g

d
ivid

e-a
n
d
-co

n
qu

er
p
roto

col
to

b
e

op
tim

al
in

th
is

sen
se

(at
least

for
n

>
4):

(1)
A

sk
each

p
layer

to
cu

t
th

e
cake

at
h
er

⌊
n2
⌋

/
⌈

n2
⌉

m
ark

.

(2)
A

sso
ciate

th
e

u
n
ion

of
th

e
leftm

ost
⌊

n2
⌋

p
ieces

w
ith

th
e

p
layers

w
h
o

m
ad

e
th

e
leftm

ost
⌊

n2
⌋

cu
ts

(grou
p

1),
an

d
th

e
rest

w
ith

th
e

oth
ers

(grou
p

2).

(3)
R

ecu
rsively

ap
p
ly

th
e

sam
e

p
ro

ced
u
re

to
each

of
th

e
tw

o

grou
p
s,

u
n
til

on
ly

a
sin

gle
p
layer

is
left.

X

S
.
E

v
en

a
n
d

A
.
P
a
z.

A
N

o
te

o
n

C
a
k
e

C
u
ttin

g
.
D

isc
re

te
A

p
p
lied

M
a
th

e
m

a
tic

s,

7
:2

8
5
–
2
9
6
,
1
9
8
4
.

U
lle

E
n
d
ris

s
1
4

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

C
o
m

p
le

x
ity

o
f
D

iv
id

e
-a

n
d
-C

o
n
q
u
e
r

F
a
c
t

2
T

h
e

E
ven

-P
a
z

p
roced

u
re

requ
ires

O
(n

log
n
)

cu
ts.

P
ro

of:
T

h
e

p
ro

ced
u
re

m
ay

b
e

u
n
d
ersto

o
d

as
tak

in
g

p
lace

alon
g

a

b
in

ary
tree.

B
ran

ch
in

g
corresp

on
d
s

to
d
iv

id
in

g
th

e
rem

ain
in

g
set

of

p
layers

in
to

tw
o

grou
p
s.

A
t

each
n
o
d
e,

th
e

n
u
m

b
er

of
cu

ts
is

eq
u
al

to
th

e
n
u
m

b
er

of
p
layers

in
th

e
resp

ective
grou

p
.

A
t

each
level

of

th
e

tree,
th

e
n
u
m

b
er

of
cu

ts
ad

d
s

u
p

to
n
.

T
h
e

overall
d
ep

th
of

th
e

tree
is

⌈log
2
n
⌉:

th
e

n
u
m

b
er

of
tim

es
w

e
can

d
iv

id
e

n
b
y

2
b
efore

w
e

get
d
ow

n
to

a
sin

gle
p
layer.

X

S
o

O
(n

log
n
)

is
certain

ly
an

u
p
per

bo
u
n
d
.

S
gall

an
d

W
o
egin

ger

(2003)
give

a
m

atch
in

g
lo

w
er

bo
u
n
d

of
Ω

(n
log

n
)

—
u
n
d
er

som
e

tech
n
ical

restriction
s

(you
n
eed

to
b
e

m
ore

p
recise

ab
ou

t
w

h
at

is

an
d

w
h
at

is
n
ot

allow
ed

if
you

w
an

t
to

p
rove

a
low

er
b
ou

n
d

...).

J
.
S
g
a
ll

a
n
d

G
.J

.
W

o
eg

in
g
er.

A
L
o
w
e
r

B
o
u
n
d

fo
r

C
a
k
e

C
u
ttin

g.
E

S
A

-2
0
0
3
.

U
lle

E
n
d
ris

s
1
5

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

E
n
v
y
-F

r
e
e

P
r
o
c
e
d
u
r
e
s

N
ex

t
w

e
d
iscu

ss
p
ro

ced
u
res

fo
r

a
ch

iev
in

g
e
n
v
y
-free

d
iv

isio
n
s.

•
F
o
r

n
=

2
th

e
p
ro

b
lem

is
ea

sy
:

cu
t-a

n
d
-ch

o
o
se

d
o
es

th
e

jo
b
.

•
F
o
r

n
=

3
w

e
w

ill
see

tw
o

so
lu

tio
n
s.

T
h
ey

a
re

a
lrea

d
y

q
u
ite

co
m

p
lica

ted
:

eith
er

th
e

n
u
m

b
er

o
f
cu

ts
is

n
o
t
m

in
im

a
l

(b
u
t

>
2
),

o
r

se
v
e
ra

l
sim

u
lta

n
eo

u
sly

m
o
v
in

g
k
n
iv

e
s

a
re

req
u
ired

.

•
F
o
r

n
=

4
,
to

d
a
te,

n
o

p
ro

ced
u
re

p
ro

d
u
cin

g
co

n
tig

u
o
u
s

p
iece

s
is

k
n
ow

n
.

B
a
rb

a
n
el

a
n
d

B
ra

m
s

(2
0
0
4
),

fo
r

ex
a
m

p
le,

g
iv

e
a

m
ov

in
g
-k

n
ife

p
ro

ced
u
re

req
u
irin

g
u
p

to
5

cu
ts.

•
F
o
r

n
≥

5
,
to

d
a
te,

o
n
ly

p
ro

ced
u
res

req
u
irin

g
a
n

u
n
bo

u
n
d
ed

n
u
m

b
er

o
f
cu

ts
a
re

k
n
ow

n
(see

e.g
.
B

ra
m

s
a
n
d

T
ay

lo
r,

1
9
9
5
).

J
.B

.
B

a
rb

a
n
el

a
n
d

S
.J

.
B

ra
m

s.
C

a
k
e

D
iv

isio
n

w
ith

M
in

im
a
l
C

u
ts.

M
a
th

e
m

a
t-

ica
l
S
o
c
ia

l
S
c
ie

n
ce

s,
4
8
(3

):2
5
1
–
2
6
9
,
2
0
0
4
.

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
a
y
lo

r.
A

n
E

n
v
y
-free

C
a
k
e

D
iv

isio
n

P
ro

to
co

l.
A

m
e
rica

n

M
a
th

e
m

a
tica

l
M

o
n
th

ly
,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
ris

s
1
6



C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

S
e
lfr

id
g
e
-C

o
n
w

a
y

P
r
o
c
e
d
u
r
e

T
h
e

fi
rst

d
iscrete

p
ro

to
co

l
a
ch

iev
in

g
en

v
y
-freen

ess
fo

r
n

=
3

h
a
s

b
een

d
iscov

ered
in

d
ep

en
d
en

tly
b
y

S
elfrid

g
e

a
n
d

C
o
n
w

ay
(a

ro
u
n
d

1
9
6
0
).

O
u
r

ex
p
o
sitio

n
fo

llow
s

B
ra

m
s

a
n
d

T
ay

lo
r

(1
9
9
5
).

(1
)

P
lay

er
1

cu
ts

th
e

ca
k
e

in
th

ree
p
ieces

(sh
e

co
n
sid

ers
eq

u
a
l).

(2
)

P
lay

er
2

eith
er

“
p
a
sses”

(if
sh

e
th

in
k
s

a
t

lea
st

tw
o

p
ieces

a
re

tied
fo

r

la
rg

est)
o
r

trim
s

o
n
e

p
iece

(to
g
et

tw
o

tied
fo

r
la

rg
est

p
ieces).

—

If
sh

e
p
a
ssed

,
th

en
let

p
lay

ers
3
,
2
,
1

p
ick

(in
th

a
t

o
rd

er).
X

(3
)

If
p
lay

er
2

d
id

trim
,
th

en
let

3
,
2
,
1

p
ick

(in
th

a
t

o
rd

er),
b
u
t

req
u
ire

2
to

ta
k
e

th
e

trim
m

ed
p
iece

(u
n
less

3
d
id

).
K

eep
th

e
trim

m
in

g
s

u
n
a
llo

ca
ted

fo
r

n
ow

(n
o
te:

th
e

p
a
rtia

l
a
llo

ca
tio

n
is

en
v
y
-free).

(4
)

N
ow

d
iv

id
e

th
e

trim
m

in
g
s.

W
h
o
ev

er
o
f
2

a
n
d

3
receiv

ed
th

e

u
n
trim

m
ed

p
iece

d
o
es

th
e

cu
ttin

g
.

L
et

p
lay

ers
ch

o
o
se

in
th

is
o
rd

er:

n
o
n
-cu

tter,
p
lay

er
1
,
cu

tter.
X

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
a
y
lo

r.
A

n
E

n
v
y
-free

C
a
k
e

D
iv

isio
n

P
ro

to
co

l.
A

m
e
rica

n

M
a
th

e
m

a
tica

l
M

o
n
th

ly
,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
ris

s
1
7

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

S
tr

o
m

q
u
ist

P
r
o
c
e
d
u
r
e

S
trom

q
u
ist

(1980)
h
as

com
e

u
p

w
ith

an
en

v
y
-free

p
ro

ced
u
re

for

n
=

3
p
ro

d
u
cin

g
con

tigu
ou

s
p
ieces,

alb
eit

req
u
irin

g
th

e
u
se

of
fou

r

sim
u
ltan

eou
sly

m
ov

in
g

k
n
ifes:

•
A

referee
slow

ly
m

oves
a

k
n
ife

across
th

e
cake,

from
left

to

righ
t

(su
p
p
osed

to
cu

t
som

ew
h
ere

arou
n
d

th
e

1/3
m

ark
).

•
A

t
th

e
sam

e
tim

e,
each

p
layer

is
m

ov
in

g
h
er

ow
n

k
n
ife

so
th

at
it

w
ou

ld
cu

t
th

e
righ

th
an

d
p
iece

in
h
alf

(w
rt.

h
er

ow
n

valu
ation

).

•
T

h
e

fi
rst

p
layer

to
call

“stop
”

receives
th

e
p
iece

to
th

e
left

of

th
e

referee’s
k
n
ife.

T
h
e

righ
th

an
d

p
art

is
cu

t
b
y

th
e

m
id

d
le

on
e

of
th

e
th

ree
p
layer

k
n
ifes,

an
d

th
e

oth
er

tw
o

p
ieces

are

allo
cated

in
th

e
ob

v
iou

s
m

an
n
er

(en
su

rin
g

p
rop

ortion
ality

).
X

W
.
S
tro

m
q
u
ist.

H
o
w

to
C

u
t

a
C

a
k
e

F
a
irly.

A
m

e
rica

n
M

a
th

e
m

a
tica

l
M

o
n
th

ly
,

8
7
(8

):6
4
0
–
6
4
4
,
1
9
8
0
.

U
lle

E
n
d
ris

s
1
8

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

D
e
g
r
e
e

o
f
E
n
v
y

If
w

e
can

n
ot

ach
ieve

en
v
y
-freen

ess,
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