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Abstract

In this paper, we study small noise asymptotics of Markov-modulated diffusion processes in the regime
that the modulating Markov chain is rapidly switching. We prove the joint sample-path large deviations
principle for the Markov-modulated diffusion process and the occupation measure of the Markov chain
(which evidently also yields the large deviations principle for each of them separately by applying the
contraction principle). The structure of the proof is such that we first prove exponential tightness, and then
establish a local large deviations principle (where the latter part is split into proving the corresponding upper
bound and lower bound).
© 2016 Published by Elsevier B.V.
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1. Introduction

The setting studied in this paper is the following. We consider a complete probability space
(12, #,P) with a filtration {%;};cr, , where Ry = [0, 4-00). .% contains all the P-null sets
of .7, and {%;};cr, is right continuous. Let X; be a finite-state time-homogeneous Markov
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chain with transition intensity matrix Q and state space S := {1, ..., d} for some d € N. The
Markov-modulated diffusion process is defined as the unique solution to

t

t
Mt = MO +/ b(XSa Ms)ds +/ O—(Xs» MS)dBS7
0 0

where B; is a standard Brownian motion. We assume that there exist i, x such that o (i, x) # 0
throughout this paper. The concept of Markov modulation is also known as ‘regime switching’;
the Markov chain X; is often referred to as the ‘background process’, or the ‘modulating Markov
chain’.

The objective of this paper is to study the above stochastic differential equation under a partic-
ular parameter scaling. For a strictly positive (but typically small) €, we scale Q to Q/e =: Q€,
and denote by X7 the Markov chain with this transition intensity matrix Q€. If the expected
number of jumps per unit time is y for X;, then the time-scaling entails that it is y/e for X§.
One could therefore say that the Markov chain has been sped up by a factor e !, and, as a conse-
quence, X; switches rapidly among its states when € is small. A classical topic in large deviations
theory, initiated by Freidlin and Wentzell [9], concerns small-noise large deviations. In this pa-
per, we investigate how rapid-switching behavior of X7 affects the small-noise asymptotics of
X -modulated diffusion processes on the interval [0, 7] (for any fixed strictly positive T').

Let us make the scaling regime considered more concrete now. Importantly, it concerns a
scaling of the function o (-, -) to \/€o (-, ) in the Markov-modulated diffusion, but at the same
time we speed up the Markovian background process in the way we described above. The
resulting process M; is defined as the unique strong solution to

t t
Mf = M§ +/ b(XS, MS)ds +¢E/ o (XS, M{)dBs, )]
0 0

where we recall that X; has transition intensity matrix Q€. Focusing on the regime that ¢ — 0,
we call in the sequel M; the Markov-modulated diffusion process with rapid switching. For
simplicity, we will assume throughout this paper that M{§ = 0, whereas X starts at an arbitrary
x € S, for all e. When we write e.g. E[M] ], this is to be understood as the expectation of My
with the above initial conditions.

Since M; evolves in the random environment of X;, we need to separate the effects of the
vanishing of the diffusion term and the fast varying of the Markov chain, but at the same time to
keep track of both of them. Since the scaling Q to Q/e€ is equivalent to speeding up time by a
factor € ~!, one could informally say that X ¢ relates to a faster time scale than M}, and therefore
essentially exhibits stationary behavior ‘around’ this specific ¢. Then it is custom to consider the
occupation measure of X¢, which is defined on 2 x [0, T] x S as

t
Ve (w; t,i)=/ 1ixe (w)=i)ds. 2)
0

As its name suggests, v¢(-; T, i) measures the time X; spends in state i during the time interval
[0, T]. Moreover, we can use the derivative of v¢(¢) to gauge the infinitesimal change of the
occupation measure of X¢, atany ¢ € [0, T']. Henceforth we will thus investigate the joint process
(M€, v¢), the main object studied in this paper.

A celebrated result in Donsker and Varadhan [6] concerns the large deviations principle (LDP)
for vi(w;t,-)/t ast — oo (i.e., the LDP of the fraction of time spent in the individual states
of the background process). The setting of the present paper, however, involves the sample-
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path LDP for v¢ on [0, T] as ¢ — 0. More precisely, we define the image space My of v¢
restricted on [0, T'] as the space of functions v on [0, T] x S satisfying v(¢, i) = fot K, (s, i)ds,
where Zﬁil K,(s,i) =1, K,(s,i) = Oforeveryi € S,s € [0, T], and K, (s, i) being Borel
measurable with respect to s; K, is referred to as the kernel of v. The metric on M7 is defined as

t t
/ Ku(s,i)ds—/ K,(s,i)ds
0 0

We can also view My as a subset of (C[o,T](]Rd) which is the space of R4-valued continuous
functions on [0, T']. In addition, the metric dr on My is equivalent to the uniform metric on
Cro,r1(R?).

We also define Cr as the image space of M€, which is the space of functions f € Cpo,71(R)
and f(0) = 0 equipped with the uniform metric pr (f, g) := supo<,<7 | f () —g(®)|. The product
metric pr X dy on C7 x My is defined by

dr(u,v) =  sup
0<t<T,ieS

(pr x dr)((p, v), (¢', V) = pr (9, @) +dr(v,V), V¥(p,v), (¢',v") € Cr x Mr.

We denote by Z(Cr x M) the Borel o-algebra generated by the topology induced by pr X d7.

The main result of this paper is the joint sample-path LDP for (M€, v¢) on C7 x Mr. The
associated (joint) large deviations rate function is obtained in quite an explicit form. It is actually
the sum of two expressions that we introduce later in this paper, viz. (6), i.e., the rate function
I7 (¢, v) corresponding to M€, and (5), i.e., the rate function fr(v) corresponding to v¢. Informed
readers will recognize that these rate functions are variants of those for diffusion processes, as
given in e.g. Freidlin and Wentzell [9], and for occupation measures of Markov processes, as
given in e.g. Donsker and Varadhan [6] (where we remark again that the result in [6] relates to
v!(w; t, )/t for t large, whereas our statement concerns the sample paths of v¢).

One method of proving the LDP for a family of probability measures on a metric space, as
was introduced in the seminal papers of Liptser and Pukhalskii [22] and Liptser [21], is to first
prove exponential tightness, and then the local LDP (precise definitions of these notions will be
given in the next section). Our work by and large follows this approach. Importantly, the model
considered in Liptser [21] is similar to ours, in that it also studies the stochastic differential equa-
tion (1), but in the setup of Liptser [21] the process X is another diffusion process (rather than
a finite-state Markov chain). It means that we can roughly follow the structure of the proof pre-
sented in [21] (we also rely on the method of stochastic exponentials, for instance), but there are
crucial differences at many places. For instance, as we point out below, there are several novelties
that have the potential of being used in other settings, too.

One of the methodological novelties is the following. We explore a nice connection between
regularity properties of the rate function I7 (v) in the LDP for (M€, v€) and a dense subset of the
image space My of v¢. On this dense subset, the optimizer of the integrand of I (v) is infinitely
differentiable. This eliminates many difficulties in the computation and leads us to first prove
the local LDP on a dense subset of C7 x M7. We then extend the local LDP to C7 x M7 by
continuity properties of the rate functions /7 (¢, v) and I (v).

As mentioned above, the main result of our paper is the joint sample-path LDP for (M€, v¢).
The LDPs for each component M€ and v€¢ are then derived as corollaries from our main result
in the standard way, i.e., by an application of the contraction principle. The small noise LDP
for the Markov-modulated diffusion processes (which is M€ alone) is also studied in a newly
published paper by He and Yin [13] in a setting of multi-dimensional processes and time-
depending transition intensity matrices. In our corresponding result, which is Corollary 3.2, the
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rate function for M€ is decomposed into two parts that allow an appealing interpretation: the
first part corresponds to the rare behavior of the background process X€¢, where the second part
corresponds to the rare behavior of M€ (conditional on the rare behavior of X€). The rate function
in He and Yin [13] is less explicit, in that it is expressed in terms of an H-functional in which
the aforementioned two parts cannot be distinguished. The sample-path LDP for occupation
measures of rapid switching Markov chain (which is v¢ alone) is obtained in Theorem 5.1 in He
et al. [15]. The rate function, which is also expressed in terms of an H-functional, coincides with
the rate function in our LDP for v€¢ (Corollary 3.3) when the transition intensity matrix is time-
homogeneous. However, focusing on obtaining the LDP for the Markov-modulated diffusion
process together with the background process, our aim and approach in this paper are entirely
different from theirs.

The large-deviations analysis for stochastic processes with Markov-modulation is a currently
active research field. Besides the previously mentioned papers of He et al. [15] and He and
Yin [13], we list a few more. Guillin [11] proved the averaging principle (moderate deviations)
of Eq. (1) where X7 is an exponentially ergodic Markov process and b, o are bounded functions.
He and Yin [14] studied the moderate-deviations behavior of M; in Eq. (1), where 0 = 0
and X; is a non-homogeneous Markov chain with two time-scales. Lasry and Lions [20]
and Fournié et al. [8] considered large deviations for the hitting times of Markov-modulated
diffusion processes with rapid switching. Other recent applications of large deviations are to
transportation—information inequalities for Markov processes, see [12,10]. The latter two are
rather remote from the problems investigated in the present paper that, unlike the cited references,
originate with Markov-modulation.

Interestingly, the present paper relates to our previous work [17]. For ease ignoring the initial
position, we there considered the Markov-modulated diffusion M ¢ described by

t t
M¢ =/ b(X§,M§)ds+/ o (X5, M;)dBy.
0 0

In the regime € — 0 the solutions of the stochastic differential equation converge weakly to a
(non-modulated) diffusion M, satisfying, with 7 denoting the stationary distribution of X§ (and
hence also of X;),

. d ./ d 1/2
M, = / > b, My)m(i)ds + / (Z o, Ms)ﬂ(i)> dB;.
0 =1 0 \i=1

This result shows that, when the background chain switches rapidly, it is hard to distinguish from
observed data a Markov-modulated diffusion process from an ‘ordinary’ diffusion. The work in
the present paper, in contrast, indicates that no such property carries over to the large deviations.
The impact of a fast switching background chain does appear in the small noise asymptotics, as
shown in the LDPs in this paper.

We now describe the organization of our paper. The structure of the paper is as follows. In
Section 2, we introduce some preliminary results, definitions, and notation. In Section 3, we state
the paper’s main result and explain the steps of its proof. In Section 4, exponential tightness of
(M¢<, v°) is verified. We identify a dense subset of C7 x My in Section 5, and explore regularity
properties of the rate function on it. The upper bound and lower bound of the local LDP for
(M€, v¢) are proved in Sections 6 and 7, respectively. Section 8 is devoted to conclusions and
discusses a number of possible extensions and alternatives. We present a number of technical
lemmas in the Appendix.



G. Huang et al. / Stochastic Processes and their Applications 126 (2016) 1785-1818 1789

2. Preliminaries

In this section we first provide the definitions of the LDP, exponential tightness and the local
LDP, and state a set of related theorems that are relevant in the context of the paper. Let X
throughout denote a Polish space with Borel o-algebra #(X) and a metric p.

Definition 2.1 (Varadhan [29]). A family of probability measures P on (X, £(X)) is said to
obey the LDP with a rate function 7 (-) if there exists a function 7 (-) : X — [0, oo] satisfying:

(1) There exists x € X such that / (x) < oo; I is lower semicontinuous; for every ¢ < oo the set
{x : I(x) < c}isacompact set in X.

(2) For every closed set F C X, limsup,_, o€ logP(F) < —infyer I (x).

(3) For every open set O C X, liminf._, g€ loglP(0) > —infyco I (x).

Definition 2.2 (Den Hollander [5], Puhalskii [27]). A family of probability measures P€ on
(X, #(X)) is said to be exponentially tight, if for every L < oo, there exists a compact set
K; C X such that

limsup e logP*(X\ K1) < —L.

e—0

Definition 2.3 (Puhalskii [27], Liptser and Puhalskii [21]). A family of probability measures P
on (X, #A(X)) is said to obey the local LDP with a rate function I (-) if for every x € X

limsup limsup € log P ({y € X: p(x, y) < 8}) < —1(x), 3)
§—0 e—>0
liminfliminfelogP“({y € X: p(x,y) < 8}) > —1(x). %)

§—0 €e—0

Since X is a Polish space, Definition 2.1(1) implies exponential tightness. Also,
Definition 2.1(2)—(3) guarantee that P¢ satisfies the local LDP. Actually, the converse is also
valid and is the key to prove our main result.

Theorem 2.4 (Puhalskii [27], Liptser and Puhalskii [21]). If a family of probability measures
P€ on (X, (X)) is exponentially tight and obeys the local LDP with a rate function I, then it
obeys the LDP with the rate function I.

The following lemma, which corresponds to Lemma 1.4 in Borovkov and Mogulskii [3],
shows that a local LDP on a dense subset of X is enough for the validation of the local LDP on
X, provided the rate function possesses a regularity property.

Lemma 2.5. (i) If (3) is fulfilled for all X € X, where X is dense in X and function I (x) is
lower semi-continuous, then it holds for all x € X.

(i) If for every x € X with I1(x) < oo there exists a sequence X, € X converging to x and
I (x,) = 1(x), then the fulfillment of (4) for x € X implies the same for all x € X.

Next we impose some assumptions on the stochastic differential equation (1), as was defined
in the introduction. It is noted that (A.1) (‘Lipschitz continuity’) implies (A.2) (‘linear growth’);
we chose to include (A.2) as well, however, for ease reference in later sections.
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(A.1) Lipschitz continuity: there is a positive constant K such that
6@, x) = b, I +loG, x) —o@, y)| < Klx—yl, ViesS, x,yeR.

(A.2) Linear growth: there exists a positive constant K (which might be different from the K
used in (A.1)) such that

(i, X)| + oG, x)| < K1 +|x]), VieS, xeR.

(A.3) Independence: the Markov chain X7 is independent of the Brownian motion B; for all €.

(A.4) Irreducibility: the off-diagonal entries of the transition intensity matrix Q are strictly
positive. Hence, the Markov chain X; is irreducible for all ¢ and has an invariant
probability measure & = (7w (1), ..., w(d)).

Finally, we introduce some extra notation and function spaces. For an arbitrary stochastic
process or a function Y;, we denote the running maximum process by Y;* := sup ., |Ys|. For a
semimartingale Y; such that Yo = 0, its stochastic exponential is defined as a semimartingale
&(Y); which is the unique strong solution to

t
EX), =1 +/ E(Y)y_dYs.
0

We denote Hy the Cameron—Martin space of functions ¢ € Cr such that ¢(t) = fot ¢'(s)ds and
¢’ is square-integrable on [0, T']. We call ¢’ the derivative of ¢.

3. Main results

We first introduce the definitions of the rate functions involved in the main result. The rate
function corresponding to v€ is defined as

uelU u(i)

T d .
Ir(v) == [ sup |:— Z (Qu)(l)K,,(s, i):| ds, veMr, (®)]
0

i=1

where we recall the notation (Qu)(i) = Z?:l Qiju(j), fori € S, and U denotes the set of

d-dimensional component-wise strictly positive vectors. Note that I7(v) can be seen as a time
varying variation on the usual rate function (implicitly used in Lemma A.2) for large deviation
results for Markov chains, see [5, Theorem IV.14].

We now define the rate function corresponding to M€. For any (¢, v) € Cr x Mz, we define

1 T /o [; , 2
_/ [, _ (v, @1)] dt ifg € Hy,
IT(p,v) =12 )y 67 (v, ¢r) (6)
00 otherwise
where
d d 172
b(v,x) =Y b, )K,(t, i), &(v,x) = (Zaza,xm(r, i)) :
i=1 i=1
In the above formulae, we follow the conventions that 0/0 = 0 and n/0 = oo, for all

n > 0. When we fix a time T, (M€, v¢) is understood as a joint process restricted on [0, T].
Let P o (M€, v¢)~! denote P((M€,v€) € -), which is a family of probability measures on
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(Cr xMy, B(Cr x Mr)). Also, Po(M€)~! and Po (v€)~! are families of probability measures
on (Cr, Z(Cr)) and (M7, Z(Mr)) respectively. The following theorem is our main result
which states the joint sample-path LDP of (M€, v¢) on [0, T'], as € — 0.

Theorem 3.1. Forevery T > 0, the family Po (M€, v€)~) obeys the LDP in (Ct x My, pr xdr)
with the rate function

L1(p,v) = IT(p,v) + IT(v).

Proof. The proof relies on applying Theorem 2.4. We first need to prove the exponential tightness
of Po (M€, ve)*] on (Cy x My, B(Cr x Mr)), i.e., for every L < o0, there exists a compact
set K; € Cy x My such that

limsupelogP (M€, v) € Cr x My \ K1) < —L.
e—0

It is obvious that P o (M€, v)~! is exponentially tight if so are P o (M€)~! and P o (v€)~.
As we mentioned earlier, My is a subset of (C[o,T](Rd). For any v € My, its derivative
K, (s, i) is bounded by 1. Then all v € M7 have the same Lipschitz constant, and hence My
is equicontinuous. It is easily seen that M7 is bounded and closed. Then the Arzela—Ascoli
theorem implies that Mz is compact. The exponential tightness of P o (v)~! is satisfied since
we can take K; = M. Exponential tightness of P o (M€)~! is verified in Proposition 4.3.

Secondly, we proceed to prove that Po (M€, v€)~! obeys the local LDP with the rate function
L7(p, v). That is, for every (¢, v) € Cr x Mz, we need to obtain the upper bound

lim sup lim sup € log P(or (M€, @) +dr (v, v) < 8) < —L7(p,v),

§—0 e—0

and the lower bound

lign i(r;flimigfe logP(o7 (M€, ) +dr (v, v) <8) = —L7(p,v).
— €e—

The core of the proof is proving the local LDP on a dense subset of Cy x My. The upper
bound is validated in Proposition 6.4. The lower bound is first proved in Proposition 7.3 given
the condition inf; 02(i ,x) > 0. Then the condition is lifted in Proposition 7.5 by a perturbation
argument. [

The LDP for P o (M€)~! only (rather than for P o (M€, v€)~!) is then derived from
Theorem 3.1 by the contraction principle in Dembo and Zeitouni [4]. We follow the convention
that inf(¢) = oc.

Corollary 3.2. The family P o (M €)-1 obeys the LDP with the rate function inf,en, L7 (¢, v).

At an intuitive level, /7(v) can be interpreted as the ‘cost” of forcing v¢ to behave like v on
[0, T]. The other term I7 (¢, v), can be seen as the ‘cost’ of the sample paths of M€ being close
to ¢ conditional on v¢ behaving like v on [0, T]. Then inf, ey L7 (@, v) indicates the minimal
‘cost’ of the sample paths of M€ being close to ¢ on [0, T].

Suppose F is a closed or an open subset of Cr. We can also interpret Corollary 3.2 as the
concentration of the probability P o (M €)~L(F), which is the set of sample paths of M€, on the
‘most likely path’ arg infye  (inf, e, [I7 (@, V) + iT (v)]). So there are two sources contributing
to the large deviations behavior of M€: I (¢, v) represents the contribution resulting from the
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small noise, and I7(v) represents the one from the rapid switching of the modulating Markov
chain.

Again by the contraction principle, P o (v)~ ! obeys the LDP in (M7, dr) with the rate
function infycc, I7(@, v) + IT(v) Since there exists a ¢ € Hy such that ¢ = b,(v ¢;) for all
t € [0,T] and all v € My, it immediately follows that inf,cc; I7(¢, v) = 0. Hence, we have
the following corollary.

Corollary 3.3. The family P o (v¢)~! obeys the LDP in (Mr, dr) with the rate function I (v).
4. Exponential tightness

We show the exponential tightness of P o (M€)~! by Aldous—Pukhalskii-type sufficient con-
ditions, as dealt with in e.g. Aldous [1], Liptser and Pukhalskii [22]. The following criterion for
exponential tightness in C7, as well as an auxiliary lemma, are adapted from Theorem 3.1 and
Lemma 3.1 in Liptser and Pukhalskii [22] (which consider cadlag processes with jumps) to our
setting of continuous processes. Let I'7(#;) denote the family of stopping times adapted to .%;
taking values in [0, T'].

Theorem 4.1. Let, for each ¢ > 0, Y€ : 2 x [0, T] — R be an {F;};<r-adapted continuous
process, so with paths in Cr. If

()
lim limsupelogP (Y§* > K') = —o0,

K'—00 ¢

(i)

limlimsupelog sup P [sup|Y; , —Yi[>n])=—o0, Vn>0,
=0 -0 el (F) <68

then P o (Y€)™ ! is exponentially tight.

Lemma 4.2. Let Y = (Y:);>0 be a continuous semimartingale with Yo = 0. Let D denote
the part corresponding to a predictable process of locally bounded variation, and V the part
corresponding to the quadratic variation of the local martingale. Assume that for T > 0 there
exists a convex function H(A), > € R with H(0) = 0 and such that forall» € Randt < T

AD, + A2V, 2 <tH(AE),  a.s.,

where & is a nonnegative random variable defined on the same probability space as Y. Then, for
allc > 0and n > 0,

P(Y: > n) <PE > ¢) +exp {— sup[An — TH(/\c)]}
AER

We are now ready to prove the exponential tightness claim. The technique borrows elements
from Liptser [21].

Proposition 4.3. For every T > 0, the family Po(M€)~" is exponentially tight on (Cr, (Cr)).
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Proof. Firstly, we verify the condition (i) of Theorem 4.1 for the process M5*. For any T > 0,
evidently,

T
M </ |b(XE, M;)|ds + sup , as.
0

t<T

t
Ve [ ooxs mya,
0

We denote C¢ = /€ [y o(XE, MS)dB,. By (A.2),
T T
ME* < K/ (1 + M&)ds + C5F = KT + C5* + K/ Mds,  as.
0 0

Since KT + C%* is nonnegative and non-decreasing in 7', Gronwall’s inequality implies

M5 < XT[KT + €], as. )
Now define jg/ := K'exp(—KT) — KT. Then (7) entails that for sufficiently large K’ such that
jk' >0,

P > K') SP(CS > jk) < ji “E[ (€)',
using Chebyshev’s inequality. We thus conclude

elogP(Mf* > K') < —log jx + € logE [ (C)/]. )

We assume that 1/e > 2 in the rest of the proof (justified by the fact that we consider the
limit e — 0). Since C; is a local martingale, the process |C; |'/¢ has a unique Doob—Meyer
decomposition; let éf denote the unique predictable increasing process in this decomposition.
Applying a local martingale maximal inequality (see e.g. Liptser and Shiryaev [24, Thm. 1.9.2])
to C;, we have for the running maximum process that

E [(c;*)l/s] < <%)1/6E [é;], ©)

In order to obtain an explicit expression for C’f , we apply Itd’s formula to |C; | 1/€ This means
that, for any ¢ € [0, T],

1 ! 1—e¢ [!
|CE|Ve = ﬁ/ |C§|é_lsign(C§)a(X§,MAs)st + T/ |C§|5—Za2(x§, M¢)ds.
0 0

We notice that the first part is a local martingale and the second part is a predictable increasing
process. As a consequence,

e l—e¢ T €1-2 2/.ve €
Cs = |CE e 202 (XE, ME)ds. (10)
2¢ 0 ' '

Invoking (A.2) again, we have that o-2(X¢, M) < K2(1+ M§*)2. Since (7) remains valid when

s

replacing T by s, for any s < T, we find

2
CE 202X, ME) < (€9 2K 14 €5 (Ks + €]
2
<(C K21+ KT (KT + €]

< (€ K201 + KT T)? +26KT (€297,
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Let L7 x = 2K?max {(1 4+ eXTKT)?, ¢*KT}. Then
1 1_
ICE1E 202 (XS, MS) < (C9) 2Ly x [1 + (C§*)2] <Ly [1 + (c§*)1/5] ,

where L = L/T, x s a positive constant not depending on K’ (nor €). We plug (10) and the above
estimate into (9), so as to obtain

1/ LAY T1—e (T _1.,,
€ € €|1-— € €
E[(CS) 1<<1_€) E[ > fo [eNE o(XS,Mst]
1
1\ 'L T
< ~(r E[ce* 1/€]d
(1—e> 2e< + |, e e
1 1
1 \¢ 'Lt 1\ 'Lt
< — exp ryl b
1—¢ e 1 —¢ 2e

the last inequality following from Gronwall’s inequality. Now observe that (1 — €)!=1/¢ is
decreasing on € € [0, %), with limiting value e as € — 0. As a result, we have the following
upper bound on the exponential decay rate of E[(C5) 1€y

1 1
1\« ! LT 1 \e'Lr
limsupelogE [(C;*)]/E] < limsup |:e log (1—> +elog— + ( ) i|
—¢

€0 €0 2e 1—e€ 2
eLT

2
Hence, by (8), for all T > 0, condition (i) of Theorem 4.1 follows for the process M;*:

< < 00.

lim limsupeloglP (M{* > K') = —oc. (11)

K'=00 ¢

Secondly, we verify condition (ii) of Theorem 4.1. To this end, note that for arbitrary T > 0,
6 < 1, and stopping time T € I'r(F;),

P (sug |M; , — M| > n) <P (sulﬁa(M;rr - M) > r)> +P <su18)(M§ -M; ) > r;) . (12)
1< 1<

1<

We can see that M5, — M¢ is a semimartingale with respect to the filtration {F74,};>¢. For any
t € I'r(F;), we denote

T+t T+t
D¢ :=/ b(XE, MEds,  Vf = e/ o2(XE, ME)ds.
T T

By (A.2), we have, forall A e R,r << landt < T,
€ )‘2 € < 1 €x )‘26 2 1 €x 2
ADp + = Ve S MK+ My )+ —= K21+ My )7t as.

We define
2

] A€ ] o
HQ) = |A|+T, § =K+ M7, ).

Then Ms , — M¢ satisfies the conditions of Lemma 4.2 and, for all ¢ > 0, > 0,

P <sup(M§+t - M) > n) < PE > ¢) +exp {— sup[An — (SH(AC)]} .
<8 AeR
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Since P(§ > ¢) = P(M7", | > ¢/K — 1), it follows that

(sup(M - M9 > n) < 2max (]P> (MT+1 > % — 1) , eXp {— su]%[kn - (SH(AC)]}) .
re

1<é

The supremum of An — § H (Ac) can be explicitly evaluated:

A2c%e
sup[An —SH(Ac)] = sup [An —8|r|c —§
reR reR 2

1 sc2e? — 8¢)?
= —sup |:(ne — dce)h — ce A2] = U %) .
€ 1>0
As a consequence, for all positive c,
lim lim sup € log exp {— sup[An — SH(AC)]} =lim-———=—-00
=0 -0 reR 8=
It is concluded that for any t € I'7(F;) and ¢ > 0,
lim lim sup € log P (sup(M - M) = 17) < limsup e logP (M;’jr] > % — 1) .

=0 ¢0 e—0

By (11), we know

lim limsupelogP (M;_H > % - 1) = —00.

c—> 0 e—0

It implies

lim limsupelog sup P |sup(Mg,, — M5) > 1
=0 -0 rel'r (Fy) 1<

¢
< infli logP (M, > — = 1) = —o0.
inflimsupelogP (M), >
Moreover, the claim

lim limsupelog sup P (sup(M§ -M;,.) > 77) = —00

§=0 ¢-0 rel'r(Fr) 1<

is proved in the same way. Thus the desired claim follows from (12). [
5. Auxiliary results

We first identify a dense subset of Cy x My which substantially simplifies the proof of the
local LDP in the next two sections. Let M+ be the subset of My such that K, (s,i) > 0,Vs €
[0,T],i €S, and let M++ be the subset of M+ such that K,(-, i) € (C[O 1> Vi € S.

Lemma 5.1. MJTr+ is dense in M.
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Proof. We prove the claim in two steps. Firstly, we show that MJTr+ is dense in MJT’. We begin
by introducing the standard mollifier J(x) on R, i.e.,

1 :
J(X) — kexp <|x|2——1) if |x| < 1,
0 if x| > 1,

where k > 0 is selected so that fR J(x)dx = 1. For each n > 0, we define J;(x) := I (x/n).
For any v in M, we extend the domain of K,(,i)to (—1,T + 1), as follows:
K,(s,i) ifse[0,T],
K,(s,i) =1 K,(0,i) ifse (—1,0),
K,(1,i) ifse (T, T+1).

Since K, (-, i) is integrable on (—1, T + 1) for each i € S, we can define its mollification as

n
Kl = [ 0K = piddy. forse (14n T4 T=m. 0 <1,
-

By Theorem C.6 in Evans [7], K|/ (-, i) is smooth on (—1 47, T4+1—n) and K,/ (-, i) — K, (-, i)
almost everywhere as n — 0.

Next we proceed to show that v” with the kernel K/ (s, i) is an element of MJTH’. It is clear
that K,/ (-, i) € Cpy. 7y When restricted to [0, T], and in addition we have K!(s,i) > 0, for all
s € [0,T]and i € S. As a consequence, we only need to prove that Z?:l K (s, i) = 1, for
all s € [0, T]. For any s € [0, T] and y € [—n, 7], it holds that Z?:l K,(s —y,i) = 1 since
s —y € (—1,T 4+ 1). We thus have that

d " d
ZKQ(s,o:[ Jn(y>ZKu(s—y,i)dy=f
i=1 -n i=1

n
Jy(y)dy = 1.
n

Foranyr < T,i € S, due to the fact that K;'(-, i) = K,(-,i) on (0, t) almost everywhere as
n — O0and K, (s, i) < 1, it holds that

t t
/ K] (s, i)ds — f K,(s,i)ds, asn— 0,
0 0

appealing to the dominated convergence theorem. Since fot K\ (s,i)ds is increasing in t,
fé K, (s, i)ds is continuous in ¢ and d is finite, we obtain the following uniform convergence:
dr(w",v) = sup

t t
/ K] (s, i)ds — / K, (s, i)ds
te[0,T1,ieS 1J0 0

using Result 1.1.21 in Jacod [18].

Secondly, we prove that MJTr is dense in Miy. Noticing that K, (s, i) can be O for some i, s, we
define (for any v € M) an v7 € MJTr through
KV (Sv l) + 77

1+ nd
n > 0, for all i, s. As is directly verified, dr (v, v) < T(n 4+ nd)/(1 4+ nd). Then the desired
result holds. Consequently, M'ﬁ' is dense in Mi7 by the triangle inequality. [

— 0, asn—0,

K] (s, i) =

We then present a regularity property of the rate function I7(v) on MJTH’.
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Lemma 5.2. Fixs € [0, T]and v € M}‘*’. Then there is an optimizer u*(s, -) of

d .
. (Qu)(@) )
J&f/[z u(i) K”(s”)}

i=1

such that u*(-, i) € C[o o ,foralli € S, and u* € U.

Proof. As obviously

Z Qu”(])
d d
Z (Q”)(l) i) = Z 0iiKy(s, i)+ Z 7 K,(s, i),

o u@

the optimization problem essentially reduces to

Z Ql]u(])
inf ZLKU(s,i)

uel | — u(i)

We let rj; = u(j)/u(i), fori # j. Since rj; = 1/r;;, the optimization problem can be written
as a minimization over d(d — 1)/2 variables:

d i—1
inf 3 [QuriKo(s.i) + Qjirji Kuts. )]

rj,>0 =1 =1

Observe that for any i, j, k the equality r;jrjx = rix needs to hold, which corresponds to
Y (d) ;= (d — 1)(d — 2)/2 constraints. We then perform the change of variables x;; := logr;,
and denote by X = (x21, ..., xd(d,]))T the d(d — 1)/2 variables. Letting K, (s) = (K, (s, 1),
L, Ky (s, d))T, we transform the above optimization problem into
d i—1
inf f (Ky(s). X),  where f (Ky(s). X) := O [Qije i Ky(s. i) + Qjie i Ky (s, )]
i=1 j=1
with (d — 1)(d — 2)/2 additional constraints to be imposed.
The gradient vector of f with respect to X is

af af )

axo1” T dxa—1

DXf=<

and the corresponding Hessian matrix D§ f is the diagonal matrix which has entries of the
form Q;;je* K, (s,i) + Qjie " K,(s, j) on its diagonal. The idea is now to split the vector
X into Xo = (x21, ..., xg1)T and X; (where the latter vector corresponds with the remaining
¥ (d) variables). Due to the constraints, we have X1 = LX) where L is a matrix of dimension
¥ (d) x (d — 1). The next step is to include the constraints into the optimization equation f. It
yields the following new optimization problem, on which no additional constraints need to be
imposed anymore:

inf F (K, (s), Xo), where f(K,(s), Xo) = f(K,(s), X0, LX0)).
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Observe that f is a globally strictly convex function of X on a convex domain, and conse-
quently f is a strictly convex function of Xo. Hence, there is a unique minimizer Xg(s) =
(x3,(8),s ..., )C;I(s))T for any s € [0, T']. Since we have that both K, (s,7) > 0 and Q;; > 0
fori # j, any entry of X{j(s) cannot be —oo or co. We thus conclude that X{j(s) € R4,

Let I be the (d — 1)-dimensional identity matrix. Then we define

~ A I
f (K (s), Xo) := Dx, f (K, (s), Xo) = Dx f (K, (s), (X0, LX0)) (L) ,

which is a smooth function on R? x R4~ such that f (K (s), X;(s)) = 0. The gradient matrix
of f with respect to Xg evaluated in XE)‘ (s)is

- 1
G =D}, f(K.(5). X5(5) = ALY DY £ (Ko (5). (X5 (), LX}(5))) ( L) .

Let |G| denote the determinant of G. Since H is a positive-definite diagonal matrix and L is of
full rank, we conclude that |G| # 0, for all s € (0, T).

Hence, the implicit function theorem (cf. Theorem C.8 in Evans [7]) implies that Xé(s)
is a smooth function of K,(s): since K,(-,i) € (CE’&T] for all i € S, we conclude that

X5(s) € (C‘[’g 7 (R4=1). 1t also follows that the corresponding minimizer in terms of the variables

rij> say (r3)(s), ..., 1 (8)), is in Cf§ 7,((0, 00)~ ). Recalling that r; = u(j)/u(i), we set
(s, D, u*(s,2), ..., u"(s,d)) = (1,r,(s), ..., 1} (5)
on [0, T]. Then (u*(s, 1), ..., u*(s, d)) is an optimizer corresponding to

d .
) (Qu)(@) .
Jnf [Z w s ’)} :

—1

andu™(-,i) € (C ]forallz e S.Itis easﬂy seen that u* (s, 7) > 0. Then infs¢qo,77,ies ¥ (s, 1) >
0 by continuity ofu on [0, T]. Hence, u* € U. O

The following continuity property of the rate functions will be used in proving the upper and
lower bounds.

Lemma 5.3. Let v, v € My with kernels K\ and K, such that K] (-,i) — K,(,i) a.e. as
n — 0on|0, T] foreachi € S. Then

Q) Ir(v") — Ir(v) asn — O;

(i) Ir (e, V") — IT(p,v)asn — 0, Vo € Hr, if inf; « 2@, x) > 0.

Proof. (i) Let p be a d-dimensional vector such that Zle p(i) = 1land p(i) > 0. By Lemma
4.22 in den Hollander [5], the map £ defined by

. (Qu)(@)
e(p) = ;g{fj{; ) ()}

is continuous in p and positive. Moreover, for all p, realizing that the Q;; are nonnegative for

i # s

d . d
: (Qu)@@) .
— inf [Z ) p(l)} < _;Qii

i=1
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as a consequence of

d Z Qlju(.])

d .
, (QM)(l) j#i _
— inf |:i=E] (i) ] E Qiip(i) — 1nf E jTP(l)

uet i=1 i=1
By continuity of the map ¢ above,

d . 7] d
(Qu)(@) . (Qu)(l) .
o3 0| a3 R

uelU i=1

as n — 0, almost everywhere on [0, T]. Also,

d : § d
. (Qu) () .
—ulglf] [Z ) Kl(s, i) | < _;Qii

i=1

for all s. Then the desired result follows directly by applying the dominated convergence theorem.
(i1) When inf; o2(i, x) > 0,itis easily seen by continuity that

A G D) G Ut TCR 20)
&tz(vna (Pl) 612(‘)5 (Pt)
a.e.asn — 0. Let o2 denote inf; x 02(1', x). For every v € M7, we have
2

d
Ak <Z b, w:)l) + 2l <§ Ib(i,fpr)|>

2

[ - bt(V @t)]z

57w, 1) s o

Since ¢ is absolutely continuous and b(i, x) is Lipschitz continuous in x, Z?zl b, 1) < b <
oo on [0, T]. Hence, [¢; — by (v, o)1 /62 (v, @) < (9] + b)?/o2. Since ¢’ is square-integrable
on [0, T], IT(p,v") — Ir(p,v) as n — 0 by again applying the dominated convergence
theorem. [

6. Upper bound for the local LDP

This section considers the upper bound in the local LDP, whereas the next section concentrates
on the corresponding lower bound. Recall that our aim is to establish

lim sup lim sup € log P(o7 (M€, ¢) + dr (v, v) < 8) < —L7(p, v),
§—0 e—0

with L7 (¢, v) as defined in Section 2. Our approach, which has a similar structure as the one
used in Liptser in [21], finds an exponential (in €, that is) upper bound on the probability
P(or (M€, ¢) + dr (v, v) < §) relying on the method of stochastic exponentials. As it turns
out, this bound should contain the rate function Lt (¢, v), as desired.

We start by introducing some additional notation. Let S denote the space of all step functions
on [0, T'] of the form, for k£ € N and real numbers A, ..., Ar,

k

(1) = Aoly=0} (1) + Zkil(r,»‘z,-m(t), O=t<--<try1=T.
i=0
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For any ¢ € Cr, we introduce the following notation

T k
A )‘-(S)d(pY = Z )\'i [‘PT/\t,-H - ‘PT/\t,-]-

i=0

In the sequel we frequently use the process

1 t
NE = ﬁ/o M) (XS, MOYdB;, 7 € Sy,
which has the stochastic exponential

1 1 (!
E(N€), = exp (N; - 5<N€>,) ,  where (N€); = Z/o A2(s)a 2 (XE, ME)ds.

Next we introduce a stochastic exponential associated with the occupation measure v€.
Let U denote the space of functions on [0, T] x S being continuously differentiable on
[0, T] and infscfo,77,ies u(s, i) > 0. We will follow the notational convention (Q€u)(s,i) =

Z?:l Qf;u(s, j).fori e Sandu € U.
For any u(-,-) € U,

t 8 t
Nf =u(t, X7) —u(0, Xj) — / 8—u(s, X5)ds — / (QCu)(s, X5)ds
0 05 0
is a local martingale on [0, T'] due to Itd’s formula for finite state Markov chains. We define

t
- 1 N
e ;:/ S —T
0 M(S—,XS_)

Then

t 9 € € N
S, - MOXD p(_/ D uls. X9 + (0 u)<s,xs)ds> (13)

u(0, X§) ) u(s, X§)

is the stochastic exponential of Nf . Indeed,

6 t i € € €
Qe = M0 XD p(_/ Lu(s, X9+ (Q u)(s,XS)ds>
0

u(0, X§) ) u(s, X€)
y <_ Du(e, X9) + (Qu)(, x;)dt>

u(t, X7)

t i € € € €
+€Xp<—/ 3su(S’Xs)+(Q u)(s’XS)ds> du(t,Xt)
0 u(s, X§) u(0, X§)

SN,
Cou(t—, X))
E(N),_

= —— " _dNF.
ut—, X&) !

|:du(t, X6 — %u(l, Xt — (QCu)(t, X,)dti|

Since inf;e[o,77,ies u(t, i) > 0, Nf is a local martingale and its stochastic exponential E(N®),
is also a local martingale by Theorem 1.4.61 in Jacod and Shiryaev [19]. Then E(N€), is a
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martingale since it is bounded. We will use this martingale property when applying a change of
measure in the next section. The martingale & (N€); is an extension of the exponential martingale
studied by Palmowski and Rolski in [25].

Lemma 6.1. &(N¢),&(N€), is a local martingale, and E[&(N€);&(N€);] < 1.
Proof. By Protter [26, Thm. 2.38],
EN)E(N) = E(NC 4+ N€ + [N, N),,

where [N€, N€] denotes the quadratic covariation process. Since 1\7f is a pure jump local
martingale and Ny is a continuous local martingale, [N€, N€] = 0. Then &(N€),&(N€), is the
stochastic exponential of the local martingale N, £+ Nf and alocal martingale too. Since a positive
local martingale is a supermartingale, E[&(N€),;E(N€);] < E[E(N€)&E (Nl =1. O

The above lemma evidently implies that
E [l{pr(w,<p>+dr<u€,v)<a}5(ﬁf)T€(N6)T] <L

In order to find an exponential upper bound on P(p7 (M€, ¢) + dr (v¢, v) < 8), we derive non-
random exponential lower bounds on & (N€)7 and &(N€)7 in case that both M€ is close to ¢
and v€ close to v (i.e., on the set {p7 (M€, ¢) + dr (v¢, v) < 8}). The next two lemmas present
the results; Lemma 6.2 focuses on & (N€)7, whereas Lemma 6.3 covers &(N€)r.

Lemma 6.2. For every (¢,v) € Cr x My and every . € Sy, 8§ > 0, there exists a positive
constant K , 1 not depending on € or § such that

T T
E(N)T > exp {é [/0 A(s)des —/0 A($)bs (v, gy)ds

T 22(s) . B
- / > 62(v, %)ds] - —Kx,ga,T}
0 €

on the set {pr (M€, @) + dr (v, v) < 8}

Proof. It is first realized that, by (1), N can be rearranged as

t t
Nf = é |:/0 A(s)dMs —/0 r()b(XS, Mf)ds].

Then a straightforward computation yields that
€ 1 € ’ € r € € r )‘2(S) 2/ ye€ €
N — §<N Vp = A(s)dM; — A(S)b(X5, Mg)ds — — ° (X5, M;)ds
0 0 0
T T 1 T
[/ A(s)dMs —/ )»(s)d(ps:| - - |:/ AS)D(XS, M;)ds
0 0 € LJo
T A
- f A(s)bs (v, %)dS]
0
1 T )\2 T )\2
_ - / ﬂo‘z(XE, M¢)ds — / (s)&f(v, @s)ds
€ 0 2 0 2

1 |: T T R T )\.Z(S) s
41 / As)dgy — / A(s)Bs (v, 95)ds — / 520, %)ds]
€ LJo 0 o 2

N = N =
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As a consequence, we evidently have

o1 e oo T32) .»
Nj - SV >T>g[ /0 As)dgy — fo A(s)bs (v, 05)ds — fo 226 (v,ws)ds]

1 T T
/ A(s)dME — / 3(s)dos
€ |Jo 0

T A
- / A($)bs (v, ¢5)ds
0

2 T 2
! f M) 02y, M§)ds—/ ) 5201, oy)ds
0 o 2

1 T
- - ‘/ A(S)D(XS, M;)ds
€ 1Jo

a.s.

e T2

Hence, by repeated use of the triangle inequality, we find that Ny — %(N St = e_lGET a.s.,
where G is given by

T T R T 2( ) 2
|:/ As)dgs — / A(s)bs (v, @s5)ds — / 5 (v, (Ps)ds]
0 0 o 2

T T
- / A(s)AME — / A(s)dgy
0 0

T
- / A(s)b(XE, ME) — A(s)b(XE, @g)ds
0

—~ ‘ f ASD(XE, @) — A(8)by (v, g5)ds
T 12 2

- f 26D ke mey — 2802 xe g as
0 2 2

T 12
—/0 kz(s)a%x o—%”ﬁv 00)ds|.

In the rest of the proof, all objects are considered on the set {p7 (M€, ¢) +dr (v¢, v) < §}; we
analyze all absolute values in the previous display separately. Let us start with considering the
first absolute value; we thus find that

T T k
“/(; )‘(s)dM_ye _‘/0 )\.(S)dgﬂs = Z)"j <M§/\tj+l - (PTAth - (Mjg"/\[j - (pTA[/‘))‘

< 2kAES.

Now consider the second absolute value. The Lipschitz condition (A.1) implies that

T
< f MK |ME — gglds < A3SKT.
0

T
/ A(s)b(XE, MS) — A(s)b(XE, @g)ds
0

For the fourth one, (A.1) also entails that

T)‘Z(S) 2 € € 2 € ZT* T € €
5 [ (X, MA)—U(XS,%)]ds <5 | Kslexs, ME) + o (XS, g)|ds.

Since ¢ is continuous on [0, T'], there exists a positive constant » such that <p; < r — 4. Ityields
that M$* < r on the set {pr (M€, ¢) 4 dr (v, v) < 8}. By the linear growth condition (A.2) and
the above reasoning

lo (X5, M) + 0 (X5, 0| < KA+ M)+ K(1+ o)) <2K(1 + 7).
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‘We conclude that

T)‘2(S) 2 ye € 2
|52 [ ) = o x o] s

Then, concerning the third absolute value,

<AFSKE(1 4+ 1)T.

.y iIb(XE, @) — by (v, ¢5)1ds

T
/ ASBXE, @3) — 1(5)bs (v, @y)ds| =
0

I

k

<2

j=0

k
= Z
Jj=0

l‘j+1 d
/t Mj Y b, @) xe=i — Ky(s, i)]ds
J

i=1

tiy1 4
/ ) i) xemiy — Ko(s, i)]ds
j i=1

< (@, 9)[Mxe=iy — Ky(s, D)]ds

—01

where f;(,s) = Ajb(i, @s). Since b(i,-) is Lipschitz continuous and ¢ is absolutely
continuous, f;(i, s) is of bounded variation. Then, by Lemma A.1,

sup
ieS

< Cjé,

Tj+1
/ fiG, ) xe=iy — Ky(s,1)]ds
i

where C; is a constant. We thus conclude that

k
<Y Cjéd < Cs
j=0
A similar procedure yields for the last absolute value

T 32(s) 22(s) .
fo o2(XE, p5) — 5 62 (v, @5)ds

T
f A(S)B(XE, @) — A(s)bs (v, @5)ds
0

< C's.
2

Upon collecting these inequalities, we find

1 r r A
EN)r > CXP{E [/0 A(s)des —/0 A($)bs (v, 5)ds

T32Gs) ., P
- oy (v, 0)ds | — =Ky o177,
0 2 €

where we denote
Ky g1 =2k)} + 25KT + A7 K*(1+ 1T + C + C/,

which is a positive constant not depending on § ore. [

Lemma 6.3. For every v € My, every u € U and every y, 5 > 0, there exist positive constants
Cy, C), K, and K g ,, not depending on € or § such that

u’

- 1
E(N )T = K, exp (— <Cu3 +y+C,T+ Z(KQ’MS + )/)) d
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__f Q”(s ’) v(s,i)ds)
u(s

ontheset{,oT(Me,w)—i—dT(v V) < 8}

Proof. First observe that

8 T, X5 d + (Q¢
SNy = b;((o o )) exp( / Z asu(s l)u(s(g u)(s, Z)I{X§_i}ds)

”(T»X u(s i) '
N u(O,X ( 121:/ u(s i) 1 (xe=iy — Ku(s, i)]ds

/ u(s l) Kv(s,i)ds)

X exp ( z Z Qu(s l)[ {X§:i} — K, (s,i)]ds

o uts.i)

& T Quis, i)

€= Jo u(s,i)

K, (s, i)ds) .

By the definition of u and Xg = x, we have that K, := min; , u(7T,i)/u(0, x) is a positive
constant. Hence &(N€)7 majorizes

d T 0 ;
K, exp (—Z fo 3‘“(Sil)[1{x5:,~} — Ky (s, i)]ds
! Z " QuGs, l)KU(s,i)ds> .
€ u(s,i)

= u(s,i)
i=1 0

1L (T Ques, i)
e <_e 2l i
On the set {p7 (M€, ¢) + dr (v, v) < 8}, Lemma A.1 implies that, forany y > 0,i € S,

T 0
/0 M[l{xe iy — Ko (s, i)]ds

u(s,i)

d

-2

i=1

T 0,4 s, 1
/ a5 i )Ku(s,i)ds
0

u(s,i)

[Lxe=i} — Ky (s,i)]ds

Cu(S + V,

" Qu(s, i)

lixe—in — K )]d
. uG ) [1ixe=i) (s, 1)]ds

< Koud+y, VieS.

Since %u(s, i)/u(s, i) is continuous on [0, T'],

T (s, i
/ Mms,ods <
0

C'T.
u(s,i) "

Hence,

3 1
EN) > Ky exp (—Cqud —yd —C,Td — ~(Kg..8 +y)d
€

_ _/ Q“(s l)Kv(s,i)ds>.
u(s,i)

We have thus proven our claim. [
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Now we are ready to prove the upper bound in the local LDP.

Proposition 6.4. For every (¢, v) € Cr x M7,
lim sup lim sup € log P(or (M€, @) +dr (v, v) < 8) < —L7(p, v).

§—0 e—0

Proof. Due to Lemma 5.1, Cr x MJTr+ is dense in C7 x Mly. We first prove that the upper bound
holds on Cr x M}“*. For every v € M, it is an immediate implication of Lemma 5.2 that
there is an optimizer u*(-, -) of

d .
. (Qu)(@) ;
Jnf [Z iy Kvls: ’)}

i=1

such that u* € U. We denote
)
g _WOXD (_ / Tu* (s, X5) + (Qu)(s, X;)ds> .
0

LT R0, X9) &) u*(s, X¢)
Lemma 6.1 implies that

E [Lor e gy rar e < 65 ENOT | < 1 (14)

for every A € Sr. By virtue of Lemmas 6.2 and 6.3, we have a non-random lower bound for
5%*£(N€)T on the set {p7 (M€, ¢) + dr (v¢, v) < §}. Hence, (14) implies that, for all A € Sz,

P(or (M€, @) +dr (v, v) < 9)
1 *
exp ( Curdd + ClTd + —K,u8d + - / ZQZ (5. 1)
e €Jo = (s, i)

1 T T R T Z(S)Az §
X exp{_g |:/(; A(s)des _/(; A($)bs (v, @5)ds _/(; ) s (v, §0a)d5i| + - KA(pT]

‘We observe that

Qu*(s i) T Q@) B
/ WD) “(S”)ds__/o uey{ 2w )]ds I

i=1

<

K, (s, i)ds)

It directly entails that, again for all > € Sr,
elogP(pr (M€, ) +dr (v, v) <)

T T T 32(s) .,
< —[/ Mo, — [ b s - [ 620. mds} + Kgrd
0 0 0

Td) + Kgu+8d — It (v). (15)

It is easily seen that all the terms with § or € vanish as § — 0, ¢ — 0. As a consequence we
conclude, by minimizing the right hand-side over A, that the decay rate

—elog K, + € (Cy+8d + C,

u*

lim sup lim sup € log P(or (M€, ¢) + dr (v¢, v) < §)

§—0 e—0

is majorized by

T T . T )»2(S) s -
— sup [/0 A(s)dgs _fo A(s)bs (v, @s)ds —/0 5O (V,%)ds] = Ir(v).

AEST
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Since b(i, x) and o (i, x) satisfy the linear growth condition (A.2), l;,(v, x) and & (v, x) are of
linear growth as well. Then Liptser and Pukhalskii [22, Lemma 6.1] implies that

T T R T )\.Z(S) s
sup [ /0 A(s)dgy — /0 1(5)by (v, g5)ds — /0 20, mds}

)»EST 2

T 2
R 22 .
/ sup [w; = Aby (v, 0) = = 62 (v, %)} ds if ¢ € Hy,
= 0 xeR

00 otherwise.

For s € [0, T'] such that &Sz(v, ¢s) # 0 and ¢ € Hr, elementary calculus yields

|: e j| _ [%’ - l;s(vv (Ps)]z

, ~ ~2
sup k(ps — Abg(v, ®s) — ?GS v, 5) 26’3(\), ©s)

LeR
For s € [0, T] such that 62(v, ¢5) = 0 and ¢ € Hy,

: »? 0 ifel = byv, )
AQL — A _ 252 V] = Py sV, ©s),
ilellg |: b5 = Abs (0, 00) 2% . <p5)i| {oo otherwise.

Hence, with the conventions 0/0 = 0 and n/0 = oo (for all n > 0) being in force,

T 2 T 1 r 2

. Ve 1 o — bi(v, ¢1)]

/ sup |:)L(p; — Abs(v, 5) — _0'32(‘)’ ‘Ps):| ds = = f tAzt—tdl‘
0 1eR 2 2 Jo o1 (v, ¢r)

if (VNS Hr.

Hence the lower bound for the dense subset Cy x MJTr+ is established. In consideration of
Lemma 2.5, the upper bound is proved for Cr x My if we can show I7 (¢, v) and iT(v) are
lower semi-continuous on v. We denote

T T
Fy(p,v) :f A(s)des —/ A($)bs (v, g)ds —f
0 0 0

By the above computation, we know for every (¢, v) € Cr x Mz, IT(p,v) = sup,es, Falp, v).
For every A € St, Fy.(v, ¢) is continuous on v due to Lemma A.1. Then I (g, v) is lower semi-
continuous on v since it is the pointwise supremum of continuous functions. By Lemma 5.3,
I7(v) also satisfies the requirement. The claim is established. [

T )\,2(5‘)

62(v, gy)ds.

7. Lower bound for the local LDP

This section studies the lower bound of the local LDP. To this end, it is realized that only finite
rate functions need to be investigated. The rate function I7(v) is finite for every v € My since
0< ir(v) <-T 2?21 Q;i. We further observe that the rate function I7 (¢, v) is finite for every
(¢, v) € Hr x M7 if inf; 02(i, x) > 0. Hence we consider the case of inf; , o2(i, x) > 0 first.
Let (¢, v) € Hr x M. We define

_ 1 t ./ —I; ,
NE = —/ O = bsl@ev) g (16)
NG (7))

Then its stochastic exponential is

A 2
_ - 1 — — 1 ! /_bv S
E(N€); = exp <Nf - E(NE),> ,  where (N€), = ;/0 [%T((pv)v)} ds
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For simplicity, we denote
_ ¢ —bs(es. )
5— ((pY ’ V)
throughout this section. Recall from (13) that, for a given u(-, -) € U,

- ti 7X§ + P ,X§
SN, = M(((t)X)) p(_/o Du(s ‘:(s ;%)u)(s )ds>.

In order to perform a change of measure in Proposition 7.3, we show that {& (N€);
E(N)}ier0,17 18 a true martingale. It is noted that in the first results of this section, we impose
the condition inf; 2(i, x) > 0, which will be lifted later on.

Lemma 7.1. For every (¢,v) € Hr x Mg and u(-,-) € U, {5(196),8(196),},6[0;] is a
martingale if inf; a2, x) > 0.

Proof. We have shown in last section that & (N€); is a martingale. Since ¢ € Hy and recalling
that we assumed inf; . o2(i, x) > 0, it follows that (NE)T = éfOT hf.ds < 00. Then Novikov’s
condition implies that &'(N€); is also a martingale. Since X; is independent of the Brownian
motion By, &(N€), is also independent of &(N€);. So,

E[&(N€)r&E(N)7] = E[E(N)7IE[E(N€) 7] = E[E(N€)JE[E(N€)o]
= E[£(N)o& (N€)ol.

By the same reasoning as in the proof of Lemma 6.1, we know that E(N),E(NE), is a
supermartingale. Hence, it is a martingale by Liptser and Shiryaev [23, Lemma 6.4]. [

Lemma 7.2. For every v € M, every u € U and every y, § > 0, there exist positive constants
Cu, C}, K}, and K ¢, not depending on € or § such that

- 1
[EN)7r1™" = K, exp <— (Cu3 +y+C,T+ Z(KQ,MS + V)) d

QM(S i) .
/ u(s D v(S,l)dS)

on the set {pr (M€, ) + dT(vé, v) < 6}
Proof. Omitted, as it is very similar to the one of Lemma 6.3. [

We proceed to prove the lower bound of the local LDP under the condition inf; , 02(i ,x) > 0.

Proposition 7.3. For every (¢, v) € Hr x My, if inf; « a2, x) >0,
lim inflim i(I)le logP(or (M€, ) +dr (v, v) < 8) = —Lr(p,v).
€—>

§—0

Proof. For any v € My, there is a sequence v" € MJTr+ such that v7 — v by Lemma 5.1.
Actually, the convergence happens in the way that K, (-, i) — K, (-, i) a.e. Then by Lemma 5.3,
the rate function L7 (¢, v) satisfies the continuity property required in Lemma 2.5. Hence we only



1808 G. Huang et al. / Stochastic Processes and their Applications 126 (2016) 1785-1818

need to prove the lower bound on the dense subset Hr x MJTFJF. Recall that for every v € M,
Lemma 5.2 implies that there is an optimizer u*(-, -) of

d .
. (Qu)(@) .
Jnf [Z u(i) K“(S”)}

i=1

such that u* € U and
d
gt XD p(_ /, w*(s,X§>+(Q€u*><s,xg>ds)'
0

u*(0, X ) u*(s, X5)
By Lemma 7.1, we know ]E[é”}‘* &(N€)7] = 1.0n (12, Fr), we define a new probability measure
P, through dP,+ = é"’T‘*g(Z\_le)Td]P’. Since é”’T‘*éa(]\_le)T is strictly positive, P« is equivalent to

. - -1
P and dP = [eﬁ”}’ & (N E)T] dP,«. So that we can translate the probability of our interest under

the original measure PP into the mean of a certain random quantity under the alternative measure
Pyx:

. - -1
P(pr (M€, ) + dr (v, v) < 8) = / (6 e@r] are a7

{or (M€, @)+dr (v¢,v)<8}

By Girsanov’s theorem, B, = B, — JLE f(; hgds is a P,+-Brownian motion on (§2, (%):<7).
We substitute the above equation in (16), and obtain

NS — 1<Ne / hydBq +—/ h2ds.
It thus follows that [éa” E (N9 717! is equal to

(0, X& 0k LX) + U (s, X€ 1 T . 1 T
wOXp) o / a5 (8 X)) + Qs X) —/ hydB, — —/ h2ds ) .
u*(t, X7) 0 u*(s, X¢) Ve lo 2e Jo

Now let L be a positive constant. We define ©¢ = {,OT (M€, ¢) + dr (v¢, v
L}. Then (17) implies

. —1
Plor (.9 +dr05 ) <0 > [ (6 600 ] ape.

By Lemma 7.2, we obtain the following non-random lower bound of [ch“*g (N€)7]7L, valid
on the set O°¢:

Ir (e, L
K,;*exp<—Cu*8d—yd—C Td——(KQu*S—i— )d—ﬂ—M——).
€

€ Ve

As a consequence, we have the following lower bound of the probability P(or (M€, ¢) + dr
(v, v) <o)

Ir(v) Ir(p,v) L
K;*exp<—cmad—yd—c Td——(KQuMSJr yd - L= - -

X Pu*(@E).
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This, in turn, leads to the following lower bound on the corresponding exponential decay rate:
elogP(or (M€, @) +dr (v, v) < 8)
> elogK,« — e(Cyxdd +yd + Cl.Td) — (Kg,u+é +y)d
—Ir(v) = I (¢, v) — VL + € log P+ (6°). (18)

Then a sufficient condition for desired result to hold is lim¢— o P,«(©€) > 0, since y is
arbitrary. It is evident that

HJ>u* (@6)
T ~
/ hsd By
0

We proceed by consecutively proving that the three probabilities in the right-hand side of (19)
vanish as € — 0. We start by analyzing the first probability. By Chebyshev’s inequality,

~ 2
~ T - Eu*
Py </ hydBg| > L) <
0

T -

Jo hsdBs| T p2qs
L2 N

Since fOT h?ds < 00, we can make this upper bound arbitrarily small by picking L sufficiently

large.

Next we consider the second probability in the right-hand sider of (19). We notice that the

part
| T Y
— | hydBs+— | hid
exP(ﬁ/o ’ °+26fo Ss)

in the change of measure procedure is not related to the Markov chain. Then by Proposition
11.2.3 in Bielecki and Rutkowski [2], a Markov chain X; with transition intensity matrix Q
under P becomes a Markov chain under P, with transition intensity matrix Q (u*)(¢) where
u*(t, j) ., u*(t, j)
QW0 = Qi ez fori i QW)@ = ; e
Hence, Q(u*)(t)/€ is the transition intensity matrix of X{ under P,». By Lemma A.2, for every
tel0, T],K,(t) = (K,(,1),..., K,(t,d)) is the unique solution of

Zl_Pu*<

> L) — Pur(dr (v, v) > &) — Pux(pr (M€, ¢) > 8).  (19)

d
pOQHN =0, Y p@ =1 pu@i) 0.
i=1
Also, all entries of the matrix Q(u*)(¢) are smooth on [0, 7] by Lemma 5.2. Then by Corollary
5.8 in Yin and Zhang [30],

t t
Cr
P, su 1yxe—jds — K,(@,s)d el/4 <Kexp{l————+1,
’ <t<T,?eS /0 = /0 v(i, s)ds) > P VAT +1)3/2

where Cr is a strictly positive constant. Hence we have, as eventually €'/* < §,

t t
P, ( sup / I{X§:i}ds —f K, (i, s)ds| > 8) — 0 ase —> 0.
0 0

t1<T,ieS

That is, P, (d7 (v¢,v) > §) = 0, ase — 0.
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Now we proceed by showing the third probability in the right-hand side of (19) vanishes as
€ — 0. We substitute B; for B; in (1), yielding

t t
Mf = / b(XE, MS) + hyo (XS, MS)ds + JE/ o (XS, MS)dBs.
0 0
By setting M€ := M€ — ¢, we obtain
t t
if = Ve [ o0te Mab + [ 150K M5 — bOxS. plas
0 0
t
+ / [B(XE, @) — by (v, ¢y)lds
0
t t
+ [ hlo (s M9 — e gids + [ o (XS0~ 0. g0l
0 0
Using the Lipschitz continuity featuring in (A1), we find that both

' T
sup / [b(XE, MS) — b(XS, ws)]ds é/ KMS*ds,
0 0

t<T

and

' T
sup / hslo (X5, MS) — o (X5, ¢s)]ds Sf |hs| K M *ds.
0 0

t<T

Recalling that we denote throughout this paper running maximum processes by adding an
asterisk (“*), it is now immediate that

T
M < I+ I3 I+ f K (1 + [y FE*ds,
0
where
1 ' 7 2 ' 7
1= ﬁ/ o (XE, MS)dB, I = / [b(X5, @5) — by (v, 5)]ds,
0 0
t
A :=/ hslo (X5, ¢5) — G (v, @)1ds.
0
Then Gronwall’s inequality implies
~ T
MS* < [IF* + I + I3 ]exp (/ K( + |hs|)ds> ) (20)
0
The next step is to study the impact of I%*, I%*, and I%* separately. For any 6 > O, it is an
immediate consequence of Chebyshev’s inequality that Py« (1} > 8) < 8 E,«[(I}*)3]. We
notice the close similarity between Il1 and C; in the proof of Proposition 4.3. The quantity

]Eu*[(l%*)3] can be dealt with using essentially the same procedure that was used to bound
]E[(C;*)l/e]: we derive an inequality similar to (9), i.e.,

27 r
E,[(17%)%] < §Eu* [36 /0 |1;|02(X§,M;)ds].
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‘We thus obtain

81ekT 81ekT
By [(11)] < < exp( < )

where k is a positive constant. As a consequence, lim¢_, o P+ (I%* >§) =0.

The claim lim¢_, o P+ (I%* > §) = 0 can be established as follows. As a first step we observe
that since

sup
1<T

t
/0 (X, 95) — by (v, @) 1ds

d t
3 /0 bli, )1 xsiy — Ku(s, Dds
i=1

= sup
1<T

<d sup
1<T,i€S

’

t
/0 b, p)xs=iy — Ky (s, i)]ds

)

t
/0 b, o) Lixe—iy — Ko(s. D)]ds

the following upper bound applies:

Py (I > 8) = Py (Sup

t<T

t
/O [b(XE. @5) — by (v, 9y)]ds

< Py ( sup

t<T,ieS

> S/d) .

Since b(i, x) is Lipschitz continuous in x and ¢; is absolutely continuous, b(i, ¢;) is bounded on
[0, T']. Then by Corollary 5.8 in Yin and Zhang [30] again, Pu*(l%* >4§) > 0,as e — 0.
Similar to the above computation, we can obtain that
>§ /d) .

We know that ;0 (i, @) is square-integrable for every i € S. Then by the method of mollification
in Theorem C.6 in Evans [7], there exists a sequence of smooth functions 4"(i, s) such that
h'(i,s) — hso (i, gg) as n — 0in L2[0, T]. By the Cauchy—Schwarz inequality,

Py (I3* > 8) <Py« | sup
t<T,ieS

t
/0 o (o ) Lxe—iy — Ko(s. D)]ds

t
fo [ho (G, 0s) — A7, )1 xs—i) — Ko(s. )ds

t 1/2
< V2t (/ [heo (i, o5) — h"(, s)]2ds) .
0

Then,
t
sup f hso (i, (px)[l{X§=i} — K, (s,i)]ds
t<T,ieS |JO
t
< sup / h(i, $)[Nixe=iy — Ku(s, i)lds
1<T,ieS |1Jo

T 1/2
+ sup /2T (/ (hyo (i, ps) — R, s)]zds> .
0

ieS
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12
We let H(n) = sup;cs /2T ( S hgo G, o) — h1G, s)]2ds) 1t is clear that H(y) — 0 as
n — 0. Hence,

t
IP’M*(I%* > §) < Py sup / h'(i, $)[ixe=iy — Ky(s,D)]ds| + H(n) > §/d | .
1<T,ieS 1J0 ‘

For any 6 > 0, we can choose all n > 0 small enough such that H () < §/2d. It yields

t

Py (I3 > 8) < Pys ( sup / W (i, ) [Aixe=iy — Ko (s, i)lds| > 6/2d> )
t<T,ieS |J0

Since h'(i, s) is bounded on [0, T'], the probability in the right-hand of above inequality vanishes
as € — 0 for any small enough n by Corollary 5.8 in Yin and Zhang [30]. Hence we conclude
that lime_ P« (13* > 8) = 0.

We have thus shown that P« (©€) remains bounded away from 0 as € — 0. Upon combining
all the above, the proof of the lemma is now complete. [

So far we have focused on the case inf; o2, x) > 0;to complete the analysis, we next
consider the situation that this condition is lifted, in which case & (¢, v) can be singular. Our
proof uses arguments used in the method presented by Liptser [21, Lemma A.6]. Given y > 0,
we study the stochastic differential equation

t t
M7 = [ bOXs M s + Ve [ o (Xe MEIAB, + ey W @)
0 0

where MS’V = 0 and W; is another standard [P-Brownian motion, independent of B; and X;. We
provide an auxiliary lemma which is to be used when proving the lower bound; informally, it
states that MY and M€ are ‘superexponentially close’.

Lemma 7.4. For every T > 0 and n > 0,
lim lim sup € log P (pT(MG’V, M) > 77) = —o0. (22)

y—=0 50

Proof. We define A{"” := M;"” — M¢, and

e _ bXE MPT) — b(X], M})

o _o(XE M) — o (XS, MY)
t -

€ .

TR MM
By (A.1), i.e., the Lipschitz condition, we conclude
lof| < K, 1Bl <K, Vtel0,T]. (23)

As an immediate consequence of (1) and (21), we have
dA;Y = af ATV dt + eBf A7V dAB + ey dW,.
We define

t t
5 = ([ [o - Sep]as v [ pram).
0 2 0

We apply It6’s formula to (Ef )~!, s0 as to obtain

dEH = (EH™! (e(ﬁf)2dt —afdr — «/Eﬂdet) :
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Since W, is independent of B;, we have

A7 (EDTY) = —e(B)X(ED T AT dr.
By applying the integration-by-parts formula,

dATV(EH™ = APVA(ES T + (EHTIATY + d(ASY, (EH ™Y = ey (ES)Law,,
and hence

t
ASY = ﬁyE;/ (ES)~dw;.
We define the set I'y := {1/N < inf;<7 Ef < sup,<y Ef < N}, for N € N. Observe that it

holds that p7 (M€Y, M€) = (A®Y)%., and therefore

P(or (MY, M) > n) < P((A“")} > n, I'y) +P(2\ I'y)
< 2max {P((A®7)} > n, I'y), P(2\ I'y)}.

We now consider each of the probabilities P((A“?)}. > n, I'y) and P(2 \ I'y) separately. On
the set I'y,

< ey N sup

t<T

(A“")} < ey EF" sup
1<T

t
f (E)~'dW,
0

1
/ (ESH~tawy|.
0

Since «f and B are bounded as € — 0, it follows that fé [of — %(ﬁf)2]ds is bounded as well,
and therefore we omit it for brevity when analyzing Ey. Based on the above, the stated holds if
we can prove that (A) for all N € N, covering the contribution of P((A7)}. > n, I'n),

t
lim limsup € logP [ /ey N sup / (Ef)_ldWs >n,I'y ]| =—o0, (24)
y=0 ¢>o0 t<T 1J0
and (B), covering the contribution of P({2 \ I'y),
lim limsup e logP | /€ sup / BidBs| > log N (25)
N—=oo ¢ t<T

Let us first consider contribution (A). To this end, define

t

. _ n
t=TAInf{tr<T: E€ .

1 { Vo( 5) - ﬁyN}

Then (24) is equivalent to, for all N € N,
T

lim lim sup € log P (ﬁyN/ (EE)_ldWS >n (or < —n), FN) = —00. (26)
=0 <0 0

For N € Nand n > 0, we define the process Ef and its stochastic exponential & (Eé),:

€ .__

7’] t
= E€
’ ﬁyN3T/o( :

Since &(E€), is a supermartingale, we have

) AW, E(ES), =exp (E - %(E%) :

E [l{ﬁwv [ ED-1aw, >:7,FN}£(E€)f] <1
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On the set {/ey N [y (E$)"'dW, > n, I'y}, we have

n n 1

2 2

n 2 n
&(E€ ex - = N°T)|=exp| m——= ),
E(EDe p(ﬁyN3TﬁyN 2<\/E)/N3T) ) p(ZeyzN“T)

and consequently

2 T
N ey—1

We conclude that the part corresponding to “> 1” in (20) is valid, but it is immediately verified
that the part corresponding to “< —#” in (26) can be addressed in the same way.
We now turn to contribution (B). The validity of (25) can be proved in a similar way by
defining the stopping time
log N }

t
<T: ¢dB
./0'35 v

and the process Bf and its stochastic exponential &(5€);:

7= inf{t

- ogN c -
ﬁ[ b \/—KZT/ ﬁ dBA! g(ﬂ )l :exp (lgt Y IB )

where K is the constant in (23). [

The following result establishes the lower bound of the local LDP.

Proposition 7.5. For every (¢, v) € Cr x M,
hmmfhmlnfe logP(pr (M€, ) +dr (v, v) < 8) = —Lr(p,v).

§—0

Proof. As mentioned in the beginning of this section, only the case (¢, v) € Hr x Mz such that

/T [g] — b (v, g1)1?
0

~7 dt < o0
G[ (Uv §0t)

needs to be considered. If inf; 02(1' , x) > 0, then the result is valid due to Proposition 7.3. If
inf; x 02(i, x) = 0, then we consider M as defined in (21). The idea is that we decompose the
probability P (o7 (M€Y, ) + dr (v, v) < ) into the sum of

1)
P (pT(ME”’, @) +dr (v, v) < 2 pr (M€, ) +dr (v, v) < 8) (27)
and
1)
P <PT(ME”’, @) +dr (v, v) < 5 pr (M€, @) +dr(v¢,v) > 5) . (28)

Obviously, (27) is majorized by P(p7 (M€, ¢) + dr(v¢, v) < ). Using the triangle inequality,
we find that p7r (M€, @) < pr(M¢, MSY) + pr(MSY, ). So that (28) is majorized by
P (pr (M€, M<7Y) > %) Hence, P (o7 (M€, ) + dr (v, v) < %) is not greater than

2 max [P(pT(Mf, 9) +dr (v, v) < 8), P (m(Mf, M) > g)} .
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By Lemma 7.4,
)
lim lim sup € log P <,oT(M€’V, M) > —) = —00,
y=>0 -0 2

and, as a result,
8
liminf lim liminf e log P (pT(MS’V, @) +dr(vS,v) < —)
§—0 y—0 e—0 2
< liminfliminf e log P(o7r (M€, @) + dr (v, v) < §).
§—0 =0
Next we compute the term on the left-hand side of the above inequality. Since M€Y meets the

conditions in Proposition 7.3, (M€Y, v¢) satisfies the inequality (18). Then for every y > 0, we
obtain

1)
liminf e log P <,0T(ME’7’, @) +dr(ve,v) < —>
e—0 2

> ~Kouryd —Ir0) = 5 | o bl P
2 2Jo 62(ps,v) +y2
By the monotone convergence theorem (recall the convention 0/0 = 0),
1 /T A CR0) /T (¢} — by (s, V)1
2Jo &3gs,v) +y? 2 Jo 62(¢s,v)
which implies that

ds = Ir(p,v), asy — 0

) -
liminf lim liminf € log P (,oT(Me’V, @) +dr (v, v) < 5) > —Ir(v) — It (g, v).

§—>0 y—>0 €—0

We have proven the claim. O
8. Discussion and concluding remarks

This paper has established the small noise asymptotics of Markov-modulated diffusion
processes, focusing on the regime that the modulating Markov chain is rapidly switching. The
key result is a sample-path large deviations principle for the Markov-modulated diffusion process
joint with the occupation measure of the Markov chain. Our model constitutes, in a certain sense,
a base model, with many possible extensions and ramifications in various directions. These are,
however, typically not immediate and could be pursued as next steps.

(1) One of those concerns the multi-dimensional variant of the Markov-modulated diffusion, in
which the components of the multidimensional diffusion react to a common background
process X,—cf. the model considered for Markov-modulated Ornstein—Uhlenbeck
processes in [16, Section 6]. Regarding such a N-dimensional variant of the Markov-
modulated diffusion it is anticipated that fT (v) (obviously) remains unaltered, whereas the
following rate function applies for the diffusion part, in self-evident notation,

1 /7 . . .
It(p,v) = 5/0 [o) — b, e)1T[Z v, )17 e, — b, 9],

for ¢ in the N -dimensionell version of Hr; here ¢; is an N-dimensional path, b(v, x) now
attains values in RY, and X' (v, ¢;) is a N x N matrix. As is readily checked, at many places
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proofs need to be changed to accommodate this multi-dimensional setting. An example is
that Lemma 4.2, and its application in the proof of Proposition 4.3 have to be adapted to a
multivariate setting, and this seems not to be straightforward.

(i1) In a second extension the background process could be defined on a (countable or uncount-
able) infinite state space, rather than {1, ..., d}. This extension requires a generalization of
many intermediate results, such as Lemmas 5.2 and 5.3.

(iii) A third type of extensions concerns other scalings then Q — Q/e and o' (-, -) = /e o (-, ).
Imposing for instance the scaling Q — Q/ef with f > % it is anticipated that we have
L1(p,v) = oo for v, # m forall t € [0, T], as the ‘natural time scale’ of the background
process is faster than that of the diffusions, such that the diffusions effectively behave as the
non-modulated diffusion

t d t d
M = M +f0 (Z b(i, ME)ni) ds + JE/O <Za(i, M§)m> dB.
i=l1 i=1

Appendix

Lemma A.1. Let f(¢,i) be a continuous function on [0, T] for everyi € S. Let u, v € M such
that dr (u, v) < 68. Forany y > 0and [t1, ©2] C [0, T], there exists a constant C > 0 such that

sup
ieS

15
/zf(s,i)[KM(s,i)—Kv(s,i)]ds <Cs+vy. 29)
5l

Proof. We first look at functions f (¢, i) that are of bounded variation. By integration by parts,
we have

r
/ ’ FGs, DIKL(s, i) — Ky (s,i)]ds
|

15}

= [u(s, i) = vis, DIf (s, DI —/ [i(s, i) —v(s, DH]df (s, D).

3|
Then

15}

F(s, DK (s, i) — Ky (s, i)]ds
t1< lw(t2, i) — v, DI 2, D1+ (e, ) — v, DI (0, D]
+ /tz lw(s, i) —v(s, DI 1df (s, )]
< c15”+ C28 + TV, 1215,

where T'Vy[t1, 2] denotes the total variation of f on [f1,72] and Cy, C; are two positive
constants. Since S has finite elements, we can find a constant C such that the claim holds. If
f(t,i) is only continuous, it can be uniformly approximated by a continuously differentiable
function (see [28]), that is, for any y > 0, there exists a continuously differentiable function
fY(t, i) such that

sup | f(t, i) — fY(t, D] <y/2(t —1).

telty,n],ieS
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Then
sup / S, DK (s, i) — Ky (s, i)]ds
ieS
< gug /lz [f(s.i) = fV (s, )] [Ku(s, i) — Ky(s, i)]ds
e
+ sup f FV s, DK (s, i) — Ky (s, 0)]ds
<y-fi&

This finishes our proof. [

For any u € U, let Q(u)(r) be the transition matrix resulting from the measure change
induced by the stochastic exponential & (N€). It is known, see Proposition 11.2.3 in Bielecki
and Rutkowski [2], that

u(t, j)

QG)()ij = Qij oy HiAl QW0 =~ ZQ,,

u(t, j)
u(t,i)’

For a fixed ¢, we suppress this ¢, so as to make the notation more compact. In matrix notation,
(where we throughout write diag(u) to denote the diagonal matrix with entries u;§;;) we have

Q(u) = diag(u) ™' Qdiag(u) — diag(x)~'diag(Qu). (30)

Lemma A.2. Let v be a d-dimensional vector such that Z?:l v(i) = 1 and v(i) > 0. Let
u* € U be an optimizer of

(Qu);

uel F u;

v; = inf deiag(u)*] Ou.
uelU

Then v is the unique invariant vector of the transition matrix Q(u™).

Proof. To find a minimizing u* = u(v) (where it observed that minimizers are not necessarily
unique) for the above problem, we first note that all u7 > 0. Hence the minimizer solves the
system of first order conditions. Differentiation with respect to uy yields (ex denoting the kth
basis vector)

—deiag(u)*lekedeiag(u)*1 Qu + deiag(uY1 Qe = 0.
In vector notation these equations can be conveniently summarized as

vTdiag(u) ™! (—diag(u)—ldiag(gu) n Q) —0. 31)
From (30) we deduce by commutation of diagonal matrices the relation

O(u) = diag(u) ™' (Q — diag(u)~'diag(Qu))diag (),

and hence

diag(u) Q(u)diag(u) ™" = Q — diag(u) ' diag(Qu).

‘We can therefore rewrite (31) as

vIQu)diag(u) ™' = 0.
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It follows that vT Q(u*) = 0. Since v(i) > 0, v is the unique invariant vector of Q(u*). [
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