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1 L? theory

1.1 'The Hilbert space Lgﬂ

1.1 T-periodic functions. Let T > 0. A function f:R — C is called periodic with period
T (or T-periodic) if f(t +T) = f(t) for all t in R. A T-periodic function is completely
determined by its restriction to some interval [a,a+T'), and any function on [a,a+T') can
be uniquely extended to a T-periodic function on R. However, a function f on [a,a+T] is
the restriction of a T-periodic function iff f(a+T) = f(a). When working with T-periodic
functions we will usually take 7" := 27.

1.2 The Banach spaces L5 . Let 1 < p < oo. We denote by £ the space of all 27-
periodic (Lebesgue) measurable functions f:R — C such that ["_|f(t)|Pdt < oo. This
is a complex linear space. In particular, we are interested in the cases p = 1 and p = 2.
The reader may continue reading with these two cases in mind. A seminorm || . [[, can be

defined on L5 _ by

= (& [Cwora)” e (1)

—T

By seminorm we mean that | £[}, = 0, |If +gll, < I, + lgl, and A ], = IX||| £}, for
f,g9€ L5, X € C, but not necessarily || f||, > 0 if f # 0. The factor (2rr)~" is included in
(1.1) just for cosmetic reasons: if f is identically 1 then | f||, = 1.

It is known from integration theory (see syll. Integratietheorie) that, for f € L5 . we
have that [[f|, = 0 iff f = 0 a.e. (almost everywhere), i.e., iff f(t) = 0 for ¢ outside some
subset of R of (Lebesgue) measure 0. It follows that, for f € L5, the value of | f|, does
not change if we modify f on a set of measure 0, so || . ||, is well-defined on equivalence
classes of functions, where equivalence of two functions means that they are equal almost
everywhere. Also, || f||, = 0 iff f is equivalent to the function which is identically 0 on R.

Thus we define the space L as the set of equivalence classes of a.e. equal functions
in L5, . It can also be viewed as the quotient space L5, /{f € L5 | [Ifll, = 0}. The space
Ly, becomes a normed vector space with norm || . [|,. In fact this normed vector space is
complete (see syll. Integratietheorie, Chapter 6 for p = 1 or 2), so it is a Banach space.

If I is some interval then we can also consider the space L£P(I) of measurable functions
on I for which [, |f(¢)[?dt < oo, and the space LP(I) of equivalence classes of a.e. equal
functions in £P(I). A seminorm or norm || . ||, on LP(I) or LP(I), respectively, is defined

b 1/p
Il = ([ 1rrra) (1.2

The linear map f +— f|_r ): L5, — LP([—m, 7)) is bijective and it preserves || . ||, up to
a constant factor. It naturally yields an isomorphism of Banach spaces (up to a constant
factor) between L% and LP([—m,x]). Note that, when we work with L} rather than £5_,
the function values on the endpoints of the interval [—m, 7] do not matter, since the two
endpoints form a set of measure zero.
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Ex. 1.3 Show the following. If f € £]_ then

™ T+a
_ f(t)dt:/ ft)dt  (a €R).

—7m+a

1.4 The Banach space Co,. Define the linear space Co, as the space of all 2m-periodic
continuous functions f: R — C. The restriction map f + f|_ ] identifies the linear space
Car with the linear space of all continuous functions f on [—m, 7] for which f(—7n) = f(n).
The space Co becomes a Banach space with respect to the sup norm

[flloo :=sup [f(®)] = sup [f(®)]  (f €Cor).
teR

te[—m,m]

We can consider the space C'([—m,n]) of continuous functions on [—m, 7| as a linear
subspace of LP([—m,7]), but also as a linear subspace of LP([—m,7]).

Indeed, if two continuous functions on [—7, 7] are equal a.e. then they are equal everywhere.
Hence each equivalence class in LP([—m,7]) contains at most one continuous function.
Hence, if f,g € C([—m,n]) are equal as elements of LP([—m,7]) then they are equal as
elements of C'([—m,x]).

It follows that we can consider the space Ca, as a linear subspace of the space £5 | but
also as a linear subspace of L} .
The following proposition is well known (see Rudin, Theorem 3.14):

1.5 Proposition C(|—m,n])is a dense linear subspace of the Banach space LP([—m, 7]).

Ex. 1.6 For p > 1 prove the norm inequality

Il <M fllee (F € Cox)-

Ex. 1.7 Prove that the linear space Cy, is a dense linear subspace of the Banach space
Ly, (p>1).

Hint Show for f € C([—m,n]) and € > 0 that there exists ¢ € C([—m,x]) such that
9(=m) =0 =g(r) and [|f —gl|, <e.

Ex. 1.8 Prove the following:
Then, for p > 1,

Let V' be a dense linear subspace of Ca, with respect to the norm || . || ..

V is a dense linear subspace of L} with respect to the norm || . ||,,.
1.9 For f a function on R and for a € R define the function T, f by

(Taf)(2) == f(z+a)  (z€R) (1.3)

If f is 2m-periodic then so is T, f and, if V' is any of the spaces L5 _ or Cor then T,,:V — V
is a linear bijection which preserves the appropriate norm.
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Proposition Let p > 1, f € LY . Then the map a — T,f:R — L5_ is uniformly
continuous.

Proof First take g € Cor. Then, by the compactness of [—m, 7] and by periodicity,
g is uniformly continuous on R. Hence, for each € > 0 there exists § > 0 such that
1T0ag — Thgll < € if |[a — b < d. Next take f € LY and let ¢ > 0. Since Ca, is dense in
Ly, (see Exercise 1.7), we can find g € Cor such that | f — gl|, < €. Hence

ITof = Tofllp < I Ta(f — D, + 1Tag — Togll, + 1 To(f — 9)Il, < 26 + [ Tag — Ty gl oo

where we used Exercise 1.6. Now we can find 6 > 0 such that ||T,g — Thgllo < 3¢ if
la —b] < 0.

1.10 The Hilbert space L3,.. We can say more about L5 _if p = 2. Then, for any two
functions f,g € £32_, we can define (f, g) € C by

27

19)i= 5 [ g (1.4

Note that (f, f) = (||f|l5)?>. The form ( . , . ) has all the properties of a hermitian
inner product on the complex linear space £3_, except that it is not positive definite, only
positive semidefinite: we may have (f, f) = 0 while f is not identically zero. However, the
right hand side of (1.4) does not change when we modify f and g on subsets of measure
zero. Therefore, (f, g) is well-defined on L3_ and it is a hermitian inner product there. In
fact, the inner product space L3 is complete: it is a Hilbert space.

For I an interval and f, g in £L2(I) or L?*(I) we can define (f, g) in a similar way:

(f. ) = / F(t) gt)dt. (15)

The bijective linear map f +— f|_x r:L3, — L*([—7, 7)) preserves ( ., . ) up to a
constant factor. It naturally yields an isomorphism of Hilbert spaces (up to a constant
factor) between L3 and L*([—m,7]).

The space L3_ is a linear subspace of Ll . In fact, for f € L3 we have the norm
inequality

1f11 < 11l (1.6)

(Prove this by use of the Cauchy-Schwarz inequality.) Also, L3 is a dense linear subspace
of L . Indeed, the subspace Co, of L3 is already dense in L1 .

1.11  An orthonormal basis of L3_. The functions t — et (n € Z) belong to Ca, and
they form an orthonormal system in L3_:

T [T =
- imt _int dt = 0. , c7). 1.7
5 | e n  (mnez) (1.7)
By a trigonometric polynomial on R (of period 27) we mean a finite linear combination
(with complex coefficients) of functions t — et (n € Z).

The following theorem has been mentioned without proof in syll. Functionaalanalyse.
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Theorem

a) The space of trigonometric polynomials is dense in Co, with respect to the norm || . || .
Th f tri tric pol ials is d in Co, with t to th o

(b) The space of trigonometric polynomials is dense in L2 with respect to the norm || . |,.

(c) The functions t — €'t (n € Z) form an orthonormal basis of L3 .

Part (b) of the Theorem follows from part (a) (why?), and part (c) follows from part
(b). We will prove the theorem in a later chapter (first part (b) and hence part (c), and
afterwards part (a)). However, in this Chapter we will already use the Theorem. So we

have to be careful later that circular arguments will be avoided.

1.2 Generalities about orthonormal bases

1.12 We now recapitulate some generalities concerning orthonormal bases of Hilbert
spaces, as given in syll. Functionaalanalyse. Let H be a Hilbert space. Denote the inner
product by ( ., . ) and the norm by || . ||. Let A be an index set and consider an
orthonormal system E := {eq }aca in H, i.e., (€q,€e3) = 64,5 for a, B € A. For convenience
we assume that the Hilbert space is separable. Thus the index set A of the orthonormal
system E will be countable.

Proposition (Bessel inequality)

S Kfead? <IFAP (feM).

acA

Corollary If f € H then limy .o (f,€q) = 0, i.e., for all € > 0 there is a finite subset
B C A such that, if o € A\B then [(f,eq)| < €.

(The set A, equipped with the discrete topology, is locally compact. By adding the point
00, we obtain the one-point compactification of A. This gives a further explanation of the
notion lim,_.o.)

Definition-Theorem (orthonormal basis; Parseval’s norm equality)

The orthonormal system F is called an orthonormal basis of ‘H if the following equivalent

properties hold:

(a) Span(F) is dense in H.

() Sacallfrea)? =1fI* forall feH (Parseval equality).

(¢) If f € H and f is orthogonal to E then f =0 (i.e., E is a maximal orthonormal
system).

1.13 Definition-Proposition (unconditional convergence)

Let H be a separable Hilbert space. Let A be a countably infinite index set. Let {vq }aca C

H. We say that the sum ) . 4 v unconditionally converges to some v € H if the following

two equivalent properties are valid:

(a) For each way of ordering A as a sequence oy, oz, ... we have that v = limy_, 27]1\721 Va,,
in the topology of H.

(b) For each € > 0 there is a finite subset B C A such that for each finite set C satisfying
B C C C A we have that |[v— ) .. val <e.
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Theorem Let H be a separable Hilbert space with orthonormal basis {e,}aca (A a
countable index set). Let {cq}aca € £2(A) (i-e. > calcal? < 00). Then there is a unique
f € H such that (f,e) = co (o € A). This element f can be written as f =) . 4 cata
(with unconditional convergence).

Proposition (Parseval’s inner product equality)
Let H be a separable Hilbert space with orthonormal basis {e4 }aca (A a countable index
set). Then

<fag>:Z<f7€a><g7ea> (f,g€H)

acA

with absolute convergence.

1.14 Theorem (summarizing this subchapter) Let H be a separable Hilbert space
with orthonormal basis {es}aca (A a countable index set). Then there is an isometry of
Hilbert spaces

F:f = {cataca: H — 12(A)

defined by ¢, 1= (f, eq), with inverse isometry
f_l: {CQ}QGA = f£2(“4) —H

given by f:= ) 1 catq (unconditionally).

1.3 Application to an orthonormal basis of L3 _

By Theorem 1.11 the functions t — ¢ (n € Z) form an orthonormal basis of L3 . Let us
apply the general results of the previous subsection to this particular orthonormal basis of
the Hilbert space L3,

1.15 Definition Let f € L}_. The Fourier coefficients of f are given by the numbers
1 " —int
=5 f(t)ye "™ dt (neZ). (1.8)

Note that the integral is absolutely convergent since |f(t) e "t < | f)].
We can consider f as a function f Z — C. The map F:f — f, sending 2m-periodic
functions on R to functions on Z, is called the Fourier transform (for periodic functions).

Thus, by the Fourier transform of a function f € L1 _ we mean the function f.

Remark In this subchapter we will consider the Fourier transform f +— frestricted to
functions f € L3 . For such f we can consider the right hand side of (1.8) as an inner

product. Indeed, if we put e, (t) := ¢ (n € Z) then J?(n) =(f,en) (fe€L3).
Proposition (Bessel inequality)

= o 1 [T 2 2

> fmk <o [ rwpa (e,

- 27

n=—oo

Corollary (Riemann-Lebesgue Lemma) If f € L3 then lim,|_ o J?(n) =0.
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1.16 The results of §1.15 did not depend on the completeness of the orthonormal system.
However, the proof of the next results uses this completeness, so we cannot be sure about
these results until we have proved Theorem 1.11(b).

Theorem (Parseval) Let f,g € L% . Then

N _ﬂ FRd= 3 1fnf, (1.9
/ £(t) Z fln (1.10)

In (1.9) and (1.10), the integral on the left hand side and the sum on the right hand side
are absolutely convergent.

1.17 Theorem (Riesz-Fischer) Let {vn}nez € (*(Z), 1e. Y o0 |nl? < 0co. Then
there is a unique f € L3 _ such that f(n) =, (n € Z), and this f can be written as

Z Y €7 (unconditional convergence in L3, ).
n=—o0

So, in particular,

= ngnoo Z Tn € (convergence in L3 ),
ie.,

7 N 2
li t) — e dt = 0.
Ngnoo - f( ) Znyne
n=—

1.18 (summarizing this subchapter) The map F: f — {7V, }nez: L3, — €*(Z) given by

1 " —int

defines an isometry of Hilbert spaces with inverse isometry F~1: {v, ez — f:*(Z) — L3,
given by

g Y €7 (unconditional convergence in L3 ).

n=—oo

1.19 Without proof we mention a more recent, very important and deep result: the
almost everywhere convergence of Fourier series of any function in L3 _

Theorem (L. Carleson, Acta Mathematica 116 (1966), 135-157) If f € L3_ then

:A}Enoo Z f zn:l:

with pointwise convergence for almost all z € R.
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1.4 Orthonormal bases with cosines and sines

The orthonormal basis of functions ¢ — e (n € Z) for L3_ (see Theorem 1.11(c))
immediately gives rise to an orthonormal basis for L3 in terms of cosines and sines. We
formulate it in two steps and leave the straightforward proofs to the reader.

1.20 Lemma For n = 1,2,... the two-dimensional subspace of L3 _ spanned by the
two orthonormal functions ¢t — e*™ also has an orthonormal basis given by the two
functions ¢ — /2 cos(nt) and t — /2 sin(nt).

Proposition The functions ¢ + 1, t +— /2 cos(nt) (n = 1,2,...), and t — /2 sin(nt)
(n=1,2,...) form an orthonormal basis for L3, .

Note that, in the orthonormal basis of the above Proposition, the cosine functions
(including 1) are even and the sine functions are odd. In fact, we can split the Hilbert
space L3 as a direct sum of the subspace of even functions and the subspace of odd
functions, such that the cosines form an orthonormal basis for the first subspace and the
sines an orthonormal subspace for the second subspace. Let us first discuss the notion of
direct sum decomposition.

1.21 Definition Let H be a Hilbert space and let H; and Hs be closed linear subspaces
of H (so H; and Hy are Hilbert spaces themselves). We say that H is the (orthogonal)
direct sum of Hy and Hs (notation H = H; @ Hs) if the two following conditions are
satisfied:

(i) The subspaces H; and Hsy are orthogonal to each other.

(ii) Each v € H can be written as v = vy + vy with v; € Hy and vy € Ho.

Ex. 1.22 Let H; and Hs be Hilbert spaces and make H := {(v1,v2) | v1 € Hy, vy € Ha}
into an inner product space by the rules

(v1,v2) + (w1, we) == (v1 + wy,v2 +w2), A(v1,v2) := (Avg, Avg),

((v1,v2), (w1, we)) == (v1,w1) + (v2, wa).
Show that H is a Hilbert space and that it is the direct sum of its two closed linear
subspaces {(v,0) | v € H1} and {(0,v) | v € Ha}.

An example of a direct space decomposition is given by the following Proposition.

1.23 Proposition The space L3 is the orthogonal direct sum of the two closed linear
subspaces

L3 even = {f € L3, | f(1) = f(=t) ael,

L%TK‘,Odd = {f € L%TK‘ | f(t) = _f(_t) a'e'}'
The maps f = flio.m: Lr even — L2(0,7]) and f = f

27 ,even

[0,7]* ng,odd — L*([0,7]) are
isomorphisms of Hilbert spaces, provided the inner product on L?(]0, 7]) is normalized as

o= [ soama (111)

Theorem The functions ¢ — 1 and ¢ — /2 cos(nt) (n = 1,2,...) form an orthonormal
basis of L3 and hence also of L?([0,n]) (with inner product (1.11)). The functions

27 ,even’

t +— /2 sin(nt) (n = 1,2,...) form an orthonormal basis of Lgmodd, and hence also of
L?([0,7]) (with inner product (1.11)).
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Ex. 1.24 Give the proofs of the above Proposition and Theorem.

1.5 Further exercises

Ex. 1.25 Let f be the sawtooth function, i.e. the 27-periodic function which is given on
(0,27) by:
flx):=m—2x (0 <z < 2m), (1.12)
and which is arbitarary for x = 0. Show the following:
(a) fe€ L3 and f(n) = (in)~1if n # 0 and f(()) =0.
(b) >y n=? =72/6.
Hint Apply formula (1.9).

Ex. 1.26 Show that -
Z n~* =7%/90
n=1

by applying formula (1.9) to the function f € L3_ such that f(t) :=t? for t € (—m, 7).

Ex. 1.27 For 0#a € Rlet f, € L3_such that f,(t) := e for t € (—m, 7).
(a) Compute the Fourier coefficients of f,.
(b) Let a,b € R such that a,b,a + b # 0. Derive the identity

o0

1 1 1
coth(ra) + coth(mb) = — > (a " oy m)

n=—oo

by applying (1.10) to the functions f := f, and g := f;.
(¢) Show that the case a = b of this identity yields

N
1
coth(ra) = 7~ ' lim .
(ma) N—oc0 n_Z_N a—1in

Does the right hand side converge? Is it allowed to replace limy_, oo Zi\f:_ N by
S>> 7 Conclude that

= 1 7 coth(ar) 1
Za2+n2: 4a  4a2 (a #0).
n=1

This becomes the identity in Exercise 1.25(b) as a — 0.

Ex. 1.28 Put co(t) := 1, ¢, (t) := V2 cos(nt) (n = 1,2,...), su(t) := V2 sin(nt) (n =
1,2,...), and let

1

(Cimy Sn) ::—/ cm/(t) sp(t) dt (m=0,1,2,..., n=1,2,...)
T Jo

(inner products in L?([0,7])). Consider the co x oo matrix with (real) matrix entries
(Cm, Sn), (row indices m and column indices n). Show that the columns of this matrix are
orthonormal, and that also the rows are orthonormal, i.e.,

Z<cmvsk><cm78l> = 6k,l7 Z(Ck78n><cl73n> = 6k,l-
m=0 n=1

Next compute the matrix entries explicitly.
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Ex. 1.29 Let f€ L3,. For k=1,2,... put gx(t) := f(kt). Then g € L3 . Express the
Fourier coefficients of gi in terms of the Fourier coefficients of f.

Ex. 1.30 Let 0,7 € {£1}. Define

L%ﬂ',o’,T = {f € L%ﬂ' | f(—LE‘) = O'f(LE‘) a.e., f(ﬂ- - IL‘) = Tf(x> a'e'}'

a) Show that the Hilbert space L3 _ is the direct sum of the four mutually orthogonal
closed linear subspaces L3, , . (0,7 € {£1}).

b) For each choice of o, 7 find an orthonormal basis of L3, , .. (Start with the orthonor-

mal basis for L3, e, OF Lgmodd given in §1.23.)

¢) For each o, 7 give a Hilbert space isomorphism of L3, with L?([0, $7]).

Ex. 1.31 For F a function on R define a function f on (0,27) by f(z) := F(cot z).
This establishes a one-to-one linear correspondence between functions f on (0,27) and
functions F' on R

(a) Show that the map f — F is a Hilbert space isomorphism of L?((0,27); (27)~ ! dx)
onto L2(R; 7~ 1 (t2 + 1)~ dt)., i.e.,

1 [7 9 1 [ 5 dt
_ = - F(t .
2 _F|f(x)| dr 7r/_00| ®)l t2+1

(b) Show that the orthonormal basis of L?((0,2m); (27)~!dx) provided by the functions
T — €™ (n € Z), is sent by the map f +— F to the orthonormal basis of L?(R; 7! (£2+
1)~ dt) given by the functions ¢t — (34)m.

Ex. 1.32 Let V be the linear space of piecewise linear continuous functions on the closed

bounded interval [a,b]. So, f € V iff f € C([a,b]) and there is a partition a = ag < a1 <

as ... < a, = b such that the restriction of f to [a;_1,a;] is linear for ¢ = 1,...,n. Let

Vo :={f €V | f(a) = f(b) = 0}. Show that V is dense in C([a,b]) and that V{ is dense

in LP([a,b]) (1 <p < ).
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2 L' theory

2.1 Growth rates of Fourier coefficients

2.1 The Fourier coefficients f(n) (n € Z) of a function f € L} were defined in formula
(1.8). It follows from this formula that

~

F) <Ifli  (f € Lyr, n€Z). (2.1)
Hence

[flloo < [If[ly where [[f]lo := Sglf(n)l-

So f € (>=(Z) if f € L},. Here (*°(Z) := {(Vn)nez | Suppez |7n| < 00}, a Banach space.

Ex. 2.2 Show that the map f — f: LY — (>(Z) is a bounded linear operator. Also
determine its operator norm.

2.3 In §1.15 we gave the so-called Riemann-Lebesgue Lemma in the L?-case. It remains
valid for the L!-case:

Theorem (Riemann-Lebesgue Lemma) 1If f € Ly, then lim,_ oo f(n) =0.

Proof Let f € LY . Let ¢ > 0. We have to look for a natural number N such that
|f(n)| < eif [n| > N. Since L3, is dense in L} (see §1.10), there exists a function g € L3
such that || f — g||; < ie. By the Riemann-Lebesgue Lemma for L? (see §1.15) there exists
N € N such that: |[n| > N = [g(n)| < 3e. Hence, if |n| > N then

1F(n)] < |F(n) —g)| + [gn)| < |If —glly + [G(n)] < 3e+ de =,

where we used the inequality (2.1). L]

Ex. 2.4 Define the linear space cy(Z) by
CO(Z) = {{Cn}neZ € KOO(Z> | lim Cn = O}

|| —o0

Show that c¢o(Z) is a closed linear subspace of °°(Z). So, in particular, co(Z) becomes a
Banach space. Note also that f +— f: Ll — co(Z) is a bounded linear map.

2.5 In addition to the space Cor we will deal, for £k = 1,2,... or oo, with the linear
space C§_ consisting of 27-periodic C*-functions on R. By C9_ we will just mean Co.
Elementary integration by parts yields:

(f)"(n)=inf(n)  (f €Cy, n€). (2.2)
This is an important result. Corresponding to the differentiation operator f — f’ acting
on 2m-periodic functions we have on the Fourier transform side the operator multiplying
a function of n by in. Iteration of (2.2) yields:

(F¥N(n) = (in)* f(n)  (feCk,k=01,2,..., n€). (2.3)

For f € Cor the Riemann-Lebesgue Lemma gives that f(n) = o(1) as |n| — oo, a
modest rate of decline for the Fourier coefficients. It turns out that a higher order of

~

differentiability of a 2m-periodic function f implies a faster decline of f(n) as |n| — co:
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Theorem (a) Let k € {0,1,2,...}. If f € C5_ then f(n) = o(|n|7*) as |n| — oc.
(b) If f € C$° then f(n) = O(|n| %) as |n| — oo for all k € {0,1,2,...}.

So we see that for 27-periodic C'*°-functions the Fourier coefficients decrease faster
in absolutele value to zero than any inverse power of |n|. We then say that the Fourier
coefficients are rapidly decreasing.

Proof of Theorem Part (b) follows immediately from part (a). For the proof of part
(a) we use equations (2.3) and the Riemann-Lebesgue Lemma:

)] = |7 [(F®) ()] = Inl*o(1) as n — oo,
since f(F) € Cor if f € Ch . L]

Ex. 2.6 Show that (2.2) still holds if f € Co, with piecewise continuous derivative.

Ex. 2.7 Let f € Cy;. Suppose that f can be extended to a function analytic on the open
strip {z € C | |Im z| < K} and continuous on the closed strip {z € C | [Imz| < K}. Show
that | f(n)] = O(e= K1) as |n| — 0.

Hint If z € C and |Im z| < K then f(z+ 27) = f(z). Next show by contour integration
that

"o

f(n) ! /a+7r f(z)e ™ dz (n€Z, Ima| < K).

-~

2.8 In the previous sections we derived the behaviour of the Fourier coefficients f(n) from
the behaviour of the function f. Now we consider the inverse problem: Let coefficients vy,
with certain behaviour be given. Find a 27-periodic function f such that f(n) =+, and
give the behaviour of f.

We say that the doubly infinite sequence (v, )nez is in £1(Z) if
(vl == 2202 || < 00

Theorem Let (v,) € ¢}(Z). Put

f@)= Y yme™  (zeR), (2.4)

n=—oo
~

well defined because the series converges absolutely. Then f € Cor and f(n) =, (n € Z).

Also || flloo < I(vn)ll1-

Proof The absolute convergence of the series on the right hand side of (2.4) is uniform
for z € R because of the Weierstrass test, since |y, e*| < |y, and > 07 |y,| < oo.
The sum of a uniform convergent series of continuous functions is continuous. Since the
terms of the series are 2m-periodic in z, the same holds for the sum function. Thus f € Cy .
The inequality ||f|l < |[(7n)]l; follows by taking absolute values on both sides of (2.4),
and by dominating the absolute value of the sum on the right hand side by the sum of the

absolute values of the terms. Finally, we derive that

f(n) _ %/;ﬂ ( Z Yo eimm e—inﬂ:) dr =

m=—0o0

- 1 " i(m—n)z
m\| 5 € dr | = )
DRACTS :
m=—o0
where the second equality is permitted because the integral over a bounded interval of a
uniformly convergent sum of continuous functions equals the sum of the integrals of the
terms. []
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Ex. 2.9 Let f(z) be given by (2.4). Prove the following statements. Use for (a) and (b)
the theorem about differentiation of a series of functions on a bounded interval for which
the series of derivatives is uniformly convergent.

() T8 3355 Inl [l < o0 then f € CJ,.
(b) Let k€ {0,1,2,...}. If > |n|F|v,| < oo then f €Ch..

¢) Let A > 1. If v, = O(|n|™) as |n| — oo then f € C4_for all integer k such that
2m
0<k<A—1.

(d) If 4, = O(|n|7F) as |n| — oo for all k € {0,1,2,...} then f € CS°.

(e) Let K > 0. If v, = O(e X"l as |n| — oo then f can be extended to an analytic
function on the strip {z € C | |[Im z| < K}. Compare with Exercise 2.7

2.10 Remark Observe that the Fourier images of L3 and of C$2 can be completely
characterized. Namely, for a given sequence (7, )ncz we have:

Yn = f(n) (n € Z) for some f € L3 iff > 07 |y,]* < oo;
Yn = f(n) (n € Z) for some f € CS2 iff v, = O(|n]|7%) as |n| — oo for all k € {0,1,2,...}.

However, such a characterization is not possible for the Fourier images of Ca,,Ca_,C3., ...
and of L1 _.

Ex. 2.11 Let 7o := 0 and v, := |n|~* for n € Z\{0}. Then it is known in the literature
for which real values of X there exists f € Li_ such that f(n) =, (n € Z). For some
values of A this follows from a non-trivial theorem (see sections 7.17 and 7.19 in van Rooij).
However, for some other values of \ the answer is immediate. Give the answer in these
cases.

2.2 Fubini’s Theorem

2.12 For the treatment of convolution we will need Fubini’s Theorem. The Proposition
below formulates Fubini’s theorem for nonnegative measurable functions, see also syll.
Integratietheorie, Sections 5.6-5.8. Next the Theorem below will deal with complex-valued
measurable functions. Below we will work with o-finite measure spaces (X,.A, u) and
(Y, B, v) and their product space (X x Y, A® B, u X v), again a o-finite measure space.

It is helpful to read first the Theorem below for the case that X and Y are bounded
intervals, p and v are Lebesgue measure, and the function h: X x Y — C is continuous.
Then all integrals can also be considered as Riemann integrals and the assumption in the
Theorem concerning the absolute convergence of a repeated integral is automatic.

The general Proposition and Theorem below are much more delicate, because measure
spaces may be o-finite rather than finite and because measurable rather than continuous
functions are considered.

2.13 Proposition Let the function h: X x Y — [0, c0] be measurable with respect to
the o-algebra A ® B. Then:

(a) The function y — [ h(x,y) du(z) is measurable on B;
(b) The function = — [, h(x,y)dv(y) is measurable on A;
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(c) We have

/Xxyh(x,y) d(,uxu)(x,y)Z/X </Y h(z,y) dl/(y)) dp(z) :/Y (/X h(z,y) d#(@) dv(y).

(2.5)

Note that all integrals considered in (2.5) are integrals of measurable functions which
take values on [0,00]. The integral of such a function is well-defined and it will yield a
number in [0, o).

Consider next a function h: X x Y — C (so not necessarily non-negative) which is
measurable with respect to the o-algebra A ® B. Then the nonnegative function |h| is
measurable with respect to A® B, so the above Proposition will hold with h(zx,y) replaced
by |h(x,y)|. This we will need in the next theorem.

2.14 Theorem (see Rudin, Theorem 7.8) Let the function h: X xY — C be measur-
able with respect to the o-algebra A ® B. Suppose that one of the two inequalities below

is valid.
([ el duta) ) vt < (2.6

([ el avin)) dute) < . 27

(So the other inequality is also valid by the above Proposition.) Then:

(a) [ |h(z,y)| du(z) < oo for y outside some set Yy C Y of v-measure 0 and the function
y — [y h(z,y)du(z): Y\Yy — C, arbitrarily extended to a complex-valued function
on Y, is v-integrable on Y.

(b) [y 1h(z, y)| dv(y) < oo for x outside some set Xy C X of y-measure 0 and the function
z — [y h(z,y)dv(y): X\Xo — C, arbitrarily extended to a complex-valued function
on X, is p-integrable on X.

(¢) Formula (2.5) is valid.

The crucial condition to be checked in this Theorem is inequality (2.6) or (2.7). The
important conclusion in the Theorem is that (almost) all integrals in (2.5) are well-defined
and that the equalities in (2.5) (in particular the second one) hold.

2.3 Convolution

2.15 Definition The convolution product of two 2m-periodic functions f, g is a function
f *gon R given by

U9 =5 [ fOga-nit  (@eR) (2.5)

provided the right hand side is well-defined. Then, clearly, f % g is also 2m-periodic and
f*xg = g=x* f. Check these two properties by simple transformations of the integration
variable in (2.8)

For deriving further properties of the convolution product, the easiest case is when
f, g are continuous:
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2.16 Proposition If f g € Cor then f x g € Cor and
(f+g)"(n) =f(n)g(n)  (n€Z). (2.9)
Proof For the proof of the continuity (in fact uniform continuity) of f * g observe that

1
2

f( Mg =1) =gy = 1)) dt| < [[flly suplg(z =) = g(y = 1)]

Let € > 0. Since any periodic continuous function is uniformly continuous on R (why?),
there exists § > 0 such that |g(z —t) —g(y —t)| < e for all t € Rif |x — y| < 6. Hence

((f+9)(@) = (f*9) ()| < el flly if [z —y[ < 6.

For the proof of (2.9) use Fubini’s theorem in the case of continuous functions on a
bounded interval. Thus

Frar = [ ([ fOste-na) e as

i e ([Laenceou)s

! f() nt G(n) dt = F(n)G(n). O

~ a2

us

Ex. 2.17 Let f(z) := "™, g(x) := "™ (m,n € Z). Compute f *g. Also check that the
result agrees with equahty (2.9).

Ex. 2.18 Prove by Fubini’s theorem in the case of continuous functions on a bounded
interval the following. If f, g, h € Co, then

(fxg)xh=fx*(gx*h) (associativity). (2.10)

2.19 Definition-Theorem Let f,g € £l . Let (f *g)(x) be defined by (2.8) for those
x € R for which the integral on the right hand side of (2.8) converges absolutely.

(a) For almost all x € R the integral on the right hand side of (2.8) converges absolutely.
Extend fx*g to a (2m-periodic) function on R by choosing arbitrary values of (f*g)(z)
on the set of measure zero where f(x) is not yet defined by (2.8). Then f*g € £3_
and

1 gl < 1LF 1 gl (2.11)

(b) The equivalence class of f x g only depends on the equivalence classes of f and g. In
other words, for f, g € L3 _ the convolution product f g is well-defined as an element
of L} .

(c) For f,g € L., formula (2.9) is valid.
(d) For f,g,h € L}_, the associativity property (2.10) is valid.
Proof Let f,g € £ . First observe that

oz [ ([ st —nias)a= o [ 1so1 ([ ot olac) ar

1 ™
=3 /_Tr [F@O gl dt = [l f]l1 [lglly < oo (2.12)
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Hence, by Fubini’s Theorem 2.14 we have that

/” () gla— )] dt < oo

—T

for almost all z. Thus, (f % g)(x) is well-defined by (2.8) for almost all z, and f * g is
measurable on R. Again by Theorem 2.14, it follows that

1 ™

e

Borey

—Tr

So f*g € L3 . For the proof of (2.11) use that

reali< s [ ([ 1r@ste—nia) = [ ([ @9 olac)

by Proposition 2.13, and combine with (2.12).

For the proof of part (b) let f,g € £1_ with ||f||; =0 or ||g|][; = 0. Then ||f*g||; =0
because of (2.11).

For the proof of (c) repeat the proof of (2.9) for the continuous case. We can now
justify the interchange of integration order in the second equality of that proof by Fubini’s
Theorem 2.14, because

4—; </ F() gz — t) e~ daz) dt < o,

—Tr —Tr

This last inequality is true because the left hand side equals || | f| * |g| ||; < oo.
Finally (d) can be proved similarly as in Exercise 2.18, with justification of the inter-
change of integration order by Theorem 2.14. []

2.20 Proposition If f € Ll and g € Coy then f* g € Cor and

1 * glloe < 11F 11 9l o- (2.13)

Proof The proof given in Proposition 2.16 that fxg € Co, if f, g € Car, still works if the

assumption on f is relaxed to f € LY . The proof of inequality (2.13) is straightforward.
[l

Ex. 2.21 Show: If f,g € L2_ then f * g € Co and

1 glloe < IF1l2 l9ll2- (2.14)

Hint First show that sup,eg [(f*9)(2)| < [|fll2 lgll2 if f, g € L3 Next use this inequality
and the fact that f * g is continuous if f, g € Ca, (see Proposition 2.16), together with the
density of Co, in L3_ and the completeness of the Banach space Ca, with respect to the
sup norm.
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2.4 Further exercises
Ex. 2.22 Show that

4 —2cosx
27" R).
Z cos(nz) =t dcosz (r € R)

Compare with Exercise 2.9(e).

Ex. 2.23 Let A € C such that |A| # 1. Let f(z) := (A+¢e®)~! (2 € R). Compute the
Fourier coefficients f(n).

Ex. 2.24 Let f € LL_. Express §(n) in terms of the f(m) if:
(a) g(x) = f(z +a) (acR);

(
(b) g(z) = f(—a);
(©) g(x) = Fo);

(@) g(x) = F(=)

Ex. 2.25 Let fe Ll , geCi . Show that f*g e Ci_ and that (f xg) = fxg'.
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3 The Dirichlet kernel

3.1 Definition of the Dirichlet kernel

3.1 Let f € L} . The formal doubly infinite series
S Fneins (3.1)
nez
is called the Fourier series of f. We will see that this series converges in a certain sense to
f(x), but the type of convergence will depend on the nature of f. Saying that the series

(3.1) converges in some sense to f(z) amounts to the same as saying that the sequence of
partial Fourier sums

Sn(@) = (Sn[f@) = > fln)e™ (N=0,1,2,..., 7 €R) (3.2)

converges in some sense to f(z) as N — oo. Therefore it is important to examine the
functions Sy|[f] in more detail.

3.2 Definition-Proposition The partial Fourier sum (3.2) can be written as

(SN = (FxDx)@) = 5= [ f) Dy —nyde=- [ fla+0) Dui)de, (3.3
where Dy is the Dirichlet kernel:
N sin((N + %)x)
Dy (z) == Z e = Sin(%x) (z & 2mZ), (3.4)
n=—N 2N +1 (z € 277).
1
R 1 B =R

x

The Dirichlet Kernels Do, D5, D1g, centered at 0, 2w, 41 respectively.
(See also the graph of Dy in van Rooij, p.13.)
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Proof Observe from (3.2) that
I AR
Sl@) = 5= [ 10 ( > emw—w) "
- n=—N

From (3.4) we see that Dy € Car and that it is an even function. The third equality in
(3.3) uses these last facts.

3.2 Criterium for convergence of Fourier series in one point

3.3 We will need the following three easy consequences of (3.4):
1 ™

— Dyt dt =1 .
5| Drar=1. (35)
Dy(@)] € ——— < (0<|z] <) (3.6)
N I =),
|sin(3z)| ~ |z|
and
e%ix .~ e—%ix o~
Dn(z)= — & giNe ¢ % —iNa 2977 3.7
~(2) 2isin(%m)e 2isin(%x)e (v ¢ 2nZ) (3.7)

3.4 Theorem Let f € L, a € R. Suppose that one of the two following conditions
holds:

(a) There are M, a, 6 > 0 such that

|fa+1t)— f(a)] < MJt|* for —6 <t < 4. (3.8)
(b) f is continuous in a and also right and left differentiable in a.
Then we have:

lim (Sw/])(a) = f(a).

N—o00
Remark Condition (a) of Theorem 3.4 implies continuity of f in a. Functions f satisfying
condition (a) are said to be Hélder continuous of order « in a. (The terminology Lipschitz
continuous of order « is equally common.) If (b) holds then w is bounded for ¢

in some neighbourhood of 0 since it has a limit as ¢t | 0 and as ¢ T 0. Thus if (b) holds then
(a) is satisfied with a = 1. So, we only need to prove the Theorem under condition (a).

Proof of Theorem 3.4 Assume condition (a). Let ¢ > 0. We want to show that
|Sn(a) — f(a)| < e for N sufficiently large. It follows from (3.3), (3.5) and (3.7) that

Sxla) = f(@) = 5= [ (fla+0) 1) Dy(e) d

:/ ga’+(t)eiNtdt—/ Ga,— (e Nt at, (3.9)

—Tr —1Tr

where .
Gos(®) = = — " (fa+ )= f(@) (0 <[t <), (3.10)

27 2isin(Lt)

For 0 < |t| < § we can estimate |gq,+(¢)] < TM|t|*~! (use (3.6) and (3.8)). For § < [t| <=
we can estimate |g, 4 (t)| < (4msin(36)) 7| f(a—+1) — f(a)|. Hence the functions g, + are in
LY([—m,7]). By the Riemann-Lebesgue Lemma (Theorem 2.3) it follows that (3.9) tends
to 0 as N — oo.
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3.5 Theorem Let f € L3, let a € R, and suppose that the limits

27

flas) =limf(z),  fla):=lim f(x)

zla zTa

exist. Suppose that one of the two following conditions holds:
(a) There are M, a, 6 > 0 such that

|fla+1t)— flay)] < Mt* and |f(a—t)— fla_)| < Mt* for 0 <t <.
(b) f is right and left differentiable in @ in the sense that the following two limits exist:

iy flatt) = flag) : o fla—1t) = fla-)
f'(as) :=lim 7 flla)=lim — :

Then we have:

lim (Sy[f])(a) = 3(f(a+) + f(a-)).

N—oo

Proof Since Dy is an even function, we conclude from (3.3) that

Sw(a) = = / L(f(at 1)+ fla— 1)) Dy(t) dr.

Ly
Hence
Sw(a) = b(fan) + o)) = o [ (L0 D IO b a

Now put g(t) = i(f(a+t) + f(a—1t) for 0 < |t| < 7 and g(0) := lim¢ o g(t) =
2(f(at)+ f(a—)). Then condition (a) or (b) for f at the point a implies the corresponding
condition in Theorem 3.4 for g at the point 0. Now apply Theorem 3.4 to g at 0. []

3.6 Corollary (localization principle) Let f,g € £ . let a € R, and suppose that
f(x) = g(x) for x in a certain neighbourhood of a. Then precisely one of the following two
alternatives holds for the two sequences ((Sy [f])(a))]ovozo and ((Sn [g])(a))]ovozoz

(a) The two sequences both converge and have the same limit.
(b) The two sequences both diverge.

Proof Apply Theorem 3.4 to the function f — g at a. Since f — g is identically zero in a
neighbourhood of a, we conclude that limy_,o. (Sy[f — g])(a) = 0. Hence

lim ((Swl/])(a) ~ (Swlg))(a) = 0. O

N—o0

Thus the convergence and possible sum of the Fourier series of a function f € £ at
a point a is completely determined by the restriction of f to an arbitrarily small neigh-
bourhood of f. If we leave a given function f unchanged on such a neighbourhood, but
change it elsewhere, then the Fourier coefficients f(n) may become completely different,
but convergence or divergence and the possible sum of the Fourier series at a will remain
the same. This explains why the above Corollary is called localization principle.
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Ex. 3.7 Let f be the sawtooth function defined in Exercise 1.25, formula (1.12). Put
f(x):=0 for z € 2nZ.
(a) Prove that

N—oo

Fla) = Jim (Snlf)(a) =23 2T (3.11)

with pointwise convergence for all x € R.
(b) Show by substitution of z := 7/2 or z := 7/4 in (1.12), (3.11) that

+e (3.12)

gl 11 T (3.13)

Ex. 3.8 Let 0 < <. Let f be a 2r-periodic function which is given on [—m, 7] by:

f@%:{1 if r € [-4,6],

0 ifd <z <.

~

(a) Determine f(n) (n € Z).
(b) Determine

provided the limit exists.

Ex. 3.9 Let f be a 2m-periodic function which is C' outside 27Z and such that f(0,),
f(02), f/(04), f/(0_) exist in the sense of Theorem 3.5. Prove that f(n) = O(|n|™!) as
In| — oo, but not necessarily f(n) = o(|n|=!) as |n| — cc.

Hint Use Theorem 2.5 and Exercise 1.25(a).

Ex. 3.10 Let f be a 2m-periodic function which is C'! outside a discrete set X having the
property that X N [—m,7) is a finite set. Assume that f(xi), f(x_), f'(z4), f'(z-) exist
in the sense of Theorem 3.5 for each x € X. Prove that f(n) = O(|n|™!) as |n| — cc.

3.3 Continuous functions with non-convergent Fourier series

We will now show in a “soft” way (i.e., by using functional analytic methods) that there
exists a 2m-periodic continuous function for which the Fourier series does not converge
everywhere. For this we need a “hard” estimate of the Dirichlet kernel in the two lemmas
below. This estimate will also be useful elsewhere. We refer to Stein & Shakarchi for
an explicit example of a 2m-periodic continuous function with not everywhere converging
Fourier series.

3.11 Lemma Let

0(z) := cot(3z) —22~1 (0 < |z| < 2m). (3.14)
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Then
Dy(z) =
Proof Tt follows from (3.4) that, for 0 < |z| < 2,
sin((N + 3)z)
sin(
Ex. 3.12 Show the following;:
(a) lim,_o 0(z) = 0;

w +0(x) sin(Nz) 4 cos(Nx) (0 <[z < 2m). (3.15)

DN(CL’) =

2 = sin(Nz) cot(3z) + cos(Nz). L]

limg 0 0'(z) = —§;

(b)
(c) Put 0(z ) = 0. Then 0 is dlfferentlable and strictly decreasmg on (—2m,2m).
(d) O(m) = =277, O(—m) =21"", SUP_rcpcq |0(x)] =277

3.13 Lemma We have

/ |Dy(z)|dx =87 logN + O(1) as N — oo.

—Tr

In particular,
T

lim | Dy (z)|dx = o0
N—oo o
Proof It follows from (3.15) and Exercise 3.12(d) that
[Dn ()| — |22~ sin(Nz)|| < [Dy(z) — 22 'sin(Nz)| <277+ 1 (0 < |z] < 7).

Hence

sin(Nx)

dr+O(1) as N — oc.

/_7;|DN(m)|alac:2/:r

Next we write
(N N | -
sin(Nx) dx:4/ \81n(7rx)|dx
0 T

d

T

n=0
=t sin(mx)
=4 / dr+ O(1) as N — oo
— Jo r+n
(1) Nl cos(mz)
= 4rt ! - 1) T / ——=dz+ O(1 N
el Z o W O) as N — o

3
© 8t tlogN +O(1) as N — oc.

In equality (1) we used integration by parts. In equality (2) we majorized | fol(x +
n)~2 cos(rz) dz| by n=2 and we used that Ziv:1 n=2 = O(1) as N — oo. In equality
(3) we used that Zi\;l n~! =logN + O(1) as N — oo (by comparing with the corre-
sponding Riemann integral, see the definition of Euler’s constant =). []
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Ex. 3.14 Let ¢:[—m,m] — R be continuous with only finitely many zeros. Define the
linear functional L:Cy, — C by

1 ™

:% -

L(f) : f(x)d(x)dz (f € Can). (3.16)

Prove that L is a bounded linear functional with operator norm

120 = ol = 5= [ 1ol de (317

—Tr

oo

3.15 Theorem Forallz € R there exists f € Car such that the sequence ((Sy () v—o

does not converge to a finite limit.

Proof Without loss of generality we may take x := 0. Define the linear functional
Ly:Cor — C by

In(f) = (Sulho) = o= [ " F(t) Dn(t) dt.

It follows from Exercise 3.14 that |Ly|| = ||Dn||;, and it follows next from Lemma 3.13
that the sequence (||Ln||)R—, is unbounded. Now suppose that limy_,oc Ln(f) exists for
all f € Cor. Then, for all f € Car, the sequence (Ln(f))¥—, is bounded. Hence, by
the Banach-Steinhaus theorem (see syll. Functionaalanalyse), the sequence (||Ln||)3—, is
bounded. This is a contradiction.

Ex. 3.16 Let f € £3, and let a € R. Prove that for the two sequences ((Sx [f])(a))(])vozo
and

LT faro
7T — 1T

in(Nt
Sm<t Jat. N=o0.1.2 ..

precisely one of the following two alternatives holds:

(a) Both sequences converge with the same limit.

(b) Both sequences diverge.

Conclude that, for f satisfying one of the conditions of Theorem 3.5, we have

Lf(an) + fa)) =7t dim [ fla+ o 22

N—oo _x

dt. (3.18)

Ex. 3.17 Prove, by using (3.18), that

0o 2 T sin( N
/ 0T dr = lim Sm<t D g = Lr. (3.19)
0
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3.4 Injectivity of the Fourier transform

3.18 In this subsection we will prove that a function f € £3_ which has all its Fourier

coefficients J?( ) = 0, is almost everywhere equal to zero. For the case that f € £3_, this
was already implied by Parseval’s identity (1.9). However, Parseval’s identity depended
on Theorem 1.11, for which we postponed the proof. Let us first consider the case that

f € CQW'

Proposition Let f € Cg7T such that f( ) =0 for all n € Z. Then f = 0.

Proof Let F(x) := fo t)dt. Then F is a C'-function on R and, because f( ) =0,

the function F' is 27r perlodlc. Thus F € C_. Since F' = f, we have f( ) =in F( ) (see

(2.2)). Hence F(n) = 0 if n # 0. It follows that (Sy[F])(z) = F(0). By Theorem 3.4 we

conclude that F(z) = limy oo (Sx[F])(x) = F(0). Hence f(z) = F'(z) = 0. L]
For the similar result in the case that f € £1_ we proceed as follows.

3.19 Lemma Let f € £1_such that f(0) = 0. Put F(z = [y f(t)dt. Then F € Con
and f(n) = in F(n).
Proof Continuity of F' is a consequence of the dominated convergence theorem, applied

to the functions fyx,:, where x, . is the characteristic function of the interval [z,z + t)
and letting t — 0. Now we compute for n # 0:

27 27 27
d/‘ L/p f _ﬁnxdt(kb——b/n /[ —znxdxj?

:/0 (ﬂ)md L= () - F(0)) = 1f<n>.

m

We used Fubini’s theorem for the second equality. []
Remark It is a non trivial result of Lebesgue that for almost all x F'(x) exists and
equals f(z). (see Rudin, Theorem 8.17)

3.20 Theorem (a) Let f € £l such that f(n) =0forallneZ. Then f=0ae..

(b) Let f,g € £ such that f(n) =g(n) for all n € Z. Then f = g a.e..
Proof It is sufficient to prove part (a). Let F' be as in Lemma 3.19. Then it follows
that F' € Ca, and that F(n) = 0 for n # 0. Thus F — F(0) = 0 by Proposition 3.18.

Since F'(0) = 0, we conclude that F' = 0. It follows that | b f(t)dt = 0 for every choice of
a,b € R. But then [, f(t)dt = 0 for (bounded) open and also for (bounded) closed sets.
By regularity of Lebesgue measure, we conclude that [ g fdt =0 for every Borel set. It

follows that f =0 a.e. . []

3.21 Corollary (a) The linear span of the functions ¢ — € (n € Z) is dense in L3,
with respect to the norm || . ||5.

(b) The functions t + €'t (n € Z) form an orthonormal basis of L3 _
Proof Apply Definition-Theorem 1.12 to the case f € L3_ of Theorem 3.20. [l
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So we have now proved parts (b) and (c) of Theorem 1.11, therefore we have also
definitely established all results in subchapter 1.2 which depended on Theorem 1.11, see
the summarizing §1.18. In the next chapter we will also prove part (a) of Theorem 1.11.

As a corollary of the injectivity result of Theorem 3.20 we can also give the following
addition to Theorem 2.8.

3.22 Corollary Let fe L} . If fe ?1(Z) then f € Ca, and, for almost all x € R:

fl@)= Y fln)em. (3.20)

n=—oo

The right hand side of (3.20) converges absolutely and uniformly for x € R.
Proof Denote the right hand side of (3.20) by g(x). Then, by 2.8, g € Co, and g(n)

~

f(n) for all n € Z. Now apply Theorem 3.20(b). [l

3.5 Uniform convergence of Fourier series

We will now consider an analogue of Theorem 3.4 such that f satisfies not just a Holder
condition at one point, but a uniform Hélder condition on some interval (a,b). Then it
will turn out that Sy[f] converges uniformly to f on each compact subset of (a,b). For
f € C3,_ this result is almost immediate:

3.23 Proposition Let f € C3 . Then limy_ Sx|[f] = f, uniformly on R.

Proof It follows from Theorem 2.5(a) that f(n) = o(|n|7?) as |n| — oco. Now apply
Corollary 3.22.

3.24 The following lemma quickly follows from the well-known Arzela-Ascoli theorem
(see for instance A. Browder, Mathematical Analysis, Springer, 1996, Theorem 6.71 and
Corollary 6.73).

Lemma Let (X,d) be a compact metric set. Let (¢,)22; be a sequence of complex-
valued functions on X which is equicontinuous on X, i.e., such that, for each € > 0, there
is a § > 0 with the property that |¢,(x) — ¢n(y)| < € for al n € N if z;y € X and
d(z,y) < 6. Suppose that lim, ., ¢,(x) = 0 for x € X. Then lim,,_. . ¢, = 0 uniformly
on X.

Proof Suppose that the convergence ¢,, — 0 is not uniform on X. Then there exist € > 0,
an increasing sequence of positive integers ni, no, ..., and a sequence x1,Ts,... in X such
that |¢n, (zr)| > €. By compactness of X the sequence z1,z2,... has a subsequence
converging to some xg € X. Without loss of generality we may assume that the sequence
r1,x2,... already converges to zg. Then

|On (1)| < |Pny (21) = Pny (20)| + |dny (0)].

By the assumptions, there exists K € N such that |¢,, (zo)| < 3¢ if k > K and |¢y, (zx) —
¢m(20)| < e for allm € Nif k > K. Hence ¢y, (z) < € if k > K. This is a contradiction.
[]
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3.25 Theorem Let f € £1_. Suppose that there exist an interval (a,b) and positive
real numbers M, « such that

[f(@) = f)l < M|z —y|* forall z,y € (a,b) (3.21)

(a uniform Hélder condition on (a,b)). Then limy_,o. Sy[f] = f uniformly on each subin-
terval [c,d] with a < ¢ < d < b.

Proof By the proof of Theorem 3.4 we can write

Sn(x) — f(z) = /7r Gy ()Nt dt — /7T Go,— (e N dt (3.22)

—Tr —Tr

with the functions g, + being given by (3.10). Put

On () = / Gox(t)eEN At (2 € ¢, d]).
By (3.21) and the proof of Theorem 3.4, the functions g, 4+ belong to £3_ for z € [c,d]. So
limy o0 ¢n,+(x) = 0 for z € [c,d] by the Riemann-Lebesgue Lemma (Theorem 2.3). We
will show that the functions ¢y + are equicontinuous on [¢, d]. Then we can apply Lemma
3.24 and thus prove the Theorem.

Let 0 < § < w such that § < ¢ —a and § < b — d. Then we can estimate for x € [c, d]
and 0 < [t| < § that |g, 4 (t)] < TM|t|*~! (use (3.21) and (3.6)). We can estimate for
x,y € [e,d] and § < [t| < 7 that

|92,4(t) = gy ()] < (4msin(30) 7 (If (x +1) = fly + )+ f(2) = f(y)])-

Next, for z,y € [¢, d]:

bn (@) — s ()] < /M /Wﬂ G, (8) — gy, ()] dt

<M/ [t 1dt+m/_ﬂ|f($+t)—f(y+t)|dt+%_(§g)|.

Let € > 0. We will find v > 0 such that the last expression is dominated by ¢ if z,y € [¢, d]
and |z —y| < ~. First take § such that ]\4f0(S [t|*~1dt < ¢/3. Then we can find v > 0 such
that the second and third term are dominated by ¢/3 if |x — y| < . For the third term
this follows because f is uniformly continuous on [¢,d]. For the second term this follows
from Proposition 1.9. This settles the equicontinuity of the functions ¢y 1 on [c,d]. Thus
we can apply Lemma 3.24 and the Theorem will follow. []

3.26 Corollary Let f € Ci_, orlet f € Co, with piecewise continuous derivative. Then
limy_00 Sn[f] = f, uniformly on R.

Ex. 3.27 Let the 2m-periodic function f be determined by f(z) := |z| for —7 < x < 7.
Determine the Fourier coefficients f(n). The uniform convergence of (Sy[f])3_, on R is
implied by Corollary 3.26. Check this uniform convergence independently by using the
explicit values of f(n).
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3.6 The Gibbs phenomenon

The approximation of a piecewise continuous 2m-periodic function (for instance the saw-
tooth function) by its partial Fourier sum shows a remarkable “overshooting” behaviour
near the jumps of the function. This behaviour is called the Gibbs phenomenon.

3.28 Let the 2m-periodic function f be given by f(z) := 7 — x for 0 < & < 27. This
function was studied in Exercises 1.25 and 3.7. We have

S (@) = (Sn[f)(@ —228”1 / Dy (t)dt — o
[T sin(Nt) * . 1
= 2/0 — dt +/O 0(t) sin(Nt)dt + N~ " sin(Nz) —x (0 < |z| < 27), (3.23)

where we used (3.15) and where the function 6 is given by (3.14).

Ex. 3.29 Let (a,b) be a bounded interval and let ¢ € (a,b). Let g € C*((a,b)) and define
Gn(z) == [T g(t)e ™ dt (n € Z, x € (a,b)). Prove that G,,(z) = O(|n|™!) as |n| — oo,
uniformly for z in a compact subinterval of (a,b).

Hint Use integration by parts.

3.30 Let 0 < r < 2w. We conclude from Exercises 3.29 and 3.12 that
/ 0(t) sin(Nt)dt = O(N~') as N — oo, uniformly for |z| < r. (3.24)
0

The integral sine is the function defined by

Si(z) := /O ’ Sizy dy (z€R). (3.25)

This is an even C!-function (in fact it is an analytic function). It follows from (3.19) that

Si(co) := lim Si(z) = in.

r—00

The absolute maximum of Si(x) for x € [0, 00) is reached for = w. A numerical compu-
tation shows that, approximately,

Si(m)
Si(o0)
Let 0 < r < 2. It follows from (3.23), (3.25) and (3.24) that

~1.179....

Sn(x) — f(z) =2Si(Nz) — 7+ O(N ™)

. as N — oo, uniformly for 0 < z < r.
Sy(—z) — f(—z) = =2Si(Nz) + 7+ O(N~")

This implies:

lim (Sy(N~'m)— f(N"'m)) =2Si(nr) —m~ 7 x 0.179... ,

N—o0

lim (Sn(—=N"'m) = f(=N"'m)) = —2Si(7) + 7~ —7 x 0.179..... .

N —o0
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Also, for 0 < § < w, we have

Jim (s (Sila) = f) ) = 25im) - (3.20
Jim. <_5i£$f<0(SN(x) _ f(@)) — _9Si(r) + (3.27)

but

nm( sup |SN<:c>—f<x>|):o
N—oo 0<x<2m—§

by Theorem 3.25.
Ex. 3.31 Let h € C'(]0,27]) Let g be a 2m-periodic function which coincides with h

on (0,27). Write g(04) := h(0) and ¢g(0_) := h(27). Assume that ¢g(0;) > g(0_). Let
0 < 6 < 7. Prove that

Jim. (Oiglgéasmg]xm) ~gla)) = Ha(02) ~ 9(0-) (2 8i(m) — ),

lim ( inf <<SN[g]><:c>—g<x>>):—%<g<o+>—g<o_>><2w—181<7r>—1>.

N—oco \ —6<z<0
Hint Let the 27-periodic function f be given by f(z):=m — z for 0 < z < 27. Put

~9(04) —g(0-)
2

p() = g(2) fl)  (0<a<2m).

Then p € Cy, with piecewise continuous derivative. Now use (3.26), (3.27), and Corollary
3.26.

=P YA I

=05

The Gibbs phenomenon.
Left: the sawtooth and Sgy4, Right: (Sy(N71z) — f(N~1z))/7 for N = 1024
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3.7 Further exercises

Ex. 3.32 Prove that
sinx+%Sin3x+%sin5x+~-~:7r/4 it0 <z <.
Hint Use Exercise 3.8 or use (1.12), (3.11).

Ex. 3.33 Let ¢ € Ll . Define the linear functional L: Co, — C by (3.16). Prove that L
is a bounded linear functional with norm given by (3.17).

Hint Use Exercises 3.14 and 1.32.

Ex. 3.34 Prove that Dy(z) can be written as a polynomial of degree 2N in cos(3x).
Ex. 3.35 Prove that between each two successive zeros of Dy (z) there is precisely one
zero of Dy (x).

Ex. 3.36 1) Let {a,}3°, {an}3° be sequences of complex numbers. Prove (for N =
1,2,...) the Summation by parts formula

N N
Z an(bn+1 - bn) = CLN+1bN+1 —a1by — Z bn+1(an+1 - an)~
n=1 n=1

n

2) Write down a version of this formula for the case where b, = > =1

Cj.
3) Give a direct proof of the convergence of the series in exercise 3.32 (without using
that this is a Fourier series of a smooth function)

4) Show that the series

converges pointwise for every .

5) What can you say about uniform convergence?
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4 The Fejér kernel

4.1 Cesaro convergence

4.1 Definition Let (a,)52; be a sequence of complex numbers. If the sequence does
not have a limit then we may try to find a limit in a generalized sense by considering a
new sequence (b, )2 ; with b,, being the mean of the first n elements of the sequence (ay),
ie.,

by :i=n" (a1 +as+ - +ay).

If a := lim, . b, exists as a finite limit then we say that the sequence (a,) is Cesaro
convergent with Cesaro limit a. In that case we use the notation

(C) lim a, = a. (4.1)

n—oo

Similarly, we say that the series Y | a, is Cesaro convergent with Cesaro sum s if

the sequence (s,,) of partial sums s, := Y ;_, aj, is Cesaro convergent with Cesaro limit s.
In that case we use the notation

(C) > an=s. (4.2)

o0

More generally, Cesaro convergence of the sum ) , an with Cesaro sum s means Cesaro

n=n

convergence of the sequence (s,);2,,, of partial sums s, := Y7, “ax to Cesaro limit s,

i.e., that lim, ..o(n —ng+ 1) (sp, + -+ 8n) = s.

4.2 Example
The sequence 1,0,1,0,1,0,... does not converge but has Cesaro limit %
Thesum 1 —-14+1—1+1—1+--- does not converge but has Cesaro sum %

Ex. 4.3 Show the following. The sequence ag,ai,as,... has Cesaro limit a iff the
sequence ai, as, ... has Cesaro limit a.

Conclude that it is not necessary in the notation (4.1) to mention where the sequence (ay,)
starts.

4.4 Proposition If the sequence (a,)5 ; has limit a then it has also Cesaro limit a.
Proof Let M,N € N with M < N. For n > N we have

InHar+ -+ an) —al <n Har —al+ -+ ay —al) + n (|an —al + -+ |y, —al)

<MN™' sup |ax —a|+ sup |axr —al.
k=1,2,... k>MA+1

Let ¢ > 0. Because the sequence (a,) converges, we have A := sup,_; 5  |ax —al < oo
and we can choose M such that |ax —a| < 3¢ if K > M. Hence

nai+--+an) —a| < N'TMA+ie ifn>N> M.

Choose N > M such that N"'MA < iz. We conclude that [n"'(a; + -+ + ay,) — af if
n > N. []
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Ex. 4.5 Give an example of an unbounded sequence which is Cesaro convergent.

Ex. 4.6 Which of the following statements are true?
(i) If (C) lim, oo an = a then (C) lim, .o (ay,)® = a®.
(i) If (C) >°0°  an = s then (C) lim,— o a, = 0.

4.2  Definition of Fejér kernel

4.7 In (3.2) we introduced the partial Fourier sums S,[f] of a function f € Li_. In
Chapter 3 we examined convergence of the sequence ((Sn[f])(z )) N for fixed z. More
generally we may examine Cesaro convergence of this sequence, i.e., convergence of the

sequence ((on[f])(z >)N:O’ where

Solf]+ Silf]+ -+ Sn[f]
N+1

onlf] = (fely, N=0,1,2,...). (4.3)

The function oy[f] is called the N** Cesaro mean of f.

4.8 Definition-Proposition The function in (4.3) can be written as

(on[fD(z) = (f * Kn)(z) = % _ﬂ ft) Kn(z —t)dt = % _ﬂ fla+t) Ky(t)dt, (4.4)

where Ky (z) is the Fejér kernel:

& N N+1-]n ,
KN(x)'_TH; ; N T ©
1 (sin(A(N + 1))\
= N+1 ( sin(5 ) ) (v ¢ 2nL) (4.5)
N+1 (z € 27Z).

Proof The second equality in (4.5) follows from the definition of D, (z) in (3.4). From
(3.4) we get also that

sin(3z) + sin(2z) + - -sin((N + 3)z) .

Kw(@) = (N +1) sin(3z)

Now multiply numerator and denominator of this last expression by sin(%m) and use that

sin(1z) sin((k+3)x) = 2 (cos(kz)—cos((k+1)z)) and 1—cos((N+1)z) = 2sin®(1(N+1)z).

This proves the last equality in (4.5). From (4.5) we see that K € Ca, and that it is an
even function. The third equality in (4.4) uses these last facts. [l
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The Fejér Kernels Kg, Kig, centered at 0, 41 respectively.

4.3 Cesaro convergence of Fourier series

4.9 We need the following three easy consequences of (4.5):

Kn(z) >0  (z€R), (4.6)
— / =1, (4.7)
Ky(z) < < 0 < |z| < ). (4.8)

T (N+1) San(% ) T (N +1)a?
4.10 Theorem (Fejér) Let f € £1 , a € R. Suppose that f is continuous in a. Then

lim (on[f])(a) = f(a). (4.9)

N—o0

Moreover, if f € Ca, then the convergence in (4.9) is uniform for a € R.
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Proof Let e > 0. We want to show that |on(a) — f(a)| < e for N sufficiently large. It
follows from (4.4) and (4.7) that

1

ala) = (@) = o= [ (Fla+ )~ fl) Kn(t) .

For any & € [0,7) we split up the above integral as [ f‘t|<5 + f5<|t|<ﬂ Then, by use
of (4.6),

1 /0 1
lon(a) — ()|<—/_ |f(a+t)—f(a)|KN(t>dt+2— |fla+t)— f(a)| Kn(t)dt.

27 ™ Je<|t|<m

Denote the two successive terms on the right hand side by I; and I5. First we estimate
I,. By the continuity of f in a we can choose § such that |f(a+t) — f(a)] < 3e if [t| < 6.
Keep this value of . Then, by use of (4.7), I; < %5. Next we estimate I5. It follows from
(4.8) that

™

bS gy L, Her @S gt [ (sl sl a

2

< g (7 + £ @D

Hence I, < %5 for N sufficiently large. This proves the first part of the theorem.

Next assume that f € Ca;. Then f is uniformly continuous on R (by the compactness
of [—, 7] and by the 27-periodicity). Thus we can choose ¢ such that |f(a+t)— f(a)| < e
for all a € R if |t| < §. With this choice of § we have I; < 1e for all a. Then

2

Hence I, < ic for all a if N is sufficiently large. We conclude that |on(a) — f(a)| < & for
all a if N is sufficiently large. []

4.11 Corollary (Fejér) Let f € L1, let a € R, and suppose that the limits

flay)=limf(z),  fa-):=lim f(z)

zTa
exist. Then we have:

lim (on[f])(a) = 3(f(as) + f(a-)).

N—o0

Ex. 4.12 Give the proof of Corollary 4.11 (compare with the proof of Theorem 3.5).

4.13 Theorem 1.11(a) is an immediate corollary of the second statement in Theorem
4.10:
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Corollary (Weierstrass) The space of trigonometric polynomials is dense in Co, with
respect to the norm || . || .

Proof Let f € Cor. Let € > 0. Then, by the uniform convergence stated in Theorem
4.10, we can take N such that |jon[f]—fll < &. Now observe that ox[f] is a trigonometric
polynomial.

4.14 Corollary Let f € L1 and a € R. Suppose that f is continuous in a. If
limpy 00 (Sn[f])(a) exists then this limit is equal to f(a).

Proof By Proposition 4.4 the limit is equal to limy (o n[f])(a) and hence, by Theorem
4.10 to f(a).

4.15 Remark Observe that on[f] := f* Ky (f € £3 ), where Ky (N =0,1,2,...)
is an even nonnegative function belonging to £3, with properties (2r)~* [" Ky(t)dt =1
and:

For each § € (0, 7): A}Enoo Kn(z) =0 uniformly for 6 < |z| <.

Observe that the proof of Theorem 4.10 only uses these properties of Ky and on[f].
Hence Theorem 4.10 remains valid for any choice of the functions Ky satisfying the above
properties.

Ex. 4.16 Let f € L}_. Show that limy_.o on[f] = f in L.
Hint Show that limy . ||on[f] — fl|; = 0 for f € Cor and use that Co, is dense in L1 .

4.4 Another approximation theorem of Weierstrass

Corollary 4.13 is an approximation theorem involving trigonometric polynomials. From
this we can derive an even more famous approximation theorem of Weierstrass involving
ordinary polynomials. (There exist many other proofs of this theorem.) As a tool for the
proof we introduce Chebyshev polynomials.

4.17 Definition-Proposition For each nonnegative integer n there is a unique poly-
nomial 7}, in one variable such that

T, (cost) = cos(nt) (t € R). (4.10)

The polynomial T}, has degree n. It is called a Chebyshev polynomial (of the first kind).

Proof For z € [—1,1] T),(x) is uniquely determined by (4.10). Hence, if T}, is a polyno-
mial then it is unique. Since

cost cosnt = 1 cos(n + 1)t + 1 cos(n — 1)t,

we have
Thi1(x) =2xT,(x) = Tho1(z) (n=1,2,...),

while Ty(z) = 1, T (z) = x. Now it follows by induction with respect to n that T, (x) is a
polynomial of degree n in x. []
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Ex. 4.18 Show that

0, n # m,

! dzx
[ g (e 1oy

Thus the T}, form an orthogonal system in L2((—1,1); (1 — 22)~2 dx). Show also that this
orthogonal system is complete.

Ex. 4.19 Show that for each nonnegative integer n there is a unique polynomial U, ()
of degree n in = such that

sin(n + 1)t
sint

U,(cost) = (0#teR). (4.11)

Show that
Unt1(z) =22U,(z) —Up—1(z) (n=1,2,...),

while Uy(z) = 1, Uy(z) = 2z. The polynomial U, is called a Chebyshev polynomial (of
the second kind). Show that

/ Un0) Un(2) VT~ i = {g} o #m

_1 n=m

Thus the U, form an orthogonal system in L2((—1,1); (1 — 22)2 dz). Show also that this
orthogonal system is complete.

4.20 Theorem (Weierstrass) Let f € C([a,b]). Then there exists for each € > 0 a
polynomial P in one variable such that |f(x) — P(z)| < ¢ for x € [a, b].

Proof Without loss of generality we may assume that [a, b] = [—1, 1] (why?). Put g(¢) :=
f(cost). Then g € Cor and g is even, so g(n) = g(—n). Hence

(on[g))(t) —1—22 N;izn (n) cos(nt)

and oy[g] — g for N — oo, uniformly on R (see Theorem 4.9), so certainly uniformly on
[0, 7]. Put
Y N+1-n
o) =300+ 230 S 50 Tl
Then fy(cost) = (on[g])(t) and fy(x) is a polynomial of degree < N in z. Since on[g] — ¢
for N — oo, uniformly on [0, ], we have that fx — f as N — oo, uniformly on [-1,1]. [

Ex. 4.21 Let f(z) := |z|. Determine a sequence of polynomials which converges uni-
formly to f on [—1,1].

Ex. 4.22 The analogue of Theorem 4.20 does not hold on R. Give an example of a
continuous function on R which cannot be uniformly approximated by polynomials on R.
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4.5 Further exercises

Ex. 4.23 For 0 <r <1 let

oo

Po(z):= Y rlMem™  (zeR), (4.12)
the so-called Poisson kernel. For f € L1 put

A.lf] == f = P.. (4.13)

The functions A, [f] are known as Abel means. Let a € R and suppose that f is continuous
in a. Prove that

lim(4,[f])(a) = f(a). (4.14)

Moreover show that, if f € Car, the convergence in (4.14) is uniform for a € R.
Hint Use Remark 4.15.

Ex. 4.24 Prove that the Gibbs phenomenon cannot occur for the Cesaro and Abel means.
That is, if m < f < M, then m < A.[f],Cn[f] < M.
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5 Some applications of Fourier series

5.1 The isoperimetric inequality

5.1 Theorem The area A of a region in the plane which is encircled by a closed non-
selfintersecting C'-curve of length L satisfies A < L?/(4r). Equality holds iff the curve is
a circle.

Proof Without loss of generality we may assume that L = 27, and that the curve is
positively oriented and parametrized by its arc length. We may also identify the plane
with C. Then the curve has the form ¢ — f(¢) with f € Ci_ and with |f/(t)| = 1 for all
t. Furthermore we may assume without loss of generality that f(0) = % ffﬂ ft)dt =0.
Then we have to show that A < 7 with equality iff f(t) = ¢**7%0) for some t, € R. Now
we have

A

27 (2)
slm [ f() f)dt=nmIm (f', f) <7 [(f, )] < 712 112

0
®) @ v Y (6)
= mllflle = 7lf = fO)lly < 7 f'll = = (5.1)
Equality (1) follows from:

Ex. 5.2 Let t — f(t) be a positively oriented closed non-selfintersecting C'-curve in C.
Show that the area of the encircled region equals Im fo% () f(t)dt.

Inequality (2) in (5.1) is the Cauchy-Schwarz inequality. Equalities (3) and (6) use that

~

|f'll, = 1 by the assumption |f’(t)] = 1. Equality (4) uses the assumption f(0) = 0.
Equality (5) follows from:

Ex. 5.3 Let f € C3_. Show that |f — f(O)HQ < || f'|l2 with equality iff J/‘\(n) = 0 for
n# —1,0,1.

The proof of the last part of Theorem 5.1 is also left as an exercise:

Ex. 5.4 Show that equality everywhere in (5.1) implies that f(t) = e‘***) for some
to € R.

5.2 The heat equation

5.5 The partial differential equation

d , 02
5 F(t,x) = 2 552 F(t,z) ((t,z) € (0,00) x R) (5.2)

is called the heat equation. It is often considered with initial value

F(0,z) = f(z) (x€R) (5.3)



38 CHAPTER 5

for a given function f on R. We will assume that f € C37 and we are interested in
a function F' which is continuous on [0,00) X R and C* on (0,00) x R, which satisfies
F(t,x +2m) = F(t,z) for all t > 0, and which is a solution of (5.2), (5.3). In a suitable
normalization of the variable ¢ we can interprete this as the evolution in time of the
temperature on a ring which is idealized as the unit circle parametrized by its arc length.
Then F(t,x) is the temperature at position z and time ¢. The function f gives the initial
temperature distribution at time t = 0.
Put Fi(z) := F(t,z) and

T

Yn(t) = ﬁt(”) ! / F(t,x)e ™ dx.

:% -

Ex. 5.6 Let f € C37 and let F' be as above. Show the following.
(a) 7y is continuous on [0, c0).
(b) 4n is C°° on (0, 00) with kth derivative given by

1 (" OFF(ta) _,
(k) (+) = — Z - \»7) —inx
Tn <t) 27 / (9tk € dx.

—Tr

(c) We have

1 ~ ~

V(1) = =30y (), m(0) = F(n), An(t) = f(n)e 3"

Ex. 5.7 Let f € C3%. Show that

F(t,o):= Y f(n)emomin (5.4)

n=—oo

is a well-defined C*° function on (0,00) X R, continuous on [0, 00) x R, 27-periodic in z
and satisfying (5.2), (5.3). Conclude that F'(¢,z) given by (5.4) is the unique solution of
(5.2), (5.3) of this type.

Hint For the first part use Theorem 2.5(b).

Ex. 5.8 Let F be given by (5.4). Show that

/W Fi(w) do = _ﬂ f@)de (t>0)

—Tr

(i.e., the total heat on the ring remains constant in time), and
1tlim F(t,z) = f(0)
(i.e., the temperature distribution tends to the constant distribution as t — o).

Ex. 5.9 Define the heat kernel by
Hi(z) := Z einz—3n’t (t>0).

ne”
Prove that Hy € C32. Show that, for F' given by (5.4), we have Fy = f x H; (t > 0).

Ex. 5.10 Show that (f * Hy) x Hy = f « Hsyy (s,t > 0) and give a physical explanation
of this formula.
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5.3  Weyl’s equidistribution theorem

5.11 Theorem Let0<~y€R\Qandlet0<a<b<1. Then

lim #{reN| 0<r<n, <ry>e€]a,b|}

n— 00 n

=b—a.

Here # denotes the number of elements of a set and < x > denotes the fractional part
of a positive number z.

Ex. 5.12 Prove this theorem by completing the following outline:
1) Let f € Cor and v € R\ Q. Prove that

lim

n—00 n 2m

Y f@miy) 1 /2” o

In case f = 1.

In case f(t) = e*t k € Z.

In case f is a trigonometric polynomial.
For general f € Csy.

o o

2) Prove that the formula is also valid if f is the periodic extension of the characteristic
function (a4 of a closed interval [a,b] C (0,27). (Look for continuous functions fi, fa

such that f; < f < fo and fOQﬂ(fg — f1)(t) dt <€) and apply 1).
Derive the equidistribution theorem.
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6 Generalities about Fourier integrals
This chapter is the beginning of Part II of the Syllabus. It deals with Fourier integrals.

6.1 In Part I we have seen that, for a 27-periodic function f which is sufficiently smooth,
for instance f € C3,, we can write

f=Y (5 [ soema)e wew), (6.1

n=—oo

where the doubly infinite series converges absolutely. Now we will consider functions f on
R which are usually not periodic. The analogue of (6.1), valid for sufficiently nice functions

f,is
f(a) = % /_O; (/_O; f(t)e dt) e de  (a €R). (6.2)

If f is a function on R which is sufficiently smooth (say C?) and which decreases sufficiently
fast in absolute value to 0 as t — oo (say f(t) = O(|t|™2) as |t| — o0), then (6.2) holds
with absolutely convergent inner and outer integrals. This we will prove later. For the
moment we will only prove (6.2) heuristically from (6.1).

6.2 Let f be a C?-function on R with compact support and let a € R. We will give a
heuristic proof of (6.2). For A > 0 such that supp(f) C [-Am, Anr] and |a| < 7 define a
function fy € C3, such that fy(t) := f(A\t) if —m <t < 7. It follows from (6.1) that

oo

f(a) = fala/N) = — Z ( " FOM) et dt) pina/A

—T

_ 2i Z </ f(t) e—int/)\ dt) eina/)\ AL
s

— i (/ f(t) e—ixt dt) eixa /\—1
2T oo
A—17Z

L Y fweat, (63)

zeA—1ZN[—N,N]
where we have put

= /_OO f(t)e "™ dt (x € R). (6.4)

The sum in (6.3) can be considered as a Riemann sum for the partition of [N, N] into

equidistant points with distance A~!. Since the function x +— f(m) e*® is continuous, this
Riemann sum tends to the corresponding integral. So formally the limit of (6.3) as A\ — oo

equals
i | zmad
27 Ngnoo/ f T

which is equal to the right hand side of (6.2). It has to be justified that we may take the
limit for A — oo in (6.3) inside the limit for N — oco. We will skip this here.
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6.3 Definition Let f € £!(R). Then the integral on the right hand side of (6.4) is
absolutely convergent since |f(t) e < |f(¢)|. So (6.4) yields a well-defined function F
on R. We call the transform f — f given by (6.4) the Fourier transform. The function 7
is called the Fourier transform of f. Note that fonly depends on the equivalence class of

f. So the function f is well-defined for f € L'(R).

Ex. 6.4 Let [a,b] be a closed bounded interval and let f := X[a,b) D€ its characteristic
function. Show the following: f € L*(R) and

e—tar _ o—ibx 92 sm(%(b _ CL).’I?) e—%i(a—kb)x .
flz) = : = itz #£0,

= T T
b—a ifz=0.

Observe from this result that ]/“\is continuous and that lim,_, 4o fA(x) = 0.

Ex. 6.5 Let f(x) = ﬁ on R. Compute f. (Use Contour integration.)

6.6 Let p € [1,00), in particular we will consider p = 1 or 2. We write

oo 1/p
Iflpi= ([ Wropa) it f e oo®) or 1 € 2(R)

— 00

and we put

if f is a bounded continuous function on R.

[flloo := sup | f(x)
z€R

Let C.(R) denote the space of complex-valued continuous functions on R with compact
support. The following Proposition is proved in Rudin, Theorem 3.14.

6.7 Proposition Let p € [1,00). Then C.(R) is dense in LP(R).

Ex. 6.8 A function f:R — C is called simple if it is a linear combination of characteristic
functions of bounded intervals. Equivalently, f is simple if there are real numbers a; <
ag < ... < a, such that f vanishes outside [a1,a,] and f is constant on each interval
(ai,aﬂ_l) (2 = 1,. e, — 1)

Let p € [1,00). Prove, by using Proposition 6.7, that the space of simple functions is dense
in LP(R).

6.9 Theorem Let f e L1(R). Then

~

) f is a bounded continuous function on R.

(a
() 11Flloe < I£1]1-
(

~

¢) limy 10 f(z) =0 (Riemann-Lebesgue Lemma).
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Proof For the proof of the continuity of fnote that, for z € R,

;ii% _OO f(t)ye ™dt = /OO (?}g f(t) e—iyt) dt = /_O; f(t)e "™t dt

o0 — 0

by Lebesgue’s dominated convergence theorem (syll. Integratietheorie) since |f(t) e %! <
|f(t)] and [Z°_|f(t)| dt < oo. Clearly, it follows from (6.4) that

Fla)l < /OO FOlde= 17l (e R).

— o0

This settles (a) and (b).
For the proof of (c) first note that the result is valid if f is a simple function. This
follows from Exercise 6.4. Now let f € LY(R). Let € > 0. By Exercise 6.8 there is a simple

~

function g such that ||f — ¢g||; < €/2. By (b) we have that |f(z) — g(z)| < €/2. Hence

~

|f(x)| <e/2+ |g(z)| and there is M > 0 such that |g(z)| < /2 if |z| > M. L]
Ex. 6.10 Let

Co(R) :={f:R — C| f is continuous and lim f(x)=0}.

r—+o00

Prove that Cp(R) is a closed linear subspace of the Banach space of bounded continuous
functions on R with respect to the sup-norm, so Cy(R) is a Banach space itself with respect

to the sup-norm. Also observe that the map f — J? LY(R) — Cp(R) is a bounded linear
operator.

Ex. 6.11 Let f € L'(R), a € R, ¢ € R\{0}. Prove the following.
(a) If g(t) := f(t + a) then §(z) = e® f(x).
(b) If g(t) := €' f(t) then g(x) = f(z — a).

)
(c) Tf g(t) := f(ct) then g(x) = [e[ " f(c ™ a).
(d) In particular, if g(t) := f(—t) then g(t) = f(—t).

6.12 Proposition Let f,g € £L}(R). Then

| t@iwde= [ f)gle) de

(Both integrals converge absolutely because of Theorem 6.9(a).)
Proof We have to show that

/rio_m (/:_oo fl@)e ™ g(y) dy) dx
/:_oo ( /;_O_OO fla)e ¥ g(y) daz) dy.

is equal to
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This follows from the Fubini Theorem 2.14 since

/:_o_oo (/:_oo |f (@) e™" g(y)] dy) de < oo. ]

6.13 Proposition Let f € C1(R) such that f, f' € L}(R). Then

(f) () = iz f(=), (6.5)

and f(x) = o(|z|71) as z — +oo.

Proof Let M > 0. Integration by parts shows that

M M
/ f/(t) e~ = eteM f(M) _ eteM f(—M) + zx/ f(t) et gt
-M iy

Then (6.5) will follow by letting M — oo in the above formula, provided we can show
that limy; oo f(£M) = 0. These last limits are indeed valid. For instance, f(M) =

f(0) + fOM f'(t)dt. Hence f(oo) := limpy—oo f(M) = f(0) + [, f'(t)dt exists. Then
necessarily f(co) = 0, since otherwise [~ |f(t)|dt = occ.

The second statement follows by combination with Theorem 6.9(c). L]

6.14 Proposition Let f € L'(R) such that the function g:z — zf(z) is in L}(R).
Then f is differentiable on R with ( ) = —ig.
Proof Let a,b € R with a < b. Then, by Proposition 6.12 and Exercise 1.4,

/ab g(w)dr = /OO 9() X[a,p) () dx

= / 9(@) (X[a,p)) " (2) do
00 —taxr __ ,—ibx
[ ) s
oo ix

=i [ [ e ) dr =i(f(b) - [(a)).

Hence R R "
flat hf)b G A / () d.

Now let h — 0 and use the fact that g is continuous. []

6.15 Corollary R

(a) Let f € C*(R) such that f, f',..., f*) € £LYR). Then (f*)~(2) = (ix)* f(x) and
f(x) =o(|z|~%) as  — +oo.

(b) Let f be a Lebesgue measurable function on R such that [~ (14 [¢[)* | f(2)] dt < oc.
Then f € C*(R) and (f)®)(z) = [*_(—it)* f(t) e " dt.

(c) Let @« € R with a > 1. Let f be a Lebesgue measurable function on R such that
f(x) = O(|z|~®) for |z| — co. Then f € C¥(R)ifk+1< a.
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Observe the general rules: R
e Faster decrease of |f(¢)] to 0 as |t| — oo implies more smoothness of f.

~

e More smoothness of f implies faster decrease of |f(z)| to 0 as |z| — oo.

6.16 We introduce the following notation for some operators acting on functions on R:

(Df)(z) := f'(z) (differentiation),
(Mf)(z):=x f(x) (multiplication),
(T, f)(z) == f(x+a) (translation),
(Eof)(x) := €' f(x) (exponential multiplication),
(Pf)(z):= f(—x) (parity operator).

Some of the previous results can now be summarized in the following table:

g g

Df iMf

Mf iDf

Eof T_f

T.f E.f

t— f(ct) X |c|_1f(c_1x)
pf pf

6.17 Definition & is the set of all f € C°°(R) such that, for all nonnegative integers
n,m the function z — 2™ f(")(z) is bounded.

So S consists of the C'"*°-functions f on R such that f and all its derivatives are
rapidly decreasing to 0 as the argument tends to £oo. Briefly we call such functions
rapidly decreasing C'*°-functions on R. This class of functions was introduced by Laurent
Schwartz. He used this as a class of test functions for his so-called tempered distributions.

The (immediate) proofs of the following statements are left to the reader.

6.18 Proposition & is a linear space. If f € § then the functions Df, M f, E.f, To. f,
x+— f(cr) and Pf are alsoin S. If f € S then f € S.

Ex. 6.19 Let f(t) := e 3t (the Gaussian function). Show the following:
(a) feS.

(b) Df =—-Mf, Df=—-MfF.

(¢) f(z) = Ce 3" with C = [*_ e 37" do = \/2m.

~

Hint Solve the differential equation for f in (b).

Ex. 6.20 Let f(t) := e=2"". Then

J?(x) = / e~ 3t et gt — g= 37 / e~ 3(t+ia)* gy (z € R).

— o0

Derive from this formula the result of Exercise 6.19(c), by contour integration.
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Ex. 6.21 Let f € £L}(R). Suppose that f has compact support, i.e., f vanishes outside
some bounded interval. Prove the following.
(a) If f =0 then f =0 a.e..
Hint Reduce this to the case of periodic functions.
(b) The function f is the restriction to R of an entire analytic function on C (the function
given by (6.4) for z € C).

(c) If J?also vanishes on R outside some bounded interval then f =0 a.e..

6.22 Definition-Theorem For f,g € L}(R) the convolution product f * g is defined
by
(Fe9)@)i= [ f@e-ndy  (@eR) (6.6)

Then the integral in (6.6) converges absolutely for almost all z € R and f * g € L'(R).
Furthermore,

1+ glly < {1 £l lglly (6.7)

and R
(f+g)"(2) = f(z)g(x). (6.8)
Proof Analogous to the proof of Definition-Theorem 2.19. Use the Fubini Theorem 2.15

Ex. 6.23 Let p(z) be a polynomial with real coefficients in the real variable z. Find
necessary and sufficient conditions in order that the function z — e?(®) belongs to S.
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7 Inversion formula

7.1 (Dirichlet kernel) Let f € L1(R), w > 0. Put
(L)) 1= o / fz)e* de (seR). (7.1)

In view of (6.2) we expect (but still have to prove) that I,[f] — f as w — oo. The
advantage of (7.1) compared to the corresponding integral from —oo to oo is that it can be
written as an integral transformation (of convolution type) acting on f with very simple
integral kernel: the Dirichlet kernel

in(wt 1 v
sin(w?) = — / et dr. (7.2)

7t 2m

—Ww

Proposition We have

L) = [ s+ T g (73
Smgt) ‘ <w/r (tER), (7.4)
/_O; Sini;”t) dt = % /OOO %ﬂt dt =1 (7.5)

(the last two integrals converging but not absolutely converging).

The proof of these formulas is left to the reader. For the proof of (7.3) substitute (6.4)
into (7.1) and interchange the two integrals (allowed by Fubini’s theorem; check this).

7.2 The following results are analogous to §3.2. We give a convergence criterium for
Fourier inversion in a certain point.

Theorem Let f € L1(R), a € R. Suppose that one of the following two conditions holds:
(a) There are M, «,d > 0 such that

|fla+x) = f(a)] < M |z|* for |z| < 6.

(b) f is continuous in a and also right and left differentiable in a.
Then we have:
lim (1,[f])(a) = f(a). (7.6)

w— 00

Proof Condition (b) implies condition (a), so we may assume Condition (a). We have

(L[f)(a) - f(a) / sinwz)

1 T

' flat2)— f(a)

sin(we) de + / flate)

|z|>1 T

sin(wz) dz. (7.7)
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Since

1 w o 00 3
2
/ sin(wz) dx:/ smydy 2 smydy:1 05 W — 0o,
1 Tz W TY TJo Y

it is sufficient to prove that the right hand side tends to 0 as w — oco. However, we will
see that the right hand side is of the form 7! [~ g(z)sin(wz) dz with g € L}(R), so it
tends to 0 as w — oo because of the Riemann-Lebesgue lemma (see Theorem 6.9(c)).

The claim about the right hand side is proved by splitting it up as a sum of three
terms (where we assume that § < 1):

ol <d gt = | LOFD IO e
s<prl <t o) = | <51 pa g ) 4 (@),
21 o)l = |12 <t o) m

7.3 Theorem Let f € L}(R), let a € R, and suppose that the limits

flay) =limf(z),  fla):=lim f(x)

zla zTa

exist. Suppose that one of the two following conditions holds:
(a) There are M, a, 6 > 0 such that

|fla+x)— flay)| < Mz® and |f(a—z)— f(a_)] < Mz for 0 <z <.
(b) f is right and left differentiable in @ in the sense that the following two limits exist:

/ 1 f(a+y>_f(a+) / BT f(a_y)_f(a—)
f'(as) =lim ; . ffas)=lim - .

Then we have:

lim (L[f])(a) = §(f(as) + f(a_)).

w—00

Ex. 7.4 Prove Theorem 7.3 as a corollary of Theorem 7.2, analogous to the proof of
Theorem 3.5.

7.5 Corollary (localization principle) Let f,g € LY(R), let a € R, and suppose
that f(z) = g(x) for = in a certain neighbourhood of a. Then precisely one of the following
two alternatives holds for the behaviour of (I,[f])(a) and (I,[g])(a) as w — oo:

(a) Both limits exist and are equal:

lim (1,[f])(a) = lim (L,[g])(a)

w—00 w—00

(b) Neither (1,[f])(a) nor (I,[g])(a) has a limit as w — co.
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Thus, if for some f € £!(R) and some a € R the inversion formula (7.6) holds, then
this inversion formula remains valid if f is perturbed within £'(R) such that f remains
unchanged on some neighbourhood of a.

Ex. 7.6 Prove Corollary 7.5.

7.7 Corollary Let f € £1(R) such that also f € £}(R) and f is differentiable on R.

~

Then (J?) is well-defined and

(f) (s)=2mf(=s) (seR).
Ex. 7.8 Prove Corollary 7.7. Can the differentiability assumption be relaxed?
Ex. 7.9 (van Rooij, Voorbeeld 15.8) Define f:R — R by

11—z if|z| <1,

/(@) ::{0 if 2] > 1.

(a) Show that f € £L1(R) and f(z) = 22~ 2(1 — cosz) (z # 0), F(0) = 1.

(b) Show that f € £1(R) and that (f ) (a) = 27 f(—a) for all a € R.

(¢) Show that
/OO 1—coszx
———dr=m.
T

Ex. 7.10 Let
st ifo<t<y,
ft):=49 -3t if -1 <t<0,
0, otherwise.

~ -~

Compute f(z). Examine the behaviour of f(z) as || — oo.

Ex. 7.11 Let f be continuously differentiable on R\{0}. Suppose that f, f' € L'(R) and
that the following four limits exist:

t) — t)—>b
f-a . f)-b

=1 =1 li
a:=lmf(t), b:=lmf(t), lim=——, lim=—>

(a) Show that f(z) = O(|z|™1) as |z| — oo.
(b) Show that f(m) =o(|z|™1) as || — oo iff a = b.
Ex. 7.12 Let

1—t2) 2 if|tf| <1
t) = ( ’
/) {o if |¢| > 1.

Assume that Rea > —%. Show that

ry L TR+ D) & (/)
 T(a+1) — El'(a+ 1)’

where (a + 1) = (a+1)(a+2) ... (e + k).
What can be concluded about the speed with which |f(z)| tends to 0 as || — oo?
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8 L? theory

We will work now with the space £2(IR) of square integrable functions on R and with the
Hilbert space L?(R) of equivalence classes of such functions. Inner product and norm are
given by

<tz [ g@a@de U= i = ([ @) s

— o0

The space S (see Definition 6.17) is a linear subspace of L(R).
We will now denote by F a slightly renormalized version of the Fourier transform

fe=f
I

N 1 > —ixt
=)= = /_ Jwetan (8.2)

Here f € £L}(R), in particular we will take f € S.

(Ff)(@) =

8.1 Proposition The map F:S — § is a linear bijection, with inverse

(Fl9)(s) = (Fg)(=s) (g€ S). (8.3)
Furthermore F preserves the inner product (8.1) on S:
(Ff.Fg)={(f9) (f,g€S). (8.4)

For convenience we give also more extended versions of (8.3) and (8.4):

F ) = o= [ gwesrdn (5:5)

[ sosna= [T En@E@a -5 [ foima. 60

— 0o

The proof of this Proposition is immediate, in view of Corollary 7.7, Proposition 6.18
and Proposition 6.12.

8.2 We will now introduce some special C*° functions, which we will need as tools (see
also van Rooij, §18.1).
Let a < b and put

1 1
._ ) exp — if a <x <b,
f(z) = r—b x—a
0, otherwise.

Then f € C*°(R) and f(z) > 0 for all z € R.

Let
F(z) = (/I £(1) dt)/(/a £(1) dt).

Then FF € C*(R), F(z) =0if z < a, F(x) = 1if x > b, and F is strictly increasing on
[a, b].
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Ex. 8.3 Let [a,b] be a closed bounded interval and x4 p) its characteristic function. Show
that x[4,) can be approximated arbitrarily closely in L? norm by functions in S.

8.4 Proposition The space S is dense in L*(R).

Proof By Exercise 6.8 the simple functions are dense in L?(R). Next use Exercise 8.3.

L]

8.5 As a corollary of the previous propositions we obtain:

Theorem (Parseval-Plancherel) The map F:S — S has a unique extension to a
continuous linear map F: L?(R) — L?(R). This extension is an isometry of Hilbert spaces:

(Ff.Fg)={f,9) (f.g€ L*R)),

it is bijective, and it satisfies

(F2f)(s) = f(=s) ae.

We have obtained two definitions of the Fourier transform, which we will denote by
F1 resp. Fo for the moment:

AN == [ e (fen®),
(Fof)(z) :=(L?) nli_}n;o Fifn, where F,, € S and (L?) nlingo fo=1.

For f € L'(R) N L?(R) it will turn out that F; f = Fof.

Lemma Let f € L'(R) N L?(R). Then there is a sequence (f,)°; in S such that
If = falli = 0 and ||f = fallz — 0 as n — oc.
Proof Let e > 0. There exists M > 1 such that || fx[_a,a) — fllp < € for p=1,2. Write

9 := fXj=m,n- Then there exists h € S such that ||g —hll2 < e/(2vV M) < e. We can even
choose h in this way such that it has support within [—2M,2M] (why?). Thus

2M
lg = kil = / lg(2) — ha)| da < 2V |lg — h|» < <.

—2M
Hence || f — hll1 < 2¢ and ||f — h|l2 < 2e. L]

8.6 Theorem If f € L'Y(R)N L?*(R) then Fyf = Fof.

Proof Take asequence (f,,)52 in S such that ||f—f,|1 — 0and || f—fn|l2 — 0if n — co.
Then Fof = lim, oo Fifn in L2(R). Since V27 |Fif — Fifulloo < IIf — full1, it follows
that (F1f)(z) = limy,— o0 (F1 fn)(x) pointwise. From integration theory we know that a
convergent sequence in L?(R) always has a subsequence which converges almost everywhere
to the limit function. Hence the sequence (Fif,,)5%, has a subsequence (Fi fy,, )72, such
that

(Faf)(x) = klggo(fﬁnk)(fﬁ) = (F1f)(z) ae. []
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8.7 Theorem If f € L*(R) then
(Fh@) = (2 tm —— [ jye-=tar,

which can be rewritten as

lim ‘ (z) / et dt‘ dz = 0.
M—oo J_ ( \/27r f

Proof || f—fxj—mall2 — 0if M — oo. Hence || Fof —Fo(fX[—m,am)]2 — 0 as M — oo.
Because fX[—n,m] € LY(R) N L?(R), it follows that Fo(fxi=m,m) = Fr(fxj=mm)- []

Ex. 8.8 (van Rooij, Opgave 19.A) Show that not £1(R) C £2(R). But show that all
bounded functions in £!(R) lie in £L?(R).

Ex. 8.9 (van Rooij, Voorbeeld 19.9) Use the Fourier transform computed in Exercise

7.9 in order to show that
o ) 4
/ sint gt — 27
o\t 3

Ex. 8.10 (van Rooij, Opgave 19.B) Let f,g € L?(R). Then fg € £Y(R), thus E
exists. Take representatives in £2(R) of f,§ € L?(R) and denote these representatives also
by f,g. Show that

2 Fa /f G —t)dt

Ex. 8.11 (van Rooij, Opgave 19.E) For n a nonnegative integer define the function
h, € S and the Hermite polynomial H,, by

hn(z) = (x — d/dx)" e /2, H,(x):= ™ /2 ho ().

Prove the following.

(a) We have
Hpr(z) =220 Hy(z) — H(z) and H,(z) = (—1)" e (d/dz)" e " .

H,, is a polynomial of degree n with real coefficients; the term of degree n in H,, has
coefficient 2™.

(b) By = (—i)"v2m h,,. (Thus h, is an eigenfunction of the Fourier transform L?(R) —
L*(R).)

(¢) If n # m then (hy,hy) = 0. (So the functions h,, form an orthogonal system in
L*(R).)
Hint Letn > m. Substitute hy, (z) = (—1)" e* /2 (d/dz)" e, hp(z) = e % /2 H,, (),
and perform integration by parts.
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(d) If f € L2(R) and (f, h,,) = 0 for all n, then f(z) = 0 a.e.. (So the functions h,, form
a complete orthogonal system in L?(R).)

Hint For each polynomial P we have [~ f() e~ /2 P(z)dz = 0. By the domi-
nated convergence theorem this implies that

/ f(z) e~ 26~ dg = (.

Ex. 8.12 (For this exercise use results from both Fourier series and Fourier integrals.)
Below define ! sinx for z = 0 by continuity.

(a) Let t € R. Show that for each z € (—m, 7) we have

=, sin(w(t—n)) | ot
Z (( )) inT ix

et =e
= w(t—n)

with pointwise convergence. What is the evaluation of the sum on the left hand side
for other real values of x?

(b) Show that, for all n,m € Z, we have

> sin(n(t —n)) sin(w(t —m)) ,
/_oo rE-n)  ai-m) OO

where the integral converges absolutely.
(c) Does there exist f € L?(R) with f # 0 such that

/ (1) Sm )))dt_o for all n € Z 2

(d) Let f € L*([—m,7]). Extend f, defined as a function on Z by (1.8), to a function on
R by

1

2w

fit) = f( e "dx  (t€R).

Show that

Z Fny St = ) tt__n;z)) (t €R)

n=—oo

with absolutely convergent sum.
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9 Poisson summation formula

The Poisson summation formula is an equality of two doubly infinite sums over sets of
equidistant points in R. The first sum involves a function f on R, the second one its
Fourier transform f.

9.1 Theorem Let f e L*(R)NC(R) such that f(t) = O(|t|2) as |[t| — oo and f(m) =
O(|x]72) as |x| — co. (Take for instance f € S.) Then

fo+27rl — Zf ekt (z €R), (9.1)

l=—00 k——oo

where the series on both sides pointwise and absolutely converge to a function in Cy, (i.e.,
to a 2m-periodic continuous function).

Proof Put

N
Y St glw) = lim ()= Y flat2al)

I=—N l=—00

The last series converges pointwise and absolutely on R because f(z) = O(|z|~2) as |z| —
oco. This series even converges uniformly for x in a compact subset of R. Hence g is
continuous on R. Clearly, g is also 27-periodic. Next observe that

l=—0c0 l=—0c0 -0

@) < 3 17+ 2] and [ (Z (e +2m) )dxz/oo £l dy < oc.

This justifies an application of the dominated convergence theorem as follows (k € Z):

/ g(z) e ™ dr = lim gn (z) e dg

- N—oo —n

(2N+1)=w

= lim fw e ray = [ e dy = Fin)

N—oo J_(aN+1)r

Hence, because f(k) = O(|k|7?) as |k| — oo, we conclude that g(x) equals the right hand
side of (9.1). L]

Specialization of (9.1) yields

> f(27rl):% > Fk). (9.2)
- k=

Here f is as in Theorem 9.1 and there is absolute convergence on both sides.
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Ex. 9.2 Let f be as in Theorem 9.1. Assume ¢ > 0. Prove the following identities.

oo oo

1

(a) Z flx+2mecl) = Py Z f(c_lk;) eikc_la:’
l=—o0 S

(b) Z f(2mel) = ﬁ Z J?(c_lk),
l=—o0 b

oo oo

(C) Z e—%($+27rcl)2 — 1 Z e—%072k2eik071$
cV 2w X ’

l=—00 =—00
oo oo
_ 2 _ =212 =1
(d) § e w(z+cl) —c 1 E : e~ T k eQTrzk:c w,
l=—00 k=—o0
oo oo
272 —2;2
(8) § : e~ TC = _ C—l § : e~ TC k )
l=—00 k=—o00

Ex. 9.3 Show that (d) and (e) of Exercise 9.2 remain valid if ¢, z € C with |argc?| < 7/2.
One of the theta functions is defined by

I3(z | 7) = Z eimTn” g2inz (Im7 >0, z € C).

n=—oo

Use (d) of Exercise 9.2 in order to show that
72 exp(—22/(r7)) Vs(r 'z | 7)) = Os(2 | iT)  (ReT >0, z € C).

Ex. 9.4 (van Rooij, Opgave 14.A) Show that

1 _ m coshmf3
%m_ﬁ sinh w3 (8> 0).

Hint Apply (9.2) with f(z) := e ?l7l.

Ex. 9.5 Apply (9.2) with f as in Exercise 7.10 in order to show that

3 (m—l—lm)QZ T (@eR\2).
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10 Some applications of Fourier integrals

10.1 Heisenberg’s inequality

10.1 Lemma Let V be a complex vector space with hermitian inner product (., .) and
with linear operators A, B:V — V such that (Af,g) = —(f, Ag) and (Bf,g) = —(f, Bg)
for all f,g € V. Then

(5 (AB = BAf. O < |AfIIBfI - (feV). (10.1)

For given f € V equality holds in (10.1) iff Af = i\Bf for some A € R or Bf = 0.
Proof Observe that

(3: (AB—BA)f, )= 5 ((Bf, Af) — (Af, Bf)) = Im ((Af, Bf))
and

m (¢Af, Bf))| < [(Af, Bf)| < |AfI I BFI. L

10.2 We now discuss a special case of the above lemma. Take V := S, Af := f/,
(Bf)(z) := iz f(x). Then

2 (AB = BA)f)(2) = 5 f ().

5 < ﬁ </_o;x2|f(az)\2dx>% ﬁ (/_Z yZ\f(y)de) (f €8). (10.2)

For given f € S equality holds in (10.2) iff f'(x) = —Ax f(z) for some \ € R, i.e., iff
f(x) = const. e~ 227" for some A > 0. (For A < 0 the function f is not in S.)

As a corollary of (10.2) we find that for f € S, xo,yo € R the following inequality
holds:

Hence

=

gwﬁ;([:m—xmﬂﬂmeQ%[%E([:@—y@ﬂﬂwﬁw)3 (103)

For fixed f € S the right hand side of (10.3) attains its absolute minimum for

[ |f(@)]? de Sy F W) dy
Jo I f @) d Jo )2 dy
Here p(f) is the mean value of the stochastic variable x with respect to the probability
distribution ([ |f(z)[? dz) - |f(2)|? dx on R and p(f ) is the mean value of the stochastic

variable y with respect to the probability distribution ([~ 1Fy)[2 dy)_1 |F(y)|>dy on R.
Denote the corresponding variances by

N[

o = plf) = yo = p(f) =

aqwznﬁ2(/m@—uq»ﬂﬂmﬁm)?

— 00

df%zﬁﬁg</ijy—mf»ﬂﬂw9@0%.
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Then we finally obtain Heisenberg’s inequality

o(f)o(f) =3 (10.4)

Thus the two stochastic variables z and y cannot be concentrated both on arbitrarily small
intervals.

Heisenberg’s inequality is better known as Heisenberg’s uncertainty relation when in-
terpreted in quantum mechanics or in signal analysis. In quantum mechanics the variables
x and y are the position and impulse operator, respectively, for a one-dimensional particle.
Then position and impulse cannot be both measured with arbitrary accuracy. In signal
analysis = is the time and y is the frequency of a signal. Here time and frequency cannot
both be measured with arbitrary accuracy.

Ex. 10.3 Let f € S, [[flls = 1, ., 8,a,b > 0, (o + a®)(8 + b*) < 1. Show that it is
impossible that the following two inequalities hold together:

/ 2 f(@)dr <o and / v T ()2 < 215
|z[>a ly|>b

10.2 Fourier Transform on finite cyclic groups

The impact of the seemingly pure mathematical topic of this section on numerical and
applied mathematics cannot be overestimated. In the present section all relevant groups
will be finite. We can endow such group with the discrete topology (all subsets are open)
and obtain what is called a topological group.

For completeness, we mention here that a topological group is a group endowed with
a topology such that the group operations multiplication and inversion are continuous. In
particular the notion of a continuous function on a topological group is available. Important
examples of topological groups are R” and C" with the Euclidean topology. We will not
pursue the implications of this notion at all, but we will use the terminology in the following
sense. The definitions will always be for a topological group G, in the results the group
will always be finite. As a consequence, we will speak of continuous mappings of our finite
groups, although this is strictly speaking superfluous: all mappings of a discrete topological
space are continuous. However, using the terminology as we do, it will fit perfectly in the
general framework of topological and Lie groups.

10.4 Let N € N, set wy = e2™/N_ We introduce
Gy = (wy) = {wh, k=1,... N}

Thus Gy is the multiplicative cyclic subgroup of order N of the circle group T'={z € C:
|z| =1} € C. The relative topology on Gy, inherated from the Euclidean topology on C
is discrete.

Next C(G) denotes the vector space of the continuous complex valued functions on a
topological group G. Of course C(Gy) may be identified with C¥.

A character on a group G is a continuous homomorphism from G to T. The set of
characters on G form a group, denoted by G with multiplication

erea(g) = ei(g)e2(g), e € G, g€qG.

Ex. 10.5 Show that G is indeed a group. What is its unit element? Can you describe
the inversion?



APPLICATIONS OF FOURIER INTEGRALS 57
10.6 Lemma A

Gy 2 Gy.
Proof Define a: Gy — G’N by

(@) (k) = wif.

One can check easily that « is an injective homomorphism. It is also surjective: If e € G,
then e(wk) = (e(wn))* € T for all integers k. Since (e(wy)) = e(id) = 1, we conclude
that e(wy) = w), for some j € 1,.., N. It then follows that e = a(w),). L]

10.7 As C(Gy) = CV, it can be given the inner product of C¥. We want the function
1 to have norm 1, therefore we normalize:

(F.C) =+ 3 Flo)3lg).

geGN
We set e¢; = a(w)) € Gy and sometimes we will identify e; and w). We note that

(DN = ngl.

10.8 Proposition Gy is an orthonormal basis of C(Gy).

Proof Since Gn has N elements, which equals the dimension of C(Gy), it suffices to
show that G is an orthonormal system:

1 N 1 N
_ l—j)k
€l7€] —NE (“"‘g\l?("'Njk NE : v
k=1 k=1

1 if [ = 7;
= l—j1= w](\l, HN . .

The proposition implies the following representation formula for f € C(Gy):

Flh) =Y (fedelwh) =D fle)e(wh) = flwh)wy. (10.5)

e€G e€G j=1

Here f is the finite Fourier transform of f. It is as expected, the function on Gy defined
by

fle) = Fufley = 3 3 fehpun™ (10.6)

10.9 For numerical purposes we are interested in the number of computations that are
necessary to compute f(ej). Formula ((10.6)) gives 2N computations to compute f(e;),
assuming knowledge of f and Gy. Thus we need atmost ¢N? operations to compute Fy f.
In fact we can do much better.
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10.3 Fast Fourier Transform

Theorem Suppose N = nm, n,m € N and let f € C(Gn). Let F; € C(Gy,) be
defined by
Fi(wk) = fit), j=1,....n, k=1,....m,

m

with wy, = wy. Then we have

Fleh) = 2 3 Fulwg Ty et ™).

Proof In the next computation we set p = nk + j, hence wk, = wk,

to N, then j runs from 1 to n and k from 1 to m.

Fh) = 23 F o Z ZF (@i wi?)

p=1

wgv. If p runs from 1

n

1 1 (& ,
_ L Z I (kYo k| =
m( wN ](wm)wm>

j=1 k=1

3

3

—_

= Y (Fmewy E) k™).

j=1

S

[]

10.10 Thus, to compute f(wﬁ\,) we need to compute F,,F;. Suppose it takes A(m)
computations to compute the Fourier transform in G, (given F' € C(G,,)). To compute
w;]lej takes m computations, to compute fm(w;]lej) takes A(m) + m computations.
We need all n of these, yielding n(A(m) + m) computations, the result of which we store.
Finally, for each f (why) we need n additions of our stored results. This gives the total of
computations

A(N) = Nn+n(A(m)+m) =N(n+1)+ A(m)n.
10.11 Theorem If N =n;---ny, n, =1, then A(N) < N(1+ > .(n; +1)).
Proof Using the previous calculation we compute
A(ny---np) < N(np+ 1)+ A(ng---np)ng < N(nyp +1) + N(ng + 1) + A(ng - - - nyp)nang

<NDY (ni+1)+N

[]

10.12 Corollary If N = ¢ we need at most O(Nlog N) computations to compute
Fourier transform in Gy. (Here ¢ is fixed and p — o0.)

Proof ,
N2> (¢+1)+N)=N@2p(g+1)+1).
Note that p = log N/loggq, so that

log N
log g

A(N) <2N (g+1)+ N =0O(NlogN).
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10.13 Next we indicate the relation of this finite Fourier transform with ordinary Fourier
transform on the line. Suppose f has compact support on [—N, N| and the values of f
at the points j/K are known, j € J = {—-KN,—KN +1,...,KN — 1}. Then we can

approximate f (z) as follows:
N » 1 [NK A e
:/_Nf(t)e dt:?/_NKf(— dsNKJGZJf :

We substitute z = ”—A’,’ and find

)~ e 3 F(L e R = QKNEjeM Wi’ = 2N (Farg) (@)

JjeJ

Here we have written M = 2K N and defined g € C(G ) by g(wl,) = f(§/K), (j € J).

Thus we have found a way to compute the (approximate) Fourier transform of a
function of which the value is known only in finitely many points. Using the “fast way”
of computing it via Fourier transform on finite groups as we described here is called Fast
Fourier Transform. The paper of Cooley and Tuckey on this topic is in fact in the top ten
of most cited mathematical papers.

Ex. 10.14 Convolution on Gy For f,g € C(Gy) the convolution f x g is defined as
follows:

N
fe ) = 3 O Fehoh ™)
k=1
Show that Fn(f * g)(wh) = Fn f(wh) Fng(wh).
Also show that fxg=gx* fand fx(gxh)=(f*g)x*h.

Ex. 10.15 Fast multiplication Let F,G be polynomials of degree, p,q respectively.
View F and G as elements of C(Gx) with N = p+q+ 1, by declaring F(w%;) equal to the
coefficient of z* of F'; the same goes for G.

Give a rough estimate for the number of computations needed to compute F - G
directly, and next, by observing that F'- G as element of C'(Gy) is the convolution of F
and G and using fast Fourier transform.

Apply this and describe a fast way for computing the product of two very large (10000-
digit) numbers.



