Linear Algebra a

nd its Applications 455 (2014) 32-72

Contents

F1.SEVIER www.elsevier.com/locate/laa

lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

A block Hankel generalize
matrix

André Klein®, Peter Spreij "

2 Department of Quantitative Economics,

d confluent Vandermonde @
CrossMark

Universiteit van Amsterdam,

Roetersstraat 11, 1018WB Amsterdam, Netherlands
b Korteweg-de Vries Institute for Mathematics, Universiteit van Amsterdam,
PO Bozx 94248, 1090GE Amsterdam, Netherlands

ARTICLE INFO

ABSTRACT

Article history:

Received 18 January 2014
Accepted 1 May 2014
Available online 20 May 2014
Submitted by L. Rodman

MSC:
15A09
15A23
15A24
15B99

Keywords:

Hankel matrix

Confluent Vandermonde matrix
Matrix polynomial

* Corresponding author.

Vandermonde matrices are well known. They have a number
of interesting properties and play a role in (Lagrange)
interpolation problems, partial fraction expansions, and
finding solutions to linear ordinary differential equations, to
mention just a few applications. Usually, one takes these
matrices square, ¢ X ¢ say, in which case the i-th column
is given by u(z;), where we write u(z) = (1,2,...,29"1)T. If
all the z; (¢ = 1,...,q) are different, the Vandermonde matrix
is non-singular, otherwise not. The latter case obviously takes
place when all z; are the same, z say, in which case one could
speak of a confluent Vandermonde matrix. Non-singularity is
obtained if one considers the matrix V(z) whose i-th column
(i=1,...,q) is given by the (i — 1)-th derivative v~V (2)T.
‘We will consider generalizations of the confluent Vandermonde
matrix V(z) by considering matrices obtained by using as
building blocks the matrices M(z) = wu(z)w(z), with u(z)
as above and w(z) = (1,2,...,2""1), together with its
derivatives M(¥)(z). Specifically, we will look at matrices
whose ij-th block is given by M (17 (z), where the indices i, j
by convention have initial value zero. These in general non-
square matrices exhibit a block-Hankel structure. We will
answer a number of elementary questions for this matrix.
What is the rank? What is the null-space? Can the latter be
parametrized in a simple way? Does it depend on z? What
are left or right inverses? It turns out that answers can be
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obtained by factorizing the matrix into a product of other
matrix polynomials having a simple structure. The answers
depend on the size of the matrix M(z) and the number of
derivatives M (®)(z) that is involved. The results are obtained
by mostly elementary methods, no specific knowledge of the
theory of matrix polynomials is needed.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction and notations
1.1. Motivation

Vandermonde matrices are well known. They have a number of interesting properties
and play a role in (Lagrange) interpolation problems, partial fraction expansions, and
finding solutions to linear ordinary differential equations, to mention just a few applica-
tions. Usually, one takes these matrices square, ¢ X ¢ say, in which case the i-th column
is given by u(z;), where we write u(z) = (1,2,...,2971)T. If all the z; (i = 1,...,q)
are different, the Vandermonde matrix is non-singular, otherwise not. The latter case
obviously takes place when all z; are the same, z say, in which case one could speak of a
confluent Vandermonde matrix. Non-singularity is obtained if one considers the matrix
V(z) whose i-th column (i = 1,...,q) is given by the (i — 1)-th derivative u(*~1(2)T, or
by w1 (2)T /(i —1)!. In the latter case, one has det(V(z)) = 1. A slightly more general
situation is obtained, when one considers in general the non-square ¢ x v matrix V(z),
with 4-th column w1 (2)T, i = 1,...,v — 1. In this case one has that V() has rank
equal to min{q, v} and for v > ¢, the kernel of V() is the (v — ¢)-dimensional subspace
of R” consisting of the vectors whose first ¢ elements are equal to zero. Note that the
building elements of the matrix V' are the column vectors u;(z) and a number of its
derivatives.

The observations above can be generalized in many directions. In the present paper
we opt for one of them, in which we will consider generalizations of the confluent Van-
dermonde matrix V(z) by considering matrices obtained by using as building blocks the
matrices M(z) = u(z)w(z) € RI*", with u(z) as above and w(z) = (1,z,...,2""1),
together with its derivatives M(¥) with 0 < k < v — 1. Note that M(z) = V(z) if r = 1.

A special case of what follows is obtained by considering the matrix

MO(2) = (M(z),...,M¥~D(2)) € R

In a recent paper [8], the kernel of the matrix M(z) (or rather, a matrix obtained
by a permutation of the columns of M%(z)) has been studied for the case ¢ = r and
v < q. More precisely, the two aims of the cited paper were to find a right inverse and
a parametrization of the kernel of the matrix M%(z). The two cases v = q or v < ¢
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have been analyzed in detail. For these two cases two algorithms have been proposed to
construct the kernel and the rank and the dimension of the kernel have been computed.
This was of relevance for the characterization of a matrix polynomial equation having
non-unique solutions. The origin of this problem was of a statistical nature and lied in
properties of the asymptotic Fisher information matrix for estimating the parameters of
an ARMAX process and a related Stein equation.

The results on the parametrization of the kernel obtained in [8] turned out to be un-
necessary complicated, partly due an apparently irrelevant distinction between different
cases, and not transparent. In the present paper we reconsider the problem by embed-
ding it into a much more general approach to obtaining properties of matrix polynomials
that can be viewed as generalizations of a confluent Vandermonde matrix (in a single
variable) as indicated above. The solution, which is shown to exhibit a very simple and
elegant structure, to the original problem of describing the kernel under consideration,
now follows as a byproduct of the current analysis. These are special cases of the unified
situations of Corollary 2.5 and Proposition 4.1 of the present paper. In this way we gen-
eralize in the present paper the results of [8]. Another approach to find a basis for the
kernel has been followed in [7], which is also subsumed by Proposition 4.1. The results
of [7] are closer in spirit to those of the present paper than the results in [8]. Both cited
papers contain some examples of right inverses of M?(z), that are special cases of what
will be obtained in the present paper. Moreover, we will generalize the results for M?(z)
to results for the matrix M(z) that is defined by

M(z) o MED(R)
ME) = z € RIT,
M(M_l)(z) oo M(M+V_2) (Z)

whose blocks we denote M(2)7,i=0,...,u—1,5=0,...,v—1,s0 M(2)¥ = M0+ (2).
We will also consider the related matrix A'(z) whose blocks are N(2)¥ = %

A special case occurs for the choices of the parameters r = 1, p = 1 and v = q.
Then we write M(z) = Uy(z) and N(z) = l_'qu(z)7 ordinary (normalized) ¢ X ¢ confluent
Vandermonde matrices. The results in the next sections (almost) reduce to trivialities
for ordinary confluent Vandermonde matrices, so the contribution of the present paper
originates with allowing the parameters u, v, ¢ and r to be arbitrary.

Classical Vandermonde matrices and confluent Vandermonde matrices have often been
studied in the literature, see [9,3] for definitions. More recent papers often focussed on
finding formulas for their inverses and on efficient numerical procedures to compute them,
a somewhat random choice of references are the papers [1,2,4-6,10-12]. Nevertheless it
seems that the generalization M(z) of the confluent Vandermonde matrix is, to the best
of our knowledge, unknown in the literature.
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1.2. Notations and conventions

Derivatives of a function z — f(z) (often matrix valued) are denoted by f*)(z) or by
(L)% f(z). The variable z is in principle C-valued. If A is an m x n matrix, for notational
convenience we adopt the convention to label its elements A;; with ¢ = 0,...,m — 1
and 7 = 0,...,n — 1. We will see shortly why this a convenient convention. Entries of
a matrix are also indicated both by superindices, according to what is typographically
most appropriate. When dealing with matrix polynomials A(z), in proving results we
usually suppress the dependence on z and simply write A.

If A is a block matrix, we sometimes use subindexes to indicate its constituting blocks,
but more often denote its blocks by superindices, so we write A” or A% in the latter
case. Also single superindices are used and we will come across notations like A*¥. These
should not be confused with powers of A. The meaning of A* will always be clear from
the context.

Throughout the paper g, 7, 4 and v are fixed positive integers, although often certain
relations among them are supposed (e.g. ¢+ 1 < v < ¢ + r). Given the integers ¢, r, u
and v and the variable z, we consider a number of matrix polynomials. The first are
w(z) = (1,...,27° )T and w(z) = (1,...,2""1). With the above labelling convention,
valid throughout the paper, we have for the elements of u(z) the expression u;(z) = z*
fori =0,...,¢ — 1. Next to these we consider the matrix polynomials

M(z) = u(z)w(z) € R,
M(z) = MO)(2) = (i)jwz)ew,
MO(2) = (MJ(2),..., Mp_(2)) € R,
NO(z) = S0 ( > ) € RO,

J ]'
N(z) = (M3 (2),- _1(2)) € R

We also consider the pug x vr matrix polynomial M(z) which is defined by its ij-blocks
M (2) = M) (), (1.1)
fori=0,...,u—1,7=0,...,v— 1. The size of M(z) is equal to pug x vr. If p =1, we

retrieve M?(z). Note that M(z) has a block Hankel structure, even for the case p # v.
Along with M(z) we consider the matrix A/ (z) that has a block structure with blocks

N (z) = lJ'M(z-H)( 2),
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fori=0,...,u—1and j =0,...,v — 1. Note that A(z) also has dimensions pq x vr
and that A(2) reduces to N°(z) for u = 1. Unlike M(2), N (z) doesn’t exhibit a block
Hankel structure. The following obvious relation holds.

M(2) = (D @ [N (2) (D, ® I), (1.2)

where D, is the diagonal matrix with entries D;; =4!, i =0,...,4 — 1 and D, likewise.
Let us now introduce the matrices Uy(z) (of size ¢ x ¢) and W,.(z) (of size r x r) by

Uy(z) = (u(z), o u(qfl)(z))
and
WT(Z)T = (w(z)T, . ,w(”_l)(z)T).

Along with the matrices Uy(z) and W,.(z), we introduce the matrices

Uqg(2) = (U(2), ..., Ug-1(2)), (1.3)
with
ﬂ](z) = %U(J)(Z)v j = Oa aq ]-a

and Wr(z) given by

W,(2)T = (@o(2),. .., @r_1(2)), (1.4)
with

~ 1 .

w;i(z) = ﬁwm(z)7 j=0,...,7

We have the obvious relations

Uqg(2) = Uy(2) Dy, We(z) = DTWT(Z)y

where D, and D, are diagonal matrices, similarly defined as D,. One easily verifies
that U'q(z) has elements ﬁ;j (2) = 217 (;) and by a simple computation that ﬁq(z)_l =
ﬁq(—z). Similar properties hold for Wr(z) Later on we will also come across the matrices
U,(z) and W, (z), which have the same structure as Uy(z) and W, (z) and only differ in
size (unless p = g and v = r).

Finally we introduce the often used square shift matrices S, € R¥** (k arbitrary),
defined by its ij-elements 0;41,; (Kronecker deltas). Other matrices will be introduced
along the way.
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The structure of the remainder of the paper is as follows. After having fixed some
notation and other conventions, in Section 2 we shall introduce an auxiliary matrix
polynomial A(z) that is instrumental in deriving properties of M(z) and N(z). Among
them are factorizations, which will be treated in Section 3. These lead to establishing
the rank of M(z), which is shown to be independent of z. A major issue in the present
paper is to find a simple and transparent parametrization of the kernels of the matrices
M(z) and N(z). This is done first in Section 4 for the special case of N°(z). The results
of that section will be used in Section 5 to characterize the kernel of N'(z). The results
of Section 6 form the cornerstone of finding right inverses of M(z), especially those that
are not dependent on z, which is a main topic of the final Section 7.

2. The matrix A(z)

This section is devoted to the matrix A(z), to be defined below, that is instrumental
in deriving properties of M(z) and N(z). In particular it is used for obtaining useful
factorizations in Section 3. The matrix A(z), also of block Hankel type and of size pug X vr
is defined by its blocks A;;(z) := A" (z) (here i + j is used as a super index) of size
gxr, fori=0,...,p4—1,5=0,...,v— 1. The matrices A*(z) for k > 0 are the ¢ x r
quasi-symmetric matrix polynomials (this matrix polynomial is only square for ¢ = r)
given by their elements (i,7 =0,...,9 — 1)

1 d \
k(o) .— k
A=) = ilg! (dz) :

_ (RN () i = mrasey T i<k
it i 0 else.

Note that k in A*(z) is used as a super index and in z* as a power. The block Hankel

matrix A(2) of size g x vr is then defined by its blocks A% (2) which are equal to A+ (z),
fori=0,...,u—1land j =0,...,v—1. One easily verifies that (with A’i_llj = Af;ll =0)
for £ > 1 it holds that

Afj (2) = ZA;TI(Z) + Ai‘c:ll,j(z) + Af;—l1(z)
In matrix notation this relation becomes
AF(2) = 2AF 1 (2) + AR 1 (2)S, + 5] AFTH(2). (2.2)

Let Jy(z) = zI, + S, . Then we can rewrite (2.2) as

AR(2) = J(2) AR (2) + AF1(2)S,, (2.3)
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AF(z) = 8] AM () + AP (2) I (2) T (2.4)

By induction one easily proves that the recursion (2.3) leads to the explicit expressions,
involving powers of S;'— and S,

k
Z < > AOSk i
=0
and
k
ARz Z( ) L(z)Sk—2, (2.5)
=0
Likewise one shows that (2.4) leads to
L ' s
A=Y (Z) (ST A (7)), (2.6)
i=0
On the other hand, the recursion (2.2) has solution
k
= )R < ) ) A05I (2.7)
()8

It also follows that

k
k i ;
k — T\ A0 gk—1
A (0)_§<i)(5q) AV ght,
Look back at the A¥(z) as defined in (2.1). One computes for k > 0

AF(0) = { ") ifitji=k (2.8)

0 else.

Henceforth we shall write A* instead of A¥(0). Note that A*, which is in general not
square, has only nonzero elements on one ‘anti-diagonal’, the one with ij-elements having
sum i + j = k. We have the following result.

Proposition 2.1. The matrices A¥ = A*(0) satisfy the recursion for k >0

Ak+1 AkS + STAk
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and hence

Ak = i (k) (S7)? A%k,

i=o

Moreover, we also have the polynomial expansion

AF(2) = f: ("“) 2RI AT

=0 M

Proof. The recursion follows by taking z = 0 in (2.2). The expansion follows from Propo-
sition 2.1 and Eq. (2.7). O

Two more matrices will be introduced next. First, let A be the pg x vr block-matrix
whose ij-th block (of size ¢ x r) is given by AY = (SqT)jAOSi fori=0,...,u—1 and
j=0,...,v—1.

Second, we introduce the matrix £, 4(2) of size pg x pg with blocks £, 4(2)i; =
(;) Jy(2)"7 for i > j and zero else, 4,5 = 0,...,u — 1. Since L, 4(2) is block lower
diagonal with identity matrix as diagonal blocks, it follows that £,, (2) is invertible and
that its inverse has ij-block equal to (;) Jy(2)"77(—1)79. Likewise one defines the matrix

L, -(z) of size vr x vr.
Theorem 2.2. The factorization
A(2) = L 4(2) AL, (2)T (2.9)

holds true. For z = 0 and with A = A(0) and L, 4 = L,,4(0) and L, , = L, (0), this
becomes

A= L, AL ,. (2.10)

Moreover, det(A(z)) = det(A), when both matrices are square.

Proof. We compute the ij-block on the right hand side of (2.9). Using the definitions of
L,.4(2), £,(2) and A, we obtain (see the explanation below)

(Lug()ALL(2)T), = Loug(2)in ALy ()]

J

Il
(]~
N
T S
N~
=~
N
T.
S
—
=
SN—
N
[en}
#
RS
—
~_—
—
~
Ny
4{
SN—
o
|



40 A. Klein, P. Spreij / Linear Algebra and its Applications 455 (2014) 32-72

_ ;;) (;) Jo(2)E A0 (2) 8
— ATI(2),

In the third equality above we used that J,.(z) " and S, commute, in the fourth equal-
ity we used (2.6) with an appropriate change of the indices, whereas the last equal-
ity similarly follows from (2.5). The relation between the determinants follows from
det(L,q(2)=1. O

Let e; be the i-th standard column basis vector of R?, 1 =0,...,¢—1 and let f; be the
i-th standard column basis vector of R", 4 = 0,...,r — 1. For convenience of notation,
we put e; = 0 for i > g and f; = 0 for j > r. With this convention, we always have for
example (S, )ieg = e;.

Theorem 2.3. It holds that the block A" = ejfi—'—, the rank of A is equal to min{p,r} x
min{v, ¢}. If A is a fat matriz, i.e. pq < vr, then A has full (row) rank iff p < r and
v > q. If A is a tall matriz, so puq > vr, then it has full (column) rank iff p < r and
v < q. In the special case that A is square, so uq = vr, we get that A has full rank, and
it is then invertible, iff p = r and v = q, in which case A is a matriz of size qr X qr.
In this case we have for the inverse (A)~' = (A)T and det(A) = (—1)a9(@-D(r=1),
Specializing even more to q = r, we get det(A) = (—1)z2(a=1),

Proof. Since A = egf) and AV = (S, )7 A S, it follows that A = fiel.

The rank of A is equal to the rank of A(A)T, which is easy to compute. We get
for its 4j-th block Zlyz_ol ef, fiel = iyl ee] = f," filju—1, where I, =
Zluz_ol ere; . It follows that rank(l,,—1) = min{q, v}. Furthermore we have f;' f; = 0 for
i #jand f'fi = 1iff i < r— 1. We conclude that A(A)" is block diagonal, where
the diagonal ii-blocks are equal to I, for i <7 — 1 and zero otherwise. The number
of nonzero diagonal blocks is equal to min{u,r}, hence the rank of A(A)" is equal to
min{y, 7} X min{v, ¢}.

Assume that A is fat and that g < r and v > ¢. Then the rank of A equals ug,
the number of rows of A. For the converse statement we assume that g > 7 (the case
v < ¢ can be treated similarly). In this case the rank becomes r X min{v, ¢}, which is
strictly less than pg, the number of rows of A, which then has rank deficiency. The dual
statements for a tall A follow by symmetry.

Assume next that the matrix A is square. It has full rank iff the two sets of conditions
for the tall and fat case hold simultaneously, which yields the assertion on invertibility.
Assume then that u = r and v = ¢. By the computations in the first part of the proof
we see that the diagonal blocks of A(A)T are all equal to I,. Since there are now 7 of
these blocks, we obtain that A(A) T is the gr x ¢r identity matrix.

To compute the determinant for this case, we observe that the columns of A consist
of all the basis vectors of R?", but in a permuted order. Therefore, the determinant is
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equal to plus or minus one. To establish the value of the sign, we compute the number
of inversions of the permutation. This turns out to be equal to iqr(q — 1)(r — 1), which
results in a determinant equal to +1 iff this number is even, and —1 in the other case. If
r = ¢, then (—1)512@71)2 = (—=1)290=1_ A way of computing the number of inversions
is to write the order of the numbering of the column basis vectors in rectangular array.
Decomposing every number x € {0,1,...,q9r — 1} in a unique way as © = ng + m with
me€{0,...,¢g—1}and n € {0,...,r—1}, we can identify every such x with a pair (m,n).
An inversion i(x,y) occurs when x < gy, but in the permuted order z is preceded by y.
For every x the number of inversions i(x,y) is the number of elements in the rectangle
strictly to the South-West of x in the rectangular array. So, if x corresponds to (m,n)
then the number of inversions i(x,y) is equal to (¢ — 1 — m)n. Summing these numbers
form=0,...,g—1land n=0,...,7 — 1 yields the total number of inversions. O

Remark 2.4. In the case were A is square and invertible, it is the permutation matrix
having the property vec(X ") = Avec(X), for any X € RI*",

Corollary 2.5. The rank of the matriz A(z) is for all z € C equal to min{u, r} x min{v, ¢}.
If ug = vr, then A(z) is square and invertible and det(A(z)) = (—1)&7r(@=D(r=1)

Proof. The assertion on the rank follows from Theorems 2.2 and 2.3 upon noting that

the matrices £, 4(2) and L, ,.(z) are invertible. Since det(L, 4(2)) = 1, also the assertion
about the determinant follows. O

3. Factorizations of the matrices M (z) and N (z)

In the present section we obtain a factorization of the matrix polynomial M(z),
from which a factorization of the matrix A (z) follows as a simple corollary. In the next
proposition we use the Kronecker symbol ® to denote tensor products.

Proposition 3.1. The factorization
M(2) = (I, @ Ug(2)) A(L, @ W,(2)) (3.1)
holds true. Moreover, M(z) and A have the same rank equal to min{yu,r} x min{v,r}.

Proof. Computation of the product (I; ® Uy(2))A(l; ® W, (2)) by using the definition
of A as block matrix, yields a matrix that consists of blocks

Q
|
_
<
|
—_

Uy(2)AMW,(2) = AR (2w (2).

L)

I
=)
I
=)

i=0 j

Using Eq. (2.8), we get that this expression reduces to
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q—1 r—1 i _ _ (g—1)Ak k _ _
Z (i)u(z)(z)w(ﬂ(z)(gj’k_i = Z <i>u(l)(z)w(k—z)(2)
i=0 j=0 =0V (k—r+1)

- i (5)uoeut-),

since u((z) = 0 for i > q and w*~9(z) = 0 for i < k — r. Recall that the blocks
M(z) consist of the derivatives %
yields (3.1). The statement concerning the rank immediately follows from Theorem 2.3,

since Uy(z) and W,.(z) are invertible. O

(u(z)w(2)). The product rule for differentiation then

Remark 3.2. The factorization in Proposition 3.1 exhibits a nice form of symmetry.
Therefore it would be nice if also the matrix A could be factorized in some symmetric
way. There doesn’t seem to be an easy way to do this. Consider a truly symmetric case,
for instance p = v = ¢ = r = 2. In this case A is non-singular and we have

1 0 01
0 010
AiOlOO
1 0 0 2

A first reasonable factorization in this symmetric case would be of the form A = AAT,
which would imply that A is positive definite. One easily sees that this is not the case.
As a next attempt, one could try to use the singular value decomposition of A, but the
eigenvalues of A are not particularly nice, so this look as a dead end too.

Remark 3.3. Instead of the matrices U,(z) and W,(z), one can also use the matrices
ﬁq(z) (see (1.3)) and Wr(z) (see (1.4)) to get a factorization of M(z). One then has to
replace the matrix A with .Z, whose blocks .,Zij are equal to g“‘j, where the matrices
AF are specified by their elements

710 else.

T _{k! ifi+j=k

One then gets

M(2) = (I, ® Uy(2)) A(L, @ W,(2)), (3.2)
which can be proved in the same way as (3.1), or by using this identity and the relation

A¥ = D, A*D,. (3.3)
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Next we derive a factorization of the matrix A/(z). Let the matrix A be defined by its
i x v blocks A¥, for i =0,...,u— 1,5 =0,...,v — 1, where the matrices Al ¢ RaXT
have elements

i () ifk+l=i+j
kit 0 else,

fork=0,...,q—1,1=0,...,r— 1.
Proposition 3.4. The factorization
N(z) = (L, ® Uy(2)) A(L, ® W,(2)) (3.4)
holds true. The matrices A and A are related through
(D, ® I)A(D, ® I,) = (I, ® Dy)A(I, ® D). (3.5)

Further relations between A, A and A are

Proof. The proof of the factorization (3.4) is similar to the proof of (3.1). Relation (3.5)
follows by an elementary computation. Likewise one proves (3.6) and (3.7). O

Proposition 3.5. Additionally we have the following factorizations of M(z) and N(z).

A(2) = (Up(2) @ 1) A0) (Wo (2) ® 1) (3.8)
M(z) = (1 ® Uy( )M(O) (I, ® W, (z)) (3.9)
M(z2) = (U, J(2)AR) (W, (—2) @ Wi (2)) (3.10)
N(2) = (Uu( Uy(2)) A(2) (W, ( )@ Wi(2)) (3.11)
N(z) = (IM )N (0)(L, ® W, (2)) (3.12)
Proof. First we show an auxiliary result. Let P, ,(2) = L£,,,4(2)L,,4(0)7!. Then
Pralz) = Ou() @ 1, (3.13)

Indeed, by direct computation starting from the definition of £, q( z), one finds that the
ij-block P 4(2)" equals () =i, for 0 < j <4 < p— 1. Since U w(2)ij = (;.)zi_j, the
result follows.

We now proceed to prove the indentities. Use (2.9), both for arbitrary z and z = 0,
and Eq. (3.13) to get (3.8). To obtain (3.9), in the same vain we use (3.1) twice. Then
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(3.10) follows upon combining (3.8) and (3.1). Finally, (3.11) follows from (3.10) and
(1.2) and (3.12) follows from (3.9) and (1.2). O

In the situation where M(z) and N (z) are square, we are able to compute their
determinants.

Corollary 3.6. Let uq = vr. Then all relevant matrices are square and we have the
following expressions for the determinants of M(z) and N (z).

det(M(z)) = (qu >#<H]> det(A

=0

det(N(2)) = det(A),

(i () e

with det(A) given in Corollary 2.5. Hence the matrices M(z) and N'(z) are unimodular.

Proof. The matrix I, ® ﬁq(z) has determinant one, which gives the first equation in view
of (3.4). Use (3.2), (3.3) and its consequence

det(A) = (det(Dy))" (det(D,.))" det(A)
to get the formula for det(M(z)). Then the last equation follows from (3.5). O

In the next sections we investigate and characterize the kernel of the matrix A/(z) for
different values of the parameters. It turns out that characterizing the kernel of N (z)
yields more elegant results than characterizing the kernel of M(z). On the other hand, a
factorization of M(z) leads to more elegant expressions than factorizations of N (z). Of
course, in view of (1.2), results for one of the two can easily be transformed into results
for the other. We will focus on the kernel of N'(z) only, simple because the obtained
results have a more elegant appearance. As it turns out, it is instrumental to consider
the kernel of N°(z) (which is A(z) for u = 1) first, since the results obtained for this
case, serve as building blocks for the kernel of N(z).

4. Characterization of the kernel of N0(z)

We will investigate the kernel of N°(z) for different values of v, ¢ and r. This is
in different notation the problem alluded to in the introduction and earlier investigated
n [8] for a special case. Notice that N(z) is ¢ x rv-dimensional. Furthermore for v < ¢ all
derivatives u*)(z) (k < v — 1) are nonzero and moreover linearly independent vectors,
whereas u(®)(z) = 0 for k > ¢. It follows that the set span{u(z),...,u”"'(2)} has



A. Klein, P. Spreij / Linear Algebra and its Applications 455 (2014) 32-72 45

dimension equal to min{v, ¢}. It is then an easy exercise to directly see that the rank
of N°(z) is also equal to min{v, ¢}. Of course, this also follows from Proposition 3.4.
In order to characterize the kernel of N¥(z), we have to discern three different cases.
These are v < ¢, g+ 1 < v < g+ r and v > g+ r, each case being treated in a
separate section. In all cases, our aim is to find simple, transparent parametrizations of
the kernels.

4.1. The case v < q

Let F(z) be the r x (r — 1) matrix given by

—z 0 0
1 —z 0 0
0 1
F(z) = .
(2) 0
o,
0 0 1

Observe the trivial but crucial property, that the columns of F'(z) span the (r—1)-dimen-
sional null space of w(z).

Next we consider the matrix K (z) that has the following block structure. It consists of
matrices K;;(z) (1 =0,...,v—1,7=0,...,v—1) where each K;;(z) has size r x (r —1)
and is given by

K;i(z) = F(2),
Kiiv1(2) = —F'(2),

whereas all the other blocks are equal to zero. For r = 1 the matrix K(z) is empty and
by convention we say that the columns of K(z) in this case span the vector space {0}.
Note that K (z) has dimensions vr x v(r — 1).

The matrix K(z) looks as follows, where we suppress the dependence on z and omit
zero blocks.

F F
F F
K=I,F+S5,QF = , (4.1)
o
F

where I, is the v-dimensional unit matrix and .S, the v-dimensional shift matrix, with
elements S;; = 0;41,5.
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Proposition 4.1. Let v < q. The vr x v(r — 1) matriz K(z) has rank v(r — 1) and is such
that N°(2)K(z) = 0. In other words, the columns of K(z) form a basis for the kernel
of NO(z).

Proof. Pick the j-th block column of K (z), K’(2) say (j € {0,...,v —1}). We compute
NO(2)KI(z). For j = 0, this reduces to M(z)F(z), which is zero, since w(z)F(z) = 0.
Then, for j > 1 we have K;_1;(z) = F'(z). Hence, for j > 1 we get (using that
FF(2) =0 for k > 1),

NO()EI(2) = 3 N2y (2)
1=0

1
G =Dt
(MY (2)F(2) + MU=V (2)F'(2))

1 .
= ﬁM(J)(z)F(z) -
1
il
1
St
=0.

MU=D(2)F'(2)

(M(2)F ()

Hence N°(2)K(z) = 0, so all columns of K(z) belong to ker N°(z). Since we know that
the rank of AN°(2) is equal to v, we get that dimker N°(z) = rv — v = (r — 1)v, which
equals the number of columns of K (z). Since K (z) is upper triangular with the full rank
matrices F'(z) on the block-diagonal, it has full rank. Therefore, the columns of K(z)
exactly span the null space of N0(z). O

Remark 4.2. A nice feature of the matrix K (z) in Proposition 4.1 is that it is a matrix
polynomial of degree 1, only whereas the matrix polynomial A°(z) has degree ¢+ — 2.

4.2. The caseq+1<v<qg+r

Next we consider what happens if ¢ + 1 < v < ¢+ r — 1. Note that this case is void
if » = 1. Henceforth we assume that r > 2. Let the matrix G(z) € R™*" have elements
Gij(z) = 27771 for j > i and zero else. With S = S,. the r-dimensional shift matrix, we
have the compact expression G(2) = S > 7o (25)*, since S* = 0 for k > r. We now give
some auxiliary results.

Lemma 4.3. Let G(z) be as above and let S be the shifted rxr identity matriz, S;j = ;41,5
It holds that

G(z) =8I - 28)~* (4.2)
%G(j)(z) _ (] — 2§) i (4.3)
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%GU)(Z) — G2 (4.4)
ﬁG(jH)(z) - %G(j)(z)G(z), (4.5)

and the matrices GY)(z) and G (z) commute for alli,j > 0. One also has the following
two equivalent properties

ﬁwm(z) =w(2)G(z), (4.6)
1 J Lo 2)G(z
Moreover,
(w(2)G(2)* = (k+ 1) w(2)G(2)". (4.8)

Proof. To prove (4.2), we recall that S/ = 0 for j > r. Hence
G(z) =8 (28)F = ST —28)"".
k=0

Then (4.3) simply follows by differentiation, which immediately yields (4.4), from which
(4.5) also follows.

We next prove (4.6) for j = 1. This is then equivalent to w'(z)(I — zS) = w(z)S,
which can be verified by elementary calculations. We proceed by induction and assume
that (4.6) holds. Then we have

Gy = Loy

G+ildz "

1
w
G+ 1)

A REIGE )G

:<
=w(2)G(z)7 .

This proves (4.6), which is easily seen to be equivalent to (4.7). Eq. (4.8) follows by
induction, using (4.6). O

Remark 4.4. In fact, above statements about G(z) also follow from the parallel ones
concerning w(z) and the relation
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Indeed, since the matrices G(z) and S commute, one has for instance

%w(j)(z)g = w(2)SG(z),

which together with similar relations leads to (4.4).

Lemma 4.5. One has for j > 1

%(M(J’)(z) - u(j)(z)w(z)) = G _1 1)!M(j_1)(z)G(z).

For j > q, this reduces to

Ly 1

7 (z) = = 1)!M(j_1)(z)G(z).

More generally, one has for m,p >0

Mla=1tptm) () Ma=1+m) (z) . M= (z)
G—1+p+tm)!  (@—1+m! 7 = (-1

Proof. Recall that M(z) = u(z)w(z). Below we use (4.7) to compute

G(z)Ptm™.

(4.9)

(4.10)

(4.11)
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Eq. (4.10) follows from (4.9), because u\9) = 0 for j > ¢. Finally, (4.11) follows by
iteration of (4.10). O

We consider the matrix polynomial K (z) which for the present case has the following
structure. For 4,57 = 0,...,¢ — 1 it has blocks R'w(z) of size r x (r — 1) such that
K;j(z) = F(2) and K;_1 j(z) = F'(2), F(2) as before. For i,j = q,...,v — 1 the
blocks are K;;(z) = I, and K;_; j(z) = —G(2), all of size r x r. Finally, we have that
K, 1,4(2) = —G(2). All other blocks are equal to zero. Notice that K(z) is of size
vr x (vr — q). One easily verifies that K(z) has full column rank.

The matrix K (z) looks as follows, where again we suppress the dependence on z and

omit zero blocks.

F F
F F
K = | oo ) _G ---------------------------- . (4.12)
DL —G
I, -G
-G
I,
A compact expression for K is
_ I, F+S,®F' —lf)  ®G
_ ( ‘ 0 ot ) , (4.13)
0 Iy—q®lr_sy—q®G

where f,,_ is the first standard basis vector of R¥~? and ¢, the last standard basis vector
of RY.

Proposition 4.6. Let ¢ +1 < v < g+ 7 — 1. The vr x (vr — q) matriz K(z) is such
that N°(2)K (z) = 0. In other words, the columns of K(z) form a basis for the kernel
of N(2).

Proof. Next we proceed as in the proof of Proposition 4.1. We pick the j-block col-
umn K7(2). If 0 < j < ¢—1, then K;;(z) = F(z) and K;_1 j(2) = F'(z), whereas all
other K;;(z) are zero. The computation of N°(2)K7(z) is then exactly as in the previous
proof. Next we consider the case where ¢ < j < v — 1, which is quite different. Again
we pick the j-th block column of K(z). Recall the definition of the /;;(2) for this case.
We get,
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v—1
NO(2)K () = Y NP (2)Kij(2)
i=0

1
G-

1
— ﬁM(J)(Z) _
207

MUV (2)G(z)

in view of Eq. (4.10). This shows that K (z) belongs to the kernel of N°(z). Since N(z)
has rank ¢, the dimension of the kernel is equal to vr — ¢, which is equal to the rank of
K (2). Hence the columns of K (z) span this kernel. 0O

Post-multiplying the matrix K (z) by

I,_.1 O
I,_1 0
0
Ir—l
I, G - - Gv—a-1 '
I. G --. Gv—12
G
I,
we obtain
F F'
Fr F
w3
_________________________ Fi-G -G . o =GV
I
: I,
I,

an alternative matrix whose columns span ker N°(z).
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4.3. The casev > q+r

For this case, the kernel of N°(2) is closely related to what we have obtained in the
previous case.

Proposition 4.7. Let v > q + r. Consider the matrix I_(*(z) of (4.12) in the special case
that v = q+r—1, then K.(z) has (¢+7)(r —1) columns. We have that ker N°(z), which
is now vr — q-dimensional, is the product of the space spanned by the columns of K., (z)
and R v+1-a=7)

Proof. Since the highest power of z that appears in N°(z) is ¢ + r — 2, we have
that the matrices M (j)(z) are identically zero if v > ¢g 4+ r — 1, whereas the ma-
trix (grM(2), ..., MM(Q‘”_”(Z)) is the same as the matrix A0(z) for the case
v =g+ r — 1. The assertion follows by application of Proposition 4.6. O

5. Characterization of the kernel of N'(2)

We have seen that we had to distinguish three different cases to describe the kernel
of NY(2). The same distinction has to be made in the present section.

5.1. The case v < q

First we introduce some more notation. For the matrix K(z) of (4.1) we now write
Ky(z) and for k =1,...,r — 2, we define K (2) in the same way as K(z), but now with
F replaced with Fy(z), an (r — k) x (r — 1 — k) matrix having the same structure as the
original F'(z) of Section 4.1, so Fy(2);; = —z,if ¢ = j and Fy(z);; =1,if i =7+ 1. In
particular Fy(z) = F(z). Formally, for 1 < j <r — 2, we have

j
Fip(z) = (L—k Og—pyxi ) F'(2) (Ok (kk _11)> :
x (k—j—

whereas Fj(z) is the empty matrix for k£ > r — 1. By K#~1(2) for u < r, we denote the
product Ko(2)Ki(z) -+ K,—1(2) of size vr x v(r — ), whereas we take K*~1(z) the zero
matrix for pu > 7.

For j=0,...,7—1 we put

w;(2) = w(2) <0 frs ) =(1,2,...,277179)

ix(r=3)

and M;(z) = u(z)w;(z). With this convention, we have wy = w, My = M.
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Lemma 5.1. Let wy(z) = (1,2,...,2"72) and M;(2) = u(z)wy(z). For j > 1 one has

w(2)F(2) = —jw =V (2)F'(2) = jul ™V (z) (5.1)
MWD (2)F(z) = =i MU=V (2)F'(z) = jMPI Y (2). (5.2)

Proof. Since w(z)F(z) = 0, also %(w(z)F(z)) = 0 for all j > 1. It then follows that
w9 (2)F(2) + jwl=Y(2)F'(2) = 0, since all higher order derivatives of F' vanish. Using

—w(2)F'(z) = wyi(z), we arrive at (5.1). Similarly, one obtains (5.2). O

Theorem 5.2. The kernel of N'(z) is spanned by the columns of K*~1(2) and its dimension
is equal to v(r — pu)*. Hence the rank of N'(z) is equal to vmin{u,r}. In particular the
matriz N (z) has full rank iff u > r.

Proof. The arguments used in the proof of Proposition 4.1 can also be applied to this
more general case. Let for k£ > 0

1/1 1
N¥(2) = o <0!M(k), Sy 1)!M(k+”1)(z)).

Proposition 4.1 yields N?(2)Ko(z) = 0, and therefore N°(2)K*~1(z) = 0. Consider
now k > 1. As before, K7(z) denotes the j-th block-column of Ko(z) = K(z). Then,
from (5.2) it follows that

L ® )Py = —L (),

NHEEE) = (k—1)!

For j > 1 we get

, 1 1 . 1 ,
NI = (g MOV ) + M)
__ 1 (ki —1)
-l (2),
where we used (5.2) again. It follows that for k > 1
k _ Ask—1
NP (2)Ko(z) = N7 77 (2), (5.3)
where
1 1 _ 1 _
k—1/.\ _ (k—1) (k+v—2)
N (Z)m(aMl ’---,(V_l)!Ml (Z)>,

which is a matrix of size ¢ x v(r — 1). Invoking Proposition 4.1 again, we obtain for k = 1
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N (2)Ko(2)K1(2) = N} (2) K1(2) = 0,
and hence N1(2)K,_1(z) = 0. Assume that g < r. To have N (2)K*~1(z) = 0, we need

NF(2)KF=1(2) =0 for k = 0,...,u — 1. This now follows by iteration of (5.3). In fact,
by induction, one can show

NF(2)Ko(2) -+ Kj_1(2) = N7/ (2) for j <k, (5.4)

where

—i 1 1 k—i 1 kdy—j—
AT = (k—j)!<0!M; Y oy L A 1)(2))

For j >k + 1 one has N*(2)Ko(z2) - K;_1(z) = 0.

Since each of the matrices Ki(z) for k < r — 1 has full rank, which is equal to
v(r —k — 1), we get that K*~1(2) has rank equal to v(r — p). All assertions for p < r
now follow. On the other hand, for u > 7, the matrix A'(z) has rank equal to vr, and
therefore has a zero kernel. 0O

Remark 5.3. The matrix K#~1(z) for u < r—1, which is of size vrxv(r—pu) turns out to be
upper block-triangular. Consider for this case the product F,_1(z) = Fy(2) - - - Fu—1(2).
Then one has for j > ¢ the ¢5-block

_ 1 i—i
Kt (2)i5 = (- z‘)!f;(f—l)(z%

which can easily be shown by induction.
52. Thecase qg+1<v<q+r

Next we extend the result of Proposition 4.6 to obtain the kernel of the matrix A/ (z)
for the present case. The approach that we follow is the same as the one leading to
Theorem 5.2.

To obtain our results, we need to introduce additional notation. Let Gy;(z) denote
the upper left block of G(z) having size (r — k) x (r — j) for 0 < k,j <r —1. So

I .
Grj(2) = (Ir—k Op—kyxi ) G(2) <o- ( ! _)>~
JIX(r—j

We also need the matrices Go(2) = I, and G;i(2) = G,i_1(2)---Gio(2) € RU=DXT for
O<i<r—1.
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Lemma 5.4. It holds that G;;(2)Gjj-1(z) = G} ;—1(2)Gj_1,j-1(2) for j > 1 and for
Jj>1>k>0 one has Gj;(2)Gir(2) = G;i-1(2)Gi—1,x(2) = Gjr(2)Gre(2).

Proof. The first assertion follows from the decomposition

Gjj1 Gii ¢
o (%) (% )

where g is the last column of G j_;. For the proof of the second assertion we need the
following property of the shift matrix S € R* (k according to the context): IS = S,

where
~ I._1 0
I= .

Since any Gy;(z) is of the form S(I—2zS)~! (with S of size (r—i) x (r—1i), see Lemma 4.3),
we have IoG;i(z) = G4;i(z). Then we compute

0

I 0 I
=(I 0)Gi—1,i—1 <0 0> Gi—1,i—1 (0)

~ I
= (I O)Gi—l,i—lei—l,i—l( >

I I
GjiGi=(1 0)Gi—1,-1 (O) (I 0)Giz1-1 < )

0
=G;i-1Gi-1,k O

Lemma 5.5. For i > 1, it holds that

1G0(2) = Gao(2)G (=)'
Gi(2) = Gio(2)G(2)" ! (5.5)
Gii(2)Gi(2) = Gi(2)G(2). (5.6)

Proof. Using the definition of G;g, the equality %G% = G;G" immediately follows
from (4.4). The second equality (5.5) is obviously true for i = 0. We use induction. Let
i > 1 and assume that G; = G;G*~!. Then, using Lemma 5.4, G;411G = Git1,:G:G =
Git1.iGioG' = Git11,0G"L. To prove (5.6), we use (5.5) and Lemma 5.4 to write G;;G; =
GiiGioGi = GloGGz =GG. O

Lemma 5.6. Let w;(z) and M;(z) be as in Section 5.1. It holds that

WP (2)G(z) = w G (2) (5.7)
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1 1

e G16) = G ) (5:)
M®P (2)G;(2) = MP (2)G(z). (5.9)
Moreover, for k > 0 it holds that
M(q—l-‘rk) (Z) 1 4
—J VG (2) = (¢—1) k4j+1
PESE] Gj(2) e 1)!M (2)G : (5.10)

Proof. We need the following observation. For a row vector  of appropriate length and

a scalar y, one has

(x,y)ij :ij,jfla (511)

because

We now show (5.7). It is obviously true for j = 0. Assume it holds for some j > 0.
We get, using (5.6) and (5.11)
wg(‘l-cs-)lgjﬂ = U’;']j-)lGjH,jgj
= VG0,
=uig;c
= wFGitt,

Eq. (5.8) follows by combining (5.7) and (4.7), whereas (5.9) is an immediate consequence
of (5.7). Next we compute, using (5.9) and (4.11),

M;Q*1+k) (Z) M(q—l-l—k)(z)

@1 PO e O
_ M(q—l)(z) i
_ W (Z)kJr +1’

which yields (5.10). O
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Let for j <7 — 2 the matrix K;(z) be given by

Fj Fj
F; F
L
I
K; = Fy _%Gg_{)) : (5.12)
I -G
I -G

Here K ; has ¢ diagonal entries F}; and v — ¢ diagonal entries I = I,. Hence K7 has
dimensions (vr — qj) x (vr —q(j +1)). A compact expression of K7 is as follows. Let ¢,
be the last standard basis vector of RY, f,_, the first basis vector of R¥~%, and S, the
shift matrix of size ¢ X ¢q. Then, similar to (4.13),

K _ ([q@Fj—FSq@FJ/- —qu;lq®%G§%) )
0 Iy_q®IT’7Su—q®G .

j=

Note that the matrices F; are empty for j > r —1, ﬁGY:ll%(z) = (0,...,0) and that

G%) is empty for j > r. Hence we define

K,y = L : (5.13)

K; = , (5.14)

a matrix of size (v — q)r x (v — ¢)r.
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In what follows, we need the matrices K'(2) = Ko(z)--- K;(z), where the matri-
ces K;(z) have been introduced in (5.12), (5.13), (5.14). Then K’(z) is of size vr x
(vr —q(i+1)) for i <r—2and of size vr x (v — q)r for i > r — 1. Note that K is always
of full column rank. The next lemma extends Eq. (5.4), obtained for the case v < q.

Lemma 5.7. Let 0 <i <r —1. For 0 <i <k one has

i _ —ic1 (g ® 1, 0
/\/’k(z)lc (2) = 'L]jrl ! ( 0 I,_¢® gi+1>
= (Rix(2): Rix(2)) (5.15)

where RY (2) € RIXU=1=D4 gnd R2 (z) € RIX=i=DW=a) qre egplicitly given by

) 1 MV e METTY e
Rik(z):(k—i—l)!( o +(q—l)! )
L1 (MBREUEGE)H MERED ()G )
Rfk(z)_U@’—Z—l)'( ql T (V—l)' )

For i > k it holds that N*(2)K'(z) = 0.

Proof. The case kK = 0 has been verified in the proof of Proposition 4.6. Let therefore
k > 1. To prove that the assertion holds true for i < k, we assume the right hand side
of formula (5.15) to be valid for N*(2)K*~1(2) and proceed by induction. To that end
we multiply it by K; and verify the answer. As before, we denote the j-th block column
of K; by K’g, for j =0,...,v — 1. We will discern the four cases j =0, j=1,...,g—1,
j=qand j=q+1,...,v—1.

Let 5 = 0. Then the product Nkléiflf_{? becomes (kii)IMi(k_i)Fl-. The ana-
logue of (5.2), with M; and F; substituted for M and F, yields that this equals
ﬁMﬁl—i_l), as should be the case.

Let 1 < j < ¢ — 1. One obtains

o . 1 M(k+j—i—1) M(k+j_i)
kyi—17170 % / i
KT K) = F! F; . 5.16
N Z (k—i)!( G-Dr T ) (516)
A kFi—0)

The analogue of Eq. (5.2) yields Mi(kﬂ_i_l)Fi’ =
of (5.16) becomes

. k+j—1
1 l( J M(k+ji)F_+M(k+ji)F_> _ 1 1 MR,
: i % i %

—#5— Hence the right hand side

k=)l k+j—i (k—i—1Dj! k+j—i

. . . . MEFI—i=D
Invoking the analog of (5.2) again, we can rewrite this as (k—z‘l—l)! =t

il , a typical
block of R}, , as required.
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Next we consider the more involved case j = ¢. In this case the block column K I has
|4

entry —G,;G on the (¢ — 1)st row (see Lemma 5.5) and I on the ¢-th row. Hence we get

) (k—i+q—1) (k—i+q)
k 271Kq _ 5 - G*"). 1
N = g - 96— ¢ (5.17)

Using (5.9) we obtain M~ Vg,q = ME-ita-DGi+1 In view of (4.11), it holds
that M40 = (¢ 4+ k — ) M* 4= @G, Hence we van rewrite the right hand side
of (5.17) as

1 M (k—i+q—1) M (k—itq—1) )
o S Y i+1
(k—i)!< (¢—1)! tlatk=g) q! >G
which is equal to
1 ME=ita—l) it

the first block of R?, as was to be shown.
Finally we treat the case ¢ +1 < 5 < v — 1. The block columns I_(f have —G at the
(j — 1)st row and I at the j-th row. Hence, we obtain

NERIRT = (5.18)

1 M(k—i+j—1)GiG M(k—i+j)Gi
(k—m<_ G-or T g )'

Since k —i+j — 1 > g, we apply (4.11) to get M*~+9) = (k — i+ j)M*—+i-D @G, and
the right hand side of (5.18) reduces to

1 M k=iti—1) i+l
(k—i—1) 51 ’

a typical block of R?, as desired. This settles the proof of the validity of Eq. (5.15). O

Theorem 5.8. It holds that N*(2)K'(z) = 0, fori > k. For u < r—1, the matriz KF1(z)
is of size vr x (vr — qu) and has full rank, equal to vr — qu. If u > r, K*=1(2) is of
size vr X (v — q)r and has full rank, equal to (v — q)r. Summarizing, the kernel of N'(2)
is (vr — qmin{yu,r})-dimensional and spanned by the columns of K*~'(2). The rank of
N (z2) is equal to gmin{u,r} < vr and therefore N'(z) never has full column rank.

Proof. We show that N*(2)K?(z) = 0 for i > k, for which it is clearly sufficient to show
that N'*(2)K¥(z) = 0. Starting point is Eq. (5.15) for i = k — 1. We have

e (MO MITV(R) MOEGER MED ()G ()
N ) = (G M) SRR L MR,
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We multiply this equation with the block columns K ,JC and, as above, we discern the case
j=0,1<j<q-—-1,j=qand j=q+1,...,v—1.

For j = 0 we get N*(2)KF1K? = M,EO)Fk = uwpFy = 0, whereas for 1 < j <¢—1
one computes

I V1e e T
NG = gy et =0,

in view of an analogue of (5.2).
For j = ¢, we obtain

MYG.G  M@Gk

NECR1fe — _
k (g—1)! q!

(5.19)

We can now use Eqgs. (5.10) and (4.10) to get
MéQ*l)ng B M(a—1) Gh+1 B M@ Gk
(¢—1)! (¢ —1)! gt

Hence, the right hand side of (5.19) is zero.
Next we consider the case ¢+ 1 < j < v+ 1. We then get, parallel to (5.18),

e = (6 0

- + —
G-t g
which is zero, in view of Eq. (5.10).
To show that NV (2)K*~1(z) = 0, one has to show that N*(2)K+~1(z) = 0, for all
k < wp — 1, but this has implicitly been shown above. The other statements in the
theorem have already been addressed before. The theorem is proved. O

5.8. The casev > q+r

We follow the approach leading to Proposition 4.7. We observe that the matrix A/ (z)
for v > ¢ + r can be decomposed as

N(Z) = (N*(Z) O/qur(uqurfl) )7

where N, (z) is the “A/(z) matrix” for the case v = g+r —1, since all derivatives of M (z)
of order higher than ¢ + r — 2 vanish. Let K% '(z) be the K#~1(z) matrix for the case
v=gq+r—1. Put
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where I is the identity matrix of order r(v — ¢ —r —1). If i < r, then K '(z) is of size
(g+r—1Drx(r(r—1)4 (r—u)q), and if 4 > r, then it has size (¢+r — 1)r x r(r — 1).
~1

Then K (2) has size vr X (vr — pq) for p < r and has size vr x (v — ¢)r for p > r. In
—p—1
short, K" (z) has dimensions vr x (vr — gmin{y, r}).

Theorem 5.9. Let v > g+ 1. The kernel of the matriz N'(z) is spanned by the columns

= _1
of K" (2), has dimension vr — pq if p < r and dimension (v — q)r if p > r. So
dimker(N(z)) = vr — gmin{u, r}.

Proof. Similar to the proof of Proposition 4.7, using the results of Theorem 5.8 for the
cassev=q+r—1. O

6. Intermezzo, properties of A%(z)

The results of this section will be used in Section 7, where we want to find (special)
right inverses of the matrix M°(z).

We focus on the matrix A% = (A4%,..., A¥"1) € R9*¥" the first block row of A,
the matrix defined in Section 2. One directly sees that the rank of A° is equal to
min{q, v}, although it also follows from Theorem 2.3 with g = 1. Hence A° has full
rank iff v > ¢. We introduce the matrix B € R¥"*9 consisting of the 7 x ¢ blocks B* as
follows.

BO
B° = : (6.1)
Bufl

where each B* has elements

Bt — (=1)'(,9,) ifiti=k
* 0 else,

fori=0,...,r—1,5=0,...,q— 1.

Lemma 6.1. Let v > q. Then A° has full row rank and A°B° = I. In other words, B® is
a right inverse of A°.

Proof. We have to compute the ij-elements of T' := Zz;é Ak B¥ . Using the definitions of
the matrices A¥ and B* that only have nonzero entries on corresponding anti-diagonals,
we see that A*B* is a diagonal matrix. Hence we only have to consider the ii-entries
of T. Note that B*¥ = 0 for k£ > ¢. One obtains
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»Q
—

AkBk

<’f><-1>“<kzl>
e ()

To compute the latter summation, we write it as

[ e

k=1

M

>—IO

q—1—1

j=0

<q -l ’) (—z)a’ do

o O~ _

(1—2) it da

B(q_7’77’+1)a

by definition of the g-function B(:,-). Using the well-known fact that this can be com-
puted in terms of I'-functions (B(«, 8) = I'(a)'(8)/I'(cc + 5)) we obtain

(g—1—10)!

Blg—i,i+1) = 4

It follows that T;; = 1. O

We need some additional properties.

Lemma 6.2. It holds that X* := BkS;r +8,B* =0, if k> q or k <r— 1. For the case

r<k<gq-—1 (which requires ¢ > r) only the last row of this matriz is nonzero. In fact,

this Tow is equal to (—1)"~1 (k—(il-l

vector of R? (1=10,...,q—1).

)e;—_r, with the convention that e; denotes the i-th basis

Proof. We compute the ij-element of X* = B¥S| + S.B*. For i = 0,...,r — 1 and
j=0,...,9g—1it is equal to

r—1
ZBzzl{l 1y Ly B
= =0
r—1
= ZB g1 lg=j+1y + Z L= Biya

=0

= Bfﬁll{ogg‘ﬂgqﬂ} + 1{0§i+1§r71}Bi+1,j
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= B’Lk,jJrll{OSqu—?} + 1{0§i§T—2}B£€+1’j

q i i
= <k+ 1)1{i+j+1—k}((—1) Logj<e—2y + (=1 Lozicr—2})

q i
= (,H 1)1{i+j+1-k}(—1) (Lio<j<q-2) — Lozizr—2))-

Clearly, fori =0,...,r—2and j =0,...,q— 2, the last expression in the display equals
zero, as is the case for i = r—1 and j — ¢ — 1. We next consider the two remaining cases,
the first being i < r — 2 and j = ¢ — 1. Since we only have to consider it =k —j — 1, we
get i = k — g, which has to be nonnegative, so k > ¢. But then the binomial coefficient is
equal to zero. The remaining case is ¢ = r — 1. Then we only have to consider j =k —r,
the other values of j again give zero. Note that this implies that k& > r is necessary
to get a nonzero outcome, whereas we already know that also & < ¢ — 1 is necessary.
Hence nonzero elements in the last row of X* can only occur if » < ¢ — 1. Under this
last condition we find XF | ; = (kil)(—l)T'_ll{j:k_r}. Hence the bottom row of X
equals (kil)(fl)’"*l(l{k:,ﬂ},...,l{k:r+q_1}), which is equal to (kil)(fl)rflek—rfr, for
k=r,...,q—1. O

Remark 6.3. Here is an example where X* as defined in Lemma 6.2 is not equal to zero.
Take k=7 =1and ¢=2. Then B! =(0 1)and X'!=(1 0).

Proposition 6.4. Define Hy, : R — R™ 9 by Hi(z) = ’Wr(z)Dlequ_lﬁq(z). Then Hy,
-1

is a constant mapping, Hy(z) = D;lBqu ,

under the condition k > q or k <r — 1.
Proof. First we prove the following auxiliary results. One has
Ul(2) = Uy(2)DyS, D! (6.2)
W/(z) = D718, D, W, (2). (6.3)
Eq. (6.2) follows from the definition of U,(z) and the elementary identity Uy(z) =

Uq(z)SqT. Eq. (6.3) can be proved similarly.
‘We now compute

Hi(z) = W/(2)D;y ' B* D U, (2) + W,(2)D; * B* D UL (2)
= D;'S,.D,W,(2)D; ' B*D; U, (2) + W,.(2)D; ' B* D' U, (2) D, S, D,

according to Eqs. (6.2) and (6.3). Putting S, = D;71S,D, and Sq = DySyD; ", we see

that Hy satisfies the linear differential equation

Hy(2) = S.Hy(2) + Hi(2)S, . (6.4)
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This equation has a unique solution and we claim that it is given by the constant function
as asserted. To that end we check

Q -1 pkn-—1 —-1pkn—-1&T _ p-1 k kgT -1
S,D;7'B*D; + D BED; S = DIY(S, BY + BRS] ) D,
:0,

by Lemma 6.2, since k > ¢q or k < r — 1. Furthermore, we have Hy(0) = Dr_lBqu_l,
since Uy(0) = I,. O

Remark 6.5. Eq. (6.4) has as the general solution
Hy(2) = exp(Sr2)Hy,(0) exp(quz), (6.5)

where the exponentials can be computed as finite sums, since S’;r and S, are nilpotent.
Elementary computations yield for instance that the ij-element of exp(S';— z) is given by
(;)zi_j for ¢ > j and zero otherwise. Hence we obtain exp(ng) = ﬁq(z), which is in
agreement with the definition of Hy(z).

An example of a solution that is not constant is obtained for r = 1 and ¢ = 2. For
the case k = 1 one finds directly from the definition of Hy(z) that H1(0) = B1 = (0 1)
and Hi(z) = (z 1) in view of Remark 6.3. This is in agreement with Eq. (6.5), whose
right hand side is equal to

7. The equation M°(2)C =1

We return to one of our original aims, finding a right inverse of the ¢ x vr matrix
MO(2) = (M(2),..., M¥=1(2)) € R?*™. Recall from Theorem 2.3 and Proposition 3.1
that M°(2) has rank equal to min{v, q}. Hence the matrix is of full rank iff v > q.
Equations like M°(2)X = b will in general not have a solution X for a given b € R¥"*1,
if v < ¢. In fact, we are interested in solutions X that are independent of z. It is easy to
see that such solutions only exist if b = 0 and then X = 0. The uninteresting case v < ¢
will therefore be ignored and the standing assumption in the remainder of this section
is ¥ > ¢. Under this assumption, there are two subcases to discern, » > ¢ and r < gq.

Proposition 7.1. Assume that r > q and v > q. Let I, be the g-dimensional unit
matriz. There exists a constant (not depending on z) matric C € RY"™™? such that
MO(2)C = 1, for all z. The equation M°(2)X = b for b € R? then has the constant
solution X = Cb. The constant matriz C is unique iff v = q. In all cases one can take
C= (I, D HB°D; L, with B as in (6.1).

q



64 A. Klein, P. Spreij / Linear Algebra and its Applications 455 (2014) 32-72

Proof. In this proof we simply write I for ;. Suppose that we have found a constant
matrix C' with the desired property

M°(2)C =1. (7.1)

By differentiation of (7.1) k times, with k = 0,...,7 — 1, we obtain, recall the definition
of M(z) with u = r, that

M@EC= | . (7.2)
0

We note that now M(2) is of size r¢x rv and has rank equal to rq. Hence M (z) has a right
inverse, M(2)" say, and a true inverse in the case that v = ¢, see e.g. Corollary 3.6. It
follows that C should be the first block-column of M(z)". Next we use the factorization
(3.1) and note that also A has a right inverse, AT say. Then

M)t = (L, @ W, (2) AT (L @ Ug(2) 7).

Hence, we can choose

I

~1\ g+ [V

C = (L, ® W,(2) )A (Ir ® Uq(z) ) . E
0
which means that C is the first block-column of M(2)%, so
Ug(2) ™
0
C= (L @We(z)"") A" : = (L, @ Wo(2) ) (A) U ()7, (7.3)
0

where (A%)T is a right inverse of the matrix A%, since A° is the first block-row of A.
But, a right inverse of A° is in Proposition 6.1 shown to be B°. Therefore, we can now
explicitly pose our candidate for C,

C=ITeW, () "BU,(2)", (7.4)

where B° as defined in (6.1). Hence we have to show that
(1) the matrix C in (7.4), in fact doesn’t depend on z,
(2) M%(2)C = I. Using matrices introduced in Section 3, we write
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C=(I® (W (2)"'D;1))B'D U,y (2)
= (I ® Wy (=2)D; ) B° Dy ' Uy(—2).

Decomposing C' as

CO
C= )
Cyfl

where each block C* (k=0,...,v — 1) is of size r x ¢, we get
C* = W,(—2) Dy B D U, (—2).

Hence we see that C* = Hj(—z2), which was in Proposition 6.4 shown to be constant
and equal to Dr_lB’“Dq_l7 if we have k < r — 1 or k > ¢. Obviously, this is true of
k=0,....,r—1,but fork=r,...,v—1, we have k > r > ¢ by assumption. This proves
claim (1). Since C' is constant in z, we can take z =0 in (7.4).

For the second one we have

MO (2)C = Uy(2)A° (I @ Wy(2))C
=Uy(2)A°(I @ W, (2)) (I @ Wy (2) ") BU,y(2) !

in view of Lemma 6.1. Finally, if v = ¢, then M(z) is invertible, which implies that C
is the unique constant matrix solving M°(2)C' = I, since in this case Eq. (7.2) has a
unique solution. O

Remark 7.2. The special choice (AO)+ = B° in the proof of Proposition 7.1 is rather
crucial in finding a right inverse of M°(z) that doesn’t depend on z. We illustrate this
with the following example. Our point of departure is Eq. (7.3) with u = 1.

Recalling (2.10), we can take (A°)* = £, ,.(0)"LAT Ly ,(0)7!, with AT any right
inverse of A. We choose AT = AT and compute

B:=L,, (007"ATL, ,(0)7 = £,,.(0)TAT € R4,

because £ 4(0) = I,. Since A;r = foejT (Theorem 2.3) and EW«(O)i_j1 = (;)(—Sr)’;j, for
the k-th block B* of B we get B* = 37" (1) (=1)'""* fu_ie] = foef (k=0,...,v—1).
We conclude that B = AT.

In order to see that this may result in a right inverse of MY(2) that depends on z, we

choose ¢ = r = v = 2. The conditions of Proposition 7.1 are then satisfied. We have
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MO(Z)<1 i 0 1)

z z¢ 1 2z

and it follows from the above that

1 0
M (2)T = (I, ® Wa(2) ") BUs(2) = _OZ (1)
0 O

We close this remark by noting that there also other right inverses of MY(2), depending
on z, but still having a simple structure. An example (essentially taken from [8], where
it was only given for v = ¢ = r in a slightly different situation) is

M = (9 o g,

O(v—q)xq

where fy is the first basis vector of R". This follows from the easy to verify identity

MO (2)(I, @ fo) = (Uyg(2)  Ogx(v—q)) -

The assertion of Proposition 7.1 is not true if r < ¢ (the second subcase). Indeed, in the
proof of this proposition we used the fact that all C* are indeed constant matrices, under
the condition r > ¢. If this is not the case, r < ¢, the matrices C* for k =r,...,q — 1
are not constant, in view of Proposition 6.4. Let us give an example to illustrate this.
Consider the case ¢ = v =2 and r = 1. Then

eo=(1 )

and the equation M°(2)C = I, has the unique on z depending solution C = C(z) =
MO(z)~ L

We now treat the case v > ¢ in more detail. To that end we need the following
auxiliary result.

Lemma 7.3. The subspace of the kernel of M°(z) that consists of vectors that are constant
in z, i.e. the intersection (), ker(M°(2)), is (v — q)"r-dimensional. This subspace is
equal to the kernel of M(z) with p = r, which is the same for all z and hence can be
parametrized free of z.

Proof. The first observation is that a vector x in ker M%(2) that doesn’t depend on z
also satisfies M(z)a = 0 for arbitrary p, in particular for ;1 = r. The case v < g follows
from Theorem 5.2, since in this case the kernel of M(z) is the null space for all u > r.

Let then v > ¢. Let  be a column vector consisting of r-dimensional sub-vectors
20,...,%,—1 that don’t depend on z. Recalling that M® consists of a row of blocks
(uw) ™| we have
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v—1
Mz = Z(uw)(”)xn

n=0

Vi z": (Z) () g (=)

n=0 k=0

v—1

Vi e (Z) WPy
k=0

n=~k

The vectors uF) are zero for k > ¢ and otherwise linear independent. Hence, to have the
above sum equal to zero is equivalent to

v—1
Z <Z>w(”_k)xn =0 fork=0,...,q—1.

n=~k

The equation for arbitrary 1 < k < ¢ — 1 can be differentiated to get

v—1
> (Z) w P, =0,

n=k

which, subtracting from the equation for k — 1 yields

n
<k’ _ 1)w(0)xk_1 = O7

valid for k = 1,. .., q. The only constant solutions to these equations are the zero vectors,
SO.’E(J:"':{Eq72:0.
On the other hand, for k = ¢ — 1 we keep the equation

v—q
m+q—1
Z( qg—1 >w(m)xm+q1:0'

m=0

m—+q—1

Now we relabel the unknowns by setting ¥,, = ( 1 )merq,l to get

v—q

Z w(m)ym =0.

m=0
We differentiate this equation j times, with j =0,...,r — 1 to get

w® .

: : y=0, (7.5)
w("'fl) N w(V7‘I+T71)
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where y is obtained by stacking the y,,. The first block-column in the above matrix is W,
the second can be written as S, W, up to the last one equal to S¥~9W. Hence the above
system of equations can be compactly written as

(W S,W - Sr=2W )y =0.

Let A be the diagonal matrix with elements A;; = ¢. A simple computation shows that
S, W = WS, A, and therefore S¥W = W (S, A)*. Writing S,A = T, we can rewrite the
last equation in y as

(w wr - WT" 1)y=0.

Since W = W,.(z) is invertible for any z, this reduces to

(I T - Tv=9)y=0.

Since the coefficient matrix has full row rank equal to r, its kernel has dimension
(v—q+1)r—r = (v — q)r. Actually, this kernel is spanned by the columns of the
(v — ¢+ 1)r x (v — ¢)r matrix

This proves the claim. O

Remark 7.4. The result of Lemma 7.3 is also valid for p > r. This can be seen from
Eq. (7.5). Indeed, if i > 7 one has to extend the coefficient matrix with additional rows,
all involving derivatives w®), with k > r. But these are all equal to zero.

One might think that the assertion of the lemma can alternatively be proven by
explicitly computing the matrix C#~1(z) for u = r (noting that (D, ! ® I,)K*1(z)
represents the kernel of M(z) in view of (1.2)) and showing that it is not depending
on z. It turns out that this idea is false, as shown by the following simple exam-
ple.

Let ¢ =1,7 = u = v = 3. We compute X*~!(z) and show that it is not free of z.
According to the results of Section 5.2 we find for Ky, K; and K the following.
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2 010 -1 —20 0 0
1 =20 0 =10 0 0
0 .1:i0 0 0:i0 0 0
B 0 0:1 0 0:0 -1 -2
Koz)=|0 001 00 0 —1],
0. .0:00 1:0 0 0
070700000
0 000 001 0
0 000 000 1
—2{0 0 -1;0 0 0 00000 0
t0o0000 0| (900 1000
———————————————————————————————————— 100702122
0:10 0:0 -1 —z :
i, 001 00 0 —1 — 0100 0 -1
Ki(z) = ? | ; Ky(2)=[0010 0 0 [,
000 1i00 o[> =0 0L AL
------------------------------------ 07070717070
070707071 070 :
| , 0000 1 0
000001 0 ORI NP
000000 1 ’

and the product K?(z) = Ko(2)K1(2)K2(2) yields the kernel of M(z) spanned by the
columns of

0-10:i0 0 2

00 —200 0

00 000 0

1707070 53532

B . 01 000 -3
(D3 ®@I3)K*2)=10 0 10 0 0
00 0i2 0 0

00 00 % 0

00 000 1

We see that the last column of K2?(z) has a term —3z in the fourth row, hence this
parametrization of ker(M(z)) is not the one we are looking for. The reparametrization

of ker(M(z)) given by (D3 ' @ I3)K?(2)R(2) with



70 A. Klein, P. Spreij / Linear Algebra and its Applications 455 (2014) 32-72

0-10i0 0 0
00 —20 0 0
0.0 000 0

A 170 0:0-10

K=o 1 000 —2],
0.0 100 0
0070717070
00 001 0
00 000 1

which is free of z. The procedure in the proof of Lemma 7.3 (in this case y,, = ,, since
q = 1) yields a kernel of M(z) spanned by column vectors that are not depending on z.
The result of that procedure is the matrix K above.

Proposition 7.5. Let ¢ < v < r. Then the equation M°(2)C = I, admits a constant
solution C € R¥"*4. The dimension of the affine space of constant solutions is equal to

(v—q)rq.

Proof. According to Proposition 7.1 a constant solution C exists. Any other constant
right inverse C’ is such that the ¢ columns of C’ — C belongs to the kernel of M and
hence to the kernel of M for p = r. In view of Lemma 7.3, a basis of this kernel can be
obtained can be obtained by choosing (v — ¢)r linearly independent vectors. Applying
this result to each the columns of C' — C, we obtain the result. 0O

To illustrate the fact that the constant solution C' of Proposition 7.5 is in general not
unique, we consider the case ¢ = 1, r = v = 2. Then M%) = (1 2z 0 1) and all
constant solutions are given by C' = Cyp = (a 0 b 1— a)T with a,b € R, which
form an affine space of dimension (v — ¢q)qr = 2.

Of course all right inverses of NV(2), also those that depend on z, are given by a much
larger affine subspace. Assume v > q and let Cy(2) be any right inverse of N°(z). Then
any matrix C(z) = Co(z) + X (z), with X (2z) € R¥"*? a matrix whose columns belong to
ker N'0(z) is a right inverse. Since, dimker N9(z) = vr — ¢, the affine subspace of these
right inverses has dimension (vr — ¢q)q.

The natural extension of the equation M%(2)C = I, is M(2)C = I,,,, with M(z) of
order pug x vr and I,4 the identity matrix of order ug. The matrix M(z) has rank equal
to min{u, r} x min{v, ¢} and therefore has full row rank if and only if v > g and p < r.
Hence, under the latter condition, and only then, a right inverse exists, and the equation
M(z)C = I,,4 has a solution. This equation can be decomposed as

I, 0 -~ 0
MO(2)
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where every C; has size vr x ¢. Parallelling our previous aim, also here one could be
interested in finding solutions C' that are constant in z. For Cy we are in the previous
situation, since a constant Cy satisfying M°(2)Cy = I, also satisfies M*(2)Cy = 0 for
all £ > 1. The situation for the other C} is different. Consider for example C. It should
satisfy M?%(2)Cy = 0 and M'(2)C; = I,. However, this is impossible for a C; that is
constant in z, since differentiating M°(2)C; = 0 yields M!(2)C; = 0. We conclude that
the equation M(z)C = I,,4 for p > 2 has no constant solutions.

Nonconstant solutions are for instance Moore—Penrose inverses. These can be obtained
by using the Moore-Penrose inverse of the matrix A. It follows from the proof of Theo-
rem 2.3 that for 4 < r and v > ¢, the matrix A(A) " is the identity matrix. Hence (A)"
is a right inverse of A. Using then Theorem 2.2 and Proposition 3.1 we obtain that

M(z)+ = (L, ® WT(z)_l)ﬁ,,,r(z)_1AT£H,q(z)_1(IH ® Uq(z>_1)

is a right inverse of M(z). The inverses U,(z)~! and W,.(2)~! can be computed eas-
ily, since one has for instance U,(z) = U,(2)D,, and U,(z)~! = U,(—z). The inverses

L, and L} can be computed in view of the formulas just above Theorem 2.2. Since

L) = L,-(0)7", one obtains that its ij-block (i > j) is given by (;)(S;r)i_j(—l)i_j.
Summarizing, we have

Proposition 7.6. The matriz M(z) has a right inverse iff v > q and p < r, in which case
a right inverse is

M)t = (L @ Wi(2) ™) Lo (0)HAT L4, (0) (I, @ Uy(2)7H).
All right inverses form an affine space of dimension (vr — uq)uq.
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