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1. Introduction

The purpose of this paper is to develop compact representations of the Fisher information matrix
of a Gaussian stationary vector autoregressive and moving average process with exogenous or input
variables, a vector ARMAX or VARMAX process. These representations involve multiple and tensor
Sylvester matrices. Especially the representation of the Fisher information matrix expressed in terms of
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tensor Sylvester matrices leads to a better understanding of the underlying matrix structural properties
of the Fisher information matrix. The latter representation shall be used for further study. In the next
subsections the stationary process considered in this paper is introduced and the Fisher information
matrix in this context is presented.

1.1. The VARMAX process

Consider the vector difference equation representation of a linear system ({y(t),t € N}, N the set
of integers, of order (p, 1, q)),

P r q

Yooyt —p = yxt =)+ Biet—j. teN, (1)

Jj=0 j=0 Jj=0
where y(t), x(t) and &(t) are the outputs, the observed inputs, and the errors, respectively, and where
aj € R™", y € R and Bj € R™" are the associate parameter matrices. The scalar version of
process (1) is extensively studied in the system and control literature, where x(t) assumes the role of
a control variable, see e.g. [3,11,21]. In the statistical literature the process in (1) is extensively treated
in [12].

We additionally have «g = By = o = I, and starting the summation in the first sum of the right-
hand side in (1) with 1 rather than with zero turns out to be more convenient and there is no loss
in generality in the sense that x(t) can always be redefined as x(t + 1). The error {(t), t € N} is a
collection of uncorrelated zero mean n-dimensional random variables each having positive definite
covariance matrix X. We assume, for all s, t, [E{x(s)eT(t)} = 0, where [ is the expected value and T
denotes the transposition.

We use L to denote the backward shift operator, for example Lx(t) = x(t — 1).Eq.(1) can be written
as

aL)y(®) = yL)x(t) + BL)e(t), (2)
and
p ) r ) q )
a@) =) o7 y@ =) y7d, B =) B7. (3)
j=0 j=0 j=0

The autoregressive matrix polynomial is given by «(z), the AR part, y (z) is the exogenous matrix
polynomial, the X partand 8 (z) is the moving average matrix polynomial, the MA part. Considering that
matrix polynomials combined with vector processes are used, justifies the acronym VARMAX process.
The assumption det(«(z)) # 0, det(B(z)) # 0 and det(y(z)) # O for |z] <1 or the determinants
are different from zero in the closed unit disc will be imposed. Hence the zeros of the respective
determinants, the eigenvalues, are outside the unit disc, so the elements of ~! (z), 7' (z) and y ~1(2)
can be written as power series in z with radius of convergence greater than 1.

Some more assumptions on the observed inputs x(t) are given. The observed input variable x(t) is
assumed to be a stationary process with spectral density Ry () /2. If x(t) is an n-dimensional VARMA
process with 7 (t) a white noise process satisfying E{n(t)n ' (t)} = £,

a(L)x(t) = b(L)n(t), (4)
then the spectral density of process x(t) is
Re(e”) = a1 (e)b(e’)2b* ()a " (¢°) w € [—m,7]. (5)

We have [E{s(t)nT(s)} = O for all s and t, the last property is a direct consequence of the fact that x(t)
and &(t) are orthogonal processes.
The parameter vector ¥ is defined by

O =vec{or, a2, ... Ap Y1, V20 ¥ B1u Bov - - Bgl s (6)

where the ordering of the elements of the matrix polynomials «(z), 8(z) and y (z) into a vector ¥ is
done according to (3). The vec operator transforms a matrix into a vector by stacking the columns of
the matrix one underneath the other.
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Estimation of the matrices 1, @2, . . ., &tp, ¥1, Y2, . - o V1, B1. B2, - - ., Bg and X has received consider-
able attention in the time series and filtering theory literature [ 10,11]. In [12], the asymptotic properties
of maximum likelihood estimates of the coefficients of VARMAX processes, stored ina (¢ x 1) vector
¥, where £ = n?(p + q + r) have been studied.

1.2. The Fisher information matrix

The Fisher information matrix prominently features in the asymptotic analysis of estimators. It is
linked to the Cramér-Rao bound on the covariance of unbiased estimators, see e.g. [13] for general
results and [1] for time series processes. Under mild assumptions but assuming that the estimators are
asymptotically unbiased, the inverse of the asymptotic Fisher information matrix yields this bound, and
provided that the estimators are asymptotically efficient, it equals the asymptotic covariance matrix.
The inversion of the Fisher information matrix is thus of basic importance. In [22], an algorithm for
the computation of asymptotic Fisher information matrix of a VARMA process is developed. It is based
on a frequency domain representation of the Fisher information matrix, known as Whittle’s formula,
see [23]. In the pioneering paper [23], a scalar-level formula is developed for the asymptotic Fisher
information matrix of a VARMA process, a stationary process that does not involve the input process
x(t) as in (2). In [16,19], the equivalence between a time and frequency domain representation of the
asymptotic Fisher information matrix of VARMA-VARMAX processes has been established. The Fisher
information matrix of a scalar version of (2) is described in [15]. The Fisher information matrix has also
attracted much attention in the signal processing literature, see e.g. [7] and more recently in physics,
see e.g. [5,6].

When the representation of the parameter vector ¥ as defined above is considered, the following
expression may be taken as the definition of the n®(p + q +r) x n*(p + q + r) asymptotic Fisher
information matrix of a VARMAX process

de T _1( 0¢
F() =y 3 X e (7)

where [y is the expected value under the parameter . A proof of an equivalent to (7) for a VARMA
process is given in [18].

The remainder of the paper is organized as follows: Differentiation of the error of the VARMAX
process is described in Section 2.1. The method of differentiation applied in [17] is used. A convenient
form for the derivative de/d% is constructed in order to obtain appropriate representations of the
Fisher information matrix. For that purpose we proceed in three stages. First an integral representation
is constructed for the Fisher information matrix #(¢) in (7). This is done in Sections 2.2 and 2.3.
Second, the integral representation displayed in Section 2.3 is further developed and involves multiple
Sylvester matrices. This is done in Section 2.4. Third, the results of Section 2.4 are used to construct
a representation for the Fisher information matrix involving tensor Sylvester matrices. This is done
in Section 2.5. In Section 2.6 an expression for the inverse of the matrix polynomials in terms of
the corresponding parameters is given. In Section 2.7 a representation is derived from the Fisher
information matrix, as a direct consequence of the results in Section 2.5.

2. Compact representations of the Fisher information matrix

In this section a representation of the Fisher information matrix 7 (¢}) expressed in terms of tensor
Sylvester matrices is developed. For this purpose several steps set forth in Sections 2.1-2.5 are con-
sidered. We use a partitioned form of the Fisher information matrix, composed by the submatrices
associated with the parameters a1, aa, . . ., @p, Y1, Y2, - - -» ¥ B1, B2, - - ., B, which is given by

Faa (D) -7:0()/(19) ]:otﬁ(ﬂ)
F@) = |Fpa(@) Fppy(@) Fpp@)|.
Fpa(D)  Fpy (0)  Fpp(P)
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In a dynamic stationary stochastic context it has long been shown useful to use Fourier transform

representations, or alternatively, circular integral representations, also called z-transform, to obtain

1 Jaa(2)  Tay(2)  TJap(2) dz
F() = — Tya@)  Tyy(@ TJyp@ | —. (8)
Voo \Jpe@  Tpy (@) Tpp2)) *

The integration in (8) and elsewhere in the paper is counterclockwise around the unit circle. We then
derive a compact representation of the Fisher information matrix of the form

F() = — & 9
( >—2m.|yij(z)z. 9)

The integrand 7 (z) is Hermitian and shall eventually involve multiple and tensor Sylvester matrices.
In order to transform expression (7) of F (%) into representation (9), appropriate matrix differential
rules are first to be applied to the error process £(t). This is done in the following section where a
representation of de/d¢ is constructed. We apply the method used in [17].

2.1. Differentiation of the error process

In [19] differentiation is applied to the different parameter blocks of the Fisher information matrix
whereas in this paper a global approach is considered. From (2) it can be seen that

e(t) = B (DaL)y(t) — B~ Ly L)x(1D).
Differentiation will be applied to this form of £ (t). The following facts are used. If d represents any dif-
ferential operator involving partial derivatives w.r.t. 1%, then dy(t) = 0 and dx(t) = 0. These equalities
hold because the realizations of y(t) and x(t) are independent of the parameters. For typographical
brevity we omit the argument t, and write

de=p""Vdaa™ My x — B~ (dy Lx + 7 Vda W™ (DB L)e

— B AW (10)

The rule

vec (ABC) = (CT ®A) vecB where A € R™", B e R"™? and C € RP*,

is applied to (10), to obtain

azez{(orl(L)y(L)x)T ® ,3—1(L)} vec da(L)
H(ewpwe) & 7w vecdaw

- {xT ® ﬁ—l(L)} vecdy (L)

- {eT ® ﬂ—1(L)}vec dp(L),

where &® denotes the Kronecker product.
An appropriate expression for the differentiation of the noise process de/d¢ is then

g—; =@ wren) e s w) 73“";5(”
+e wpwe) ® 57 w) 2eeal)
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avec y (L)

v

(T -1 avec B(L)
(eTep W) — (11)

~xTe W)

2.2. Representation with reordered factors and an integral representation

In the present and following sections, we use an approach similar to the method applied in [17].
However, the construction presented in the present paper is mainly concerned with the input part of
process (2) that is not present in a VARMA context.

Substitution of (11) into (7) shall allow us to develop appropriate forms for the Fisher information
matrix. For that purpose a useful equality is introduced. Consider the discrete-time stationary process
w(t) where w(t) = H(L)u(t), u(t) is the input process and H(L) is an asymptotically stable filter. We
apply Herglotz’s theorem to express the covariance function of a stationary process w(t) in terms of
the spectral distribution function of w(t), see e.g. [2,3]. For evaluating the covariance matrix of the
output w(t), we have the equality

Es (wow (0] = quw(w)aw, we[-m 7] (12)

where ¢y, (w) is the spectral density of the proceses w(t). It is defined as

Pw(@) = H(E)pu(@)H* (). (13)
Expression (13) is a Hermitian matrix, and ¢, () is the spectral density of the stationary process u(t).
Here Y* denotes the complex conjugate transpose of the matrix Y. In order to use Herglotz’s theorem
given in equality (12), we rearrange the elements of the right-hand side of (7) so that a representation
of the form w(t)w ' (¢) is obtained. For that purpose the rule

(A1 ®B1) (A2 ®B2) -+ (Am ® B) = (A1A2 -+ Am) ® (B1B2 ... Bm) (14)

is applied, for matrices A1,As, ...,An and By, Bs, . . ., By, of appropriate dimensions, see e.g. [20]. We
shall consider the first term in (11), which we denote by (de/9%9)1, to illustate the method used. The
following representation is set forth

g\ _ (0 [ dveca(l) T . ~
(3&)1 (319>1 = (815‘) e ' Wywxe g7 W} =
x {(a”(L)V(L)X)T@ﬁ (L)} E"’L;‘(L)

.
- (ave;;m> e wywep O xemET!
xx@n " |« wrw)’ ®ﬂ]®}ﬂ§§9

_ 255392Tfa*%mya>®ﬁ*T@ﬂ<X®Z*”
o

<o (@ wrw) o n]
Our objective is to obtain a symmetric expression. We therefore apply a Cholesky factorization to X1,
since the covariance matrix X is positive definite. Consequently, there is a unique lower triangular
matrix I” with positive diagonal entries such that X~ = I"'I" T This yields the expression
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()= ()]

dveca (L) T 1 _T
=E (= ) e OrwesTOleen

(15)

x we N (@ wrw) e 1(L)}av'“‘”‘(“}

v

From (15) it can be seen that equality (12) can be used by setting
dveca(L) T
w(t) = (aﬂ) el wyw e W xe ).

The spectral density of (x ® I") is considered for obtaining an explicit expression of the covariance
matrix. Since Eyx = 0, this covariance matrix equals

Ey k@I x@ )" =y (xxT ® FFT) =R(e®) @ ¥\

It is straightforward to conclude that in view of (12) the values of the spectral density of (x ® I") are
(1/27) (Re(e'®) ® X 1), where Ry (e!®) is defined in (5). By virtue of (12), expression (15) becomes

T ioy\ |
1 <3V6C“(6)) o @)y @) @ 57T (ke @ 57

2w kA 90
e e ) o pten) MU,
1 b1

T orm

/ <8veca(e’w)> { “1(e®) ()R () ®ﬂ_T(ei“’)2_1}

@) op ] PNy,

1 7 (9 oy T ‘ | | | |
T (VecaOgE)> o @)y @) (@' ey e )|

-7

=T iy y—1p—1,,—iw aveca(e_iw)
®p (@) E e o dw.

Equivalently forz = ¢'® we have

i)
(e o
w), = \ow),
:
_ ! (aveac;‘(z)> e @y @R (« '@ hyE)

2mwi
lz]=1

dveca(z™1) dz

O A
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A similar approach is applied to the remaining terms of representation (11). We denote the integrand

of (16) by 7 (2). Taking into account the fact that [E{zz(t)nT (s)} = O for all s and t, we obtain for the
integral representation given in (8)

de -1 (98 1 0%
f(g)_[E”[<aﬁ) (81?)] 27 % ZJ (Z) (17)

lz2|=1/=1
where

T -1
J(Z)(Z)Z— (8\18;;5(2)> {(X—](Z)J/(Z)RX(Z) ®0o (Z)} (a\/ecaj/l;Z)) ,

-1
JG)(z)—(avec“(z)) lo @Bz (o 1(z1)ﬁ(zl))T®a(z)}<avew(z)),

o
-1
J“)(z)——(avew(z)> fo ‘%z)ﬁ(z)zeaa(z)}(av“ﬂ(z)),

30 30
T -1
dvecy (2) T dvecy(z™h)
©® [ 2Vecy (@) ovecy(z )
J (2)—< o >{Rx(2)®o(2)}( 20 )
T -1
770 =— (M;f(z)> [z ensen) eow) (W) .
dvec f(2)\ " dvec Bz ")
®) [ OVecP(2) ovecplz )
J (Z)—< 55 ){E®o(2)}< 05 )

where 0(z) = B~ T (2) X' B~ (z~"). The representation of the parameter vector ¥ as displayed in
(6) yields

% =z{u) @ ®1,2,0] ®1,2,0] @12, (18)

PEVE o] @b @ ©12.0] D). (19)

% {0, ®1,2,0] @ I2,u (2) ® 2}, (20)
where uXT(Z) =(,z2%..., 2,

2.3. Second integral representation

To analyze (17) further it requires an additional matrix property. If a matrix A is decomposed as

Ay Alz)
A= ,
<A21 Axn

then the Kronecker product A ® B takes the form

_ (An®B A;p®B
A®B_<A21®B A22®B>' (21)



1982

Combining (18), (19), (20) and (21) yields the following formulas for the elements of (17)

up@u] @)

j(l)(z)z Orxp

qup

Opxr  Opxgq

Orxr Orxq

qur Oqu
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@[« @rorRe (@) o @),

Opxp Up(Du

g? (2)=- (Orxp

qup

up@u] @)

j(g) (Z) = Orxp

Ogxp
®

Opxp  Opxr

7(4)(2)2_ 0r><p Orxr

Ogxp  Ogxr

Opxp
ur@u) @)

qup

j(S) (z)=—

®

Opxp Opxr

g® (2)= (Orxp

Oq><p qur

OPXP
0r><p
ug@u) )

OPXP
J(s) (2)= Orxp
qup

7 @)=~

Opxr
Orxr

OqXT

The submatrix Jy (z) in (8)is equal to the sum of the non-zero blocks of 7V (z) and 73 (2). Similarly,
the submatrices Jyy (2), Jup (2), Tya(2), Tyy (2), Tpa(2) and Jpg(2) are equal to the non-zero blocks
of 7@(z2), 7*(2), 7 (2), 7© (2), 77 (2) and 7® (z) respectively. Since the input process x(t)
and the noise process &(t) are orthogonal, we have 7, (1) = Fg, (¢#) = 0. Inserting representations
g (z) through 7 ®) (z) in (17) yields a compact expression for the Fisher information matrix which

is summarized in Proposition 2.1.

Proposition 2.1. The following integral expression for the Fisher information matrix of a VARMAX process

holds true

1
FO) = —
©) 271i|

z|=1

rXr
qur

ur@u @)

T, —
r (2 D Opxq
OTXq

Oqu

0p><r OPXQ

Orxr Orxq

qur Oqu

up@ul @)

0r><q
Oqu

OPX" Opxq

Orxr 0rxq

qur Oqu

OPX'J
Or><q
Oqu
OPXT OPXQ
Orxr 0r><q

Oq><r Oqu

OPXQ
Orxq

ug(@u, (z7)

)@h*&W@&@@o@ﬁ.

@@ T (@@ HBE ) ®o @),

® e @B@E ®0 )],

R@ (o« '@y ) ®o (2)} '

® {2 ®0 ()},

efz(@'ehpe™) 8o

R{X R0 (2)}.

dz 1 dz
§ r@eo@ T+ § @0

lz|=1

where the (p + 1 + q)n X (p + r + q)n matrices P(z) and Q(z) are

P(z2) = G(2) X6(2)*

}

’
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and
Q(2) = K@)R«(2)K(2)*,
where
(up(Z) ®a'(2) (—ﬁ(l))) (up(Z) ®a'(2) (—V(Z)))
G(z) = Ornxn and K(z) = u(2) ® I .
ug(z) ® I Ognxn

2.4. Representation based on multiple Sylvester matrices

The representations developed in the previous section are such that a multiple Sylvester matrix can
be used to rewrite (22). For that purpose we apply a convenient factorization to the matrix polynomials
G(z) and K(z), to obtain

I, ® ol 2 Opnxm Opnxqn Llp(Z) ® (—B(2)
G(2) = Ornxpn Ornxrn Ornxgn Ornxn (23)
Ognxpn Ognxrn Ig @ a”(z) ug(2) @ a(2)
and
L ® ol 2) Opnxrn Opnxgn Up(z) ® (—y @)
K(z) = Ornxpn [ ®@a™! (@) Omxqn ur(z) ® ae(2) (24)
an Xpn anxm anan anxn

We now introduce the n(p + q) x n(p + q) multiple Sylvester matrix involving the coefficients of the
matrix polynomials @ (z) and B(z). It is given by

—I, — B =By Onxn -+ Ouxn

spay = |0 O b B
Onxn

: : Oncn

Onxn Onxn In 031 ap

Consider the pn x (p + q)n and gn x (p + q)n upper and lower submatrices S,(—f) and Sg(ct) of
the multiple Sylvester matrix S(—p, o) such that

sctr= (el
It is straightforward to verify that the following equalities hold true,

Sp(—P) (up+q(2) ® In) = up(2) ® (—B(2)) (25)
and

Sq(a) (up+q @) = ug(z2) ® a(2). (26)

Similarly for the submatrices S,(—y) and S, (@) of the (p + r)n x (p + r)n multiple Sylvester matrix
S(—y,a), we have

Sp(=y) (up+r(z) ®IL) = up(2) ® (—y(2) (27)
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and
Sr(e) (Upsr(@) ® In) = ur(2) ® a(2). (28)

Insertion of (25) and (26) in (23) and (27) and (28) in (24) respectively yields a representation of the
Fisher information matrix in terms of multiple Sylvester matrices. These matrices are represented
by the submatrices associated with S(—p8,«) and S(—y, @), respectively. This is summarized in
Proposition 2.2.

Proposition 2.2. The Fisher information matrix of a VARMAX process expressed in terms of multiple
Sylvester matrices is given by

1 % dz 1 % dz
FO) = § @OI2@0c@) "+ § TOROMD &0 @), (29)
2mi z 2mi z
lz|=1 lz|=1
where
I, ® ol (@) Opaxrm Opnxqn Sp(—B)
Q(Z) = Omxpn Ornxrn Oqun Ornxn(p+q) (up-i-q(z) ® In)
anxpn anxrn I ® a”! (2 Sq(a)
and

I, ®05_1(Z) Opnxm Opnan Sp(_y)
I'(z) = Ornxpn [ ®@a™! (@) Omxgn Sr(e) (uP+r(z) ® In),
Ognxpn Ognxrmn Ognxqn Ognxn(p+n)
where Sp(—f) and Sy(a) are submatrices of the multiple Sylvester matrix S(— B, ) whereas S,(—y)
and S, («) are submatrices of the multiple Sylvester matrix S(—y, o).

We have derived a compact representation of F(¢}) at the vector-matrix level and expressed in
terms of multiple Sylvester matrices. It is known that the scalar version of S(— 8, o) has the resultant
property, the matrix S(—f, @) becomes singular if and only if the scalar polynomials «(z) and B(z)
have at least one common zero. However, the multiple resultant property does not hold for multiple
Sylvester matrices, see e.g. [8,17]. If the two matrix polynomials «(z) and B(z) have a common eigen-
value the det S(—§3, &) will not necessarily be equal to zero. In the next section we represent F(6) in
terms of tensor Sylvester matrices, for which the multiple resultant property does hold.

2.5. Representation based on tensor Sylvester matrices

In this section we shall further exploit the approach used in Section 2.4. We will develop a repre-
sentation of the Fisher information matrix in terms of tensor Sylvester matrices. We shall therefore
apply another factorization to the matrices in (22). We have

P(2) ®0 (2) = D) (¥ ®0 (2)) D(2)* (30)
and
Q(2) ®0 (2) = N(2) (Re(2) ® 0 (2)) N(2)", (31)
where
up(2) @ a'(2) (—B(2) ® I
D(z) = Opp2 2
U2 @ a1 @)ai) Iy
and
U@ Qa2 (—y@) ®
N(z) = ur(2) ® ol @a(2) ® I

an2 xn?
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For matrix polynomials «(z) = Z?:o @iz’ and B(z) = Zf:o ,3ij the n?(p + q) x n®(p + q) tensor
Sylvester matrix is defined as

S®(—B,a)
)L (=) Ry --- (_ﬂq) I Op2yp2 o Opzyp2
0,212 . . . . .
: .. . . . 0,2 s n2
— Onzxn2 te Onzxn2 (_In) R Iy (_/31) Iy -+ (_,Bq) R Iy
L &Iy In ® oq Iy ® ap 02z =+ Op2yp2
0,2y . . . . .
: 0 . . 0,2 2
0,2 w2 0p2snz I ®Iy Lo - L Qo

Gohberg and Lerer (1976), in [8], have proved that the matrix polynomials @ (z) and §(z) have at least
one common eigenvalue if and only if det S¥ (— 8, ) = 0 or when the matrix S® (-8, «) is singular.
In other words the tensor Sylvester matrix S® (—8, @) has the multiple resultant property contrary to
the multiple Sylvester matrix S(—p, ).

We need the pn® x (p + q)n? and gn* x (p + q)n* submatrices S?(—ﬂ) and 839 (o) of the tensor

Sylvester matrix S® (—8, «) such that

S (—fo) = (Sié(_oﬁ)) -
The following two properties are easily verified. We have

S (=B) (Up1q(2) ® ) = up(2) ® (—B(2)) @ I (32)
and

S2(@) (Up+q(2) ® Iz) = 1g(2) ® 0(2)  In. (33)

Similarly, for the submatrices SF‘,X’ (—y) and S}X’ (o) of the (p + r)n® x (p + r)n® tensor Sylvester
matrix S® (—y, &), it holds that

SP(=7) (Up4r(2) @ I2) = up(2) ® (—¥(2)) ® In (34)
and
S2(@) (Up4r(2) @ Ip) = ur(2) @ a(2) ® Iy (35)

Afactorization of the matrices in (30) and (31) will be applied in order to express the Fisher information
matrix in terms of the tensor Sylvester matrices S® (— 8, @) and S® (—y, ). For that purpose we first
factorize the matrix polynomials D(z) and N'(z) accordingly, to obtain

L, ® a”! @ ®Iy Opnz xcrn2 Opn2 xgn2 up(2) ® (—B(2) ® I
D(z) = 02 pn2 Orm2 x m2 02 x gn2 02 x 2 (36)
Ogn2 xpn2 Ognzxm2 13 ® a ') RI, Uug(z2) @ (2) ® I
and
I, ® a ') @I, Opn2 x 2 Opr2xgn2\ (Up(2) ® (—=y(2) ® Iy
N(2) = 02 s pn2 a2 QI 02 xgn2 ur(2) @ a(z) @ In (37)
an2 xpn? an2 xrn2 an2 x qn? an2 xn?

Expression (30), when equalities (32) and (33) are used in (36), becomes
P(2) ® 0 (2) = P(2)O(2)*(2), (38)
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where
—1
h®a™ (2 ®In 0pn2><rn2 Opn2><qn2 _51;@ (8)
P(2) = 0,2 x pn? 0,12 5 2 0,2 xqn? 0rn2 52 (p+9) (UP‘HI @) ® In2)
anz x pn2 anzxmz Ig® e el 839 (o)
and

@) =2Qo(2).
When equalities (34) and (35) are used in (37), we obtain

2(2) ® 0 (2) = A2V (2D A*(2), (39)
where
h® o () ® In Opnzxrn2 Opn2 xqn2 _ig®(7/)
AQD) = 02 pn? FRaT' @@ 02, 0p2 sE@ | (wp+r@ ®1,2)
an2 ><pn2 an2 xrn? an2 ><qn2 anz xn? (p+r)

and
V() =R(2) Q0 (2).
Combining (38) and (39) in (22) yields a representation for the Fisher information matrix F (%) in

terms of submatrices of the tensor Sylvester matrices S®(— 8, ) and S®(—y,«). This is given in
Proposition 2.3.

Proposition 2.3. The following representation of the Fisher information matrix of a VARMAX process
expressed in terms of tensor Sylvester matrices holds true

F0) = = § 00000+ § rpvoroZ. (40)
27 z 27i z

|z|=1 lz|=1

As mentioned before, the multiple Sylvester matrix has no resultant property whereas the tensor
Sylvester matrix does have this property. This implies that representation (40) is more appropriate than
(29) to prove a possible resultant property of the Fisher information matrix of a VARMAX process. This
will be a subject for further research.

The resultant property of the Fisher information matrix of a VARMA process is proved in [17].
In [19] an elementwise representation of the Fisher information matrix of a VARMAX process is
developed. The obtained expressions are easily implementable circular integrals which are convenient
for computational purposes. Therefore, a numerical computation of the Fisher information matrix of
a VARMAX process is a subject for further study. An efficient and fast algorithm described in [4] can
be used to compute the circular integrals.

A representation of the inverses («(2)) ", (8(2))~", (w(z"1))"! and (B(z~1))~', which appear
in (29) and (40), is expressed in terms of the coefficients. More details are given in the next section
according to a property proved in [9].

2.6. Inversion of matrix polynomials
Let &(z) = Za(z~") and B (z) = 298(z~1). Companion matrices which shall be associated with

the matrix polynomials &(z) and B (z) are defined by the np x np and nq x nq matrices accordingly,
to have

0 I 0 0
0 0 I 0

Co=1 : and
0 I
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0 I 0 0
0 0 I 0
=1 :
0 I
—Bg —Bg—1 - o =P

respectively. As in the scalar case, the properties

det(lz — Cy) = deta(z) and det(lz — Cg) = det B(z)
and

det(I — zCy) = deta(z) and det(I — zCg) = det B(2)

hold, see [9].
The following equalities hold for every z € C which is not an eigenvalue of the matrix polynomials

@(z) and B(2),
~ =1 -1 5o\ -1
(@) " = Py(Iz — Cy) 'Ry and (ﬂ(z)) = Pg(lz— Cp) 'Rg,
where
then x npmatrixPy, = (I 0 ... 0)andnp X nmatrixRy =(0 ... 0 I)T
and

then x ngmatrixPg = (I 0 ... 0)andngxnmatrixRg=(0 ... 0 I)'.
Since (¢(z~ "))~ = 2° (@(z)) "' and (B(z"))~! = 2% (B(z)) ! the relations

(@G@™) " = 2Pallz — Co) "Raand (BG™) " = 2%Ps(1z — C) 'Ry
and

(@@) ' =z PPy (I —2Cy) "Ry and (B(2)) "' =z 9T Pg(1 — 2C5) " 'Rg

hold true. However, the computation of the values that the inverses of the matrix polynomials take
at some points can be of interest; i.e. when we are not interested in the computation of the matrix
coefficients of the inverses.

2.7. A representation derived from the Fisher information matrix

The purpose of this section consists of displaying a setting which is similar to the representation
of the Fisher information matrix of a scalar ARMAX process set forth in [14]. For that purpose we start
from representation (40). The integrand of the first term is considered,

A@) =2 (2)O@2)P*(2).

We obtain
T
—sB() )
LDAR)L*(2) = 0rm2 x 12 (p+q) (up+q(z) ® I2) O(2) (up+q(z) ® Inz)* 02 xcn2 (p+q) , (41)
S (@) 52 (at)
where
L ®a@) ®In  Oppym Opn2 xgn2
L(2) = Opp2 x pn? Oz 2 Opp2 xqn?
Ogn2 x pn? Ognzscrz g ® a(2) ® I
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Integrating expression (41) yields

T
: Y () ~s2(B)
ﬁ f L(2)Az)C* (Z); = 0rnz><nz(p-i-q) R(D) Omzxnz(p—i-q) ) (42)
lz]=1 S2(a) S2(a)
where
1 *
R(9) = 5~ f (Up1q(2) ® 12) O2) (Upsq(@) ® I2)* =
The integrand of the second term of (40) is now considered,
B(2) == A@2) Y(2)A*(2).
A similar procedure as above is applied, to obtain
-
5’()/) é,@’(y)
W@BOW (@) = | SP(@) | (up1r@ ®I2) ¥(@) (ups:(2) @ 12)" | SP () , (43)
anz xn?(p+r) an2 xn?(p+r)
with
I, ® a(z) ® I, Opn2 2 Opn2 xgn2
W(z) 02  pn? [ ®a(@) ®In O ygn2
an2 xpn? an2 xrn? an2 xqn?
Integration of (43) is applied, to obtain
T
1 dz —fg@(l’) —%?(y)
%
— P wasaw oS =| @ |T0)| sP@ | . (44)
2mi z 0 0
lzl=1 qn? an(p+r) qn? xnz(p+r)
where
l k
T@) = 5= § (tpr@ ® he) V(D) (154,2) D 1)
|z|=1
A matrix, which is a combination of (42) and (44), is set forth
M@®)=— f L@ A@)C* (z) = + — f W(2)BEHW* (z)—
Z| 1 z| 1
T
—S2(B) —-82(B)
=| 02 xn2(p+q) | R(D) | Om2xm2(p+q)
SE(a) S2(a)
T
—-S2(y) —S2(¥)
+ 8@ |TO)| sP() . (45)
Ogn2 xn2 (p+1) Ogn2 2 (p-+r)

In [14], the Fisher information matrix of a ARMAX process has a similar representation to (45) with
appropriate submatrices. This expression is used to prove that the Fisher information matrix of a
ARMAX time series process is singular iff the three polynomials have at least one common zero.

3. Conclusion

Compact forms of the Fisher information matrix of a VARMAX process expressed in terms of multiple
and tensor Sylvester matrices have been established. Especially the representation expressed by tensor
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Sylvester matrices will allow us to study matrix structural properties of the Fisher information matrix
of VARMAX processes. This will be a subject of further study.
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