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Combinatorial Auctions
In its simplest form, a combinatorial auction works as follows:
e An auctioneer wants to sell several goods to a group of bidders.

e Each bidder bids by indicating how much they would pay for
any given bundle of goods: they specify a valuation function.

e The auctioneer has to solve the winner determination problem:
which goods should be allocated to which bidder so as to

maximise the sum of prices paid.

We will deal with the algorithmic problem of determining the
winner(s) next week, and with strategic aspects after that.

Today we discuss bidding languages: languages for encoding the
bids to be communicated to the auctioneer (languages such as the
explicit form, the k-additive form, weighted goals, and
program-based representation can all be used for this purpose).
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Plan for Today

We will introduce the standard bidding languages belonging to the
OR/XOR family and review their expressivity and succinctness:

e Basic OR and XOR languages
e Combinations of OR and XOR
e OR* with dummy items

This lecture will largely follow the review article by Nisan (2006),
and many of the results are originally due to Nisan (2000).

N. Nisan. Bidding and Allocation in Combinatorial Auctions. Proc. EC-2000.

N. Nisan. Bidding Languages for Combinatorial Auctions. In P. Cramton et
al. (eds.), Combinatorial Auctions, MIT Press, 2006.

Ulle Endriss 3

Bidding Languages COMSOC 2009

Assumptions
Let G be a finite set of goods.
We use bidding languages to encode valuations v : 29 — R.

Throughout this lecture, we shall assume that valuations are both

normalised and monotonic.
o v is normalised iff v({}) =0
e v is monotonic iff v(X) < wv(Y) whenever X CY

Observe that this entails that valuations are non-negative.
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Atomic Bids

An atomic bid is a pair (S, p) where S C G is a bundle of goods and
p € RT is a price. Intuitively, this means that the agent is prepared
to pay p in return for receiving S.

Formally, the atomic bid (S, p) defines the valuation v:

if XDS
wx) = ¢ 7 =
0 otherwise

Note how the assumption that all valuations are monotonic enters
this definition (otherwise use = in place of D).
Atomic bids alone cannot express very interesting valuations.

» How can we combine several atomic bids?
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OR: Expressive Power
The OR language is not fully expressive. However:

Proposition 1 The OR language can represent all supermodular
valuations, and only those.

Proof: Easy. v/

Recall that a valuation v is supermodular iff we have
V(X UY)>oX)+o)—vXNY) forall X, Y CG.
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The OR Language

There are various options of how to combine several atomic bids to
model a valuation function ... including the OR language:

The auctioneer may accept any combination of non-conflicting bids
(bundles don’t overlap) and charge the sum of the associated prices.

Formally, an OR-~combination of two bids defining valuations v
and vy defines the following valuation:

(v1 OR 1) (X) = }I(I}g})({(vl(Xl) +v2(X\ X1))
If there are k atomic bids defining valuations vy, ..., v, then the

overall bid defines the valuation v; OR (v2 OR - - (vg_1 OR vg))).

This is the standard bidding language. If an author doesn’t say
what language they are using, it’s probably this one.
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The XOR Language

Another possible interpretation of a set of atomic bids by the same
bidder would be that the auctioneer can accept at most one of
these bids. This is called the XOR language.

Formally, an XOR-~combination of valuations v; and v, has got the
following semantics:

(v1 XOR v2)(X) = max{v(X),v2(X)}

If there are k bids defining valuations v1, ..., vk, then the overall
bid defines the valuation v; XOR (v2 XOR - (vr—1 XOR v))).
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XOR: Expressive Power
The XOR language is fully expressive:
Proposition 2 The XOR language can represent all valuations.

Proof: Easy. v/

But keep in mind that this only applies to monotonic valuations.
Valuations that are not monotonic cannot be expressed, unless we
change the definition of the semantics of atomic bids.

For instance, if you submit the bid ({a},7) XOR ({a,b},5), then the
auctioneer can allocate either {a} or {a,b} to you, and charge a

price of 7 either way.
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Complexity

Recall: many multiagent problems are computationally hard for
most (compact) preference representation languages.

The most basic single-agent reasoning problem:
BUNDLE EVALUATION (BUNEVAL)

Instance: Valuation v in language £, bundle S, and K € Q
Question: Is it the case that v(S) > K?

Proposition 3 BUNEVAL is NP-complete for the OR language.

Proof: NP-hardness: by reduction from SET PACKING.
NP-membership: verifying that a given set of atomic bids do not

overlap and have a total price > K is easy. v’

For all other languages for representing valuation functions that we
have seen in this course BUNEVAL is easy.
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Comparative Succinctness
e The size of a bid is the number of atomic bids in it.

e Additive valuations require linear size in the OR. language, but
may require exponential size in the XOR language (why?).

e Hence, while the XOR language is more expressive than the
OR language, it is not more succinct (indeed, it will be
significantly less succinct for many natural valuations).
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Combinations of OR and XOR

So far, we have assumed that each bidder submits a set of atomic
bids and that the operator to be applied (OR or XOR) is implicit.
If we write out operators explicitly, we can also allow arbitrary
combinations of OR and XOR. Example:

({a,b},6) or (({c},4) XOR ({b, ¢}, 8)))

To interpret this, recall the semantics of the operators:

(v1 OR 1) (X) = )1(132}){((7;1()(1) + v2(X\ X1))
(v1 XOR v2)(X) = max{vi(X),v2(X)}

. and of atomic bids (5, p):

() p ifXDS
v =
0 otherwise
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Languages
Here are some obvious candidates for languages to consider:
e OR-of-XOR: OR~comb. of XOR~combinations of atomic bids
e XOR-of-OR: XOR-comb. of OR~combinations of atomic bids

e OR/XOR: arbitrary combinations of OR and XOR
(most general language considered so far, subsuming all others)

How do they relate in terms of expressive power and succinctness?
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Downward Sloping Valuations
Let us define a special valuation needed for the next result ...

A valuation v : 29 — R is called symmetric iff there exists a
function v’ : Ny — R such that v(X) = ¢'(]X|) for all X C G.

That is, for a symmetric valuation only the number of goods
matters (rather than which goods you get).

Call a symmetric valuation v downward sloping iff
v'(k)—v'(k—1) > V'(k+1)—'(k) for all k € N.

That is, a downward sloping valuation is both symmetric and
concave: the marginal benefit of obtaining additional items gets
smaller and smaller as we get more items to begin with.
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OR-of-XOR and Downward Sloping Valuations

Proposition 4 (Nisan, 2000) The OR-of-XOR language can

represent any downward sloping valuation over n goods in size n>.

Proof: Let z1,...,x, be the goods; and let p;, = v'(k) — v'(k—1)
for k < n be the price of the kth good (set v'(0) = 0).

This OR-of-XOR bid does the job:

any-one-for(p1) OR --- OR any-one-for(p,), where
any-one-for(pe) = ({1}, pr) XOR -+ XOR ({zn}, k)
This formula has length n?. v
The same is not possible using OR or XOR bids alone (why?).

» Hence, the OR-of-XOR language strictly more succinct than the
XOR language (and also fully expressive).
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Monochromatic Valuations

Another special valuation needed to establish a comparative

succinctness result ...

There are n/2 red and n/2 blue items. Assume our bidder wants as

many items of the same colour as possible:
v(X) = max{|X N Red|,|X N Blue|}

This is called the monochromatic valuation.
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Representing Monochromatic Valuations

The monochromatic valuation can be used to show that
XOR-0of-OR can be more concise than OR-of-XOR:

Proposition 5 (Nisan, 2000) The monochromatic valuation over
n goods requires a bid of size at least 2-2"/? in the OR-of-XOR
language, but only a bid of size n in the XOR-of-OR language.

Proof sketch: Easy part: (OR of all reds) XOR (OR of all blues) v/
Now, try to represent monochromatic valuation in OR-of-XOR:

(1) Any atomic bid can be assumed to be monochromatic and have
a price equal to cardinality. (2) All atoms must belong to same
XOR-~combination: if one red and one blue bid are in different ones,
then overall OR would allow accepting both of them. (3) Hence, we
have just one XOR bid. Every red and every blue bundle must be
represented; there are 2 - 2/2 such atomic bids. v/
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OR*: Dummy Items

Idea: Allow bidders to include bids for “dummy items” to be able
to simulate XOR in the OR-language. Example:

(X1,p1) XOR (X2,p2) can be represented as
(Xl U {d}vpl) OR (XZ U {d}7p2)

The OR* language has exactly the same semantics as the OR
language. But now each agent i is assigned a set of dummy items
D; and may submit bids over G U D;. All D; are pairwise disjoint.

The example above shows that OR* can simulate XOR bids. So:

Proposition 6 The OR* language can represent all valuations.

Y. Fujishima, K. Leyton-Brown, and Y. Shoham. Taming the Computational
Complexity of Combinatorial Auctions. Proc. IJCAI-1999.

OR-0of-XOR vs. XOR-of-OR

e The last result shows that the OR-of-XOR language is not
more succinct than the XOR-of-OR language.

e We've seen earlier that the OR-of-XOR language can represent
any downward sloping valuation in polynomial size.

e Nisan (2000) gives an example of a special downward sloping
valuation (the K-budget valuation) that requires a bid of
exponential size in the XOR-of-OR language.

e Hence, the XOR-of-OR language is not more succinct than the
OR-of-XOR language either. The two are incomparable.
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OR*: Succinctness
The OR* language is no less succinct than the OR/XOR language:

Proposition 7 (Nisan, 2000) Any valuation representable by an
OR/XOR bid of size s can also be represented by an OR* bid of
size s with less than s> dummy items.

Proof: (1) First show how to translate an XOR-combination of two
OR* bids into one OR* bid without changing the bid size (but by
adding exponentially many dummy items).

[(X1,p1) OR --+ OR (Xy,px)] XOR [(Y1,q1) OR --- OR (Y, qi)]

Create dummy items dx,y, and add to both (Xj,p;) and (Y}, g;).
We can eliminate all XOR-operators like this (starting from inside).
(2) Then reduce number of dummy items. At most, we need one
dummy item for any pair of atomic bids to make them exclusive.
Hence, at most s - (s—1)/2 < s? dummy items. v’
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The Majority Valuation
Another special valuation is the majority valuation:
1 if x| >1L.
. X2 £-19]
0 otherwise

That is, the agent will assign a value of 1 to any bundle containing
at least half of all the available goods (and 0 otherwise).
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Representing Majority Valuations

Even the OR* language cannot represent all valuations succinctly.
It requires exponential space in the case of the majority valuation:

Proposition 8 (Nisan, 2000) The majority valuation over n

n

77//2) in the OR* language.

goods requires a bid of size (

Proof: No atomic bid involving less than n/2 (real) items can
appear in the OR*-combination (otherwise accepting just those
items would yield the wrong value). Hence, every possible bid
involving exactly n/2 (real) items must have price 1. There are
(;}2) such bids. v/

Note: (Z) = #'),k, is the number of different subsets of size k of a

given set of size n (exponential for k = n/2).
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Summary

We have given an overview of standard language constructs to
build bidding languages for combinatorial auctions:

e OR and XOR and combinations
e OR*: use of dummy items to model exclusiveness

e The standard OR language is not fully expressive; all other
languages considered are (at least with respect to normalised
and monotonic valuations).

e Even basic reasoning is rather complex for the OR language.
e The XOR language is not compact.
e Various results on comparative succinctness

Remember that bidding languages are just another group of
languages for modelling preferences in combinatorial domains.

Ulle Endriss 23

Bidding Languages COMSOC 2009

What next?

Next we will look into the algorithmic problem of determining the

winners of a combinatorial auction.

Note that the winner determination problem is equivalent to the
welfare optimisation problem (maximising utilitarian social welfare)

studied in the previous lecture on multiagent resource allocation.
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