41

ON HELLINGER PROCESSES FOR PARAMETRIC FAMILIES
OF EXPERIMENTS

»

KACHA DZHAPARIDZE
Centre for Mathematics and Computer Science, Kruislaan 413,
1098 SJ Amsterdam

PETER SPREIJ
Department of Econometrics, Vrije Universiteit, De Boelelaan 1105,
1081 HV Amsterdam

ESKO VALKEILA
Department of Mathematics, University of Helsinki, P.O. Bog 4,
00014 Helsinki

In this paper we associate with a randomized filtered experiment arithmetic and
geometric processes which allow for extending the notions of Hellinger integrals
and Hellinger processes of various orders to a general parametric case.

1 Introduction

The first rigorous study of binary filtered experiments was carried out in the se-
ries of papers by Kabanov, Liptser and Shiryaev®® and Liptser and Shiryaev.?
The theory took a complete form in the book by Jacod and Shiryaev ¢ where
the notions of Hellinger integrals and Hellinger processes were fully exploited.
In the consequent papers Jacod #® some of the results were generalized to a
filtered experiment with a finite number of probability measures. In Grigelio-
nis! some additional aspects of the latter experiment are discussed (similar to
that of section 5.3 below). In the present paper the first attempts are made for
extensions towards general statistical experiments defined by a certain para-
metric family of probability measures. In the concluding section some examples
(in the spirit of Liptser and Shiryaev ®) are discussed.

2 Randomized filtered experiments

2.1 Filtered statistical experiment

We consider a statistical ezperiment (Q, F, {Ps}gce), where {Ps}sco is a cer-
tain parametric family of probability measures defined on a measurable space
(Q, F) with a set of elementary events Q and a o-field F. We suppose that each
member of the family {Ps}sceo is equivalent to a certain probability measure
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Q,ie.
{Ps}oco ~ Q, (1)

and for each fixed § € © we denote by py the Radon-Nikodym derivative of Py
with respect to Q:

_dP,
Ps = 716 (2)

So, for each 6 € © and B € F
Py(B) = /B Po(@)Q(dw) = Eq{15pe}. (3)

Here and elsewhere below we use the expectation sign F indexed by a proba-
bility measure.

Let the measurable space (2, F) be equipped with a filtration F = {F;}:>0,
an increasing and right continuous flow of sub-o-fields of ¥, so that \/,5, F: =
Feo = F. Assume that the filtered probability space (Q, F, F = {F;}:>0,Q) is
a stochastic basis: F is QQ-complete and each F; contains the Q-null sets of F.
We also assume for simplicity that Fo = {0, 2} Q-a.s. The filtered probability
space

(Q:f) F: {P0}9€9: Q)

so defined is called a filtered statistical experiment.

2.2 Density processes

Consider now the optional projections of the probability measures @ and P
with respect to F', and use the same symbols for resulting optional valued
processes: for a F-stopping time T' Qr and Pj 7 are then the restrictions of
the measures @ and Pj to the sub-o-field Fr. Since Py r is equivalent to Q7
for each 8 € ©, we can define the Radon-Nikodym derivatives

dPy 1
d) = — =k .
27 (0) T QipelFr}
Thus according to Jacod and Shiryaev, * section IIL.3, for each fixed § € ©
there is a unique (up to @-indistinguishability) process z(8) = 2(6, Q) called the
density process (we usually stress the dependence on a dominating measure Q),

so that 2,(6,Q) = 2Po.t for all ¢ > 0, which possesses the following properties
aQ:

(see Jacod and Shiryaev,* proposition I11.3.5, for more details): for each § € ©
(1) iltlfzt(O,Q) >0 @Q-a.s.

(ii) sup 2(0,Q) < 0 Q — a.s.
(iii) the density process 2(6,Q) is a (Q, F)-uniformly integrablesmartingale

- with Eg{z(0,Q)} =1, for all ¢ € [0, c0].

2.8 Randomization

On the set of parameter values © define a o-field A and consider a probability
space (O, A, a) where « is a certain probability measure. In this way a sta-
tistical parameter ¥ is viewed as a random variable on the probability space
(©, A, @) with the probability measure o determining a priori distribution of

Consider now the direct product (2, F, Q) of two probability spaces (2, F, Q)

and (0, A4, @), where 2 = Ox0, F = F®A and Q = Qxa. Along with Q
define on (§2, F) another probability measure P as follows: for each B € F

P(B) = [ p0,0)Qde)a(ds) = Bq{ips) (4

so that for each w = (w, ) € 2 we have p(w) = %(w). Obviously,

) = T () = G2(0) = pow); (5)

cf. (2).
The binary experiment (£2, F, F, P, Q) equipped with a filtration
F = {fi®A}i>0

is called a filtered randomized ezperiment. The Kullback-Leibler information
in this experiment

d
I(PIQ) = Eqlog 33}

is positive by assumption. Later (from section 4 onwards) we also assume that
this information is finite, i.e.

0 < I(P|Q) < 0. (6)

Observe that in the present setting the probability measure Py defined for each
0 € © by (3) (and satisfying Py(2) = 1), can be viewed as a regular conditional
probability measure, under the condition that the statistical parameter ¥ takes
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on the particular value §. In view of (3) we can rewrite (4) as follows: for each
B=BxAeF

P(B) = /A po(B)a(df) = Ea{l4Eo{15p}} = Eq{lpEa{lap}},

since by Loéve, 1! theorem 8.2B, it is allowed to interchange the integration
order.

All parametric families of processes {X(f)}sco treated in this paper (such as
the family of density processes {z(6)}sce of section 2.2) are supposed to be
adapted to the filtration F, i.e. {F;®A}-measurable for each t > 0, and cadlag
for each 4 € ©.

A parametric family of processes {X(8)}¢co is called predictable if it is PRA-
measurable, where P is the predictable o-field on Qx R,.

Let now p be a random measure defined on Ry X E with an appropriate mea-
surable space (E,£). With a random measure p and a probability measure Q
we associate the Doléans measure M; Q defined on (€2, F) where Q = Qx Ry xE

and F = FOB(R4)®E. Recall that M,?(dw,dt, dz) = Q(dw)p(w; dt,dz). We
will use the common notation MZ2( . |P) for the corresponding conditional ex-
pectation with respect to P = PQE (for more details see Jacod and Shiryaev, *
section IIL.3¢c, or Liptser and Shiryaev, 10 chapter 3).

Define similarly the Doléans measure M,,Q on (Ax0,F®A), M,9 = MI‘Q ®a.

Write P =P @ A.
Let W be a nonnegative F ® A-measurable function. Then we define for each
0 the function Wy(.,.,.) = W(.,4,.,.), which is then F-measurable. Likewise

we also consider Wy. Then we obtain from Fubini’s theorem M,,Q(Wl'P) =
E{M2(Wy|P)} = M2 (EWy|P).

Finally, let » be the compensator of p. Both g and v extend trivially to ran-
dom measures —again denoted by s and v-on Ry x E parametrized by w, 6 via
w(w,8;dt,de) = p(w;dt, dz) and likewise for v. Hence for a PRA- measurable
posmve function W on §2 x © we can associate the process W in the usual way:

Wi(w) = /E W(w;t, z)v(w; {t} x dz). (7)

In the sequel these results will be applied to the well known integer-valued
random measure pX associated to (the jumps of) a cadlag process X as defined
in Jacod and Shiryaev, 4 section II.1, proposition 1.16.
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3 a-mean process and a-mean measure

3.1 Arithmetic mean process .

Consider a filtered randomized experiment (£2, F, F, P, Q). Take the optional
projections of the probability measures @ and P with respect to F', and use
the same symbols for resulting optional valued processes: for a F-stopping
time T Qp and Pp are then the restrictions of the measures Q and P to
the sub-o-field Fr. Since Pr is equivalent to Qp, we can define the Radon-

Nikodym derivative %1 = Eq{p|fq~} with p as in (5). We get then the
identity Eo{zr(J,Q)} = EQ{p|.’FT} The process

a(a, Q) = Eo{2(9,Q)} (8)

so that a;(a, Q) = EQ{plft} forallt > 0, is called the arithmetic mean process

(cf. remark in the next section). Parallel to Jacod and Shiryaev,* section II1.3,
proposition 3.5, it possesses the following properties:
Proposition 3.1 Assume (1). The arithmetic mean process a = a(a, Q) pos-
sesses the following properties:
(i) irtlfat >0 Q-a.s.
(i1) sup a; < 00 Q-a.s.

t

(ii1) a is a (Q, F)-uniformly integrable martingale with Eq{a;} = 1 for all
t>0,

(iv) if X is a certain (Q, F)-semimartingale, then (a, X°) = Eo{(z(9,Q), X°)}
and M (aP) = E{MZ (2(¥,Q)IP)}.

Proof. As the first three statements are obvious we only prove the last one. Let
M be a continuous local martingale and define the stopping times T}, by T}, =
inf{t > 0 : |M;] > n}. The sequence of the T}, is a fundamental sequence and by
the assumed continuity we have [MT»| < n. Hence EqEo{z(9,Q)|MI"|} <n,
implying that we can use Fubini’s theorem at various places below.

It is convenient to view the parametrized processes as processes on the bigger
space (§2, F, F, Q). Thus we consider in particular the density process z, with
z; the Radon-Nikodym derivative of the restriction of P to F; with respect to
the restriction of Q to F;, or z; = Eq[p|F).

The local martingale M and the stopping times 7,, extend in a trivial way to
a local martingale on (£2, F, F, Q) and to F-stopping times.

Under Q the process zMT» has compensator denoted by (z, M Tn). Hence we
obtain for all F € F, and all A € A

EQ[th " 2y MIMlpga = Eql(z, M™); — (2, MT"),]1pxa
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In particular for A = © this becomes
Eqla:MT* — a, MT"]15 = Eq[Balz, MT); — Ea(z, M™),]15

We conclude that aM7T» has compensator Ea{z,MT"), which is equal- to
Eq(2(9), MT»). Hence it follows that

(a, M)T» = Eq(2(9), M)T~.

Let n — oo and take M = X°. Then the first part of (iv) follows. The second
part again follows from Fubini’s theorem for conditional expectations, since
the density processes are nonnegative, and the characterization 3.16 on page
157 in Jacod and Shiryaev.* O

3.2 Arithmetic mean measure

It is often useful to make a concrete choice of a dominating measure Q. This
is usually done as follows (cf. Jacod and Shiryaev;! p 163).
Consider again a statistical experiment (2, F, {Ps}eco,@). With the family
of probability measures {Ps}sco we associate a new measure defined on the
same measurable space ({2, .7-" ), the so-called arithmetic mean measure P = Py:
for each B€ F

P(B) = P(B x ©) = EoPs(B). 9
The following simple lemma allows us to use P as a measure equivalent to
whole family {Ps }seo: B
Lemma 3.2 Assume (1). Then P~ Q and % = Eq{ps}-
Proof. First note that the a-mean measure P is dominated by @ and the
identity of our assertion holds. In particular, Q( sg = 0) = 0. There-
fore it suffices to show that Q < P, i.e. that P(dQ = 0) = 0. For then
9= l/dP < 00 P —a.s., so that for each B € F we have Q(B) fs &dP.
Suppose the contrary P(-g—g— =0) > 0. By (9) we have Py(% dQ =0) > 0 at least
for a certain 6. But since Py ~ @Q we get Q(E = 0) > 0 which contradicts to
P<Q. 0

Remark 1. In view of the definition (8) and the identity of lemma 3.2 the
a-mean process of the previous section can also be defined by a;(e,Q) =

Eq{g—}zﬁlft} for all t > 0. Therefore with the choice P as the dominating
measure it becomes particularly simple: identically a(«, P) =1

Remark 2. Recall that in a Bayesian set up the measure a on (0, A) is called
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a priori probability measure. Along with this one can also define for each stop-
ping time T on the same space the a posteriori probability measure aT(.,Q)
by

 Ja7m(0,Q)a(ds)
VAeA:aTA,Q=fA . 10
Q)= 700, Qa(dd) (10)
Notice that for fixed A € A the rz_a.ndom variable aT(A, Q) is Fr-measurable.
In view of remark 1 we get with P as dominating measure

oT(A, P) = /A 20(8, P)a(d9) (1)

3.8 Characterisiics w.r.1. the a-mean measure

In the situation of the previous section, it is often necessary to know pre-
dictable characteristics of observations with respect to the a-mean measure;
see theorem 3.3 below. But first a common setting of the problem.

The observations are supposed to constitute a semimartingale X defined on
(Q,F,F,Q),1ie. a(Q,F)-semimartingale, with the triplet of predictable char-
acteristics T' = (B, C,v). This and all the triplets considered in the present
paper are related to a fixed truncation function & : R — R, a bounded func-
tion with a compact support so that A(z) = « in a vicinity of the origin.

By the Girsanov theorem for semimartingales (see Jacod and Shiryaev;! Theo-
rem II1.3.24, p 159 or Liptser and Shiryaev,'® Theorem IV.5.3, p 232)) X is also
a (Py, F)-semimartingale for each § € ©. Denote by T(8) = (B(9), C(6), v(8))
the corresponding triplet of predictable characteristics, which is related to the
triplet T" as follows:

B(#) =B+p06)-C+(Y(®)-1)hxv
{ co) =cC (12)
v(@) =Y(0)-v,
with certain processes 8(6) = 8(0,Q) and Y () = Y (6, Q) that are such that
1B(6)1? . Cy < 0o and (Y(6) — 1) A # v, < 0o Q-ass. for all t > 0. According to
Liptser and Shiryaev,1? LemmaIV.5.6, p 231, these processes are described as
follows. The continuous process 8(6, Q) satisfies

Z-(g7Q)ﬂ(01 Q) C= (Z(Q)Q)?X(:). (13)
ie. if

m(H) Q) = z_(ﬂ, Q)_l ' 2(9, Q)a (14)



then

p6,Q) = AG X,

Asfor Y (0,Q), a P®A -measurable positive function, it satisfies
2(6,Q)Y (6,Q) = M (2(6,Q)IP) (15)

ie. Y(0,Q) — 1 = M%&(Am(6,Q)|P).

Of course X is a (P, F)-semimartingale, as well. The following theorem (a
generalization of a result by Kolomiets;” see also Jacod and Shiryaev,* Theo-
rem I11.3.40, p 163 or Liptser and Shiryaev, !° Theorem IV.5.4, p 234) relates
the triplet under P to the triplets 7(8),0 € ©:

Theorem 3.3 Assume (1). Let X be a (Py, F)-semimartingale for each 6 €
© with the triplet T(0) of predictable characteristics. Then it is a (P, F)-
semimartingale as well, with the triplet T = (B, C, ») where

B = E,{z_(9,P)- B(¥)}
{ C =cC ) (16)
v = Eu{z(9,P) -v(¥)}.

Proof. In the course of the present proof the dominating measure, that is P,
is suppressed. By the first of equations (12)

2(9)-B(¥) = 2_(9) - B+ 2_(8)B(W) - C + z_(9) (Y(I) - 1) hxw.

Take the expectation with respect to @ on both sides of this equation. We get
the first of equations (16}, since in view of the remark in section 3.2 the expec-
tation of the first term on the right hand side equals B, while the expectations
of the second and third terms equal 0: by proposition 3.1, property (iv), and
the relations (13) and (15)

Eo{z_(9)B(9) - C} = Eo{(z_(9), X°)} = (Eaf{2(9)},X°) =0
and
Eo{z.(9)Y (9) ¥ 7} = Ea{ MZx (2(9)|P)} = MIx (Ea{z(9)}|P) = 1.

The latter equation implies also the third of required equations (16). As the
second of these equations is obvious, the proof is completed. ]
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4 Hellinger integrals and Hellinger processes

. K4
4.1 Geomelric mean process

Along with the a-mean process (8), we associate with the parametric family of
density processes {2(6,Q@)}sco a so-called geometric mean process

9(e, Q) = eF=lios 20,00}, (17)

By the Jensen inequality g-mean process is dominated by a-mean process iden-
tically, i.e.

9(, Q) < a(e, Q) (18)

so that the g-mean process also possesses property (i1) of proposition 3.1. As
for the lower bound, we have assumed (6) in order to guarantee that the g-mean
process has property (i) of proposition 3.1 as well.

Proposition 4.1 Assume (1) and (6). The geometric mean process g =
9(a, Q) possesses the following properties:

(i) irtxfgt >0 Q-a.s.

(ii) sup g; < 00 Q-a.s.
t

(i) g is a (Q, F)-supermartingale of class (D) with go = 1.

Proof. Property (i) is an immediate consequence of (6) and Jensen’s inequality
and (ii) follows from equation (18).

As for property (iii) we have that the g-mean process is indeed of class (D),
since it is dominated by a process of class (D), a (Q, F)-uniformly integrable
martingale a (see (18)). It remains to show that Eq{g;|F,} < g, for s < ¢. To
this end apply first the Jensen inequality and then interchange the integration
order: on the set {g, > 0} of full Q-measure

g o 24(9,Q) z 19’
EQ{g_tIfs} = Eq{el®uwal|r,} < EQ{E"[ztEﬂ g;]lﬂ}

= FulBolZ Bz =1

4.2 Hellinger integrals

Let T be a F-stopping time. The Hellinger integral of the family of probability
measures { Py r}¢co, is defined according to Jacod and Shiryaev,? section V.1,
as the Q-expectation of the g-mean process evaluated at 7'

H(a,T) = Eq{gr(e, Q)}. (19)
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This is called the Hellinger integral of order a.

Note that the Hellinger integral is independent of the choice of the domi-
nating measure Q: if @’ is another dominating measure such that Q < @’
and Z = &, then Eq{g(,Q)} = Eq{g(e,Q")}, since Eq{g(e,Q)} =
E@{Z g(,Q)} and by definition (17)

Z g(a, Q) = eBelloglZ 2(9.Q)} — (Ballogz(9,Q")} — 9(e, Q). (20)

Let then @ and Qg be two dominating measures and Q' = %(Q + Qo). A
double application of the above result gives Eq{g(a,Q)} = Eg{9(a,Q")} =
Eqo{9(c, Qo)}, which establishes the postulated independence of the choice of
the dominating measure.

4.3 Hellinger processes

Next, we define the Hellinger process of order o, denoted traditionally by h(a).
Theorem 4.2 Assume (1) and (6). There exists a (unique up to Q-indistin-
guishability) predictable finite-valued increasing process h(a) starting from the
origin ho(a) = 0, so that

M(a,Q) = g(e, Q) + 9_(, Q) - h(e) (21)

is a (Q, F)-uniformly integrable martingale.

Proof. By the Doob-Meyer decomposition there exists a (unique up to Q-indis-
tinguishability) increasing finite-valued predictable process A such that g— A is
a (@, F)-uniformly integrable martingale. By proposition 4.1, property (ii), on
the set {sup, g: < co} we can put h(a) = --- A which satisfies the requirements
of the theorem. b |

Like the Hellinger integrals, the Hellinger processes are independent of the
choice of the dominating measure Q:

Lemma 4.3 Assume (1) and (6). Two Hellinger processes h(a) determined
under two different dominating measures Q and Q' are Q- and Q'-indistin-
guishable.

Proof. Assume Q <« Q'. With the same notations as in the previous section,
from (20) and (21) we get

9, Q) =7 g(,Q) = Z [M(e,Q) - g, Q) - h()]
so that by the Ito formula

9(,Q) = Z M(2,Q) — [9.(e,Q) - k()] - Z — Z_g (2, Q) - ().
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The latter equation implies the desired result as the first two terms are Q-
martingales and the last term equals by (20) to g_(a, Q')- h(a). Thys similarly
to (21) ' .

g(a, Q,) + g-(a’ QI) : h(a)

is a @'-martingale. The proof may be finished by the same reasoning as the
one after equation (20). o
Lemma 4.4 Assume (1) and (6). Then up to a Q-evanescent set

Ah(a) < 1 (22)

s0 that the Doléans-Dade exponential of —h(a) is well defined:

E(=h(a)) = e M) [T (1 — Ahy(a))erhe(= (23)
s<.

is a posilive decreasing finite-valued process.
Proof. It suffices to prove (22). But in view of proposition 4.1, property (ii),
this follows from the equation

Eq{gr|Fr-} — gr-(1 - Ah(a)r) =0, (24)

valid on the set {T' < oo} with a predictable time 7', since by the predictable
section theorem 1.2.18 in Jacod and Shiryaev 4 the latter equation implies
1 ~ Ah(e) > 0 up to a Q-evanescent set. The validity of (24) is verified as
follows: first take A on both sides of (21), and then take the conditional Q-
expectation given Fp_. a

Remark 1. It is easily verified that £(—h(a))~! = £((1 — Ah(a))~? - h{a));
cf. Liptser and Shiryaev, 1° p 199.

Remark 2. Note the following relationship between Hellinger integrals and
Hellinger processes: H(w,T) = 1~ Eg{g_(a, Q) - h(a)r} which follows from
(19) and (21). It will be shown below (corollary 5.7) that H(e, T) is in fact the
expectation with respect to a certain probability measure of the Doléans-Dade
exponential (23) evaluated at T.

4.4 g-mean process of an exponential

The characterization of the Hellinger process h(a), presented in the next sec-
tion, is based on proposition 4.5 below. We use here the following notations: if
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{X(0)}sco is a certain parametric family of processes, then a(X) = E{X(9)}
and (for a nonnegative family) g(X) = eFo{lo8 X(")} denote its arithmetic and
geometric mean processes, respectively (cf. the special cases (8) and (17)).
Until the end of this subsection we assume sufficiently strong measurability
properties that yield the expectation with respect to a well defined. The re-
sults of this section will be applied to the density processes z(6, Q) and related
processes for which these measurability properties are automatically satisfied.
Denote by ¢(X) = a(X) — g(X) the difference of the arithmetic and geometric
process and note that this difference process is homogeneous in the sense that
if C is a process independent of 8, then

$(CX) = Co(X) (25)

Proposition 4.5 Let {X(6)}sco be a parametric family of (Q, F)-semimar-
tingales with AX(8) > —1 for all . Let its arithmelic mean process a(X) =
E {X(9)} be a (Q, F)-semimartingale and a_(X) = Eo{X_(9)}. Suppose that
the increasing processes a({X°®)) and a(—f * pX) where f(x) =log(1+ ) — z
are finite-valued.

Then the g-mean process g(€) = exp Eq{log&(X(V))} of the family of the
Doléans-Dade exponentials {£(X(0))}oco is well-defined and

9(6) = £{a(X) - 33(X) = T 4,1+ AX) (26)
s<.

where 5(.) = a({.)) — (a(.)) and ¢(.) = a(.) — g(.). . . .

Proof. By definition the Doléans exponential £(€) of a semimartingale £ is the

process €3} [T (14 A¢,)e=2¢. Hence the right hand side of (26) equals
s<.

e3(X)—35(X )= (a(X*)) H (1 + Aa,(X) — ¢.(1+ AX))e—Aa-(X)
s<.

= ¢20=3a((XD [[ g, (1 + AX)e2+(8%)
s<.

which in turn is the ordinary exponential of

1 c
o(X = 5X) + T HAX)) = allog X))

and thus equal to ¢g(&). This proves (26). O

Remark 1. If the continuous part X (9)° possesses the variance process

o(X%) = vara(X°) = Eo{|X(9)°’} — |Ea{X (9)}1? (27)
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that is a (Q, F)-submartingale of class (D), then the compensator is given by
#(X°) that occurred in (26).
Remark 2. Obviously, the identity (26) implies

»

9E) = 0.(6) - a(X) = 30.(6) - 5(X) ~ 3 s (E)0u(1 + AX)

s<.

which is reduced in the special binary case to the Ito formula on p.199 in Jacod
and Shiryaev.4

In the next proposition we give sufficient conditions that yield a(X ) a semi-
martingale.

Proposition 4.6 Let {X(0)}sco be a parametric family of (Q, F)-semimar-
tingales with AX(0) > —1 for all §. Assume that each X(8) = A(6) + M(6)
where the A(0) are processes.of bounded variation satisfying a(var A); Q-a.s
finite for all t and the martingales M(6) satisfy ELEq|M(8):] < oo for all
t>0.

Then ils arithmetic mean process a(X) = Eo{X(9)} is a (Q, F)-semimartin-
gale and a_(X) = E{X_(¥)}.

Proof. Clearly a(X) is Q-a.s. finite for all ¢ and the process a(A) is of bounded
variation and satisfies a_(A) = a(A4_) by the monotone convergence theorem.
We next focus on the martingale part. The integrability assumption on the
family {M(0)}¢co ensures that a_(M) = a(M_) and that a(M) is a martingale
as well. Hence a(X) is a semimartingale. o

4.5 The Hellinger process as a compensator

The results of the previous section for an arbitrary family {X(0,Q)}sco are
aimed at the application to the parametric family of processes {m(f,Q)}sco
with m(6, Q) given by (14), so that each density process z(0, Q) is the Doléans-
Dade exponential £(m(6,Q)) of the (Q, F)-uniformly integrable martingale
m(0,Q). Then the assumptions made in the previous section are satisfied.
Write m as a shorthand notation for m(4, Q).

Below the notations of the previous section are used.

Theorem 4.7 Assume (1) and (6). Let the process

1

V= go(me) + ;45,(1 + Am) (28)

be a (Q, F)-submartingale of class (D).
Then its compensator V and the Hellinger process h(«) are Q-indistinguishable.



54

Proof. It follows from (6) that E,Eq[m(d, Q)¢]? < oo, since

log 2(6, Q)c > m(0, Q) ~ 5(m(6,Q)°).

By definition (28) and remark 1 at the end of the previous section, especially
equation (27), we get with g(z) = g(e, Q) the equation

9(2) = 0.(2) - alm) + 30.(2) - {u(m) ~ ()} ~ 9.(z) -V

with the first two terms that are Q-martingales. In order to complete the
proof, compare this equation with (21). o

5 Explicit representations

5.1 Representation of Hellinger processes

In order to present the Hellinger processes explicitly, we need further specifi-
cation of the randomized experiment in question. We return therefore to the
setting of section 3.3 and suppose that a (Q, F')-semimartingale X is observed
whose triplet of predictable characteristics is T' = (B, C,v). In addition to
(1), assume that all (Q, F')-local martingales have the representation property
relative to X, so that for each fixed § € © the density process is represented
as the Doléans-Dade exponential z(6, Q) = £(m(8, Q)) of the (Q, F)-uniformly
integrable martingale

m(©,@) = 5O) - X+ (O -1+ DDy X ) (29)

where 8(0) = B(6,Q) and Y(f) = Y(6,Q) are the same as in section 3.3.
According to the notation (7) the processes 1 = 1(Q) and Y (8) = Y (6, Q) are
associated with the third characteristics » and v () (cf. (12)) so that

() = v(w; {t} x R)
and

Vi(w) = / Yiw, 0, 2)v(w, {1}, dz) = v(w; {t} x R).

We will make use of the following two lemmas.

Lemma 5.1 Under the conditions of theorem 4.7 the compensator %(m°) of
the variance process v(m®), where m is given by (29) (cf. section 4.4, remark
1), can be expressed as follows:

#(m®) = v(B) - C
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with v(B) = vara(B), the variance process of B.

Proof. Since #(m®) = a((m®)) — (a(m®)), our assertion is verified, as follows:
by (29) we have .

a((m*)) = a(|6* - C) = a(IB*) - C
and
(a(m) = () X°) = la(B)? -C

a
Lemma 5.2 Under the conditions of theorem 4.7 the Q-compensator of the
second term in (28), with m given by (29), is

HY)xv+ Z¢3(1 - }})
s<.

Moreover the local martingale P Bs(1+Am) —(4(Y) KU+, 0s(1- Y))
can be written as

600 -6 e 0 ). (30)

Proof. By the same considerations as in Jacod and Shiryaev,* Lemma IV.3.22
we first prove

3

(14 Aam) = ¢(Y(;.,AX ))I{AX¢0} + ¢—(11“—TY)I{AX=0}- (31)

Recall first the definition of the stochastic integral Ws(uX —v): It is any purely
discontinuous local martingale, D say, satisfying AD = W(.,.,AX)la X#0} —
W, cf. Jacod and Shiryaev, 4 definition I1.1.27 or Liptser and Shiryaev, 10

theorem 3.5.1.
Apply this to m(6, @). By (29) we get

(0)—1

1+Am(6,Q) = 1+{Y(6; .,AX) ~ 1} axpo) — ——= -

Itiax=0}

Y(6
Y(0; ., AX)[{axz0) + AI{AX =0} -

From this we immediately obtain (31) and the formula for the compensator
follows.
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The representation in the form of a stochastic integral is again a straightforward
application of its definition. Write it as W(pX —v). Then we geton {AX # 0}

W AX) =W = $(Y (5., AX)) - 6(¥) - $(1 - P,
whereas on {AX = 0} it holds that

W = ¢(t) - ﬁm _v).

From these relations we identify the integrand W as in (30). o

Thus we have
Theorem 5.3 In addition o the conditions of theorem 4.7, assume (29).
Then

k() = %v(ﬂ) CH(V) v+ ¢,(1-7). (32)

Proof. Determine the compensator of (28) by taking into consideration the
lemmas 5.1 and 5.2. O

5.2 Multiplicative decomposition

We retain the setting of the previous section.
Lemma 5.4 Under the conditions of theorem 5.3 the (@, F)-uniformly inte-
grable martingale M(e,Q), defined by (21) in theorem 4.2, satisfies

M(e,Q) = g_(«,Q) - N(a, Q),

where

V(@)= a(6) - X+ o) (AT (X ),
Proof. By (32), (21) and (26) applied to m(a, Q) of (29) and lemma 5.2

N(Q,Q) = g-(aiQ)_l 'M(au Q)
= g-(a’Q)_l ~g(a,Q)+h£a)
= alm) = {9() = 620}« (4 ),

Since a(m) = a(B) - X° + {a(Y) - a(ll—:’i’—)} * (u* —v) this reduces to the right
hand side of the desired equation. m]

We get the following multiplicative decomposition of the g-mean process:
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Theorem 5.5 Under the conditions of theorem 5.9 *
1
9(e, Q) = S(Th(a) “N(a, Q) E(-h(a)) (33)

with N(a, Q) defined in lemma 5.4.

Proof. From Liptser and Shiryaev, 1° theorem 2.5.1, and the decomposition
(21) we get the multiplicative decomposition (33) with N(a,Q)=g_(a,Q)1.
M(a, Q), so that the assertion follows from lemma 5.4. 0

5.3 Representation of Hellinger integrals

It will be shown in this section that with a special choice of the dominating
measure () the g-mean processes take a particularly simple form (cf. Grige-
lionis'). Suppose again that the observations constitute a semimartingale X
which possesses the triplet of predictable characteristics T = (B,C,v) with
respect to the probability measure @ and the triplet T'(§) = (B(8),C(0), v(0))
with respect to the probability measure Py,0 € © (cf. (12)).

For any fixed a let G = Gy be a probability measure on the same space
(2, F,F) (a so-called geometric mean measure), equivalent to @, that pre-
scribes to X the triplet of predictable characteristics T¢ = (B¢, ¢ v%) where

B¢ =u(B)+ (YG - a(Y)) xv
¢ =C

C;;' _ G Y (34)
— . : G _ 9(¥)
vY  =Y%.p, with YC = =) 1509)

Here the notation (7) is used, so that for instance

BN = [ eBotios¥ Oustion s 1) gy,
E
Theorem 5.6 Assume he conditions of theorem 5.3, If the geometric mean
measure G is used as a dominating measure, then 9(@, G) = E(—h(a)).
Proof. By (33) it suffices to show that N(a,G) =0, which is a consequence of
the following two identities (36) to be proved below. To express the dependence
of the processes 4(6) and Y (0) on the choice of the dominating measure G we
explicitly write 8(6,G) and Y(0,G). Notice that Y(6,G) and Y (4, Q) (as
before simply denoted by Y (0)) are related via

Y(8) =Y(#,0)YEC. (35)
We claim N
Y 1-Y

a(B(.,G)) = 0 and 9(v7) =y(1 _175) (36)
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For the first of these equations we use (12) with G instead of Q as dominating
measure and (35) to get ‘

B(ﬂ):BG+ﬂ(z9,G)~C+h(%,(-gl—l)YG*u

Use then the definition of B in (34) to write this as
B(9) = a(B) + B(9,G) - C + 1 (Y(9) - a(¥))

By taking expectation with respect to a we obtain a(8(., G))-C = 0 and hence
N(a, G)* = 0.
The second of equations (36), equivalent by (25) to

g(¥Y) Y€
g1-Y) 1-Y6’

(37)

is easily verified by the definition of Y in the third of equations (34) and its
VG — 1-¥

consequence 1 — Y rEEs BYETOL

We proceed to show that N(a, G)¢ = 0. Thereto we need some notation. Along

with the ‘hat’-operator with respect to v we denote by ¢ the ‘hat’-operator

with respect to ¥¢. Then we have the identities

—— G —— ~ ——
Y(0,G) =Y(0) and i¢ =YGC. (38)

Observe now that the discontinuous part of N (e, G) can be written (use lemma
5.4 with @ replaced with G) as

— G
N6 = {o(r(, 6) - LT )y (x _0)

In view of (35) and (38) the integrand in this expression equals

oY) g(1-Y)
Yé o p_yeé’

But this is equal to zero because of the identity (37). o
Corollary 5.7 Under the conditions of theorem 5.6

H{a,T) = Eg{&(—h(a))r}.

Proof. Substitute Q in (19) by G and apply theorem 5.6. 0
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6 Examples

6.1 Independent observations .

Let X3, X2, ... be a sequence of independent real-valued observations with X;
drawn according to a probability density (with respect to some o-finite measure
p) that belongs to a certain parametric family {f;(.,0)}sce. Suppose that for
paa zER

vi(z, o) = eFallogfi(z.9)} 5 0,

so that by the Jensen inequality

oo

Q < Ti(a) = / yi(z, a)p(dz) < 1

- 00

(equality on the right hand side is excluded by the assumption that + is non-
degenerate under a).
Therefore for any sample size n the Hellinger integrals

H(a,n) = HI‘;(a)

do not vanish and the Hellinger processes (in fact sequences)

n

hn(a) = > (1-Ti(a)), n=1,2,..

i=1

do increase. Since the Hellinger processes are deterministic their relation to
the Hellinger integrals is clear: no expectation is needed in the assertion of
corollary 5.7. But, it seems interesting however to observe that under the
g-mean measure G, the X; keep on being independent with densities

7i(')a) ]
S50 vi(=, a)p(de)

6.2 Diffusion

Let the observation process X be defined so that under each measure Py, 8 € O,

X - /0 B(8)ds
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is a Wiener process W(6). Suppose that for each s > 0 the drift 3, (8) has
non-vanishing variance with respect to «, denoted as in lemma 5.1 by v,(3).
Then the Hellinger processes

h(a) = o? /0. v, (B)ds

where o2 is the intensity of the Wiener processes W(8),0 € O, are related to
the Hellinger integrals evaluated at a certain stopping time 7" so that

-

T
H(a,T) = EG{e—azfo 'Us(:ﬁ)ds}'

Under the g-mean measure G = G,

X — /0 ay(B)ds

is a Wiener process.

6.3 Point processes

Consider a d-dimensional counting process N = (N!,..., N9) with the cu-
mulative intensity (compensator) A(f) = (A!(0),...,A%#)) under the mea-
sure Pp,0 € ©. Suppose that the family {A%(0)}4co is equivalent to some
positive increasing process A so that the vector of corresponding densities

Y(6) = (Y(8),...,Y(0)) satisfies

Y (9)

Eof{log —s)
Ly ywe)

d
} > —co with A(¥) =Y A¥(¥)
i=1
for all s > 0 and ¢ = 1, ..., d. The Hellinger process of order « is given by
o ) ) d
h(a) = / $s(Y)dA, + Y ¢o(1— AR) with ¢(Y) = ¢(¥?).
0 s<. =

1

It is related to the Hellinger integral of order « as in the assertion of corol-
lary 5.7 where the g-mean measure G, is specified as follows: under G, the
intensity density (with respect to the same A) of N* is

g(Y?) b (AN = i
g(1 — AA) + g(AA) with g( A)—gg(AA ).
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