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1. Uniform parameters for the Askey scheme

T. H. Koornwinder, The Askey scheme as a four-manifold with
corners, Ramanujan J. 20 (2009), 409—439; arXiv:0909.2822.
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Monic Wilson polynomial:

(=1)"(a+ b)n(a + c)n(a+ d)n
(n+a+b+c+d-1),
—-nn+a+b+c+d—-1,a+ix,a—ix
><4F3 ;1

wn(x?; a, b, c,d) :=

a+ba+c,a+d

Either two pairs of complex conjugate parameters
or one pair of complex conjugate parameters and two real ones
or four real parameters.
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Wilson scheme and its subschemes
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general
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first Wilson subscheme

Rescaled monic Wilson polynomial in terms of new parameters
ay, az, as, as:

pn(X; ay, dg, as, 34) = pn Wn(p_1X —0,4a, ba a, b)a

where
o, 1-a"aa, 1+aaa,
1 1
a= a, 3/—|, b:a1 a, —3/—|,
2 a, a2a3a4 2 a, a233a4
3/2 2
—2%/232 32 a2 a,,
1 1—32

4ajaj af 3} 2a5/2 3(1+a —aa)alas
pn(X; a1, az, as, a4) satifies three-term recurrence relation
X Pn(X) = Pn+1(X) + Bn Pn(X) + Cn pn-1(X)

with C, > 0 and B, € R depending continuously on
ai, a, as, a4 > 0.
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first Wilson subscheme Wilson

al a )0 J 0

i Meixner- . .
Hermite Pollaczekl Jacobi Continuous Hahn

AT

] ] i Meixner- .
Hermite Hermite Laguerre Hermite Pollaczek Jacobi

IS —

Hermite| |Hermite Hermite Laguerre

Vi

Hermite

Tom H. Koornwinder Charting the Askey and g-Askey schemes



2. Askey—Wilson polynomials
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Askey-Wilson polynomial, monic in z + z—1:
a"(q"'abcd; q)
(ab, ac, ad; q)n

_ q~",q" 'abcd, az,az=!
N 4¢3< ab, ac, ad 9.9

n pﬁo“ic(z +z % ab,c,d, q)

i (", q"'abed, az,az'; q)k
< (ab,ac,ad; q)x (q: q)«
g 1 1
(ab, ac, ad; )« (q; q)« (g7",q" 'abcd; q)k (az,az™"; q)k -

k

S |l

>
Il

0
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Askey—Wilson polynomials, cntd.

(ab, ac, ad; q)n
a"(q"—'abcd; Q)

prenic(z + 271 a, b, ¢,d; q) =

n k

q —n An—1 1
8 ) abcd, az,az "
£ (ab, ac, ad; q)x (q; Q)x (@".q )« ( 9
_ n—1 gj+1 ik1 Z+Z —x/)
j=0 fin = k=0 j=0 g/+1
where

xc = aq“+a gk, hy = abedg"~" + g7 X,

g =a g #"(1—abg“ )1 - acg* ") (1 — adg ")(1 - g¥)
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Verde-Star’s idea

monic

pr"(x; a, b, c,d; q) = un(x chkvk

where v (x) = (x — Xo)(x — x1) (x Xk—1) (Newton basis)
n—1
_ 9j+1
Then Lu, = h, up, where the operator L is determined by
Lvy = hpVn + 9nVn—1.

Also the operator X of multiplication by x is determined by
XVn = XnVn + Vpi1.

hx = ag + a4 C]k + agq’k, Xk = bg + by q" + bgqfk,

Ok = 0o + d1q" + g ¥ + dsq?* + dyg 2, 1, di=
ds =q 'aiby, ds= qacbo.

Luis Verde-Star, Linear Algebra Appl. 627 (2021), 242-274

The a;, b;, d; parametrize the g-Askey scheme.
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3. The (g-)Verde-Star scheme

T. H. Koornwinder, Charting the q-Askey scheme,
arxXiv:2108.03858v1, 2021.

Inspired by the paper

L. Verde-Star, A unified construction of all the hypergeometric
and basic hypergeometric families of orthogonal polynomial
sequences, Linear Algebra Appl. 627 (2021), 242-274.

.I“i ! Hlf
Luis Verde-Star
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g-Askey scheme
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g-Verde-Star scheme

n k—1
X) = ZCn,k vk(X), wk(x) = H(X X), Cox = H hg,+1
k=0 j=0

Xk = boq K+ bg + b1G%, hk = a7 % + ay + ar gk,
Ok = 4G 2K + dhq 4+ oy + A gF + d3g?k, Y1 ,di =0,
d3 =q 'aiby, ds= qasbo.

Translation invariances: X — X + o, Xx — Xx + o, hy — hx + 7.
Dilation invariance: un(x) — p"un(p~1x), vk(x) — pKvk(p~1x),
Xk — pXk; Gk — PGk-

Homogeneous of degree zero in hy, gx:  hk — 1hk, 9k — 19k.

3+ 3+ 5 =11 parameters, 3 constraints, 4 invariances:
Four essential parameters.

q < g ' exchange: a; < ap, by & by, 0y <> 0b, ds < dj.

duality: ag <> dy, ai <> di, as < ab.
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g-Verde-Star scheme, cntd.

Represent by

Xk = bgqfk + by + by qk b by by

Ok = dhq 2K + dbg ™ + dy + 01 g + d3g?* dy 0> do di O3

h, = agq"‘ +ap+ a4 qk as dp ay

e denotes any parameter value and o a zero parameter value.
(XX

So Askey—Wilson corresponds to the symbol e e e e ®.
(XX

Rules:

@ Ifbyorajisothendsziso;if by or a isothen d;iso.

@ by and gy are always @.

© In the second row no o between two e ones.

© In the second and third row at least two e ones.

© Flipping a e into a o causes an arrow between the symbols.

Q Reflection w.r.t. central column means g <+ g~

@ Reflection w.r.t. middle row means x — xx <+ h, — hg
(duality).
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g-Verde-Star scheme with symbols

XX b2 by by
secee ds 0o do 0 O3
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g-Verde-Star scheme, the families

Askey—Wilson,
g-Racah
(cont.) dual g-Hahn big g-Jacobi,
q Hahn \
Al-Safam— / \
Chihara, big g-l\haguerre Ilttle g-Jacobi,
dual g-Krawtchouk g~ -Meixner, )
/ Aff. g g~ -Krawtchouk T Krawtchouk
N \_1 . \
cont. big g or g '-Charlier,
' Al-Salam— —1 —1
X 1. gor q '-Laguerre, qgor q '-Bessel
q'Hermlte (bX )n Carlitz little — —
N TN T —
x" x"(x71; q)n q or g~ '-Stieltjes—Wigert
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g-Verde-Star scheme. Remarks

@ Not just classification of families of OPs, but in combination
with families of generalized monomials in which the OPs
are expanded.

@ Therefore same family of OPs may occur twice in the
scheme. See big g-Laguerre, little g-Jacobi, g-Bessel.

@ The scheme does not consider orthogonality w.r.t. a
positive measure, but it classifies families of
g-hypergeometric polynomials which are eigenfunctions of
an operator in the x-variable and which can be seen to
satify a three-term recurrence relation.

@ One position in the scheme may contain both a continuous
and a discrete family.

@ The scheme also contains a few degenerate cases.

@ The continuous g-Hermite polynomials are missing in the
scheme, because they have only an expansion in terms of
x", x"=2, ... The discrete g-Hermite I, Il polynomials are
subfamilies of the Al-Salam—Carlitz I, Il polynomials.
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Verde-Star scheme for g = 1

n k—1 n—1 giin
i+
X) =Y Cak vk(x), vk(x¥) = [J(x=%), ok = h—h
k=0 j=0 j=k J

Xk = bok? + b1k + by, hx = axk? + a1k + ay,

gk = d4k4 + d3k3 + d2k2 + dik+dy, dy=0,

dy = asby, ds = ajbo+ asby —4axb-.

Obtained from rescaled Xk, hk,gk in the g-case andthen g — 1:

Xc = boq~ ( ‘{:) + by =T +b0,

i = axq7 " (1__2;) +a fqurao,
ok = g 2 (122) 4ok (122) gk () 12

(or variant of this if some original a;, b;, d; vanish).

For g = 1 a similar but simpler scheme as in the g-case.
Hermite polynomials cannot be handled.
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Verde-Star scheme for g = —

n k—1 n—1 gi
x) = Covi(¥), v(x) = [T(x=x), en =[] 277
= j=0 =k

Xk = bok(=1)K + by (—=1)K + by, hx = ask(—1)K + a;(—1)* + ay,
Ok = dsk? + dak + dok(—1)K + dy(-=1) + dy, do+dj =0,

dy = —aoho, d3=—aibo — aby + asho.

Obtained from rescaled xk,hk,gk inthe g-caseand g — —1:

—k1

hk—32q_k1 T+ aq +

X = boq
B el
Ok = daq 2 (H,z) + Ly + g +d(q - 1)

(or variant of this if some original a;, b;, d; vanlsh).

A Verde-Star scheme for g = —1 should be explored. Connect
with the Bannai-Ito polynomials and many papers by Vinet et al.
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4. The (g-)Zhedanov scheme

Inspired by the paper
Ya. |. Granovskii, I. M. Lutzenko and A. S. Zhedanov,

Mutual integrability, quadratic algebras, and dynamical
symmetry, Ann. Physics 217 (1992), 1-20.

Alexei Zhedanov
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Zhedanov algebra

Let Ky and K> be operators acting on sequences f = {f;}5°:
(Kif)n = hnfp + Gn1far1,  (Kof)n = Xnfn + f—q, where

Xk = boq K+ by + b1q", hg = aq ¥+ ap + a1 g,

Ok = dsq 2K + dbq 4 ay + A §F + d3g?*, Y1 ,di=0,

d3 =q 'aiby, ds= qasbo.

Then
(9+ g ")KeKi Kz — KZKy — K1 K2

= A1 (K1 Kz + KoKi) + A2KZ + C1 Ky + DKz + Gy,
(g+ 9 "Ki KoKy — K2Kp — Ko K?

= A2(K1 Ko + K2K1) + A4 K12 + CoKs + DKy + Go.
In addition a Casimir element Q: (Qf), = wfy.

Assume ag = by = 0. Then Ay = A> = 0. Then the coefficients
Cy, Co, D, Gy, Go and the Casimir w can be expressed in terms
of the a;, b;, d.
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Zhedanov algebra for ag = by = 0

(g + g ")KeKi Ko — KZKy — KiKZ = C1K1 + DK + Gi,

(@ + g K KoKy — K2Ko — KoKZ = CoKo + DKy + G,

Q=—5(q+ g KKK + KoKZK3) + K1 Ko Ki Ko + KoK KaKi
+3(q+ q—1)(c1 K2 + CoK2) + D(K1 Kz + KaoKj)

+32+q9+q” )(G1 Ki + GoKz) = wl,

-q ) b b, Co=(q9—q "aa,
D= (q% q 2)?(aeby +anbe + o),
Gy = (qf -q 1)(q —97')(q 2b1ck + zby0h),
Go=(q2 —q 2)(q—q ") (g 2a102 + qzapdy), w=....
If Ky — AKy and K, — ,LLKQ then
Cy,Co,D, Gy, Go,w — p2Cy, N2Co, \uD, M2 Gy, N2 nGo, N piPw
Essentially four parameters.
Duality: Ki <+ K» corresponds to Cy <> Co, Gy < Go, while D
and w remain invariant.

Tom H. Koornwinder Charting the Askey and g-Askey schemes



g-Verde-Star scheme, again

coe b2 by by
o0 000 d4d2d0d1 d3
.:/...\.. 323031
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®0e 000 ®0e 000
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g-Verde-Star scheme with g-Zhedanov symbols

Ci G «is any value
G G /o o \ o is zero
] ‘/o / \ / \ \
/ \% \ m ;
\ /W -
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g-Verde-Star scheme, the families, again

Askey—Wilson,
g-Racah
(cont.) dual g-Hahn big g-Jacobi,
q Hahn \
Al-Safam— / \
Chihara, big g-l\haguerre Ilttle g-Jacobi,
dual g-Krawtchouk g~ -Meixner, )
/ Aff. g g~ -Krawtchouk T Krawtchouk
N \_1 . \
cont. big g or g '-Charlier,
' Al-Salam— —1 —1
X 1. gor q '-Laguerre, qgor q '-Bessel
q'Hermlte (bX )n Carlitz little — —
N TN T —
x" x"(x71; q)n q or g~ '-Stieltjes—Wigert
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The proper g-Zhedanov scheme
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g-Zhedanov scheme, the (continuous) families

Askey—Wilson
/ \
cont. dual g-Hahn big g-Jacobi
Al-Salam—Chihara , little g-Jacobi
. . big g-Laguerre
(cont. big g-Hermite) (g-Bessel)

bT— !

symm. Al-Salam—Chihara , g-Laguerre
Al-Salam—Carl - .
(cont. g-Hermite) Salam—Carlitz (Stieltjes—Wigert)
discrete g-Hermite x"(x~1:q)n
\ /
XI7
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g-Zhedanov scheme. Remarks

@ One family has split: Symmetric Al-Salam—Chihara now
has a separate place in the scheme.

@ Some families merge with another family as subfamily:
Al-Salam—Chihara O continuous big g-Hermite,
symmetric Al-Salam—Chihara O continuous g-Hermite,
little g-Jacobi > g-Bessel,
g-Laguerre O Stieltjies—Wigert.

@ There is a similar Zhedanov scheme for g = 1.

@ There should be a similar Zhedanov scheme for g = —1.
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Thanks for listening.

Bar-le-Duc, 1984
Doron Lubinsky, Paul Nevai, Dick Askey, Tom Koornwinder
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