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Abstract In this paper we present elementary computations for some Markov mod-
ulated counting processes, also called counting processes with regime switching.
Regime switching has become an increasingly popular concept in many branches
of science. In finance, for instance, one could identify the background process with
the ‘state of the economy’, to which asset prices react, or as an identification of the
varying default rate of an obligor. The key feature of the counting processes in this
paper is that their intensity processes are functions of a finite state Markov chain.
This kind of processes can be used to model default events of some companies. Many
quantities of interest in this paper, like conditional characteristic functions, can all
be derived from conditional probabilities, which can, in principle, be analytically
computed. We will also study limit results for models with rapid switching, which
occur when inflating the intensity matrix of the Markov chain by a factor tending to
infinity. The paper is largely expository in nature, with a didactic flavor.
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1 Introduction

In this paper we present some elementary computations concerning some Markov
modulated (MM) counting processes, denoted N, also called counting processes with
regime switching. Such processes fall into the class of hybrid models [29] and are in
fact Hidden Markov processes [10]. Although in the present paper we restrict our-
selves to certain counting processes, it is worth mentioning that owing to its various
attractive features, regime switching has become an increasingly popular concept
in many branches of science. In a broad spectrum of application domains it offers
a natural framework for modeling situations in which the stochastic process under
study reacts to an autonomously evolving environment. In finance, for instance, one
could identify the background process with the ‘state of the economy’, to which asset
prices react, or as an identification of the varying default rate of an obligor. In oper-
ations research, in particular in wireless networks, the concept can be used to model
the channel conditions that vary in time, and to which users react. In the literature
in the latter field there is a sizeable body of work on Markov-modulated queues, see
e.g. [2, Chap. XI] and [27], while Markov modulation has been intensively used in
insurance and risk theory as well [3]. In the economics literature, the use of regime
switching dates back to at least the late 1980s [16]. Various specific models have
been considered since then, see for instance [1, 11, 12]. For other direct applications
of models with regime switching in finance (hedging of claims, interest rate models,
credit risk, application to pension funds) we refer to [8, 22, 23, 30, 31] for recent
results.

The key feature of the counting processes, commonly denoted N, in this paper
is that their intensity processes are of the form A, = A(X;, N;), where X is a finite
state Markov chain whose jumps with probability one never coincide with the jumps
of the counting process. For mathematical convenience we assume without loss of
generality that X takes its values in the set of d-dimensional basis vectors.

This kind of processes can be used to model default events of some companies.
We restrict our treatment to models where the intensity is of a special form, leading
to the MM one point process which can be used to model the default event of a single
company, its extension to the situation of defaults of various companies and an MM
Poisson process, which can be used to model defaults for a large pool of obligors
whose individual intensities of default are all the same and small.

The intensities A, = A(X,, N,) that we use will be affine in X,, i.e. L, =ATX,f (N,)
for some A € R? and some function f. It is possible to show that the joint process
(X, N) is Markov, in factitis an affine process after a state transformation. This means
that for many quantities of interest, like conditional characteristic functions, one can
in principle use the full technical apparatus that has become available for affine
process, see [9]. However, as these quantities can all be derived from conditional
probabilities (our processes are finite, or at most countably, valued), using these
techniques is like making a detour since the conditional probabilities can be derived
by more straightforward methods. Moreover these conditional probabilities give a
direct insight into the probabilistic structure of the process and can in principle be
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analytically computed. Therefore, we circumvent the theory of affine processes and
focus on direct computation of all conditional probabilities of interest.

We will also study limit results for models with rapid switching, which occur when
inflating the intensity matrix of the Markov chain by a factor tending to infinity. Rapid
switching between (macro) economic states is unrealistic, but in models for the profit
and loss of trading positions, especially in high frequency trading, rapid switching
may take place, see [15]. We will see that the limit processes have intensities that
are expectations under the invariant distribution of the chain. This is similar to what
happens in the context of Markov modulated Ornstein-Uhlenbeck processes [18],
see also [19], whereas comparable results under scaling in the operations research
literature can be found in [5, 6].

The paper is largely expository in nature, with a didactic flavor. We do not claim
novelty of all results below. Rather we emphasize the uniform approach that we
follow, using martingale methods, that may also lead to alternative proofs of known
results, e.g. those concerning transition probabilities by using ‘c-arguments’ as in
[27]. The organization of the paper is as follows. In Sect. 2 we study Markov modu-
lated model for the total number of defaults when there are n obligors. As a primer,
in Sect. 2.1 we extensively study the Markov modulated model for a single obligor,
in particular its distributional properties. Then we switch to the more general situa-
tion of Sect.2.2, where our approach is inspired by the easier case of the previous
section. All results are basically obtained by exploiting the Markovian nature of the
joint process (X, N). Section 3 gives a few results for the Markov modulated Poisson
process. Conditional probabilities of future values of the counting processes, when
only its own past can be observed (and not the underlying Markov chain) can be
computed using filtering theory, which is the topic of Sect.4. In Sect. 5 we obtain the
limit results for processes where the Markov chain is rapidly switching.

2 The MM Model for Multiple Obligors

We assume throughout that a probability space (£2,.%,P) is given. Suppose we
have n obligors with default times 7t for obligor i, i =0, ...,n. Let Yl" = 1icy),
t € [0, c0). Here we encounter the canonical set-up for the intensity based approach
in credit risk modelling, see [13, Chap. 12] or [4, Chap. 6] for further details on
probabilistic aspects. We postulate for each i € {1, ..., n}

Ayl = x,(1 — Yy dr + dm!, (1)

for A, a nonnegative process to be specified, but which is the same for each obligor
i. Here each m' is a martingale w.r.t. to the filtration, call it F’, generated by Y’
and the process L. We impose that the t; are conditionally independent given A.
Hence, simultaneous defaults occur with probability zero, as the 7/ have a continuous
distribution. By the conditional independence assumption, the m' are also martingales
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w.r.t. F = V| F". The process A is assumed to be predictable w.r.t. F. In all what
follows in this section we take N; = >, Y/.

2.1 The MM One Point Process

For a better understanding of what follows, we single out the special case n = 1 and
we write 7 instead of 7!. There is some advantage in starting with a simpler case that
allows for more explicit formulas, is more transparent, and that at the same time can
serve as a warming up for the more general setting.

2.1.1 The General One Point Process with Intensity

Let us consider the basic case, the random variable 7 has an exponential distribution
with parameter A, and ¥, = 1{;<;, t € [0, 00). Then Y has semimartingale decom-
position

dY; = x(1 — Y,)dr + dm,, )

where A > 0 and m a martingale w.r.t. the filtration generated by the process Y. As a
matter of fact, the distributional property of t is equivalent to the decomposition of
Y in (2). Clearly Y; is a Bernoulli random variable, so y(¢) := EY, =P(Y, = 1) =
P(r < ). Alternatively, taking expectations, we get the ODE

y(#) = A1 — (1),
which is, with y(0) = 0, indeed solved by
y() = 1 — exp(—At).
Let AT be the compensator of Y, then
t t INT
A] = / Ml =Yy ds = / My ds = / Ads = A(T A D).
0 0 0

Note that ¥ can be considered as N7, the at T stopped Poisson process with intensity
A. The compensator A of N stopped at t indeed yields A".

As a first generalization we change the above setup in the sense that we postulate
dY, = x,(1 — Y, dr + dmy, 3)

where X is a nonnegative locally integrable Borel function, also known as the (time
varying) hazard rate. As above one can show that
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y()=1—exp (—/ ksds) .
0

In a next generalization we suppose that A becomes a random process defined on
an auxiliary probability space (£2', .#', P"). We can look at the product probability
space (2 x 2/, % ® .Z',P ® ) and redefine in the obvious way Y, T and A on
this product space. The filtration we will use consists of the o-algebras .Z) ® F}.

It is assumed that A is predictable and a.s. locally integrable w.r.t. Lebesgue mea-
sure. For a given trajectory A, = A,(") we define Y on (£2,.%, P) as in (3). With
" the o-algebra generated by the full process A, we have that

t
E[Y,|.#*] =1 —exp (—/ As ds),
0
t
y@t) =EY, =1—-Eexp (—/ s ds) .
0

Alternatively, one can construct the point process Y as follows. Let (£2, .%, Q) be a
probability space on which is defined a standard Poisson process Y and independently
of Y the nonnegative predictable process A. Put L, = & (u);, the Doléans exponential
of the Q-local martingale u given by u, = fot (Aslyy, —oy — 1) d(Ys — ). Note that
Ly = 1. Let t; be the consecutive jump times of ¥, rp = 0. Note that the differences
Tx — Ty—1 have a standard exponential distribution under Q. The assertion of the
following lemma is a variation on Eq. (4.23) in [4].

and hence

Lemma 1 The density process L allows the following explicit expression,

TN
L= (A;) " exp (t—/o Ay ds) 1iy,<1)-

If A is a bounded process, L is a martingale, hence EL, = Ly = 1.

Proof By construction, L is a local martingale. For bounded A we have E fot Lf ds <
C exp(2t) for some constant C, which yields L a square integrable martingale. The
given expression for L, can be verified by an elementary, but slightly tedious com-
putation.

Under the assumption that L is a martingale (guaranteed for bounded 1), by Gir-
sanov’s theorem, see [7, Chap. VI, T3 and T4], we can define for every T > 0 a
probability P on (§2, #7) such that

'
m:=Y,—t—(Y,u;=Y: _/ Asliy, =y ds
0

isalocal martingale under IP. Note that P(Y7 > 1) = Egly,~1)L7 = 0. Hence, under
P we have 1;y,—o; = 1 — Y, and the expression for m;, coincides with (3) fort < T.
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Note that L cannot be uniformly integrable, since L, = 0, which follows from L,, =
0. Hence it is not automatic that one can define a probability IP on (£2, .%) such that
m is a martingale on [0, co). Note that the laws under P and Q of A are the same.

2.1.2 The One Point Process with MM Intensity

In this section we consider (3), where we specify A, as a function of a finite state
Markov chain X, i.e. A, = A(X;). We see that, trivial cases excluded, unlike the
constant hazard rate A in (2), we now have a rate that assumes different values
according to the states of the Markov chain. We thus have a rate that is subject to
regime switching, one also says that we have a Markov modulated rate. In order
to pose a precise mathematical model, we make some conventions. Let d be the
size of the state space of the Markov chain X. Then w.l.o.g. we may assume that X
takes its values in the set {eq, ..., e;} of d-dimensional standard basis vectors. This
implies that any function of X, can be written as a linear map of X;, in particular
A(X,) = ATX,, where on the right hand side X is a vector in R<.

Let Q be the transition matrix of X, for which we use the convention that Q;;
for i # j is the intensity of a transition from state j to state i. As a consequence the
column sums of Q are equal to zero. We then have

dX, = OX, dt + dM,

where M* a martingale with values in R?. We also assume that Q is irreducible and
we denote by 7 the vector representing the invariant distribution.

Furthermore it will be throughout assumed that ¥ and X have no simultaneous
jumps, hence the quadratic variation process [X, Y] ([X, Y], = D ., AX;AYy) is
identically zero.

s<t

For the single obligor case, we pose the following model with regime switching,
dY, =1"X,(1 = Y,) dt + dm,,

where 1 € RY.

One way of constructing this model is by realizing it on a product space with
A = ATX, as in Sect.2.1.1. Alternatively, one can realize Y as standard Poisson
process and independently of it, X as a Markov chain on the auxiliary space under
Q. By independence, one has [X, Y] = 0 under QQ and as these brackets remain the
same under an absolutely continuous change of measure using the Q-martingale u
of the previous section, we are then guaranteed to have [X, Y] = O under P as well.
In this case it is possible to have P defined on (§2, %) for # = %, where we use
the filtration generated by Y and X. As a side remark we note that P will not be
absolutely continuous w.r.t. Q on 7.
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In all what follows in this paper we adopt the following Convention: we will use the
generic notation M for a martingale, possibly even of varying dimensions, whose
precise form is not important.

An important role will be played by the matrices Oy, := Q — kdiag(A) for k > 0.
Here diag(A) is the diagonal matrix with ii-element equal to A;. Here is a, possibly
known, stability result for the matrix Q, (we take k = 1, but a similar result is
obviously true for all positive k).

Lemma 2 Let A; > O for all i. Then the matrix Q;, is invertible and exp(Q;t) — 0
fort — oo.

Proof That Q;, is invertible, can be seen as follows. Write

0, = —(I — Qdiag(%) ™ ")diag(»)

and note that Qdiag(1)~! is also the intensity matrix of a Markov chain, as its off-
diagonal elements are positive and lTQdiag()»)’1 = 0. Therefore I — Qdiag(k)’1 is
invertible, and so is Qj.

In proving the limit result, we give a probabilistic argument.! Consider the aug-

mented matrix
Qa _ O _lTQ)\,
A\ 0 )

which is the transition matrix of a Markov chain taking valuesin {eg, . . ., €3}, labelled
as the standard basis vectors of R?*!. Clearly, 0 is an absorbing state, and the only
one. Hence whatever initial state x“(0), we have thatexp(Q§1)x“(0) — ej forz — oo.
Computing the exponential and taking x?(0) # ej, we find

1 lT I — lT I — 0
e = (o o) o= (Mg )

Hence exp(Q,t) — 0.

In a next section, see Remark 2, we shall see how to compute P(Y, = 1). It turns out
to be the case that
P(Y, =1) =1 —17 exp(Q,.)x(0).

We conclude in view of Lemma 2 that P(Y; = 1) — 1 for t — oo. Hence, with
probability one, the obligor eventually defaults, as expected.

I'This argument has been provided by Koen de Turck, University of Ghent.
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2.2 The MM Model for Multiple Obligors

In Sect.2.1.2 we have seen results for default processes in the situation of a single
obligor. In the present section we generalize those results, at the cost of considerably
more complexity, to the situation of multiple obligors.

2.2.1 Multiple Obligors with Time-Varying Intensity

Recall (1). Let’s first look at the constant intensity case, A; = A > 0. Then N, =
>, Y/ satisfies
dN;, = A(n — N;) dt + dm,, ()

where m =", m'. By the independence of the default times, m is a martingale
w.r.t. F and N, has the Bin(n, 1 — exp(—At)) distribution. Moreover, given N,,, u < s,
N; — N; has for t > s the Bin(n — Ny, 1 — exp(—A(t — s))) distribution. This model
has long ago been used in software reliability going back to [21], with various refine-
ments, like in a Bayesian set up the parameters n and A being random, see [25, 26]
or with time varying but deterministic intensity function A(7), see [14].

Next we look at the case of time varying, possibly random, A. By the assumed con-
ditional independence of the 7/ given A we have, similar to the constant A case,
that V;, conditional on the process A, has a Bin(n, 1 — exp(—A,)) distribution with
A = fol A ds.

Let p*(t) = P(N; = k|.%7%), put

PO(1)
p(t) = :
40
and

_n 0 e e 0

n —n-—1) 0  cee.. 0

0 n—1 —m—-2)0 0

A= . o] @)
: . “.—10
0 010

Then we have for p(¢) the system of differential equations

p(1) = LAp(1),

which has solution (here we use that A is real-valued)
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p(t) = exp(AA)eo,

where A, = fot A, ds and e is the first standard basis vector of R"t!. For the vector
whose elements are the unconditional probabilities P(N, = k) one has to take the
expectation and it depends on the specification of & whether this results in analytic
expressions. We will see that this happens in case of a Markov modulated rate process.

2.2.2 The MM Case

We assume to have a finite state Markov process as in Sect.2.1.2 and let A, = ATX,_.
For N, one now has its submartingale decomposition

dN, = A" X,(n — N,) dr + dm,.

This is the model of Sect.2.1.2 extended to more obligors. The default rate for each
obligor has become random (AT X,), but is taken the same for all of them.

Let V¥ = 1yy,—), k =0, ..., n. For notational convenience we set v, ' = 0. It
follows that AvF = 1 iff N, jumps from k — 1 to k at £, and AvF = —1 iff N, jumps
from k to k + 1. This can be summarized by

dvf = T — vk dN,.

In vector form this becomes

dv; = (J = Dv,— dN;, (6)
where
0
10
J=101
LU0
0---0 10

Using the dynamics for N, we get

dvf = 7" = v )X (n — Np) dt + dmy)
=ATX((n — k4 Dy — (= k)vb) dr 4+ dM,.

Letting v, = | : |, we get from the above display
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dv, = A" X,Av, dr + dM,, (7)

where A is as in (5). This equation for v is a main ingredient in the next result.

Proposition 1 Let ¢, = v, ® X,. The process ¢ is Markov with transition matrix Q,
where Q = (A ® diag(X) + I ® Q). It follows that E[¢,|-Fs] = exp(Q(t — 5))&;.

Proof We will use Eq. (7) together with the dynamics of X. Using the product rule
and the fact that N and X do not jump at the same time and summarizing again all
martingale terms again as M, we get (recall the multiplicationrule (A ® B)(C ® D) =
(AC) ® (BD))

dv ® X)) = (AvA'X) ® X, + v, ® (X)) dt + dM,
= ((Av) ® X2 "X) + v, ® (0X))) di + dM,
= ((Av) ® (diag(M)X) + v, @ (QX,)) dt + dM,
= (A ® diag(L) + I ® Q) (v, ® X,) dr + dM,
= Qv ® X,)dr + dM,.

Note that ¢, by construction consists of the indicators of the values of the joint process
(v, X).Hence the equation d¢, = Q¢; dt + dM, reveals, cf. Lemma 1.1 in Appendix B
of [10], that ¢ (and hence (v, X)) is Markov.

An explicit computation shows

Qn)» 0 e e e 0
ndiag(A) Q-1 0O -~ .. 0
0 (1—1)diagh) Quap 0 == 0
Q= . . . . . . (8)
. . . Q)L 0
0 .0 diagh) O

where for k € N we have Oy, = Q — kdiag(}).

Remark 1 The original dynamic equations for X, and N, can be retrieved from
Proposition 1. Realizing the relations X; = (1" ® I)¢; and 1T @ NQ =1T ® Q,
and 1TA = 0, we obtain from Proposition 1

dX, = 1" @D (Q(v, ® X;)) dt + dM,
=1" ®Q0)(v, ®X,)dt + dM,
— OX,dt + dM,.

Similarly, we get from v, = (I ® 1M¢,
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dv, =T ®17) (Q(v, ® X,)) dt + dM,
=AAL)( ®X,)dr +dM,
= Av,A X, dr + dM,.

Using (01 ---n)Avy, = (n---10)v, =n—N,, we get from the last display the
decomposition dN, = (n — N)A X, dt + dm;, back.

Letting 7 (#) = E¢,;, we obtain from Proposition 1 the ODE
(1) = Qu (1), €))

with the initial condition 77 (0) = ¢y ® x(0), where ey has 1 as its first element, all
other elements being zero. We will give a rather explicit expression for 7w (r) =
exp(Qr)m (0), for which we need some additional results.

The differential equation for 7 is the following type of forward equation,

F = QF.

Here F' can be any matrix valued function of appropriate dimensions. We will block-
diagonalize the matrix Q. The transformation that is needed for that is given by the
matrix V whose ij-block (i,j =0, ...,n)is

Vy = (Z :Jl.')(—n"fl.

Note that Vj; =0 for i < j, V is block lower-triangular. The inverse matrix is also
block lower-triangular with blocks

vl = (" _J:)I.
J n—i

One may check by direct computation that indeed V'V ~! = I. It is straightforward
to verify that Q" := V~'QV is block-diagonal with ith block (i = 0, ..., n) equal
to

Q/ = Q.-
Putting G = V~!'F we obtain )

G=0Q"G,
whose solution satisfying G(0) =1 is block diagonal with ith block G;(¢) =
exp(Qu—int). We thus obtain the following lemma.

Lemma 3 The solution to the forward ODE F = QF with initial condition F(0) is
given by F(t) = exp(Q1)F(0), where
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exp(Qnat)
exp(Qr) =V 74
exp(Qr)

If F(t) = exp(Qt), its blocks Fij(t) can be explicitly computed. One has Fj(t) = 0 if
i <j, and fori > j it holds that

Fy(r) = (Z :’l) > it (ll :;{) exp(Quion1)-
P

Proof We use the block triangular structure of V and V~! together with the block
diagonal structure of Q" to compute

Fy(t) = Z Vik exp(Qu—int) Vi

k=j

=3 () vt enn ("

\n—i UL P
k=j

= (Z :’l) kZ_}(—l)"" (l’ :j() exp(Qu_iat),

as stated.

Proposition 2 The solution 1 (t) to the system (9) of ODEs under the initial condition
7(0) = ey @ x(0) has components w'(t) € R4 given by

() = (’:) > (-1 (,i) exp(Q(u—p)x(0). (10)
k=0

Proof We use Lemma 3 and recall the specific form of the initial condition 7 (0). We
have to compute exp(Q?)7 (0) and obtain from Lemma 3 withj = 0 for 7/ (¢) = Fio(t)

(1) = (n " l,) > (i ! k) eXp(Qun-nD¥(0)
= (’Z) > (,i) exp(QutHx(0).
k=0

Remark 2 Let us look at a special case, n = 1. Then we can write N, = Y, and it is
sufficient to compute
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7' (1) = E(Y:X,) = (exp(Qr) — exp(Q:1)) x(0). (an
As a consequence we are able to compute P(Y, = 1) = 1TE(Y,X,),
P(Y, = 1) =1 — 17 exp(Q:1)x(0),

since 17 exp(Q,) =17. Asexp(Qt) — 1T, we conclude in view of Lemma 2 from
(11) that w'(f) — 7 for t — oo. This result should be obvious, as Y, eventually
becomes 1 and X, converges in distribution to its invariant law.

For the case n > 1 the expressions for 77/ () are a bit complicated, but their asymp-
totic values for t — oo, are as expected, 7/(f) — 0 for i < n, whereas " (t) — m.
This again follows from Lemma 2.

Proposition 2 has the following corollary.

Corollary 1 Let ¢ (t, u) = Eexp(iuN,)X,. It holds that

n

Sty = (’;) exp(iuk) (1 — exp(iu))" ™ exp(Qus)x(0).

k=0

Proof We shall use the elementary identity

24 ()0) = (oo

for B = —e ™™ in the last step in the chain of equalities below. From Proposition 2
we obtain

n

E exp(iuN,)X, = Z ek (1)
k=0

"o k (k

=> (Z) (=) (J) exp(Quj»H)x(0)
k=0 Jj=0
n n ek n k .

=D D (=" (k (j)(_l), exp(Qua1)x(0)

J=0 k=j
=> C) (1 — )" exp(Qu—jrt)x(0).
j=0

Remark 3 Alternatively, one can compute a moment generating function v (t, v) =
Eexp(—vNy)X; for v > 0. Let B have a binomial distribution with parameters n
and p = 1 — exp(—v). Then we have for ¥ (¢, v) the compact expression ¥ (t, v) =
E exp((Q — Bdiag(2))1)x(0) = E exp(Q;51)x(0).
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Remark 4 There appears to be no simpler representation for ¢ (¢, u). We note that
this function also satisfies the PDE

(1, u) = (Q + n(e" — Ddiag())p (¢, u) + i(e™ — 1)diag(r)

Wuw )
ou

Just by computing the partial derivatives, one verifies that this equation holds. Alter-
natively, one can apply the Itd formula to exp(iuN,)X; followed by taking expecta-
tions.

2.2.3 Conditional Probabilities

The vehicle we use is the process ¢, recall §; = v; ® X;. Our aim is to find expressions
for ¢s = E[¢|.%] fort > s, from which one can deduce the conditional probabilities
E[v,|.%] and E[N,|.%,]. By the Markov property, Proposition 1, we have E[¢,|.%,] =
exp(Q(r — 8))¢,. Let &y, = E[&].%] and ;‘,"‘S = E[1y,=1 X;|.%;]. We aim at a more
explicit representation of the conditional probabilities g“,’fs for k > 0. Note that ;,"‘X =
(e] ® I)¢ys. Hence §[’|‘S = (¢} ®1)exp(Q(t — 5))¢;. Using Lemma 3, we have

exp(Qui(t — 5))
Gy = (ef @DV : vl

exp(Q(r — )
By matrix computations as before this leads to the following result.

Proposition 3 [t holds that

k . k .
_ Lk — .
=2 (Z_j) > (=D (k _’l) eXp(Qun-i (1 = )¢,
i=0

J=0

Note that in the formula of this proposition, only one of the §§ is different from
zero and then equal to X;. Effectively, the sum over j thus reduces to one term only.
The conditional probabilities vlkls = P(N, = k|.%;) can now simply be computed as
ITQIT;- Note that these still depend on X, and one has the explicit expression

n . k ke — i .
EW 7] = (Z_i) > <—1>’“(k_1i)1T exp(Quins (¢ — $)X; V.
=0 i=j

Remark 5 Consider the special case n = 1 and let Z, = Y, X,, Y, as in Sect.2.1.2.
This amounts to taking k = n = 1 in Proposition 3 and one gets for Z;, = ]E[Zt|§sy]
the simpler expression
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Zys = exp(Qu(t — $)Z; + (exp(Q(t — 5)) — exp(Q5.(r — )X, (13)

The next purpose is to compute E[e"NX,|.%,] and from that one E[¢"V|.%,] =
1TE[e"N X,|.%,].

Proposition 4 The following hold.

n n

‘ —k . -
E[e"V X, 7] =D " G_ k) (1 —e")"7e" exp(Quop(t — )Ly,

k=0 j=k

) U —k . o
El"™|F 1= C_ k)(l — €)' exp(Qup(r — )5S (14)

k=0 j=k

Proof We start from the identity """ X, = F¢,, with F = e(u) ® I, where e(u) =
(1 e ... e’””). Hence we have

B[ X,|.7,] = (e(w) ® D) exp(Q(t — $))¢.

This can be put into the asserted more explicit representation, involving the matrices
Op. by application of Proposition 3. The second assertion is a trivial consequence.

It is conceivable that only N is observed, and not the background process X. In such
a case one is only able to compute conditional expectation of quantities as above
conditioned on .Z" instead of .7, see Sect.4.1 for results.

3 The Markov Modulated Poisson Process

In this section we study MM Poisson processes. These have an intensity process
A =ATX, using the same notation as before. In terms of defaultable obligors, such
processes occur as limits of the total number of defaults N, as in Sect.2.2 where
n — oo and the vector A is scaled to become A/n, as we shall see later. So we can
use this to approximate the total number of defaults in a market with a large number
of obligors, where each of them has small default rate.

3.1 The Model

The point of departure is to postulate the dynamics of the counting process N as

dN, = ATX, dr + dm,.
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We follow the same approach as before. So we use that conditionally on .#X we have
that NV, has a Poisson(A,) distribution with A, = fot ATX, ds. It follows that

1
E[ly,—nX:|-F*] = EAf exp(—A)X, =: pF(HX,,

and d
apk(” =p' ) - prrTX,.

Then we obtain
dE[Lpy,—iX:|. 7] = (P () — p" (1)) diag(M)X, dt + p* (1)(QX, dt + dM,),
and with 7%(r) = E(p*(1)X,) we find
4 (1) = diag()m* ™! (1) + (Q — diag(W)m* (1)
For k = 0, one immediately finds the solution 7°(¢) = exp(Q,1)x(0). For k > 0

there seems to be no simply expression in terms of exponential of Q and Oy, as in
Proposition 2, not even for k = 1, although one has

7' (1) =/0 exp(—Q,. (1 — s))diag(2) exp(Q;.5) ds x(0).

However, it is possible to get a formula for the vector

70(1)
mm=1 : |,
" (1)
since it satisfies the ODE )
m"(t) = Q,I1"(1),

where Q,, € R+Ddx(+1d ig oiven by

Q — diag(®) 0 0
diag(A) Q —diag(nx) O 0

Q= 0 diag()

: . Q — diag(}) 0
0 ‘e 0 diag(A) Q — diag(A)

Together with the initial conditions 77 (0) = 8;ox(0), one obtains
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IT"(1) = exp(Qut) (e ® x(0)),

where €}, is the first basis vector of R"*!. An elementary expression for exp(Q,?) is
not available due to the fact that Q — diag(}) and diag(}) do not commute. Besides,
Q,, is block lower triangular with identical blocks on the main diagonal and therefore
cannot be block diagonalized.

However, in the present case there is a nice expression for the characteristic function
¢ (t, u) = Eexp(iulN;)X,, unlike the situation of Corollary 1. To determine ¢ (t, u),
we apply the Itd formula (note that [N, X] = 0) and obtain

dexp(iuN)X; = (¢" — "™ X,_dN; + "V dX,, (15)
which yields after taking expectations and using the dynamics of X and N

d(t, u) = (" — Ddiag(h) + Q) (1, u).

Hence '
¢ (t, u) = exp (((¢" — Ddiag() + Q)1)x(0).

Contrary to the 7¥(¢) of Proposition 2 we thus found a simple formula for ¢ (¢, u).
This formula is in line with [2, Proposition 1.6] for Markovian arrival processes.

Remark 6 1Itis possible to obtain the above results as limits from results in Sect. 2.2.2,
by replacing there A by A /n and letting n — oo.

If we look at the moment generating functions v (¢, v) = Eexp(—vN,)X;, we
have (¢, v) = exp ((Q - (- e"')diag(k))t)x(O). Replace in Remark 3 the para-
meter A with A/n and let n — oo and write B, instead of B. Then we have
Ya(t,v) = Eexp ((Q — diag(1)B,/n)1)x(0). As B,/n— 1 —¢™" as., we obtain
exp ((Q — diag(1)B,/n)t) — exp ((Q — diag(A)(1 — e™"))7) a.s. Since the expo-
nentials are bounded, we also have convergence of the expectations by dominated
convergence. Replacing —v with iu gives the characteristic function.

3.2 Conditional Probabilities

Mimicking the approach of Sect.2.2.2, we consider again the V¥ = 1;y,—). Let

Then v" still satisfies Eq. (6). Combining this with the dynamics of N, we obtain the
semimartingale decomposition
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dv' = ATX,(J — DV dt + dM,.
Letting E[’ = V' ® X;, then we can derive, similar to the approach of Sect.2.2.2,
d¢ = Q¢ dr + dM,.

This is for each n a finite dimensional system, which can be extended to an infinite
dimensional system for ¢;. The resulting infinite coefficient matrix will be lower
triangular again,

d¢ = Qoo dt + dM;,

where Qy = I ® Qs — Joo ® diag(X) with I, the infinite dimensional identity
matrix and J, the infinite dimensional counterpart of the earlier encountered matrix
J. It follows that for the vector of conditional probabilities we have

E[¢]-%5] = exp(Qoo(t — 5))¢s.

This looks like an infinite dimensional ex_pression, but E[1(y,—nX;|.#;] can be com-
puted from E[¢"|.%;] = exp(Q,(t — 5))¢, which effectively reduces the infinite

dimensional system to a finite dimensional one. One can now also compute, with
gI — (0 ) 1) € RIX(+D),

P(N; = n, X, = ¢j|.7) = (£, ®¢]) exp(Qu(t — ))E].

3.3 Conditional Characteristic Function

Our aim is to find an expression for ¢y := E[exp(iuN;)X;|.%;]. Since we deal in
the present section with the MM Poisson process N, the bivariate process (X, N),
unlike its counterpart in Sect.2, is an instance of a Markov additive process [2],
and E[exp(iu(N, — Ny))X,|-%,] will only depend on X,. We first follow the forward
approach.

Proposition 5 It holds that
¢us = exp (((€" — Ddiag(h) + Q) (t — 5)) €V X,. (16)

Proof Starting point is Eq. (15). We use the dynamics of N and X to get the semi-
martingale decomposition

dexp(iuN)X; = (e" — 1)e"Vdiag(L)X, dr + "M QX, dr + dM,
= ((¢" — Ddiag(L) + Q)™ X, dr + dM,.

Let r > s. We obtain (differentials w.r.t. r)
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dgpys = ((€" — 1diag(r) + Q)b dr,
which has the desired solution.

Next we outline the backward approach. Observe first that ¢/, is a martingale in the
s-parameter and that due to the fact that (N, X) is Markov, we can write for some
function @, ¢ ; = @ (t — s, Ny)X;. We identify @ as follows, using the Itd formula
w.r.t. s. We obtain

dys = (=D (t — 5, Ny) ds + (@(t — 5, Ni_ + 1) — @(t — 5, N;_))dN,) X,
+ @ (t — 5, N,_) dX,
= (=D (t —5,Ny) + (@(t — 5, Ny + 1) — @ (t — 5, Ny))diag(1)) X, ds
+ @ (t — 5, Ny) OX, ds + dM;.

The above mentioned martingale property leads to the system of ODEs (n > 0)
@ (t,n) = ®(1, n + Ddiag(r) + @ (¢, n) (Q — diag(1)) . a7
We have the initial conditions @ (0, n) = exp(iun). To know @ (z, n) it seems nec-

essary to know @ (¢, n + 1), which suggest that the ODEs are difficult to solve con-
structively. Instead, we pose a solution, we will verify that

@(t,n) = exp (((¢" — Ddiag(h) + Q)t) .
Differentiation of the given expression for @ (¢, n) gives
@ (t,n) = D(t, n)((e" — 1)diag(h) + Q).
Note that @ (t, n + 1) = @ (¢, n)e'. Insertion of this into the ODE gives
@ (t,n) = ®(t, n)(e"diag()) + (Q — diag(1))),

which coincides with (17).

4 Filtering

Let N be a counting process with predictable intensity process A. In many cases it
is conceivable that A is an unobserved process and expressions in terms of A are not
always useful. Let )A\t = IE[A,L%N ]. Then the semimartingale decomposition of N
w.r.t. the filtration FV is given by

dN[ == i[ dt + dfh[,
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Wheire i is a (local) martingale w.r.t. FV. The general filter of the Markov chain
X, X, = ]E[X,L%N ] satisfies the following well known formula (see [7], originating
from [28]) with Q as in Sect.2.1.2

d}%{ = Q}A([ dt + i:(ﬁ[7 _thitf)(dN[ - X[ dt),

where ﬁ, = E[X,AA?IN ] and where we use the notation x™ = 1,.(/x for a real
number x. For any of the previously met models for the counting process N we have
apredictable intensity process of the form A, = A" X,_f (N,_), where f depends on the
specific model at hand. It follows that )A\, = XT)A(,, f(N;_). In all cases we consider it
happens that f (V;) remains zero after it has reached zero, and hence N stops jumping
as soon as f(N;) = 0. Since A "X, > 0, with the convention % = 0 the above filter
equation reduces to

1 ~ N N ~
— (dag(M)X,- — X,_ATX, )N, — A, dr).  (18)
ATX,_

dj\([ = Q}A([ dt +

For the specific models we have encountered we give in the next sections more results
on X.

4.1 Filtering for the MM Multiple Point Process

The notation of tpis sectiog is as in §ect.2.2.2 and subseguent sections. Let & =
E[¢|-ZN]. Then ¢ = v, ® X;, where X; = E[X;|.#]V]. For X; we have from (18),

dX, = 0X, dt +

. (diag(k)f(t_ — X X7 )\) N, — (n — N)ATX, dr).
ATX,

At the jump times 7 (k =1, ..., n) (these are the order statistics of the original
default times t’) of N we thus have

1 . A
X, = % diag(M) X, —.

Tk —
Between the jump times, X evolves according to the ODE

dXt Kol . 2 2 2, T
E = 0X;, — (n — N,)(diag(M) X, — Xz—X,_)M),

which is also valid after the last jump of N. It follows that for 7 > 7, we have
Xt = eXP(Q(l - Tn))Xr,,~



Explicit Computations for Some Markov Modulated ... 83

Below we need [v, )A(],‘g’ =D A ® A}A(S. Using the equations for v and )A(, we

find

s<t

d[v, X]® = - L (U - D) ® (@iag(h) — ATR,_1)E_dN,.

AF
For 2, we have, using the product formula for tensors,
dZ, = dv, ® X,_ + v ® dX, + d[v, X]®.

This yields after some tedious computations the following semimartingale decom-
position for ¢

A& = (I® 0+ (n— N)(J — ) ® diag(r))¢, dr

1 . 5 A
+ 3 (J ® diag(h) — A" X,_I ® I)¢,— diny,

—

. 1 . L
= Q¢ dt + % (J ® diag(\) — AT X,_1 ® I)¢,— dinny,
-

where diit, = dN, — (n — N,)ATX, df and Q as in Sect.2.2.2.

Here are two applications. One can now compute
PN, = k7)) = 1TE[gf | FM = 17,

for which we can use ;A',|s = exp(Q(r — s))fs. Formula (14) yields for the conditional
characteristic function of N, given its own past until time s < ¢ the explicit expression

) n n —k . L A
E[e"V 7M1 =>">" (;’ B k)(l — ") 71T exp(Qu-jy(t — )X}

k=0 j=k

In case n = 1 the above formulas simplify considerably. Here are a few examples,
where we use the notation of Sect.2.1.2. Suppose that only Y is observed. Let Z, =
o (Y, 0 <s <t). With Z; := Y;X, we want to compute Z\s = IE[Z,L%Y] for t > s.
Let )A(, = E[X,L%Y], then obviously, Z,|S = )A(mYS. Moreover, one has from (13)

Zys = exp(Q(t — )X, — exp(Q:.(t — $)X,(1 = ¥y).
As a consequence we have for f/,\s = ITZ|S

Yis = 1 — 1T exp(Qs(t — )X, (1 — Yy).
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4.2 Filtering for the MM Poisson Process

The filter equations now take the familiar form

dX, = 0X, dr +

. (diag(x)f(,_ el )\) N, — ATX, dr).

ATX,

For v, we have the infinite dimensional analogue of (6). This leads for 2, =V Q }A(,
asina Sect.4.1 to

~ ~ 1 ~ ~ ~
d¢ = Qe dt + TR (Joo ® diag(h) — A" X,_Ioc ® 1) (AN, — A X, dr).

—

Note that this system is infinite dimensional, but for each n we also have for ¢ =
E[¢"|.#]N] the truncated finite dimensional system

2 2 1 ~ 2 ~
d¢" = Q. dt + = (J ® diag(n) — ATX,_1 ® I)¢" (AN, — A" X, dt).
,_

For the conditional characteristic function E[exp(iulV;)X; L?fv ] we have
Elexp(iuN)X,|. 7] = exp (" — Ddiag(h) + Q)(t — 5)) "V X,,

whereas ¥, = ¢"V'X, satisfies the equation (diy, = dN, — AT X, dr)

dy, = (%diag(k) — Dy_diit, + (Q + (" — Ddiag(L)) ¥, dr.

5 Rapid Switching

In this section we present some auxiliary results that we shall use in obtaining limits
for the various default processes when the Markov chain evolves under a rapid
switching regime, i.e. the transition matrix Q will be replaced with «Q, where « > 0
tends to infinity. In the first two results and their proofs we use the notation C(M)
for the matrix of cofactors of a square matrix M. Throughout this section we write
Ao for AT,

Lemma 4 Let Q have a unique invariant vector w. Then

C(Q) = gnl’,
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where the constant q can be computed as det(Q), where Q is obtained from Q by
replacing its last row with 17.

Proof Note first that 7w can be obtained as the solution to Qn = ey, Where e, is the
last basis vector of R?. By Cramer’s rule 7r can be expressed using the cofactors of Q
In particular, 7; = C'dd / det(Q), where C is the cofactor matrix of Q But é‘dd = Cuu,
0 g = Caa/ det(Q).

Write C = C(Q) and recall that CQ = det(Q) and hence zero. It follows that
every row of C is a left eigenvector of Q. Since Q has rank d — 1 by its assumed
irreducibility, every row of C isamultipleof 17. Hence C = a1, forsomea € R?*!,
By similar reasoning, C = 8 for some 8 € R'*“. We conclude that C = gm17 for
some real constant g. Use now C,y = gm, and the above expression for , to arrive
atg = det(Q).

Proposition 6 Let Q have a unTique invariant vector w and let all \; be positive.
Then (eQ — diag(M)~' — —Z for o — oo.

Proof We have seen in Sect.2.1.2 that Q — diag(A) is invertible if all A; > 0 and
so the same is true for «Q — diag(}). Both det(«Q — diag(A)) and the cofactor
matrix of «Q — diag(A) are polynomials in o and we compute the leading term.
The determinant is computed by summing products of elements of «Q — diag(),
from each row and each column one. The «? term in this determinant has coeffi-
cient det(Q), which is zero. Consider the term with a?~'. It is seen to be equal to
— Zf:, 1iC(aQ — diag(1)); = —ad™! Zle A;C(Q — diag(M/@));;. For the cofac-
tor matrix itself a similar procedure applies. We get C(aQ — diag(X)) = a¢~'C(Q —
diag(})/«) and it results from Lemma 4 that for « — o0

C(xQ — diag(r)) [o(9)) B gm1’ . 71"

det(@Q —diag(1)  — 3 0nCQn | 4 h | e

Proposition 7 For « — oo it holds that
exp ((@Q — diag(1))t) — exp(—Ant)ml’.

Proof For any analytic function f:C — C, f(z) = > o, a;z¥, one defines
FM) =372 yaxM* for M € C¥*? (assuming that the power series converges on
the spectrum of M). It then holds (see also Higham [17, Definition 1.11], where this
is taken as a definition of f(M)) that

1
fM) = — j{ @ — M) 'f(2)dz,
271 Jr

where I is a closed contour such that all eigenvalues of M are inside it. Take M =
aQ — diag(2). It follows from Proposition 6, note that also A, lies inside ™ as it is

a convex combination of the A;, that (z — «Q + diag(1)) ™' — . +1)\ 717, Hence
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f(@Q — diag()) — 71" f(=hoo).

Apply this to f(z) = exp(tz).

5.1 Rapid Switching for the MM Multiple Point Process

Suppose we scale the Q matrix with @ > 0, and we let X* be Markov with transition
matrix «Q. Many (random) variables below will be indexed by « as well. Here is a
way to get accelerated dynamics for N{* (previously denoted N;).

Suppose that one takes the original Markov chain X and replaces the dynamics
of N with one in which X is accelerated,

t
Ny = / (n— Nf‘)ATXaS ds + m;. (19)
0

Indeed the process X“ defined by X;* = X, has intensity matrix aQ, and its invari-
ant measure is 7 again. Recall that, conditionally on .ZX, N has a Bin(n, 1 —
exp(— [y A" Xus ds)) distribution.

The ergodic property of X gives fot Xysds = é OM X;ds — mt a.s. and hence by
dominated convergence for the expectations we have that the limit distribution of N
for o — oo is Bin(n, 1 — exp(—Asot)). One immediately sees that the default times
t%* convergence in distribution to z* that are independent and have an exponential
distribution with parameter A,. Keeping this in mind, the other results in this section
are easily understandable.

We recall the content of Proposition 7. Replacing A with kX for k > 0 (zero included)
yields
exp ((@Q — kdiag(1))t) — exp(—kisot)1". (20)

To express the dependence of the matrix Q given by (8) on « in the present section,
we write Q% (so Q% = A ® diag(X) + I ® «Q) and F“(¢) instead of F'(¢) as given in
Lemma 3.

Lemma 5 The solution F® to the equation F = Q*F, has for « — 0o limit F*®
given by its blocks
FR@ =f2mnl’,

where the U°° (t) are the binomial probabilities on n — i ‘successes’ of a Bin(n —
J, exp(—Asot)) distribution,

o (1 . o
£ (r)-(n l.)exp(—(n—oxoon(l—exp(—xoor» :
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Proof We depart from Lemma 3 and the expression for Fi(¢) given there when we
replace Q with o Q. Taking limits for « — oo yields

00 n—j [ i— i—]
FR(n) = (n - i) kzz,-(_l) k(i B k) exp(—(n — K)hoot) w1’

. i—j 4. .
("IN T exp(—(n — i =7\ LT
—( _l.)< D' exp(—(n mw;( l )( exp(hoot))' 71

n

= (Z :j) exp(—(n = Ddoot) (I = exp(—hoot)) /71",

i
from which the assertion follows.

Remark 7 One can also use this proposition to show that N in the limit has the
Bin(n, 1 — exp(—XAxt)) distribution. Indeed, since v(") = 8jp, we get P(NY =i, X, =
e)) — F () =f,5°(t)m and hence P(NY = 1) — f;5°(2).

For conditional probabilities one has the following result.
Corollary 2 Let N be a process like in Eq. (4), with X replaced with L. For o — 00

one has in the limit {t"‘x = 0fori < Ny and for i > Nj

L = ("n__]fs) exp(— (1 — oo (1 = $)(1 = exp(—hoo (t — )" 7.

It follows that, conditional on F;, N, — Ny has a Bin(n — Ny, 1 — exp(—Aqo (£ — 5)))
distribution. In fact, one has weak convergence of the N® to N.

Proof We compute in the limit thils = ]E[v,"X,L?S] and obtain from Lemma 5

Ly = ZF,'?O(I — )¢

j=0
=D X —spin
Jj=0
= Z (n _ i) exp(—(n — Dhoo (t — 5)) (1 — exp(—Aroo (t — 5))) V7
Jj=0

(I’l - Ns) . i—N,
= S )exp(—(n — Dhoo (1 — $))(1 — exp(—Aoo (1 — ),
n—i

from which the first assertion follows.
Weak convergence can be proved in many ways. Let us first look at the case of
one obligor, n = 1. The integral in Eq. (19) is, with 7% = ! equal to
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1 a(T*Ar)
- / ATX, du.
o Jo

Replacing the upper limit of the integral by #, this almost surely converges to Aoof
for « — oo. In fact this convergence is a.s. uniform. Having already established the
convergence in distribution of the t*, and by switching to an auxiliary space on
which the 7% a.s. converge to T™°, we get

1 a(T¥AL)
—/ ATX,du = doo (TP A D).
@ Jo

This is sufficient, see [24] or [20, Sect. 8.3d] to conclude the weak convergence result
for the case n = 1.

For the general case, one first notices that the process N is a sum of MM one point
processes that are conditionally independent given .#* and become independent in
the limit. Combine this with the result for n = 1. Alternatively, one could apply
the results in [20, Sect.7.3d] again, although the computations will now be more
involved.

5.2 Rapid Switching for the MM Poisson Process

As before we replace Q with «Q and let @« — oo and denote N“ the corre-
sponding counting process. We apply Proposition 7 to the matrix exponential
exp (((e" — 1)diag(A) + «Q)(t — 5)), and we find that the limit for @ — 0o equals
exp((e”‘ — DAt — )17, Hence, by virtue of (16), we obtain E[exp(iulN;)
X | F] — exp((ei” — DAso(t — )7 for the limit of the conditional characteristic
function. This is just one of the many ways that eventually lead to the conclusion that
for o« — oo the process N® converge weakly to an ordinary Poisson process with
constant intensity A.o. In [24] one can find the stronger result that the variational
distance between the MM law of Nf, ¢ € [0, T'] and the limit law is of order a !,
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