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The n-th derivative formula
D™(z""" 1 F(a, b ¢; 2)) = (a)n2® ' F(a +n,b;c; 2)
(see [2, 2.8 (21)]) can be understood as an iteration of its case n =1
D(2°F(a,b;c;2)) = az ' F(a +1,b;¢; 2)

by using the identity
2"D"2" = (zDz)".

(3)

This identity (see also [3, (13)] and [4, (15.5.10)]) can be shown by induction. First observe

= n!?
2"D"2" = kgo W20 — Rl k)!z”J“ka.
Denote the right-hand side of the last identity by S,,. Then show that
(2D2)Sp = Sn+1-
We can rewrite (3) as
2"oD"oz2" =(20Doz)"=z1o(2D)"oz=10z0(=D)" 0z toy,

where (vf)(z) := f(z~1). Thus (1) can be rewritten as

(2D2)" (27 F(a,b;c; 2)) = (a)n2* " F(a + n,b; c; 2),
(see also [4, (15.5.3)]) and as

(—D)" (e F(a, by c; 51) = (@e~ " F(a+n, by c; 57,

Recall the Riemann-Liouville type fractional integral

1)) = 5o [ 16) =
and the Weyl type fractional integral
(WD) / F) (v — 2y~ dy.

The fractional integral formula (see [1, (2 10)]

1 /x —1 —1
—— | T(a+p)y* " Fla+ pb;cy) (x —y)* dy
f [, Tt my B )z - )

=TI'(a) z*™* L F(a,b; c; x) (Rea >0, Rep > 0)

(4)

(10)



can be seen as a fractional iteration of (2) by observing that
zPol,or M =10zoW,0x o (11)

Formula (11) follows because

ota) =a " g [y =y
implies that .
o5 ) =2 F(lm / LY (y — )L dy.

Formula (11) also implies the equality of the first and last part of (5). We can rewrite (10) by
use of (11) as

1

T(n) /:O P(a+p)y " Fla+pbey ) (y—a) tdy=T(a)a™" Fla,by27 ). (12)
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