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Abstract. An agent who bases his actions upon explicit logical formulae has at
any given point in time a finite set of formulae he has computed. Closure or con-
sistency conditions on this set cannot in general be assumed — reasoning takes
time and real agents frequently have contradictory beliefs. This paper discusses
a formal model of knowledge as explicitly computed sets of formulae. It is as-
sumed that agents represent their knowledge syntactically, and that they can only
know finitely many formulae at a given time. Existing syntactic characterizations
of knowledge seem to be too general to have any interesting properties, but we
extend the meta language to include an operator expressing that an agent knows
at mosta particular finite set of formulae. The specific problem we consider is
the axiomatization of this logic. A sound system is presented. Strong complete-
ness is impossible, so instead we characterize the theories for which we can get
completeness. Proving that a theory actually fits this characterization, including
proving weak completeness of the system, turns out to be non-trivial. One of the
main results is a collection of algebraic conditions on sets of epistemic states
described by a theory, which are sufficient for completeness. The paper is a con-
tribution to a general abstract theory of resource bounded agents. Interesting re-
sults, e.g. complex algebraic conditions for completeness, are obtained from very
simple assumptions, i.e. epistemic states as arbitrary finite sets and operators for
knowing at least and at most.

1 Introduction

Traditional epistemic logics [9, 14], based on modal logic, are logics about knowledge
closed under logical consequence — they describe agents who know all the infinitely
many consequences of their knowledge. Such logics are very useful for many purposes,
including modelling the information implicitly held by the agents or modelling the spe-
cial case of extremely powerful reasoners. These logics fail, however, to model the ex-
plicit knowledge of real reasoners. Models of explicit knowledge are needed e.g. if we
want to model agents who base their actions upon their knowledge. An example is when
an agent is required to answer questions about whether he knows a certain formula or
not. The agent must then decide whether this exact formula is true from his perspective
— when he, e.g., is asked whether he knegws p and he has already computed that

p A q is true but not (yet) thag A p is true, then he cannot answer positively before he
has performed a (trivial) act of reasoning. Real agents do not have unrestricted memory
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or unbounded time available for reasoning. In reality, an agent who bases his actions
on explicit logical formulae has at any given time a finite set of formulae he has com-
puted. In the general case, we cannot assume any closure conditions on this set — we
cannot assume that the agent has had time to deduce something yet — nor consistency
or other connections to reality — real agents often hold contradictory or other false be-
liefs. The topic of this paper is formal models of knowledge as explicitly computed sets

of formulae.

We present an agent simply as a finite set of formulae, called a finite epistemic state.
Modal epistemic logic can be seen not only as a description of knowledge but also as
a very particular model afeasoningwhich is not valid for resource bounded agents.
With a syntactic approach, we can get a theory of knowledge without any unrealistic
assumptions about the reasoning abilities of the agents. The logic we present here is a
logic about knowledge in a system of resource bounded age¢mstpoint in time We
are not concerned withowthe agents obtain their knowledge, but in reasoning about
their static states of knowledge. Properties of reasoning can be modelled in an abstract
way by considering only the set of epistemic states which a reasoning mechanism could
actually produce. For example, we could choose to consider only epistemic states which
do not contain both a formula and its negation. The question is, of course, whether any-
thing interesting can be said about static properties of such general states. That depends
on the available language.

Syntactic characterizations of states of knowledge are of course nothing new [5, 15,
10, 9]. The general idea is that the truth value of a formula suchi;&s representing
the fact that agent knows the formulap, need not depend on the truth value of any
other formula of the formi(;). Of course, syntactic characterization is an extremely
general approach which can be used for several different models of knowledge — also
including closure under logical consequence. It is, however, with the classical epistemic
meta language too general to have any interesting logical properties.

The formulaK;¢ denotes that fact thatkknowsat least¢ — he knowsp but he may
know more. We can generalize this to finite s&t®f formulae:

N X = N{Kip: ¢ € X}

representing the fact thaknows at leasX . In this paper we also use a dual operator,
introduced in [2], to denote the fact thalktnowsat mostX: 57, X denotes the fact that
every formula an agent knows is includedXn but he may not know all the formulae
in X. We call the language the agents represent their knowledie iobject language
(OL). In the case thaDL is finite, the operatoxy; can likeA; be defined in terms of
K;:

viX = \{-Ki¢: ¢ € OL\ X}

But in the general case whebl is infinite, e.g. if OL is closed under propositional
connectivesyy; is not definable bys;. We also use a third, derived, epistemic operator:
& X = N X A v7; X meaning that the agent knows exaclly

The second difference from the traditional syntactic treatments of knowledge, in
addition to the new operator, is that we restrict the set of formulae an agent can know
at a given time to be finite. The problem we consider in this paper is axiomatizing
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the resulting logic. We present a sound axiomatization, and show that it is impossible
to obtain strong completeness. The main results are proof-theoretical and semantical
characterizations of the sets of premises for which the sy@ammplete; these sets
include the empty set so the system is weakly complete. Proving completeness (for this
class of premises) turns out to be quite difficult, but this can be seen as a price paid for
the treatment of the inherently difficult issue of finiteness.

In the next section, the language and semantics for the logic are presented. In Sec-
tion 3 it is shown that strong completeness is impossible, and a sound axiomatization
presented. The rest of the paper is concerned with finding the sets of premises for which
the systenis complete. Section 5 gives a proof-theoretic account of these premise sets,
while a semantic one consisting of complex algebraic conditions on possible epistemic
states is given in Section 6. These results build on previous results for a more general
logic, presented in Section 4. In Section 7 some actual completeness results, including
weak completeness, are shown, and Section 8 concludes.

2 Language and Semantics

The logic is parameterized by an object langualfe The object language is the lan-
guage in which the agents reason, e.g. propositional logic or first order logic. No as-
sumptions about the structure 6 is made, and the results in this paper are valid for
arbitrary object languages, but the interesting case is the usual one @hé&énfinite.
An example, which is used in this paper, is wheh is closed under the usual proposi-
tional connectives. Another possible property of an object language is that it is a subset
of the meta language, allowing e.g. the expression oktieevledge axionn the meta
language/; {a} — a.

o (OL) is the set of all finite epistemic states, and a sfate ¢*(OL) is used
as a term in an expression such/agr'. In addition, we allow set-building operators
LI, on terms in order to be able to express things (iReT A A;U) — AT UU in
the meta languag€l’L is the language of all terms:

Definition 1 (TL(OL)) TL(OL), or justTL, is the least set such that

- ¢™(0OL) C TL
- If T,U € TL(OL) then(T UU), (T NU) € TL(OL)

Theinterpretation[T] € of"(OL) of atermT € TL is defined as expectefl{] = X
whenX € of"(OL), [T UU] = [T|U[U], [T NU] = [T]n[U]. o

An expression like/\; T relates the current epistemic state of an agent to the state
described by the terfi. In addition, we allow reasoning about the relationship between
the two states denoted by terffiandU in the meta language by introducing formulae
of the formT = U, meaning thafT'] = [U].

The meta languaggL, and the semantic structures, are parameterized by the num-
ber of agents and a set of primitive propositiort3, in addition to the object language.
The primitive proposition® play a very minor role in the rest of this paper; they are
only used to model an arbitrary propositional language which is then extended with
epistemic (and term) formulae. Particularly, no relation betw@érand® is assumed.

35



Definition 2 (EL(n,®, OL)) Given a number of agenis a set of primitive formulae
©, and an object languagd®L, the epistemic languag€L(n, ©, OL), or justEL, is the
least set such that:

- ©CEL

If T'e TL(OL) andi € [1,n] thenA,T, <7, T € EL

If T,U € TL(OL) then(T = U) € EL

If ¢,¢ € ELthen—¢, (¢ A1) € EL O

The usual derived propositional connectives are used, in additi@h to U for T' L

U = U and{;¢ for (A;¢ A s7:¢). The operatorg\;, v7; and<{, are called epistemic

operators. A boolean combination of formulae of the fafm= U is called aterm

formula Members ofOL will be denotedy, 3, ..., of EL ¢,%,...,and of TLT, U, .. ..
The semantics oF L is defined as follows. Agair® and its interpretation does not

play an important role in this paper.

Definition 3 (Knowledge Set Structure) A Knowledge Set Structure (KSS) faragents,
primitive propositiong® and object languag@L is ann + 1-tuple

M = (s1,...,8,,m) Wheres; € pf"(OL)

andw : © — {true, false} is a truth assignmen; is the epistemic state of ageit
and the set of all epistemic states36 = /" (OL). The set of all KSSs is denoted
Mg,. The set of all truth assignments is denoféd ]

Truth of anELL formula ¢ in a KSSM, written M =, ¢, is defined as follows (the
subscriptf means “finite” and the reason for it will become clear soon).

Definition 4 (Satisfaction) Satisfaction of &L-formulaginaKSSM = (s1,...,8,,m)
€ Mgy, written M = ¢ (M is a model ofp), is defined as follows:

MEsp & m(p) = true

M =y =g & M ~f ¢

M5 (¢onY) & M = ¢ andM =g v

M =y AT s [T] C s,

M =; T P s; C [T]

ME;T=U & [T] = [U] O

As usual, if[" is a set of formulae then we writ®/ |=; I iff M is a model of all
formulae inI" andI” |=; ¢ (¢ is a logical consequence &) iff every model of I is
also a model ob. If § = ¢, written}|=; ¢, then¢ is valid. The set of all models af
is denotednod/ (I").

The logic consisting of the languagdé., the set of structures1 5,, and the relation
k= describes the current epistemic states of agents and how epistemic states are related
to each other — without any restrictions on the possible epistemic states. For example,
the epistemic states are neither required to be consistent — an agent can know both a
formula and its negation — nor closed under any form of logical consequence — an agent
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can knowa A 8 without knowing 3 A «. Both consequence conditions and closure
conditions can be modelled by a set of structutd$ C Mg, where only epistemic
states not violating the conditions are allowed. For example, we can construct a set of
structures allowing only epistemic states not including both a formwdad—« at the
same time, or including A « wheneverx A (§ is included. If we restrict the class of
models considered under logical consequenckttowe get a new variant of the logic.
We say that I" |=; ¢ with respect toM'” if every model ofI" in M’ is a model ofp.

The question of how to completely axiomatize these logics, the general logic de-
scribed byM g, and the more special logics described by removing “illegal” epistemic
states, is the main problem considered in this paper and is introduced in the next section.

3 Axiomatizations

The usual terminology and notation for Hilbert-style proof systems are used. A proof
system issoundwith respect taM’ C Mg, iff I' - ¢ implies thatl” =; ¢ wrt. M/,
weakly completevrt. M’ iff |=¢ ¢ wrt. M’ implies thatt- ¢, andstrongly complete

wrt. M’ iff I' =5 ¢ wrt. M’ implies that!” - ¢.

When it comes to completeness, it is easy to see that it is impossible to achieve
full completeness with respect.td 5, with a sound axiomatization without rules with
infinitely many antecedents, because the logic is not semantically compadt; bet
the following theory:

I = {Adp} A{A{p} A {A{ AP} -}

Clearly, this theory is not satisfiable, intuitively since it describes an agent with an
infinite epistemic state. However, a proof of its inconsistency would necessarily include
infinitely many formulae from the theory and be of infinite length. Another illustrating
example is the following theory:

Iy ={A{a, B} = A{aABtia,B € OL}

Unlike I, I is satisfiable, but only in a structure in which agent 1's epistemic state
is the empty set. Thud» |=; wv10. But again, a proof of7;0 from I, would be
infinitely long (because if would necessarily use infinitely many instances of the schema
I5), and an axiomatization without an infinite deduction rule would thus be (strongly)
incomplete since theR, I/ 71 0.

3.1 The Basic System

Since we cannot get strong completeness, the natural question is whether we can con-
struct a weakly complete system for the logic describeduy,,. The answer is pos-

itive. The following systemC is sound and weakly complete with respectitty,,.
Although it is not too hard to prove weak completeness directly, we will prove a more
general completeness result from which weak completeness follows as a special case —
as discussed in Section 3.2 below.
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Definition 5 (EC) The epistemic calculugC' is the logical system for the epistemic
languageE L consisting of the following axiom schemata:

All substitution instances of tautologies of propositional calculus Prop

A sound and complete axiomatization of term formulae TC
ANy E1l
(NT ADNU) — N(TUU) E2
(ViT As7;U) — (TN U0) E3
(NT A7 U) =T =U E4
(ViU u{a}) A= Ai{a}) = iU E5
N, TANU =T — NU KS
ViTANT U — ;U KG

and the following transformation rule

T¢I ¢—
Ity

MP
O

A sound and complete term calculus can be found in [2]. The main axiondgCof

are self-explainingkS andKG stand for “knowledge specialization” and “knowledge
generalization”, respectively. It is easy to see that the deduction theorem (DT) holds for
EC.

Theorem 6 (Soundness)f I' - ¢ thenI” = ¢ a

3.2 Extensions

In Section 2 we mentioned that a logic with closure conditions or consistency conditions
on the epistemic states can be modelled by a clésC My, by restricting the set

of possible epistemic states. Such subclasses can often be described by axioms. For
example, the axio® = A;{a} — = A; {—«a}describes agents who never will believe

both a formula and its negation.

The next question is whether if we add an axiom&6' the resulting system will
be complete with respect to the class of models of the axiom; ely. iextended with
D will be complete with respect to the class of all models with epistemic states without
both a formula and its negation.

Weak completeness d@C does, of course, entail (weak) completenesg 6f ex-
tended with dinite set of axioms (DT). An axiom schema suchldshowever, repre-
sents arinfinite set of axioms, so completeness B extended with such an axiom
schema (with respect to the models of the schema) does not necessarily follow. The
completeness proof, which is constituted by most of the remainder of the paper, is ac-
tually more than a proof of weak completenesdidt: it is a characterization of those
sets of premises for whicRC is complete, callefinitary theories and gives a method
for deciding whether a given theory is finitary. Thus, if we extéind with a finitary
theory, the resulting logic is weakly complete with respect to the corresponding models.
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Examples If we assume thaOL is closed under the usual propositional connectives,
some common axioms can be writtenfit as follows:

AN {(a— B)} = (Li{a} — AH{B}) Distribution K
A {a} = = A {—a} Consistency D
N {a} — AN{A{a}} Positive Introspection 4
A {a} = A{- A {a}} Negative Introspection 5

The systemEC extended with axion® will be denotedEC'®; e.g. the axioms above
give the system&CK, ECD, EC4, EC5.

4 More General Epistemic States

The results in the two next sections, build upon an existing completeness result for a
related logic. In this section we briefly describe the logic and quote the result. Details
can be found in [1].

The logic is actually a generalization of the logic in this paper, in which more epis-
temic states, henceforth callgdneralepistemic states, are allowed:

S = p(OL)U ™ (OLU {+})

wherex is a fixed formula which is not a member @iL. In addition to the finite
epistemic state§/, general epistemic states include stateghere:

1. sis aninfinite subset o L: the agent knows infinitely many formulae
2. s = s U {x}, wheres’ € pfi"(OL): the agent knows finitely many formulae but
one of them is the special formula

There is not space here to discuss what a state containieglly represents, and it is

not necessary since we will only use general epistemic states for technical intermediate
results in this paper. Meta language and satisfiability are as in Section 2. It is assumed
that an epistemic state can contain a the special formgla) L, and sincevL is defined

over OL, e.g.A;{x} is not a well formed formula. It turns out that this crucial point
makes our logical systeffiC' (Def. 5) strongly complete with respect to this semantics.
General Knowledge Set Structures (GKSS8s)like KSSs, but with general epistemic
states instead of just finite epistemic statisis set of all GKSSs. To discern between

the two logics we use the symbled for GKSSs and=; for KSSs. The set of all GKSS
models ofI” is denotednod(I").

Theorem 7 (Soundn. and Compl.)Foreveryl' C EL,¢p € EL: ' ¢ < T'F ¢ O

5 Finitary Theories and Completeness

SinceEC is not strongly complete with respect.d 5, it is of interest to characterize
exactly the theories for whicEC is complete, i.e. for which'sI' = ¢ = I" - ¢ for

! And in a forthcoming paper.
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every¢ € EL. In this section we provide a characterization of such theories. We define
the concept of dinitary theory and show that the set of finitary theories is exactly the
set of theories for whicl’C' is complete. The proof builds upon the completeness result
for the more general logic described in the previous section.

Definition 8 (Finitary Theory) A theory I is finitary iff it is consistent and for alp,

't (1T A AvnTn) — ¢ foralltermsTy, ..., T, € TL

I
I'k¢ O

Informally speaking, a theory is finitary if provability of a formula under arbitrary upper
bounds on epistemic states implies provability of the formula itself.

We use the intermediate definition of a finitarily open theory, and its relation to that
of a finitary theory, in order to prove completeness.

Definition 9 (Finitarily Open Theory) A theory I" is finitarily openiff there exist
termsTy, ..., T, such that

FV_'(VITI /\/\VnTn) O

Informally speaking, a theory is finitarily open if it can be consistently extended with
some upper bound on the epistemic state of each agent.

Lemma 10

1. Afinitary theory is finitarily open.
2. If I is a finitary theory and™ t# ¢, thenI" U {—¢} is finitarily open. O

PrROOF

1. LetI" be afinitary theory. If"is not finitarily open,]" = = (7171 A- - - AR Ty) for
all termsTy, ..., T,. Then, for an arbitrary, I' - (/111 A -+ - A iT,) — ¢ for
all Ty,...,T, and thusl" - ¢ sincel is finitary. By the same argumeft - —¢,
contradicting the fact thaf is consistent.

2. LetI" be afinitary theory, and lef t/ ¢. Then there must exist terrﬂ%f’, T
such thatl™ t (/1 TP A--- A7, T?) — ¢. By Prop we must have thaf' I/ —=¢ —
(V1 TP A -+ Ay, T9) and thus thal U {—¢} I (/1 T¥ A--- A7, T'2), which
shows that” U {—¢} is finitarily open. L]

It is difficult in practice to show whether a given theory satisfies a proof theoretic
condition such as those for finitary or finitarily open theories, but we have a tool to
convert the problem to a semantic one: the completeness result for GKSSs in the pre-
vious section (Theorem 7). For example, to show thiat ¢, it suffices to show that
I' = ¢ (with respect to GKSSs). This result can be used to see that the claims of
non-finitarynesén the following example hold.

Example 11 The following are examples of non-finitary theories fet= 2 andp €
O):

40



1. I = {A{p}, A1 {D{p}}, D1 {1 {1 {p}}}, . - .}. [ is notfinitarily open, and
describes an agent with an infinite epistemic state.

2. Iy ={-<1T:T e TL}. I, is not finitarily open, and describes an agent which
cannot be at any finite point.

3. In={wiT — ~~y2 T' : T,T" € TL}. I'; is not finitarily open, and describes a
situation where agents 1 and 2 cansiobultaneouslye at finite points.

4. Iy = {s1T — p : T € TL}. Iy is finitarily open, but not finitary. To see the
former, observe that ity - (<7171 A s72T%) for arbitrary 17,75 thenly |=¢
—(v1T1 A v21>) by soundness (Theorem 6) — but it is easy to see hdias
models which are not models ef /171 A 721») (take e.gs; = [T1], s2 = [T3]
andn(p) = true). To see the latter, observe thatt/ p (if Iy F p, A+ p for some
finite A C I'y, which again contradicts soundness) but- (7171 A wv21%) — p
forall Ty, Ts. O

Theorem 12 A theory I' is finitarily open if and only if it is satisfiable itM g;,. O

PrROOF I is finitarily open iff there exist; (1 < i < n)suchthatl” t/ =(7; Ty A--- A
v.Ty); iff, by Theorem 7, there exist; such thatl” £ (7,11 A -+ A 7nTy); iff
there existl; and a GKSSW € M suchthatM = I"andM | 71T A« - A7nTh;
iff there existT; andM = (s1,...,8,,m) € M such thats; C [T;] (1 < ¢ < n)and
M k= T iff there exists; € /™ (OL) (1 < i < n)such thal(sy,...,s,,n) | I} iff
I' is satisfiable in\,,. ]

Theorem 13 LetI" C EL. I' =5 ¢ = I' F ¢ for all ¢ iff I"is finitary. m|

PrROOF Let I" be a finitary theory and Ief |=; ¢. By Lemma 10.1" is finitarily open
and thus satisfiable by Theorem 12U {—¢} is unsatisfiable inMg,,, and thus not
finitarily open, and it follows from Lemma 10.2 thatt ¢.

For the other direction, lef’ =; ¢ = I' I ¢ for all ¢, and assume thdt t/ ¢.
Then,I" |£; ¢, thatis, there is &1 = (sy, ..., sn,7) € modf (I') such that\ -, ¢.
LetT; (1 < i < n)be terms such thd¥;]| = s;. M =; 7,71 A -+ - ATy, and thus
M Ve (ViTi A - AvnT,) — ¢. By soundness (Theorem 6) t/ (/171 A -+ A
Vn1y) — ¢, showing that is finitary. [

Lemma 14 Let I" C EL. The following statements are equivalent:

. I' isfinitary.

I'E=r¢o=>TF ¢ foranye

.I'EEf¢=1T ¢ foranyo

. BuemoaryM = 6) = Cremosr(nM [y ¢), for any e

. 't/ ¢ = I" U {—¢} is finitarily open, for anyp. O

b~ wNPF

Lemma 14.4 is a finite model property, with respect to the models of

We have now given a proof-theoretic definition of all theories for whikhis com-
plete: the finitary theories. We have also shown some examples of non-finitary theories.
We have not, however, given any example§imitary theories. Although the problem of
proving thatEC is complete for a theory’ has been reduced to proving that the theory
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is finitary according to Definition 8, the next problem is how to show that a given theory

in fact is finitary. For example, is the empty theory finitary? If it is, tHefl is weakly
complete. We have not been able to find a trivial or easy way to prove finitaryness in
general. In the next section, we present results which can be used to prove finitaryness.
The results are semantic conditions for finitaryness, but can only be used for theories
of a certain class and we are only able to show that thegu#ficientand not that they

also are necessary.

6 Semantic Finitaryness Conditions

Epistemic axiomare axioms which describe legal epistemic states, like “an agent can-
not know both a formula and its negation”. In Section 4 we presented the notion of a
generalepistemic state, and epistemic axioms can be seen as describing sets of legal
general epistemic states as well as sets of legal finite epistemic states. Although we are
ultimately interested in the latter, in this section we will be mainly interested in the for-
mer — we will present conditions on the algebraic structure of sets of general epistemic
states inmod (@) which are sufficient for the axiomB to be finitary.

First, epistemic axioms and their correspondence with sets of legal general epis-
temic states are defined. Then, conditions on these sets are defined, and it is shown that
the GKSSs of a given set of epistemic axioms — being (essentially) the Cartesian prod-
uct of the corresponding sets of legal general states — exhibit the finite model property
if the sets of legal general states fulfil the conditions. The set of axioms is then finitary
by Lemma 14.4.

6.1 Epistemic Axioms

Not all formulae inEL should be considered as candidates for describing epistemic
properties. One example js — A;{p}. This formula does not solely describe the
agent— it describes a relationship between the agent and the world. Another example
is &i{p} — <;{q}, which describes a constraint on one agent’s belief set contingent
on another agent’s belief set. Neither of these two formulae describe mpistemic
properties of an agent. In the following definitiofiF is the set of epistemic formulae

and Az is the set of candidate epistemic axioms.

Definition 15 (EF, EF®, Ax)
— EF C ELis the least set such that
If T € TLthen AT,x7;T € EF (1<i<n)
If ¢,9 € EF then —¢, (¢ Atp) € EF

— EF' = {¢ € EF : Every epistemic operator ifiis ani-op.} (1 < i < n)

— Az = Ulgign EF m|

An example of an epistemic axiom schema is, if we assumelias closed under
conjunction,
Nf{a A B} — Ni{a} AAASB} @
Recall the se& of all general epistemic states, defined in Section 4.
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Definition 16 (M?, 87, M?®, S2) For each epistemic formulae EF",
M =80 % x 8¢ xIT
WhereSf =Sforj #1 ande is constructed by structural induction oveas follows:
SAT X eS:[TNcX} SVT={XeS&S:X [T}
S;Y=8\8) s =g sy
If ® C Az then

st=( ) sHns MP =8P %o x 82« IT
PEPNEF? Od

In the construction ofM? we remove the impossible (general) epistemic states by
restricting the set of epistemic statesSt{B. The epistemic states which are not removed

are the possible states — an agent can be placed in any of these states and will satisfy
the epistemic axiom. ThatM? indeed is the class of models®ican easily be shown.

Lemmal7 If & C Az, M® = mod(P) O

Note thatf) is trivially a set of epistemic axioms, and thﬁ@t =SandM? = M.

Thus, the model class for epistemic axioms is constructed by removing certain states
from the set of legal epistemic states. For example, (1) corresponds to removing epis-
temic states where the agent knows a conjunction without knowing the conjuncts.

6.2 Finitaryness of Epistemic Axioms

Lemmas 14.1 and 14.4 say th&tis finitary iff mod(I") has the finite model prop-
erty. We make the following intermediate definition, and the following Lemma is an
immediate consequence.

Definition 18 (Finitary set of GKSSs) A class of GKSSs\’ C M is finitary iff, for

all ¢:

Imem M | ¢ = HMfeM’fo = ¢
whereM'" = M’ N M. O
Lemma 19 LetI" C EL. I' is finitary iff mod(I") is finitary. O

In the definition of the conditions on sets of general epistemic states, the following
two general algebraic conditions will be used.

Directed Set A set A with a reflexive and transitive relatioq is directediff for every
finite subsetB of A, there is an element € A such thab < a for everyb € B. In
the following directedness of a set of sets is implicitly taken to be with respect to
subset inclusion.

Cover A family of subsets of a set whose union included is acoverof A.
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The main result is that the following conditions on sets of general epistemic states
are sufficient for the corresponding GKSSs to be finitary (Def. 18), and furthermore, if
the sets are induced by epistemic axioms, that the axioms are finitary. The conditions
are quite complicated, but simpler ones are given below.

Definition 20 (Finitary Set of Epistemic States)If S C S is a set of epistemic states
ands € p(OL), then the set of finite subsets of s includedirs denoted

SIL=Snpf™(s)
S is finitary iff both:

1. For every infinites € S:
(@) S|/ is directed
(b) S|{ is a cover ofs
2. \V/SU{*}GS\V/S/Epﬁ"(OL>30L€S/:
(@) Jsresnp(sufaps Ns C s
(b) Fyresnpsuians’ Z ¢
(€) SNp(suU{a})is directed O

The definition specifies conditions for each infinite setSir(condition 1) and each
finite set inS containingx (condition 2). Condition 2 is similar to condition 1, but is
complicated by the fact that, informally speaking, the existence of a proper formula
to “replace”x is needed. In practice, the simplified (and stronger) conditions presented
in Corollary 23 below can often be used.

The following Lemma is the main technical result in this section. The proof is quite
long and complicated, and must be left out due to space restrictions. It can be found in
[1]%.

Lemma 21 If Sy,..., S, are finitary sets of epistemic states (Def. 20), then
S1 X oo x Sy x IT
is a finitary set of GKSSs (Def. 18). a

Recall that a se® of epistemic axioms induces sets of legal epistemic stéifes
(Def. 16).

Theorem 22 If & is a set of epistemic axioms such tiggt, . . ., S are finitary sets of
epistemic states, thehis finitary. a

PROOF Since® are epistemic axioms\1? = S? x --- x S2 x II. Since allS? are
finitary, by Lemma 21M? is a finitary set of GKSSs. Sinc#1? = mod(®) (Lemma
17),® is finitary by Lemma 19. L]

Theorem 22 shows that the conditions in Def. 20 on the set of legal epistemic states
induced by epistemic axioms are sufficient to conclude that the axioms are finitary. In
the following Corollary, we present several alternative sufficient conditions which are
stronger. It can easily be shown that these conditions imply Def. 20.

2 Or by contacting the authors.
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Corollary 23 A set of epistemic states C S is finitary if either one of the following
three conditions hold:

1. Foreverys C OL:
(@) S|/ is directed
(b) S|{ is a cover ofs
2. (a) S|{ is directed for every C OL
(b) {a} € S foreverya € OL
3. (a) S|{ is directed for every infinite € S
(b) {a} € S foreverya € OL
(€) VsugsresVsepin(oryJagss U{a} € S o

7 Some Completeness Results

For a given axiom schema, the results from Sections 4, 5 and 6 can be used to test
whether the systenC'® is weakly complete, henceforth in this section called only
“complete”, with respect t(modf(@) C Mg,. First, check that? is an epistemic
axiom (Def. 15). Second, construct the GKSS ( see Sec. 4) modéls/ef? = ST x
- 8% x IT = mod(®) (Def. 16, Lemma 17). Third, check that ea8H is finitary
(Def. 20) — it suffices that they each satisfy one of the simpler conditions in Corollary
23. If these tests are positivE('® is complete with respect 815, = mod’ (®), the
KSSs included inM?, by Theorems 22 and 12. The converse does not hol;,
is not necessariljncompletewith respect to the corresponding models if the tests are
negative. Many of the properties discussed in Section 5 can, however, be used to show
incompleteness.

These techniques are used in Theorem 24 below to prove the assertion from Section
3 about weak completeness 81, in addition to results about completeness of the
systemsECK, ECD, EC4 and EC5 from Section 3.2. For the latter results it is
assumed tha® L is closed under the usual propositional connectives.

Theorem 24 (Completeness Results)

1. EC is sound and complete with respecttdy,

. ECK is sound and complete with respecm}i(n
. ECD is sound and complete with respecta?,
. EC4 is not complete with respect o1,

. EC5 is not complete with respect t(vlj?m O

a b~ N

PROOF Soundness, in the first three pars of the theorem, follows immediately from
Theorem 6 and the fact th& andD are valid in M, and MP , respectively. The
strategy for the completeness proofs, for the first three parts of the theorem, is as out-
lined above. (Weak) completenessif’ can be considered by “extending’C by the

empty set, and show that the empty set is a finitary theory. The empty set is trivially a

set of epistemic axioms, and the axiom schei{aandD also both represent sets of

45



epistemic axioms, with GKSS models constructed from the following sets of general
epistemic states respectively:

s =5
SE=8\{X €8:3ape0ra — fa€ X;5¢X)}
SP =8\ {X €S8 :3pcora,~a € X}

We show that these sets all are finitary sets of epistemic states by using Corollary 23. It
follows by Theorem 22 that the theoriésK andD are finitary theories, and thus that
EC, ECK and ECD are (weakly) complete by Theorem 13. For the two last parts of
the theorem, we show thdtand5 are not finitary theories; it follows by Theorem 13
that EC'4 and EC5 are incomplete.

1. Corollary 23.1 holds fos? = S: Lets C OL. S|/ = S p/™(s) = o/ (s).
©/™(s) is directed, because for every finite subgetc /™ (s), Uyeps’ €
©f™(s). pf™"(s) is a cover ofs, because C | J o/ (s).

2. Corollary 23.3 holds fosX:

Corollary 23.3.(a): Lets’,s” € SX npfin(s), and let:

so =5 Us"
5]-zglj_lu{ﬁ:a—>57a65j_1}0<j
sf:Ujsj

Itis easy to show that’ € SK, eachs; is a finite subset of, ands” is finite.
Corollary 23.3.(b): Clearly,{a} € S¥ for everya € OL.
Corollary 23.3.(c): Lets U {x} € S¥ ands’ € pfi"(OL). Leta € OLbe s. t.:
—a—g¢sforanyg € OL
—adgs
— The main connective in is not implication
It is easy to see that there exist infinitely mamgatisfying these three condi-
tions and it can easilg be shown that {a} € SK.
3. Corollary 23.3 holds fo6;”:
Corollary 23.3.(a): Lets’,s” € SP N pfin(s), and lets/ = s’ U s”. It can easily
be shown thatf € SP, ands/ € /" (s) trivially.
Corollary 23.3.(b): Clearly,{a} € SP for everya € OL.
Corollary 23.3.(c): LetsU {x} € SP ands’ € p/"(OL). Leta € OLbe s. t..
—ags
—a¢gs
— « does not start with negation
It is easy to see that there exist infinitely mamngatisfying these three condi-
tions and it can easily be shown that {a} € SP.
4. Letl <i < n,andletM = (s1,...,s,,m) € Mgy, such thatM |=; 4. Clearly,
s; must be the empty set — otherwise it would not be finite. THug:; ;0. 4
does, however, haviafinite models, sot [~ /;0. Lemma 14 gives that is not

finitary.
5. It is easy to see thdi is not satisfiable inMg,, (i.e. that a model fos must be
infinite). By Theorem 12 and Lemma 18js not finitary. [

Although the results in Theorem 24 are hardly surprising, they are surprisingly hard
to prove.
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8 Discussion and Conclusions

This paper presents a general and very abstract theory of resource bounded agents. We
assumed that agents’ epistemic states are arbitrary finite sets of formulae. The addition
of the “knowing at most” operatoyy,; gives a more expressive language for a theory

of knowledge without any unrealistic assumptions about the reasoning abilities of the
agents. Properties of reasoning can be modelled in an abstract way by considering only
the set of epistemic states which a reasoning mechanism could actually produce. If
a more detailed model of reasoning is needed, the framework can be extended with
a model describing transitions between finite epistemic states. This is exactly what is
done in [3].

The main results in this paper are an axiomatization of the logic, and two character-
izations of the theories for which the logic is complete. The first, the notion of finitary
theories, is a proof-theoretic account of all such theories. The second, algebraic con-
ditions on certain sets of epistemic states, is a semantic one, but is only a sufficient
condition for finitaryness. The latter was used to show finitaryness of the empty theory
and thus weak completeness of the system. It follows from these results that the logic
EC is decidable. The characterizations were also used to show (in)completeness of sev-
eral extensions offC. The results give a general completeness proof, of which weak
completeness is a special case, and the complexity of the proof is due to this generality.

Interesting results have been obtained from very weak assumptions: finite memory
and a “knowing at most” operator in the meta language give complex algebraic condi-
tions for axiomatizability.

Related works include the many approaches to the logical omniscience problem
(LOP) [11]; see e.g. [16, 17, 9] for surveys. Particularly, the work in this paper is a de-
velopment of syntactic treatment of knowledge as mentioned in Section 1. [9] presents
this approach in the form aftandard syntactic assignmentsis easy to see that KSSs
are equivalent to standard syntactic assignments restricted to assigning finite knowledge
to each agent. Ther; operator is new in the context of syntactic models. It is, however,
similar to Levesque’snly knowingoperatorO [13]. O« means that the agent does not
know more thany, but knowledge in this context means knowledge closed under logi-
cal consequence and “only knowing is thus quite different from “knowing at most”

a finite set of formulae syntactically. Another well-known approach to the LQReis

logic of general awareneg8], combining a syntactic and a semantic model of knowl-
edge. This logic can be seen as syntactic assignments restricted to assigning truth only
to formulae which actually follow, a special case of standard syntactic assignments.
Application of the results in this paper to the logic of general awareness, i.e. adding an
“at most” operator and restricting the set of formulae an agent can be aware of (and
thus his explicit knowledge) to be finite, might be an interesting possibility for future
work. Models of reasoning as transition between syntactic states, as mentioned above,
includeKonolige’s deduction mod¢l2], active logics[6] andtimed reasoning logics
(TRL)[4].

Possibilities for future work include further development of the identification of
finitary theories. For the case of epistemic axioms, the presented algebraic conditions
are sufficient but not necessary and tighter conditions would be interesting. Deciding
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finitaryness of general, not necessarily epistemic, axioms should also be investigated,
and particularly interesting is the knowledge axiom (mentioned on p. 3).
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