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MULTIPOLE EXPANSION OF THE RETARDED INTERATOMIC POTENTIAL
ENERGY: DERIVATION FROM RELATIVISTIC ELECTRON THEORY
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The inductiveanddispersiveretardedinteractionenergiesof two groundstatehydrogenatomsdescribedby Dirac
theoryareobtainedup to all multipoleorders.Thelong rangetermsaregivenassymmetricexpressionsin theelectric
andmagneticdipole moments.

The multipole expansionof the retardedinteractionenergyof two atomsin their groundstateshasbeende-
rived recently [1] on the basisof nonrelativisticquantumelectrodynamics.In this letter thepotentialenergyV(R)
of two relativisticground statehydrogenatomsat a distanceR will be given. Detailsof thecalculationswill be
publishedelsewhere.

Fromthe scatteringmatrix Sfi = — 27ri~(Ef— E1)Vfi for two atomswith fixed nuclei V(R)follows as the
partof V00 thatdependson theseparationR.Up to fourthorderperturbationtheory V(R),averagedover the
groundstatesof bothatomsindependently,resultsfrom the two photonexchangecontributionsonly. The in-
ductivepart,with groundlevel intermediatestatesfor oneof theatoms,is foundas:
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wheretheatomic statesof atomsa andb are labelledaand!3, andin particularthegroundstates(with ordersof
degeneracyga andgb) a0 and(3~theprime at the summationsign limitsa andj3 to the stateswith ka E~— Eno~
0,k~= 0. Thematrix elementsI’~ _e(a0I~yO7#exp(—r~~,)_gOl5~a)(with r theelectroncoordinaterelativeto
thenucleus)maybe expressedin termsof therelativisticelectricandmagneticmultipolemomentsj~
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After thedifferentiationswithrespectto R
1 andR2 in eq. (1) havebeenperformedthesevectorsare to be put

equalto R = Rb — Ra. Taking the nonrelativisticlimit of(2) by meansof a Foldy-Wouthuysentransformation
we recoverfrom (1) the resultsof paperIV. Theleadingterm of theexpansionof Vffld(R) in powersof R~reads
in termsof the relativisticelectricandmagneticdipole matrix elements:
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In the nonrelativisticlimit thematrix elementsv~connectingthe groundstateswith negativeenergyintermediate
statesleadto a diamagneticmatrix element,sincein this limit:
(k~~<0)
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For thedispersivepartof V(R),with bothatomsin excitedintermediatestateswe get:
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withP(x) given in termsof sine andcosineintegralsasci(x) sinx — si(x) cosx.The doubleprime at the summa-
tion sign standsfor the conditiOnska * 0,k~* 0. In the nonrelativisticlimit theexpression(5) reducesto that
obtainedin paperI. At large separationsthedominanttermof Vd~may bewritten in termsof theelectricand
magneticdipole matrix elementsin a symmetricway [alsoref. 2]:
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As wasthe casefor the inductiveinteractionthenegativeenergyintermediatestatesgive rise,in the nonrelativistic
limit, to diamagneticmatrix elements.Theformula for ~dispderivedinpaperIII may be recoveredby expressing
thesediamagneticmatrix elementsin electricquadrupolemomentswith thehelp of thesumrules given there.
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