Additional notes for the course on Special functions,
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by T. H. Koornwinder, T.H.Koornwinder@uva.nl

1. Classical orthogonal polynomials

1.1. Shift operators. Let (a,b) be an open interval and let two systems of monic
orthogonal polynomials {p,}>>, and {g,}52, be defined with respect to strictly positive
weight functions w respectively w; on (a,b). Suppose that w is continuous and w; is
continuously differentiable on (a,b). Under suitable boundary assumptions on w and wy,
integration by parts yields

b b

[ @) @ wn(e)do == [ pu@) ) (010 o @) wl@)de (L)
a

a
without stock terms. Suppose that

d
w(z) ™t e (w1 (z) 2" ') = an 2™ + polynomial of degree < n (1.2)

for certain a, # 0. Then (1.1) and (1.2) together with the orthogonality properties of
{pn}ey and {g,, }52, yield that

Pp(T) = ngn-1(x) (1.3)
and
w(z) ™! % (w1(2) gn—1(x)) = an pn(z). (1.4)
The pair of operators D_ and D defined by
(D-f)(z) = f'(2), (1.5)
(D £)(a) = (0l S owa(a)) f0) =248 )+ D pa), )

will be called a pair of shift operators. So we have:
adjointness:

/(D—f)(flf)g(x)wl(x)dxz—/ f(x) (Dyg)(z)w(x)dz, f, g polynomials,  (1.7)

shift formulas:
D_pn=ngn-1, Dign-1=anpn, (1'8)
second order differential equation:

(D+ © D*)pn = Nanp Pn, (19)

relation between squared L?-norms:
b

n / (1 (2))2 w1 (2) dz = —an / (pn(2))2 w(z) da. (1.10)

The following cases are examples for which the above considerations are valid:
(i) Jacobi: (a,b) = (=1,1), w(z) = (1 — 2)*(1 + 2)?, wi(x) = (1 — %) w(z), a, B > —1.
(ii) Laguerre: (a,b) = (0,00), w(x) = %%, wy(z) = zw(x), a > —1.

(iii) Hermite: (a,b) = (—00,0), w(x) = wy(z) = e
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Exercise. Show that these three cases are essentially the only cases which satisfy the
above conditions.

Note that in each of the three cases we can iterate, i.e., we can associate with the
weight function w; again another weight function such that the new pair saisfies the above
conditions.

1.2. Jacobi polynomials. Let «, 3 > —1. Let a, b, w and w; be as in case (i) above.
Note that the integral of w over (—1,1) is a variant of the beta integral:

_1(1—:v)a(1+x)5dx: NCETES)

/1 2a+5+1IKa—%1)IKB—%1)' 1.11)

Denote the monic orthogonal polynomials on (—1,1) with respect to the weight function
w by p%"‘ﬁ ) (monic Jacobi polynomials). Then the raising shift operator Dy = Dg_a’ﬁ ) is

given by

(D7 f) () = ((1 )1+ o (1 - (1 x>ﬁ+l) f(z)  (112)

dz
=(1—2) f'(x) + (B - a— (a+ B +2)z) f(2). (1.13)
Hence a,, = —(n+ a +  + 1) and the shift relations become:
d a
o (@) =np T (@), (1.14)

((1 —2)*(1+2)" % o(1—2)* (1 + x)ﬁ“) PP ()

— (=) 2 +(B—a—(a+5+2) B @)
=—(n+a+8+1)pP(x). (1.15)

The second order differential equation becomes

((1 )L e (atB+2) i) P8 (2) = —n(n +a+ B+ 1) p@? ().

da? dx
(1.16)
Iteration of (1.15) yields the Rodrigues formula
—1)» dr
Pl (z) = 1) 1-2)1+2)? — {1 -2)*™ 1 +2)"™}. (1.17)

(n+a+p+1), dx™

Formula (1.10) yields the recurrence

1
/ (PP (@) (1 - 2)*(1 + 2)° da

—1

1
_ n (a+1,5+1) 2 atl 841
- - 1 dr. (1.1

n+a+ﬁ+1/¥@%1 (@)” (1= 2)* (1 +2) " dr. (1.18)
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Iteration of (1.18) and combination with (1.11) yields

SR @) et a)fde 92l 4 1), (B4 D
L =)l + 2)8 da T (@t B+ (ntat Bl (1.19)
Consider (1.15) for x = 1. This yields the recurrence
—2(a+ 1) pH (1) = —(n 4+ a + B+ 1) pl@A (1). (1.20)

By iteration we obtain

p(a”ﬁ)(l) _ on (a + ]-)n ‘
! (n+ta+f+1),
By Taylor expansion and by use of (1.14) and (1.21) we obtain

o “(x—1)F [ d\" o
e = L (1) e

k=0

—~ (=D ol ik stk
= P
kz_o TS

n

(1.21)

r=1

B 2" F(a+k+ 1), i (x—1)F
R -k (ntatB+E+ 1) g

n

LTl S Cnkrasiii (s} g
(nt+ot+pB+1)n = (a+ 1) k! 2 ' '
From (1.22) and (1.21) we obtain
P V(@) ()i (ot B 1) <1—x)’“ (1.23)
pgla,ﬁ) 1 = (v + 1) k! 2
=oFi(—n,n+a++La+1;(1—12)/2). (1.24)
The standard normalization of Jacobi polynomials is different from the monic normal-
ization. Write P»,(La”B ) for the constant multiple of pﬁf”ﬁ ) such that

Pl (1) = (O”;_'l)n (1.25)
Then, by (1.21) and (1.25), |
Pie) = PR e o (1.26
- (n + 0;2—5 + Un 2" + lower degree terms. (1.27)
From (1.25) and (1.24) we obtain: |
PR (g) = (Cha)/ —;'l)n oF1(—n,n+a+ B+ La+1;(1—1)/2). (1.28)

One might now rewrite all previous formulas in terms of these renormalized Jacobi polyno-
mials. See Temme, vraagstuk 5.4, (5.29), (5.18), vraagstuk 5.11 for the rewriting of (1.14),
(1.16), (1.17), (1.19), respectively.
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1.3. Laguerre and Hermite polynomials. Consider now the Laguerre example (ii)
and the Hermite example (iii) in §1.1. These suggest to introduce monic Laguerre polyno-
mials [§ which are orthogonal on (0, 00) with respect to the weight function x +— z* e~
( > —1), and monic Hermite polynomials h, which are orthogonal on (—oo,00) with
respect to the weight function x e~ For these two classes of polynomials we may now
imitate what we have done for Jacobi polynomials in §1.2. In particular, the raising shift
formulas now become

<x % +(a+1-— x)) 101 (z) = —1%(w), (1.29)
(% - 293) hno1(z) = —2hp (2). (1.30)
The Laguerre analogues of (1.21), (1.23) and (1.24) are
[ (0) =(=1)" (e + 1)n, (1.31)
2(2) N (—n)eat
12(0) _kz_o (v + 1) k! (1.32)
=1F(—n;a+ 1;2). (1.33)

In (1.33) appears an 1F; hypergeometric function, a so-called confluent hypergeometric
function. When we compare (1.21) and (1.23) with (1.31) and (1.32) then we can conclude
that the following limit relation holds:

lim (—8/2)" p{™? (1 - 2z/B) = 13(). (1.34)

B—00

This limit transition can also be read off from the weight functions, at least formally. The
polynomials x — p%a’ﬁ )(1 — 2x/f) are orthogonal on the interval (0, 5) with respect to the
weight function z — 2%(1 — z/8)?. This tends formally, as 3 — oo, to an orthogonality
on (0, 00) with respect to the weight function x®e™".

Laguerre polynomials are usually normalized as L = const. [ such that

(a+1), .

L3(0) =

(1.35)
Then, by (1.31) and (1.35),
Lo (z) = =" I (z). (1.36)

n!

There is no analogue of (1.20) and (1.21) for Hermite polynomials. The usual normal-
ization of Hermite polynomials is by the definition

Hy(z) i= 2" h (). (1.37)

1.4. Quadratic transformations. We formulate two propositions which follow very
easily from the definition of a system of orthogonal polynomials.
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Proposition 1.1 Let {p,}>2, be a system of monic orthogonal polynomials with respect
to a weight function w on an interval (—a,a). Put v(z) := w(—x). Then the polynomials
x +— (—=1)" p,(—x) are monic orthogonal polynomials with respect to the weight function

v on the interval (—a,a). If the weight function w is even (i.e., w(x) = w(—=)) then p, is
an even or odd function according to whether n is even or odd.

This proposition immediately implies that
P (=) = (<1 ) a). (1.38)

Proposition 1.2 Let {p,}>2, be a system of monic orthogonal polynomials with respect
to an even weight function w on an interval (—a,a). Put

@n(2?) == pon(x), 7p(2?) =27 pongi(x). (1.39)
Define weight functions v; and v, on (0,a?) by
v (2?) =2z w(z), wva(z?) = zw(). (1.40)

Then the polynomials g,, are monic orthogonal polynomials on (0,a?) with respect to the
weight function v; and the polynomials 7, are monic orthogonal polynomials on (0, a?)
with respect to the weight function vs.

As a corollary we obtain the following quadratic transformations:

(@72) (922 1) = 27 pl (), (1.41)
o, n [e'Ne’s

wp P (222 — 1) = 27 pit (), (1.42)

10 % (22) = hon(2), (1.43)

212 (22) = honsn (2) (1.44)

Exercise. Combination of (1.31) and (1.32) with (1.43) and (1.44) yields an expansion
of hy,(x) in terms of powers of x. Derive this. In a similar way, derive an expansion of

p%""o‘)(a:) in terms of powers of x.

It follows by combination of (1.41)—(1.44), (1.38) and (1.34) that there is the limit
transition

lim 2™ pl®® (a~2x) = hy(2). (1.45)

a—» 00
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2. Standard formuals for classical orthogonal polynomials

2.1. Jacobi polynomials.

Definition: Let a,8 > —1. The Jacobi polynomial Pﬁaﬁ ) is the polynomial of degree n
such that

/Paﬁ FA—2)*(14+2)de=0 fork=0,1,...,n—1, (2.1)

and
(a+1),

PEA(1) = 2
n.

(2.2)

Explicit expression:

PP (@) = PP (1) sFi(-non+ o+ B+ Lo+ 1 5(1 - 2)) (2:3)
n k

1), — 1 1-—
_(a+1) Z( n)e(n+a+ B+ 1) < :1:) . (2.4)

nl = (a4 1) k! 2

Dn
— (n + a2+ B' +1) " + terms of lower degree. (2.5)
!

Shift operators:

PP () =tn+a+ B+ 1) PP @) ifn >0 and =0ifn=0, (2.6)

d
dx
di [(1—2)°+ (1 4 2)PH PP ()] = —2n (1 — 2)® (1 + 2)° PP (z). (2.7)

Differential equation:

<(1 — z?) (i) +(B—a—(a+p+2)x) %) PP (z) = —n(n+a++1) PP (z).

dx
(2.8)
Rodrigues formula:
PlB) () = =" (1—2z)*Q+42z)"" 4y (1 —z)" T (1 +2)"7]. (2.9)
" 2n n! dx
Orthogonality relations:
F(a+6+2) ! o, a,f3 _ « B
2&+B+11"(a+1)1'\(6+1) /1Pm (x)Pn (m)(l QZ‘) (1—|—$) dx

P (a+ 1), B+ 1) p(n+a+5+1), . (2.10)

(Oé + ﬂ + 2)2n n!



Symmetry relation and value at —1:

PO(—a) = (<1 PP (@), P (1) = =]
n:

Three-term recurrence relation:

P () C(2n+a+B+1)2n+a+B+2) Poyi’(@)

+ o PLed) ()
2n+a+p8)2n+a+p+2) "
2(n+a) (n+pB) P(a”g)(x).

2n+a+B)2n+a+p+1) "t

Quadratic transformations:

P(a’a)(.r) P(a’ é)(2$2 1)

2n _ n

Pi(1) Pl ()

P(aaa) P(O‘ é) 2 2 1
2n+1 (z) n (27 )
o,a a,t

Py (1) Pl (1)

Legendre polynomials:
P,(z) := PO (2) = C2 ().
Chebyshev polynomials of first and second kind:

1

PT(L_%’_E)(COS 0)
Pé_%’_%)(l)

. (3:3)
_sin((n+1)0)  (n+1)Pp*"* (cos)
UTL(COS 9) T sin @ n PT(L%7%)(1) '

T, (cosB) := cos(nb) =

Power series in x for Gegenbauer polynomials:

(n+2a+1), ,
x

Prga’a)(x) — i

o Fy

1 1 1
—n,—in+i _
2 2 2;{13 2]

—n—a-l—%

(@ +1), ["f (1% (@ + 1)y

20+ 1), k! (n — 2k)] (2e)" 2.

k=0

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



Generating functions:
> Pl (@)w =2 R (1—w+R)"“(1+w+R)™", ze[-1,1], w| <1, (221)
n=0

where

(NI

R:= (1 - 22w+ w?)2, (2.22)

S L8t pe) gy — (1= )

n=0 (OZ+1)n
La+B+1),2(a+B+2) 2w(z—1)
Fy |2 ’ 2 P— -1,1 1 2.23
X9 1|: Oé+1 a(l_w>2:|7 l’e[ 7]7|w|<7 ( )
> (2()[+1)n ( ) = o+ 2\ —a—1
——— P (zx)w" = Cn ?(x)w" = (1 —2wx+w*) % 2,
;;; (@+1n (@) nz::O (@) ( ) (2.24)
e[-1,1], |lw| < 1.
Limit formula: (@.f)
P 1 "
lim — 5)(33) :( J“U) . (2.25)
a—00 Pna’ (1) 2

2.2. Laguerre polynomials.

Definition: Let o > —1. The Laguerre polynomial L¢ is the polynomial of degree n such
that

/ Lo(z)a*ze ™ der =0 fork=0,1,...,n—1, (2.26)
0
and .

L2(0) = (O‘;—'”‘ (2.27)

Explicit expression:

Lo(x) =Ly (0) 1 Fi(—n; o+ 1 2) (2.28)
(@+Dn x~_ (n)k g
= . 2.29
! kz_o(aﬂ)kk!x (2.29)
_1)»
= # x™ 4 terms of lower degree. (2.30)
n!
Shift operators:
d « a+1 : .
T Ly(x)=—Ly i (x)if n >0 and =0if n =0, (2.31)
x
a (20T e ™ LOT ()] = na® e L (). (2.32)

dx



Differential equation:

Rodrigues formula:

Orthogonality relations:

(a4 1), .

1 o0
La LOé (6% —X — men
)/0 o(z) Ly(z)x® e dx = 6, p

Fla+1

Three-term recurrence relation:

rzLp(x)=—-(n+1)Ly (x)+(2n+a+1)Ly(z) — (n+a)L;_(x).

Limit formula:
lim P{A)(1 - 287 ) = LY(x).

B—o00

Generating functions:

oo

> La@w = (1—w) " ep——, ful <1,
w_
n=0

2 Lo (x) w"
L =" Fi(—a+ 1;—w).
nz_% CESIA )

2.3. Hermite polynomials.

Definition: The Hermite polynomial H,, is the polynomial of degree n such that

/ Hn(x)xke_:”2da:20 fork=0,1,...,n—1,

and
H,(x) =2" 2™ + terms of lower degree.

Quadratic transformations

Hon () = (—1)" 22" nl Ly 2 (22),

Hopi1(z) = (=1)" 22" nla L2 (22).

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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Explicit expression:

H,(x) = (2:(:)" QFO(—ln —in4+ i ——27?)

n—2k

2:)3
_”'Z k' (n — 2k)!

Shift operators:

— H,(z)=2nH,_1(x)if n >0 and =0if n =0,

d

dz

d 22 g2

d_ [6 Hn_l(l')} = —e€ Hn(x)

Differential equation:

Rodrigues formula:

Orthogonality relations:
_1 —x2 5 noi
2 H (x)e™™ dx = 0 2" nl.

Three-term recurrence relation:
an(x) = % Hn_|_1(.'17) + an_l(l’).

Limit formulas:

Generating function:

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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3. Bessel functions

Consider the Fourier transform pair for functions in the Schwartz class S(R?):

9(§) = @73 | f(a)e " da, (3.1)
fl@) = ()4 [ g()ein<as 32

Observe that f is moreover a radial function iff g is moreover a radial function and that
then f(x) = F(|z|), (&) = G(|¢]) for certain even functions F,G € S(R). A computation
shows that then (3.1) can be rewritten in the form

Glp) = (2m) ¥ [ F) K(r )t
where
K(r,p) = /sd—l e~ P e () (3.3)

1
= vol(Sd_Z) / e Pt (1 — t2)%(d_3) dt,
-1

S9=1 is de unit sphere in R?, and the measure dw is the volume element on S¢~!, and

273 (d=1)

vol(S972) = m .

Put
Ju(2) = oF1(a+1; —2%/4), zeC.

Apart from some elementary factors this is a Bessel function. An easy computation shows
that

( 1) /1 —1zt 2ya—L 1
o 1 3 , =
.70{(2)— ( %) (%) 16 ( t) dt Rea > 5

Hence,
(2m) 24

K(T,P):WF(_)
2

Tyar(rp). (3.4)

Thus, in the radial case, we can rewrite the transform pair (3.1)—(3.2) in the form

G(p) = / F(r) Tyqo (rp) vV dr, (3.5)

23 (d— 1)1" %

F(r) = / G(p) Tyaor(rp) 9~ dp. (3.6)

22(d 1)F %
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This transform pair is known as the Hankel transform pair, and it remains valid for arbi-
trary real d > 0, but this will not be proved here.
It follows from (3.3), (3.4) that

j%d_1(|x]) = ﬁ /Sdl eiz Y dw(y'), zeR< (3.7)
Hence
(A+1)[Tra-a ()] =0, (3.8)

where A is the Laplace operator on R?. By taking radial parts we find that

d? d—1d
<W + T % + 1> J%d_l(r) =0. (3.9)

It is easily verified that (3.9) remains valid for more general real or complex values of d.
Consider now the operator in (3.8) for d = 2, but acting on a function which is not

necessarily radial:
0? 0?
— 4+ —=+1| F = 0.
(ax2 ot ) (2,9)

If F(r cos®,r sinf) = f(r)e™’ (n € Z) then we find the following differential equation for
f(r):
P+ 80+ 0 ) () =0,

A possible solution is
f(r) =" oFi(In] + 1; =r?/4) = rI™ Fip ().

This outcome is a possible historical explanation for the following convention of defining
the Bessel function of order «:

ZOé

Ja(2) ::m oF1 (o +1; =22 /4) (3.10)
L& ()R (2R
& Tlat+k+ 1)k (3.11)

For unique determination of z% in case of non-integer o we take | arg z| < m. Observe that
(3.11) remains meaningful if « = —n € {—1,—-2,...}. The summation then starts with
k = n and we obtain

J_n(2) = (=1)" Jo(2).

In the case d = 2 formula (3.7) can be rewritten as

1 o ir sin 6
J()(T) = % : (& de.
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Hence, in the Fourier series
oo

elirsind _ Z et fn(r)
we have fo(r) = Jo(r). It is easily seen that A+1 acting on the function (r cos@,r sinf) —
e f.(r) yields zero. Thus possibly f,(r) = const. J,(r). The constant is even equal to
1. Indeed, straightforward computation yields that

o0
exp(32(t—t 1)) = Y t"Jn(2). (3.12)
n=—oo
This formula can be viewed as a generating function for Bessel functions of integer order.
It gives a possible historical explanation for the choice of the constant factor in (3.10).
For Gaussian hypergeometric functions we have seen the quadratic transformation

2
2F1(a'7 b; 2b’ Z) = (1 - Z)_%a 21 <%a7b - %CL; b+ %; ﬁ) )y R ¢ [17 OO)
Replace z by z/a and let a — oo in the above formula. We find at least formally, by taking

termwise limits, that )
LFL(B;20;2) = 2% o Fy (b + 1;2%/16). (3.13)

Formula (3.13) can be considered as a quadratic transformation between special 1F}-
functions and general ¢F; functions. The formula can also be seen as a corollary of a
quadratic transformation between the second order differential equation of 1 F and of o F}.
In this way, special solutions around 0 or oo for the o F} differential equation can be related
to similar solutions for the ; F; differential equation, and known integral representations
for solutions in the 1 F; case will yield integral representations fro solutions in the o[} case.
Formula (3.13) implies that

P e—iz
Jo(2) = = 1F 1200+ 1;2i
(2) 2“F(a+1)1 1o+ 53 2a + 15 2iz)
P eiz
=————F 120 + 1; —2iz).
Define the modified Bessel function by
I,(2) ::moﬂ(a +1;22/4), |argz| <,
—e ™30T Joliz), —m<argz <im. (3.14)

Then [,,(z) is a solution f(z) of the differential equation
22+ 2 f1(2) — (22 4+ a?) f(z) = 0. (3.15)
Note that solutions f of (3.15) correspond to solutions g of the differential equation
wg"(w) + (2a+1-w)g'(w) - (a+3)glw) =0

under the identification
f(2) = const. 2% e™* g(22).

We now discuss some special cases of this correspondence.
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Case 1. If

g(w) = 1Fi(a+ 3;2a + Lw)
=1+ 0(w]), |w| =0,

I'2a+1) 1 .
=— 2% w * 2(1 4+ 0O(lw s w| — 00, arw<7r27
F(atl) ( (Jw|™)),  |w largw| < 7/
I'(2a + 1 1
L(a+3)? Jo
then
z%e™ %
= g(2
f(2) 29 T(a+1) 9(22)
:Ia<z)
ZO(
QaI‘(a+1>( + (’Z|))7 ‘Z’ — U, |argz] <,
—@r) 2 b e (14 0(2 7)), |2] = oo, |arg 2| < in
« 1
— - ¥ : / etz (1 _t2)a—% dt, R,eOé > _%
m22°(a+3) J-1
Case 2. If
g(w) =w* 1 F(a+ i —2a+ Lw), |argw|<m,
= w (14 O(lw])), |w|—0, |argw| <,
_ w ““2(1+0 , N . |a <ig
T(—a+1) e w ( (Jwl™%)), |w| = oo, |argw| < 57
then
23a
f— o _—Zz 2
1) = ey 2" 929
=1_4(2)
22 (11 0(aD), | =0, Jargz] <
=T z z arg z
F(l—a) ’ ) g T,
—(@2r) P et (14 0(27Y), Jargz| < in
Case 3. If

g(w) =U(a+ 3,2a +1,w)

:w—a—% (1—1-(9(|u)’_1))7 |lw| = o0, |argw| < 3m/2,

1 o0 sw 1 1
== e s 2 (145)*"2ds, Rea>—2, Rew >0,
L(a+3) /0 ( ) 2
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then
flz) =77 (22)" e % g(22)
=73 (22)%e *U(a+ 3,20+ 1,22) (3.16)
= K. (2) (3.17)
= (7/2)7 277 (1+0(2]7Y), |2| = o0, |argz| < 3m/2. (3.18)
1
mz z® > —tz (42 a—1
20T (a + 3) /1 ( )

Here, in (3.17), the function K, is the Macdonald function or modified Bessel function
of the third kind, which is defined either by (3.16) in terms of a U(a,c, .) function or
characterized as the solution f of the differential equation (3.15) with asymptotic behaviour

(3.18).

Case 4. Now observe that the differential equation (3.15) is invariant under the transforma-
tion z — —z, i.e., if f is a solution then so are the functions z + f(e™2) and 2z — f(e™"2).
)Note that we cannot simply write f(—z), since a solution f of (3.15) may be multi-valued
on C\{0}.) Hence we obtain from Case 3 the following solution f of (3.15).

f(z)

Ko (e™2)
T3 T Qe o g2 U(a+ %, 2004 1,2 2)
=(n/2)7i 27 e (1+0O(2)7Y),  |2| = o0, —Bbm/2 < argz < w/2.

In order to express I, in terms of K, and K_, and to give the asymptotics of K, (z)
as |z| — oo for a wider region than |arg z| < 7/2, we will extend some of the earlier results
for solutions f of the confluent hypergeometric differential equation

2f"(2)+ (c—2) f'(z) —a f(z) =0. (3.19)
Remember the formula
I'(1 — I'(c—1
Ula,c,z) = ﬁ 1Fi(a; ¢ 2) + % A7 Fi(a—c+1;2—¢2), |argz| <.

(3.20)
Replace in this formula z by €™z, replace a by ¢ — a, multiply both sides next by e?, and
then apply the transformation formula

1Fi(a;¢2) =€ 1Fi(c—a;c;—2)

to the right-hand side twice. We obtain

z T . F(l - C) L
e“U(c—a,c,e™z) = T(1—a) 1F1(a;c; 2) a1
I'(c—1) '

n pim(1—c) Zl—chl(a_C_i_l;Q_c;z), —27 < argz < 0.

I'(c—a)
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Since the left-hand side of (3.21) is written as a linear combination of two solutions of
(3.19), it is a solution of (3.19) itself. Now eliminate 2*~¢1 F}(a—c+1;2—¢; 2) from (3.20)
and (3.21). We obtain

1F1(a; ¢ 2)
— eiiﬂ-a F(C) eiW(Cia) F(C) z s
=T —a) Ula,c,z) + TTa ¢ Ulc—a,ce™z), —m<argz <0, (3.22)

e—iwa F(C) 3 .
- — 7 a 1

e Ol )

T
+ FE;; 2% (1+ O(|Z|_1)), |z] = o0, —m < argz < 0. (3.23)

For the asymptotic formula (3.23) we have used the earlier result that
Ua,c,2) =2 (1+0(z|™)), |z = oo, |argz| < 37/2.
Note that (3.23) gives an extension to the earlier result

I'(c)
I'(a)
Formulas (3.20), (3.21) and (3.22) only hold for generic values of a and c. If certain pa-
rameters or parameter differences become integer then solutions of (3.19) with logarithmic

terms will enter.
Substitution of the above cases 1, 2 and 3 in formula (3.20) will yield

(I—a(2) = 1a(2)),

297 (1 + (9(|z]_1)), 2| = o0, |arg z| < 7/2.

1Fi(a; e z) =

Kalz) = 2sin(ma)

while substitution of cases 1 and 3 in formula (3.12) yield
I(2) = (in) " (e77™ Ko (2) — Ku(e™2)), —m <argz < 0. (3.24)

Now define the Hankel functions or Bessel functions of the third kind by

92 —Llani )
HO(z) =2 Ko(e 3™2), —lr<z<lnm (3.25)
17
(2) —2e30m L ! ,
HP(2) = = Ko (e3™2), —in<z<in (3.26)
17

Combination of (3.24) with (3.25), (3.26) and (3.14) yields
Jo(2) = HP )+ LHP(2), -lr<z<lir (3.27)

-2
From (3.25), (3.26) and (3.18) we obtain the asymptotic estimates
HW(2) = (3r2) 77 & C3m3m) (1 4+ O(|2]7Y),  |2| = 00, —7 < argz < 27, (3.28)
H® () = ( 7'('2)_% e iz gma—3m) (14+0(|z]7Y), |2| = o0, =27 < argz < 7. (3.29)
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Hence, combination of (3.27), (3.28), (3.29) yields the following asymptotic estimate for
the Bessel function:

Jo(x) = (%7‘(‘56)_% cos(z — gmac— 1m) (1+ O(|z[71)), z — 00, > 0. (3.30)

The functions J,, H&l) and H&Q) are solutions of the following differential equation
(which we gave earlier in the case of integer «).

2 f(2) + 2 f(2) + (22— a?) f(z) = 0. (3.31)

One other solution of (3.31) is the Neumann function or Bessel function of the second kind
given by

Ya(z) = 21 (HD(2) — HO)(2)). (3.32)

)= o
i
For Y, there is by (3.28), (3.29), (3.32) an asymptotic estimate similar to (3.30):

Yo(z) = (%ﬂ'l‘)_% sin(z — gma — 37) (14 O(|z|™)), @ — o0, > 0. (3.33)

Since the differential equation (3.31) is invariant under the transformation o — —a, the
function J_, is also a solution. We have seen earlier that J_, is a constant multiple of .J,
if a € Z. For non-integer « there is the following relationship between the three solutions
Jo, J_o and Yy,.

cos(am) Jo(2) — J_a(2)

sin(ar)

Yo(2) =

This can be derived from (3.30) and (3.33).
Bessel functions can be obtained as limit cases of Jacobi polynomials:

o PP - a?/(2n?)
aB)

= Ja(T). (3.34)
Indeed, this follows from

lim oFy(—n,n+a+ B+ 1;a+1;2%/(4n?)) = o Fy (o + 1; —22 /4).

n—oo

We will give an indication how the orthogonality relations for Jacobi polynomials tend to
the Hankel transform pair. First observe that a refinement of (3.34) is given by
ny

(a,8) 2 2
Pn 1 - 2N . .
lim v (1 =7/@N7)) _ Jo(Az) if  lim — =\
N oo P,,(l%’ﬂ)(l) Nooco N

Now let ny — A\, my — p as N — oo and assume that A # pu. Then the orthogonality
relations for Jacobi polynomials imply that

2N
i PP (1 — 22 /(2N?)) PP (1 — 2% /(2N?)) 22! (1 — 22/ (4N?)) da = 0.

A formal limit transition as N — oo would yield

/ Ta(Ax) To(px) 2T de =0, N # pu.
0

The above integral no longer converges, but formally it is directly related to the Hankel
transform pair.



