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Abstract. An agent who bases his actions upon explicit logical formulae has at
any given point in time a finite set of formulae he has computed. Closure or con-
sistency conditions on this set cannot in general be assumed – reasoning takes
time and real agents frequently have contradictory beliefs. This paper discusses
a formal model of knowledge as explicitly computed sets of formulae. It is as-
sumed that agents represent their knowledge syntactically, and that they can only
know finitely many formulae at a given time. Existing syntactic characterizations
of knowledge seem to be too general to have any interesting properties, but we
extend the meta language to include an operator expressing that an agent knows
at mosta particular finite set of formulae. The specific problem we consider is
the axiomatization of this logic. A sound system is presented. Strong complete-
ness is impossible, so instead we characterize the theories for which we can get
completeness. Proving that a theory actually fits this characterization, including
proving weak completeness of the system, turns out to be non-trivial. One of the
main results is a collection of algebraic conditions on sets of epistemic states
described by a theory, which are sufficient for completeness. The paper is a con-
tribution to a general abstract theory of resource bounded agents. Interesting re-
sults, e.g. complex algebraic conditions for completeness, are obtained from very
simple assumptions, i.e. epistemic states as arbitrary finite sets and operators for
knowing at least and at most.

1 Introduction

Traditional epistemic logics [9, 14], based on modal logic, are logics about knowledge
closed under logical consequence – they describe agents who know all the infinitely
many consequences of their knowledge. Such logics are very useful for many purposes,
including modelling the information implicitly held by the agents or modelling the spe-
cial case of extremely powerful reasoners. These logics fail, however, to model the ex-
plicit knowledge of real reasoners. Models of explicit knowledge are needed e.g. if we
want to model agents who base their actions upon their knowledge. An example is when
an agent is required to answer questions about whether he knows a certain formula or
not. The agent must then decide whether this exact formula is true from his perspective
— when he, e.g., is asked whether he knowsq ∧ p and he has already computed that
p ∧ q is true but not (yet) thatq ∧ p is true, then he cannot answer positively before he
has performed a (trivial) act of reasoning. Real agents do not have unrestricted memory
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or unbounded time available for reasoning. In reality, an agent who bases his actions
on explicit logical formulae has at any given time a finite set of formulae he has com-
puted. In the general case, we cannot assume any closure conditions on this set — we
cannot assume that the agent has had time to deduce something yet — nor consistency
or other connections to reality — real agents often hold contradictory or other false be-
liefs. The topic of this paper is formal models of knowledge as explicitly computed sets
of formulae.

We present an agent simply as a finite set of formulae, called a finite epistemic state.
Modal epistemic logic can be seen not only as a description of knowledge but also as
a very particular model ofreasoningwhich is not valid for resource bounded agents.
With a syntactic approach, we can get a theory of knowledge without any unrealistic
assumptions about the reasoning abilities of the agents. The logic we present here is a
logic about knowledge in a system of resource bounded agentsat a point in time. We
are not concerned withhow the agents obtain their knowledge, but in reasoning about
their static states of knowledge. Properties of reasoning can be modelled in an abstract
way by considering only the set of epistemic states which a reasoning mechanism could
actually produce. For example, we could choose to consider only epistemic states which
do not contain both a formula and its negation. The question is, of course, whether any-
thing interesting can be said about static properties of such general states. That depends
on the available language.

Syntactic characterizations of states of knowledge are of course nothing new [5, 15,
10, 9]. The general idea is that the truth value of a formula such asKiφ, representing
the fact that agenti knows the formulaφ, need not depend on the truth value of any
other formula of the formKiψ. Of course, syntactic characterization is an extremely
general approach which can be used for several different models of knowledge – also
including closure under logical consequence. It is, however, with the classical epistemic
meta language too general to have any interesting logical properties.

The formulaKiφ denotes that fact thati knowsat leastφ – he knowsφ but he may
know more. We can generalize this to finite setsX of formulae:

4iX ≡
∧
{Kiφ : φ ∈ X}

representing the fact thati knows at leastX. In this paper we also use a dual operator,
introduced in [2], to denote the fact thati knowsat mostX: 5iX denotes the fact that
every formula an agent knows is included inX, but he may not know all the formulae
in X. We call the language the agents represent their knowledge inthe object language
(OL). In the case thatOL is finite, the operator5i can like4i be defined in terms of
Ki:

5iX =
∧
{¬Kiφ : φ ∈ OL \X}

But in the general case whenOL is infinite, e.g. ifOL is closed under propositional
connectives,5i is not definable byKi. We also use a third, derived, epistemic operator:
♦iX ≡ 4iX ∧5iX meaning that the agent knows exactlyX.

The second difference from the traditional syntactic treatments of knowledge, in
addition to the new operator, is that we restrict the set of formulae an agent can know
at a given time to be finite. The problem we consider in this paper is axiomatizing
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the resulting logic. We present a sound axiomatization, and show that it is impossible
to obtain strong completeness. The main results are proof-theoretical and semantical
characterizations of the sets of premises for which the systemis complete; these sets
include the empty set so the system is weakly complete. Proving completeness (for this
class of premises) turns out to be quite difficult, but this can be seen as a price paid for
the treatment of the inherently difficult issue of finiteness.

In the next section, the language and semantics for the logic are presented. In Sec-
tion 3 it is shown that strong completeness is impossible, and a sound axiomatization
presented. The rest of the paper is concerned with finding the sets of premises for which
the systemis complete. Section 5 gives a proof-theoretic account of these premise sets,
while a semantic one consisting of complex algebraic conditions on possible epistemic
states is given in Section 6. These results build on previous results for a more general
logic, presented in Section 4. In Section 7 some actual completeness results, including
weak completeness, are shown, and Section 8 concludes.

2 Language and Semantics

The logic is parameterized by an object languageOL. The object language is the lan-
guage in which the agents reason, e.g. propositional logic or first order logic. No as-
sumptions about the structure ofOL is made, and the results in this paper are valid for
arbitrary object languages, but the interesting case is the usual one whereOL is infinite.
An example, which is used in this paper, is whenOL is closed under the usual proposi-
tional connectives. Another possible property of an object language is that it is a subset
of the meta language, allowing e.g. the expression of theknowledge axiomin the meta
language:4i{α} → α.

℘fin(OL) is the set of all finite epistemic states, and a stateT ∈ ℘fin(OL) is used
as a term in an expression such as4iT . In addition, we allow set-building operators
t,u on terms in order to be able to express things like(4iT ∧ 4iU) → 4iT t U in
the meta language.TL is the language of all terms:

Definition 1 (TL(OL)) TL(OL), or justTL, is the least set such that

– ℘fin(OL) ⊆ TL
– If T,U ∈ TL(OL) then(T t U), (T u U) ∈ TL(OL)

The interpretation[T ] ∈ ℘fin(OL) of a termT ∈ TL is defined as expected:[X] = X
whenX ∈ ℘fin(OL), [T t U ] = [T ] ∪ [U ], [T u U ] = [T ] ∩ [U ]. 2

An expression like4iT relates the current epistemic state of an agent to the state
described by the termT . In addition, we allow reasoning about the relationship between
the two states denoted by termsT andU in the meta language by introducing formulae
of the formT

.= U , meaning that[T ] = [U ].
The meta languageEL, and the semantic structures, are parameterized by the num-

ber of agentsn and a set of primitive propositionsΘ, in addition to the object language.
The primitive propositionsΘ play a very minor role in the rest of this paper; they are
only used to model an arbitrary propositional language which is then extended with
epistemic (and term) formulae. Particularly, no relation betweenOL andΘ is assumed.
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Definition 2 (EL(n, Θ, OL)) Given a number of agentsn, a set of primitive formulae
Θ, and an object languageOL, the epistemic languageEL(n,Θ,OL), or justEL, is the
least set such that:

– Θ ⊆ EL
– If T ∈ TL(OL) andi ∈ [1, n] then4iT,5iT ∈ EL
– If T,U ∈ TL(OL) then(T .= U) ∈ EL
– If φ, ψ ∈ EL then¬φ, (φ ∧ ψ) ∈ EL 2

The usual derived propositional connectives are used, in addition toT � U for T t
U

.= U and♦iφ for (4iφ ∧ 5iφ). The operators4i,5i and♦i are called epistemic
operators. A boolean combination of formulae of the formT

.= U is called aterm
formula. Members ofOL will be denotedα, β, . . ., of EL φ, ψ, . . ., and ofTL T,U, . . ..

The semantics ofEL is defined as follows. Again,Θ and its interpretation does not
play an important role in this paper.

Definition 3 (Knowledge Set Structure) A Knowledge Set Structure (KSS) forn agents,
primitive propositionsΘ and object languageOL is ann+ 1-tuple

M = (s1, . . . , sn, π) wheresi ∈ ℘fin(OL)

andπ : Θ → {true, false} is a truth assignment.si is the epistemic state of agenti,
and the set of all epistemic states isSf = ℘fin(OL). The set of all KSSs is denoted
Mfin . The set of all truth assignments is denotedΠ. 2

Truth of anEL formulaφ in a KSSM , writtenM |=f φ, is defined as follows (the
subscriptf means “finite” and the reason for it will become clear soon).

Definition 4 (Satisfaction) Satisfaction of aEL-formulaφ in a KSSM = (s1, . . . , sn, π)
∈Mfin , writtenM |=f φ (M is a model ofφ), is defined as follows:

M |=f p ⇔ π(p) = true

M |=f ¬φ ⇔ M 6|=f φ

M |=f (φ ∧ ψ) ⇔ M |=f φ andM |=f ψ

M |=f 4iT ⇔ [T ] ⊆ si

M |=f 5iT ⇔ si ⊆ [T ]
M |=f T

.= U ⇔ [T ] = [U ] 2

As usual, ifΓ is a set of formulae then we writeM |=f Γ iff M is a model of all
formulae inΓ andΓ |=f φ (φ is a logical consequence ofΓ ) iff every model ofΓ is
also a model ofφ. If ∅ |=f φ, written |=f φ, thenφ is valid. The set of all models ofΓ
is denotedmod f (Γ ).

The logic consisting of the languageEL, the set of structuresMfin and the relation
|=f describes the current epistemic states of agents and how epistemic states are related
to each other — without any restrictions on the possible epistemic states. For example,
the epistemic states are neither required to be consistent – an agent can know both a
formula and its negation – nor closed under any form of logical consequence – an agent
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can knowα ∧ β without knowingβ ∧ α. Both consequence conditions and closure
conditions can be modelled by a set of structuresM′ ⊂ Mfin where only epistemic
states not violating the conditions are allowed. For example, we can construct a set of
structures allowing only epistemic states not including both a formulaα and¬α at the
same time, or includingβ ∧ α wheneverα ∧ β is included. If we restrict the class of
models considered under logical consequence toM′, we get a new variant of the logic.
We say that “Γ |=f φ with respect toM′” if every model ofΓ in M′ is a model ofφ.

The question of how to completely axiomatize these logics, the general logic de-
scribed byMfin and the more special logics described by removing “illegal” epistemic
states, is the main problem considered in this paper and is introduced in the next section.

3 Axiomatizations

The usual terminology and notation for Hilbert-style proof systems are used. A proof
system issoundwith respect toM′ ⊆ Mfin iff Γ ` φ implies thatΓ |=f φ wrt. M′,
weakly completewrt. M′ iff |=f φ wrt. M′ implies that` φ, andstrongly complete
wrt.M′ iff Γ |=f φ wrt.M′ implies thatΓ ` φ.

When it comes to completeness, it is easy to see that it is impossible to achieve
full completeness with respect toMfin with a sound axiomatization without rules with
infinitely many antecedents, because the logic is not semantically compact. LetΓ1 be
the following theory:

Γ1 = {41{p},41{41{p}},41{41{41{p}}}, . . .}

Clearly, this theory is not satisfiable, intuitively since it describes an agent with an
infinite epistemic state. However, a proof of its inconsistency would necessarily include
infinitely many formulae from the theory and be of infinite length. Another illustrating
example is the following theory:

Γ2 = {41{α, β} → 41{α ∧ β} : α, β ∈ OL}

Unlike Γ1, Γ2 is satisfiable, but only in a structure in which agent 1’s epistemic state
is the empty set. Thus,Γ2 |=f 51∅. But again, a proof of51∅ from Γ2 would be
infinitely long (because if would necessarily use infinitely many instances of the schema
Γ2), and an axiomatization without an infinite deduction rule would thus be (strongly)
incomplete since thenΓ2 6` 51∅.

3.1 The Basic System

Since we cannot get strong completeness, the natural question is whether we can con-
struct a weakly complete system for the logic described byMfin . The answer is pos-
itive. The following systemEC is sound and weakly complete with respect toMfin .
Although it is not too hard to prove weak completeness directly, we will prove a more
general completeness result from which weak completeness follows as a special case –
as discussed in Section 3.2 below.
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Definition 5 (EC ) The epistemic calculusEC is the logical system for the epistemic
languageEL consisting of the following axiom schemata:

All substitution instances of tautologies of propositional calculus Prop

A sound and complete axiomatization of term formulae TC

4i ∅ E1

(4iT ∧4iU) →4i(T t U) E2

(5iT ∧5iU) →5i(T u U) E3

(4iT ∧5iU) → T � U E4

(5i(U t {α}) ∧ ¬4i {α}) →5iU E5

4i T ∧ U � T →4iU KS

5i T ∧ T � U →5iU KG

and the following transformation rule

Γ ` φ, Γ ` φ→ ψ

Γ ` ψ
MP

2

A sound and complete term calculus can be found in [2]. The main axioms ofEC
are self-explaining.KS andKG stand for “knowledge specialization” and “knowledge
generalization”, respectively. It is easy to see that the deduction theorem (DT) holds for
EC .

Theorem 6 (Soundness)If Γ ` φ thenΓ |=f φ 2

3.2 Extensions

In Section 2 we mentioned that a logic with closure conditions or consistency conditions
on the epistemic states can be modelled by a classM′ ⊆ Mfin by restricting the set
of possible epistemic states. Such subclasses can often be described by axioms. For
example, the axiomD = 4i{α} → ¬4i {¬α}describes agents who never will believe
both a formula and its negation.

The next question is whether if we add an axiom toEC the resulting system will
be complete with respect to the class of models of the axiom; e.g. ifEC extended with
D will be complete with respect to the class of all models with epistemic states without
both a formula and its negation.

Weak completeness ofEC does, of course, entail (weak) completeness ofEC ex-
tended with afinite set of axioms (DT). An axiom schema such asD, however, repre-
sents aninfinite set of axioms, so completeness ofEC extended with such an axiom
schema (with respect to the models of the schema) does not necessarily follow. The
completeness proof, which is constituted by most of the remainder of the paper, is ac-
tually more than a proof of weak completeness ofEC : it is a characterization of those
sets of premises for whichEC is complete, calledfinitary theories, and gives a method
for deciding whether a given theory is finitary. Thus, if we extendEC with a finitary
theory, the resulting logic is weakly complete with respect to the corresponding models.
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Examples If we assume thatOL is closed under the usual propositional connectives,
some common axioms can be written inEL as follows:

4i {(α→ β)} → (4i{α} → 4i{β}) Distribution K

4i {α} → ¬4i {¬α} Consistency D

4i {α} → 4i{4i{α}} Positive Introspection 4

¬4i {α} → 4i{¬ 4i {α}} Negative Introspection 5

The systemEC extended with axiomΦ will be denotedECΦ; e.g. the axioms above
give the systemsECK,ECD,EC4,EC5.

4 More General Epistemic States

The results in the two next sections, build upon an existing completeness result for a
related logic. In this section we briefly describe the logic and quote the result. Details
can be found in [1]1.

The logic is actually a generalization of the logic in this paper, in which more epis-
temic states, henceforth calledgeneralepistemic states, are allowed:

S = ℘(OL) ∪ ℘fin(OL ∪ {∗})

where∗ is a fixed formula which is not a member ofOL. In addition to the finite
epistemic statesSf , general epistemic states include statess where:

1. s is an infinite subset ofOL: the agent knows infinitely many formulae
2. s = s′ ∪ {∗}, wheres′ ∈ ℘fin(OL): the agent knows finitely many formulae but

one of them is the special formula∗

There is not space here to discuss what a state containing∗ really represents, and it is
not necessary since we will only use general epistemic states for technical intermediate
results in this paper. Meta language and satisfiability are as in Section 2. It is assumed
that an epistemic state can contain a the special formula∗ 6∈ OL, and sinceEL is defined
overOL, e.g.4i{∗} is not a well formed formula. It turns out that this crucial point
makes our logical systemEC (Def. 5) strongly complete with respect to this semantics.
General Knowledge Set Structures (GKSSs)are like KSSs, but with general epistemic
states instead of just finite epistemic states.M is set of all GKSSs. To discern between
the two logics we use the symbol|= for GKSSs and|=f for KSSs. The set of all GKSS
models ofΓ is denotedmod(Γ ).

Theorem 7 (Soundn. and Compl.)For everyΓ ⊆ EL, φ ∈ EL: Γ |= φ⇔ Γ ` φ 2

5 Finitary Theories and Completeness

SinceEC is not strongly complete with respect toMfin , it is of interest to characterize
exactly the theories for whichEC is complete, i.e. for whichΓsΓ |=f φ⇒ Γ ` φ for

1 And in a forthcoming paper.
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everyφ ∈ EL. In this section we provide a characterization of such theories. We define
the concept of afinitary theory, and show that the set of finitary theories is exactly the
set of theories for whichEC is complete. The proof builds upon the completeness result
for the more general logic described in the previous section.

Definition 8 (Finitary Theory) A theoryΓ is finitary iff it is consistent and for allφ,

Γ ` (51T1 ∧ · · · ∧ 5nTn) → φ for all termsT1, . . . , Tn ∈ TL
⇓

Γ ` φ 2

Informally speaking, a theory is finitary if provability of a formula under arbitrary upper
bounds on epistemic states implies provability of the formula itself.

We use the intermediate definition of a finitarily open theory, and its relation to that
of a finitary theory, in order to prove completeness.

Definition 9 (Finitarily Open Theory) A theory Γ is finitarily open iff there exist
termsT1, . . . , Tn such that

Γ 6` ¬(51T1 ∧ · · · ∧ 5nTn) 2

Informally speaking, a theory is finitarily open if it can be consistently extended with
some upper bound on the epistemic state of each agent.

Lemma 10

1. A finitary theory is finitarily open.
2. If Γ is a finitary theory andΓ 6` φ, thenΓ ∪ {¬φ} is finitarily open. 2

PROOF

1. LetΓ be a finitary theory. IfΓ is not finitarily open,Γ ` ¬(51T1∧· · ·∧5nTn) for
all termsT1, . . . , Tn. Then, for an arbitraryφ, Γ ` (51T1 ∧ · · · ∧ 5iTn) → φ for
all T1, . . . , Tn and thusΓ ` φ sinceΓ is finitary. By the same argumentΓ ` ¬φ,
contradicting the fact thatΓ is consistent.

2. LetΓ be a finitary theory, and letΓ 6` φ. Then there must exist termsTφ1 , . . . , T
φ
n

such thatΓ 6` (51T
φ
1 ∧· · ·∧5nT

φ
n ) → φ. By Prop we must have thatΓ 6` ¬φ→

¬(51T
φ
1 ∧· · ·∧5nT

φ
n ) and thus thatΓ ∪{¬φ} 6` ¬(51T

φ
1 ∧· · ·∧5nT

φ
n ), which

shows thatΓ ∪ {¬φ} is finitarily open.

It is difficult in practice to show whether a given theory satisfies a proof theoretic
condition such as those for finitary or finitarily open theories, but we have a tool to
convert the problem to a semantic one: the completeness result for GKSSs in the pre-
vious section (Theorem 7). For example, to show thatΓ ` φ, it suffices to show that
Γ |= φ (with respect to GKSSs). This result can be used to see that the claims of
non-finitarynessin the following example hold.

Example 11 The following are examples of non-finitary theories (letn = 2 andp ∈
Θ):

40



1. Γ1 = {41{p},41{41{p}},41{41{41{p}}}, . . .}.Γ1 is not finitarily open, and
describes an agent with an infinite epistemic state.

2. Γ2 = {¬ 51 T : T ∈ TL}. Γ2 is not finitarily open, and describes an agent which
cannot be at any finite point.

3. Γ3 = {51T → ¬52 T
′ : T, T ′ ∈ TL}. Γ3 is not finitarily open, and describes a

situation where agents 1 and 2 cannotsimultaneouslybe at finite points.
4. Γ4 = {51T → p : T ∈ TL}. Γ4 is finitarily open, but not finitary. To see the

former, observe that ifΓ4 ` ¬(51T1 ∧ 52T2) for arbitrary T1, T2 thenΓ4 |=f

¬(51T1 ∧ 52T2) by soundness (Theorem 6) – but it is easy to see thatΓ4 has
models which are not models of¬(51T1 ∧ 52T2) (take e.g.s1 = [T1], s2 = [T2]
andπ(p) = true). To see the latter, observe thatΓ4 6` p (if Γ4 ` p,∆ ` p for some
finite∆ ⊂ Γ4, which again contradicts soundness) butΓ4 ` (51T1 ∧52T2) → p
for all T1, T2. 2

Theorem 12 A theoryΓ is finitarily open if and only if it is satisfiable inMfin . 2

PROOF Γ is finitarily open iff there existTi (1 ≤ i ≤ n) such thatΓ 6` ¬(5iT1∧ · · ·∧
5nTn); iff, by Theorem 7, there existTi such thatΓ 6|= ¬(5iT1 ∧ · · · ∧ 5nTn); iff
there existTi and a GKSSM ∈ M such thatM |= Γ andM |= 51T1 ∧ · · · ∧ 5nTn;
iff there existTi andM = (s1, . . . , sn, π) ∈ M such thatsi ⊆ [Ti] (1 ≤ i ≤ n) and
M |= Γ ; iff there existsi ∈ ℘fin(OL) (1 ≤ i ≤ n) such that(s1, . . . , sn, π) |= Γ ; iff
Γ is satisfiable inMfin .

Theorem 13 Let Γ ⊆ EL. Γ |=f φ⇒ Γ ` φ for all φ iff Γ is finitary. 2

PROOF LetΓ be a finitary theory and letΓ |=f φ. By Lemma 10.1Γ is finitarily open
and thus satisfiable by Theorem 12.Γ ∪ {¬φ} is unsatisfiable inMfin , and thus not
finitarily open, and it follows from Lemma 10.2 thatΓ ` φ.

For the other direction, letΓ |=f φ ⇒ Γ ` φ for all φ, and assume thatΓ 6` φ.
Then,Γ 6|=f φ, that is, there is aM = (s1, . . . , sn, π) ∈ mod f (Γ ) such thatM 6|=f φ.
Let Ti (1 ≤ i ≤ n) be terms such that[Ti] = si.M |=f 5iT1 ∧ · · · ∧ 5nTn, and thus
M 6|=f (51T1 ∧ · · · ∧ 5nTn) → φ. By soundness (Theorem 6)Γ 6` (51T1 ∧ · · · ∧
5nTn) → φ, showing thatΓ is finitary.

Lemma 14 Let Γ ⊆ EL. The following statements are equivalent:

1. Γ is finitary.
2. Γ |=f φ⇒ Γ ` φ, for anyφ
3. Γ |=f φ⇒ Γ |= φ, for anyφ
4. (∃M∈mod(Γ )M |= φ) ⇒ (∃M∈mod f (Γ )M |=f φ), for anyφ
5. Γ 6` φ⇒ Γ ∪ {¬φ} is finitarily open, for anyφ. 2

Lemma 14.4 is a finite model property, with respect to the models ofΓ .
We have now given a proof-theoretic definition of all theories for whichEC is com-

plete: the finitary theories. We have also shown some examples of non-finitary theories.
We have not, however, given any examples offinitary theories. Although the problem of
proving thatEC is complete for a theoryΓ has been reduced to proving that the theory
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is finitary according to Definition 8, the next problem is how to show that a given theory
in fact is finitary. For example, is the empty theory finitary? If it is, thenEC is weakly
complete. We have not been able to find a trivial or easy way to prove finitaryness in
general. In the next section, we present results which can be used to prove finitaryness.
The results are semantic conditions for finitaryness, but can only be used for theories
of a certain class and we are only able to show that they aresufficientand not that they
also are necessary.

6 Semantic Finitaryness Conditions

Epistemic axiomsare axioms which describe legal epistemic states, like “an agent can-
not know both a formula and its negation”. In Section 4 we presented the notion of a
generalepistemic state, and epistemic axioms can be seen as describing sets of legal
general epistemic states as well as sets of legal finite epistemic states. Although we are
ultimately interested in the latter, in this section we will be mainly interested in the for-
mer – we will present conditions on the algebraic structure of sets of general epistemic
states inmod(Φ) which are sufficient for the axiomsΦ to be finitary.

First, epistemic axioms and their correspondence with sets of legal general epis-
temic states are defined. Then, conditions on these sets are defined, and it is shown that
the GKSSs of a given set of epistemic axioms – being (essentially) the Cartesian prod-
uct of the corresponding sets of legal general states – exhibit the finite model property
if the sets of legal general states fulfil the conditions. The set of axioms is then finitary
by Lemma 14.4.

6.1 Epistemic Axioms

Not all formulae inEL should be considered as candidates for describing epistemic
properties. One example isp → 4i{p}. This formula does not solely describe the
agent– it describes a relationship between the agent and the world. Another example
is ♦i{p} → ♦j{q}, which describes a constraint on one agent’s belief set contingent
on another agent’s belief set. Neither of these two formulae describe purelyepistemic
properties of an agent. In the following definition,EF is the set of epistemic formulae
andAx is the set of candidate epistemic axioms.

Definition 15 (EF , EF i, Ax )

– EF ⊆ EL is the least set such that

If T ∈ TL then 4iT,5iT ∈ EF (1 ≤ i ≤ n)
If φ, ψ ∈ EF then ¬φ, (φ ∧ ψ) ∈ EF

– EF i = {φ ∈ EF : Every epistemic operator inφ is ani-op.} (1 ≤ i ≤ n)
– Ax =

⋃
1≤i≤n EF i 2

An example of an epistemic axiom schema is, if we assume thatOL is closed under
conjunction,

4i{α ∧ β} → 4i{α} ∧ 4i{β} (1)

Recall the setS of all general epistemic states, defined in Section 4.
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Definition 16 (Mφ, Sφ
i , MΦ, SΦ

i ) For each epistemic formulaφ ∈ EF i,

Mφ = Sφ1 × · · · × Sφn ×Π

whereSφj = S for j 6= i andSφi is constructed by structural induction overφ as follows:

S4iT
i = {X ∈ S : [T ] ⊆ X} S5iT

i = {X ∈ S : X ⊆ [T ]}
S¬ψi = S\Sψi Sψ1∧ψ2

i = Sψ1
i ∩ Sψ2

i

If Φ ⊆ Ax then

SΦi = (
⋂

φ∈Φ∩EF i

Sφi ) ∩ S MΦ = SΦ1 × · · · × SΦn ×Π

2

In the construction ofMφ we remove the impossible (general) epistemic states by
restricting the set of epistemic states toSφi . The epistemic states which are not removed
are the possible states — an agent can be placed in any of these states and will satisfy
the epistemic axiomφ. ThatMΦ indeed is the class of models ofΦ can easily be shown.

Lemma 17 If Φ ⊆ Ax ,MΦ = mod(Φ) 2

Note that∅ is trivially a set of epistemic axioms, and thatS∅i = S andM∅ = M.
Thus, the model class for epistemic axioms is constructed by removing certain states

from the set of legal epistemic states. For example, (1) corresponds to removing epis-
temic states where the agent knows a conjunction without knowing the conjuncts.

6.2 Finitaryness of Epistemic Axioms

Lemmas 14.1 and 14.4 say thatΓ is finitary iff mod(Γ ) has the finite model prop-
erty. We make the following intermediate definition, and the following Lemma is an
immediate consequence.

Definition 18 (Finitary set of GKSSs) A class of GKSSsM′ ⊆ M is finitary iff, for
all φ:

∃M∈M′M |= φ⇒ ∃Mf∈M′fMf |= φ

whereM′f = M′ ∩Mfin . 2

Lemma 19 Let Γ ⊆ EL. Γ is finitary iff mod(Γ ) is finitary. 2

In the definition of the conditions on sets of general epistemic states, the following
two general algebraic conditions will be used.

Directed Set A setA with a reflexive and transitive relation≤ is directediff for every
finite subsetB of A, there is an elementa ∈ A such thatb ≤ a for everyb ∈ B. In
the following directedness of a set of sets is implicitly taken to be with respect to
subset inclusion.

Cover A family of subsets of a setA whose union includesA is acoverof A.
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The main result is that the following conditions on sets of general epistemic states
are sufficient for the corresponding GKSSs to be finitary (Def. 18), and furthermore, if
the sets are induced by epistemic axioms, that the axioms are finitary. The conditions
are quite complicated, but simpler ones are given below.

Definition 20 (Finitary Set of Epistemic States) If S ⊆ S is a set of epistemic states
ands ∈ ℘(OL), then the set of finite subsets of s included inS is denoted

S|fs = S ∩ ℘fin(s)

S is finitary iff both:

1. For every infinites ∈ S:
(a) S|fs is directed
(b) S|fs is a cover ofs

2. ∀s∪{∗}∈S∀s′∈℘fin(OL)∃α6∈s′ :
(a) ∃sf∈S∩℘(s∪{α})s

′ ∩ s ⊆ sf

(b) ∃sf∈S∩℘(s∪{α})s
f 6⊆ s′

(c) S ∩ ℘(s ∪ {α}) is directed 2

The definition specifies conditions for each infinite set inS (condition 1) and each
finite set inS containing∗ (condition 2). Condition 2 is similar to condition 1, but is
complicated by the fact that, informally speaking, the existence of a proper formulaα
to “replace”∗ is needed. In practice, the simplified (and stronger) conditions presented
in Corollary 23 below can often be used.

The following Lemma is the main technical result in this section. The proof is quite
long and complicated, and must be left out due to space restrictions. It can be found in
[1]2.

Lemma 21 If S1, . . . , Sn are finitary sets of epistemic states (Def. 20), then

S1 × · · · × Sn ×Π

is a finitary set of GKSSs (Def. 18). 2

Recall that a setΦ of epistemic axioms induces sets of legal epistemic statesSΦi
(Def. 16).

Theorem 22 If Φ is a set of epistemic axioms such thatSΦ1 , . . . , S
Φ
n are finitary sets of

epistemic states, thenΦ is finitary. 2

PROOF SinceΦ are epistemic axioms,MΦ = SΦ1 × · · · × SΦn × Π. Since allSΦi are
finitary, by Lemma 21MΦ is a finitary set of GKSSs. SinceMΦ = mod(Φ) (Lemma
17),Φ is finitary by Lemma 19.

Theorem 22 shows that the conditions in Def. 20 on the set of legal epistemic states
induced by epistemic axioms are sufficient to conclude that the axioms are finitary. In
the following Corollary, we present several alternative sufficient conditions which are
stronger. It can easily be shown that these conditions imply Def. 20.

2 Or by contacting the authors.
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Corollary 23 A set of epistemic statesS ⊆ S is finitary if either one of the following
three conditions hold:

1. For everys ⊆ OL:
(a) S|fs is directed
(b) S|fs is a cover ofs

2. (a) S|fs is directed for everys ⊆ OL
(b) {α} ∈ S for everyα ∈ OL

3. (a) S|fs is directed for every infinites ∈ S
(b) {α} ∈ S for everyα ∈ OL
(c) ∀s∪{∗}∈S∀s′∈℘fin(OL)∃α6∈s′s ∪ {α} ∈ S 2

7 Some Completeness Results

For a given axiom schemaΦ, the results from Sections 4, 5 and 6 can be used to test
whether the systemECΦ is weakly complete, henceforth in this section called only
“complete”, with respect tomod f (Φ) ⊆ Mfin . First, check thatΦ is an epistemic
axiom (Def. 15). Second, construct the GKSS ( see Sec. 4) models ofΦ,MΦ = SΦ1 ×
· · ·SΦn × Π = mod(Φ) (Def. 16, Lemma 17). Third, check that eachSΦi is finitary
(Def. 20) – it suffices that they each satisfy one of the simpler conditions in Corollary
23. If these tests are positive,ECΦ is complete with respect toMΦ

fin = mod f (Φ), the
KSSs included inMΦ, by Theorems 22 and 12. The converse does not hold;MΦ

fin

is not necessarilyincompletewith respect to the corresponding models if the tests are
negative. Many of the properties discussed in Section 5 can, however, be used to show
incompleteness.

These techniques are used in Theorem 24 below to prove the assertion from Section
3 about weak completeness ofEC , in addition to results about completeness of the
systemsECK, ECD, EC4 and EC5 from Section 3.2. For the latter results it is
assumed thatOL is closed under the usual propositional connectives.

Theorem 24 (Completeness Results)

1. EC is sound and complete with respect toMfin

2. ECK is sound and complete with respect toMK
fin

3. ECD is sound and complete with respect toMD
fin

4. EC4 is not complete with respect toM4
fin

5. EC5 is not complete with respect toM5
fin 2

PROOF Soundness, in the first three pars of the theorem, follows immediately from
Theorem 6 and the fact thatK andD are valid inMK

fin andMD
fin , respectively. The

strategy for the completeness proofs, for the first three parts of the theorem, is as out-
lined above. (Weak) completeness ofEC can be considered by “extending”EC by the
empty set, and show that the empty set is a finitary theory. The empty set is trivially a
set of epistemic axioms, and the axiom schemasK andD also both represent sets of
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epistemic axioms, with GKSS models constructed from the following sets of general
epistemic states respectively:

S∅i = S
SK
i = S \ {X ∈ S : ∃α,β∈OLα→ β, α ∈ X;β 6∈ X)}
SD
i = S \ {X ∈ S : ∃α∈OLα,¬α ∈ X}

We show that these sets all are finitary sets of epistemic states by using Corollary 23. It
follows by Theorem 22 that the theories∅, K andD are finitary theories, and thus that
EC , ECK andECD are (weakly) complete by Theorem 13. For the two last parts of
the theorem, we show that4 and5 are not finitary theories; it follows by Theorem 13
thatEC4 andEC5 are incomplete.

1. Corollary 23.1 holds forS∅i = S: Let s ⊆ OL. S|fs = S ∩ ℘fin(s) = ℘fin(s).
℘fin(s) is directed, because for every finite subsetB ⊂ ℘fin(s), ∪s′∈Bs′ ∈
℘fin(s). ℘fin(s) is a cover ofs, becauses ⊆

⋃
℘fin(s).

2. Corollary 23.3 holds forSK
i :

Corollary 23.3.(a): Let s′, s′′ ∈ SK
i ∩ ℘fin(s), and let:

s0 = s′ ∪ s′′
sj = sj−1 ∪ {β : α→ β, α ∈ sj−1} 0 < j
sf =

⋃
j sj

It is easy to show thatsf ∈ SK
i , eachsj is a finite subset ofs, andsf is finite.

Corollary 23.3.(b): Clearly,{α} ∈ SK
i for everyα ∈ OL.

Corollary 23.3.(c): Let s ∪ {∗} ∈ SK
i ands′ ∈ ℘fin(OL). Letα ∈ OL be s. t.:

– α→ β 6∈ s for anyβ ∈ OL
– α 6∈ s′
– The main connective inα is not implication

It is easy to see that there exist infinitely manyα satisfying these three condi-
tions and it can easily be shown thats ∪ {α} ∈ SK

i .
3. Corollary 23.3 holds forSD

i :
Corollary 23.3.(a): Let s′, s′′ ∈ SD

i ∩ ℘fin(s), and letsf = s′ ∪ s′′. It can easily
be shown thatsf ∈ SD

i , andsf ∈ ℘fin(s) trivially.
Corollary 23.3.(b): Clearly,{α} ∈ SD

i for everyα ∈ OL.
Corollary 23.3.(c): Let s ∪ {∗} ∈ SD

i ands′ ∈ ℘fin(OL). Letα ∈ OL be s. t.:
– ¬α 6∈ s
– α 6∈ s′
– α does not start with negation

It is easy to see that there exist infinitely manyα satisfying these three condi-
tions and it can easily be shown thats ∪ {α} ∈ SD

i .
4. Let1 ≤ i ≤ n, and letM = (s1, . . . , sn, π) ∈ Mfin such thatM |=f 4. Clearly,
si must be the empty set – otherwise it would not be finite. Thus,4 |=f 5i∅. 4
does, however, haveinfinite models, so4 6|= 5i∅. Lemma 14 gives that4 is not
finitary.

5. It is easy to see that5 is not satisfiable inMfin (i.e. that a model for5 must be
infinite). By Theorem 12 and Lemma 10,5 is not finitary.

Although the results in Theorem 24 are hardly surprising, they are surprisingly hard
to prove.

46



8 Discussion and Conclusions

This paper presents a general and very abstract theory of resource bounded agents. We
assumed that agents’ epistemic states are arbitrary finite sets of formulae. The addition
of the “knowing at most” operator5i gives a more expressive language for a theory
of knowledge without any unrealistic assumptions about the reasoning abilities of the
agents. Properties of reasoning can be modelled in an abstract way by considering only
the set of epistemic states which a reasoning mechanism could actually produce. If
a more detailed model of reasoning is needed, the framework can be extended with
a model describing transitions between finite epistemic states. This is exactly what is
done in [3].

The main results in this paper are an axiomatization of the logic, and two character-
izations of the theories for which the logic is complete. The first, the notion of finitary
theories, is a proof-theoretic account of all such theories. The second, algebraic con-
ditions on certain sets of epistemic states, is a semantic one, but is only a sufficient
condition for finitaryness. The latter was used to show finitaryness of the empty theory
and thus weak completeness of the system. It follows from these results that the logic
EC is decidable. The characterizations were also used to show (in)completeness of sev-
eral extensions ofEC . The results give a general completeness proof, of which weak
completeness is a special case, and the complexity of the proof is due to this generality.

Interesting results have been obtained from very weak assumptions: finite memory
and a “knowing at most” operator in the meta language give complex algebraic condi-
tions for axiomatizability.

Related works include the many approaches to the logical omniscience problem
(LOP) [11]; see e.g. [16, 17, 9] for surveys. Particularly, the work in this paper is a de-
velopment of syntactic treatment of knowledge as mentioned in Section 1. [9] presents
this approach in the form ofstandard syntactic assignments. It is easy to see that KSSs
are equivalent to standard syntactic assignments restricted to assigning finite knowledge
to each agent. The5i operator is new in the context of syntactic models. It is, however,
similar to Levesque’sonly knowingoperatorO [13]. Oα means that the agent does not
know more thanα, but knowledge in this context means knowledge closed under logi-
cal consequence and “only knowingα” is thus quite different from “knowing at most”
a finite set of formulae syntactically. Another well-known approach to the LOP isthe
logic of general awareness[8], combining a syntactic and a semantic model of knowl-
edge. This logic can be seen as syntactic assignments restricted to assigning truth only
to formulae which actually follow, a special case of standard syntactic assignments.
Application of the results in this paper to the logic of general awareness, i.e. adding an
“at most” operator and restricting the set of formulae an agent can be aware of (and
thus his explicit knowledge) to be finite, might be an interesting possibility for future
work. Models of reasoning as transition between syntactic states, as mentioned above,
includeKonolige’s deduction model[12], active logics[6] and timed reasoning logics
(TRL) [4].

Possibilities for future work include further development of the identification of
finitary theories. For the case of epistemic axioms, the presented algebraic conditions
are sufficient but not necessary and tighter conditions would be interesting. Deciding
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finitaryness of general, not necessarily epistemic, axioms should also be investigated,
and particularly interesting is the knowledge axiom (mentioned on p. 3).
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