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Synopsis

The long-range asymptotic expression for the multipole expansion of the retarded interatomic
dispersion energy is shown to consist of contributions from electric dipole~dipole, dipole-
quadrupole and quadrupole-quadrupole interactions, all varying as the inverse seventh power
of the interatomic separation. The general expressions for these interactions lead to short-range
series expansions which extend results obtained earlier with the help of the Breit hamiltonian.

1. Introduction. In the first two papers of this series') the interatomic dispersion
energy V(R) of two ground-state atoms at a distance R has been found as a sum
of three terms V_ (R) (o = I, II, III), written in spherical-tensor notation in
formula (44) of paper II. The radial dependence is represented there by functions
fa [defined in (I1.11)-(I1.13)], acted upon by a number of differential operators.
Furthermore coefficients T° - K, appear which have been given in terms of 3j- and
6j-symbols by (I1.36)—(I1.42). The properties of the atoms enter in the form of
squared matrix elements of operators that have been defined in (IL.20). Expression
(I1.44) is valid for nondegenerate ground-state atoms and, as an averaged energy,
for atoms in ground states that form irreducible sets under rotations; then the
squared matrix elements are to be understood as averages over these ground
states.

The results described above will now be studied in the limiting cases of large
and small interatomic separations. First, the long-range asymptotic form of the

* On leave of absence from the Instituut voor Theoretische Fysica, Universiteit van Amster-
dam.
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dispersion energy will be derived. Then, on the basis of the complete expressions
for the contributions of lowest multipole order, short-range expansions will be
given.

2. The interatomic dispersion energy for large separations. In paper I it has been
shown that the terms with the largest range in the interatomic dispersion energy
fall off as the inverse seventh power of the separation R between the atoms. Since,
as R tends to infinity, the functions f; in the general expression (I[.44) are pro-
portional to R, R and R? for ¢ = I, I, III, respectively, the leading terms of
Vi, Vi and V7 are found by choosing the summation variables L,;, Ly;, Sas Sp;
(i = 1, 2) such that

2 2
> N, = Z (Lat + Ly; + 2555 + 255 + 2)
1=1 i=1

is equal to 4, 6 and 8, respectively. We shall now consider the contributions of
V., Vi and ¥V successively.

With regard to V(R), the definitions of N; and N, imply that we may confine
ourselves to the term with all parameters Lg;, Ly;, S., Sy ({ = 1, 2) equal to zero.
As can be inferred from (I11.20) the operator QZ‘:!' then reduces to d - , ¥’ 50
that the electric-dipole approximation of V(R) is recovered, which is equal to
that of V(R), since V(R) and ¥V;;,(R) do not contribute in this approximation.
The result has been given already in (I.71). With the use of (1.65) and (L.69) we
obtain from it the leading term in the long-range expansion of V(R):

5 23e*
N (¥0), L, Onficky ky R7

Ny(%0),L,

V%(R) = - |"N,,,L,,|2 I"zv,,. L,,IZ: ey

which is the well-known result of Casimir and Polder?). Here we employed as a
basis of atomic states the set of eigenstates |N,, L,, M, of the atomic hamiltonian,
the angular momentum and its third component; the atomic ground states are
accordingly written as [0, L2, M2>. The difference between the atomic energy
level characterized by N, and the ground level is #icky_. Furthermore the Wigner-
Eckart theorem enabled us to rewrite the squared electric-dipole matrix element
in the following way:

QL] + 1)_1M OZM oy, L, M =€ ey, L% 2

with the abbreviation

rn,.z, = @QLy + 1)73<0, LY| r, |N,, L.
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Let us consider now the leading term in the long-range expression for V;,(R).
In this case only terms with parameters satisfying the equality

Lal + Lbl + La2 -+ Lb2 + 2Sa1 + 2Sb1 + 25‘,2 + 2Sb2 =2

contribute. If, moreover, the parity conditions (I.30) are used, three types of
parameter combinations are found to be relevant: those with L, = 1, Ly; = s,
=5 =00 =1,2),and (a & b);thosewithL,;, = 2,L,; = 0,L,; = 55 = 55, =0
(i=1,2), and (g« b; 1 & 2); finally those with s,; = 1, 5, =0, L,; = Ly,
=5 =0( =1,2), and (a o b; 1 & 2). For these combinations of parameters
only certain values of L;, L; and L lead to a nonvanishing coefficient TV - K,
(see table I; the 3j- and 6j-symbols have been taken from ref. 3). Since this co-
efficient is symmetric with respect to an interchange of 1 and 2, parameter com-
binations following from those given in the table by such an interchange have

TaBLE I

The coefficient T - K,

Ll: Lal. La2 LL Lbl Lbz L T" * Ka
1 0 0 0 1 1 1 4/27
1 0 0 1 1 1 1 —2/27
1 0 0 2 1 1 1 2/135
1 0 0 1 2 0 ] —10%/15
1 0 0 1 2 0 2 —10%/75

been omitted. However, T" - K, is not symmetric in @ and b: it turns out to vanish
for parameter combinations obtained by interchanging these labels. The third
combination mentioned above, with L,, = L,; = 0 (i = 1, 2), does not occur in
the table, since T" - K, is equal to zero in that case (in fact the coefficient is then
identical to that of the electric dipole—dipole contribution to ¥y,).

The reduced matrix elements Qy ;1 (Lg, Ly, Sqy) in Vi(R) will be transformed
now in such a way that the electric and magnetic multipole moments appear
explicitly. We have to consider for the parameter combinations (L., L,;, s,;) the
values (1,0, 0), (0,1, 0), (1, 1, 0), (2, 1, 0) and (1, 2, 0).

From the definitions (I11.20) and (I1.22) we find for the first matrix element:

Qy,.1,(1,0,0) = LY + )70, L] p, [ Na, Loy, (3)
and hence, with the commutation relation

Pi = (im/h) [H(a), rc], “)
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'QN,,. L, (15 0’ 0) = _ikaNarN,,, L, (5)
where again the notation ry . = QLY + 1)'* 0, LY|| #, | N,, L,y for the re-

duced electric-dipole matrix element has been used.

~nN 1

For the second matrix element we get from (11.20) and (II.22), with t
symbol®)

(1 1 0>=(—1)1-M ©
M -M 0 J3

and the commutation rule (4), the expression

Qy,.1,0,1,0 =@ 318y meky (r®)y,. L, @)
Here we employed the abbreviation

(r?)y,.z, = QLI + D7* 0, L3 72 | Noy Lo

for the matrix element of the trace of the electric-quadrupole moment.
With the help of (I1.20), (I1.22) and the 3j-symbol?)

(1 1 1) _ M(-Dp-™ ®
M -M 0) Jé6

the third matrix element gets the form:

Qn,.1,(1,1,0) = (=i/2/6) (* APy, 1,5 ®
where at the right-hand side the matrix element

(r APy, z, = QLG + D7H0, Ll raA pa Vo, Lo

of the magnetic-dipole moment (multiplied by 2mc) occurs. However, r, A p, is
the angular-momentum operator, which commutes with the free atomic hamil-
tonian. Therefore the matrix element (r A p)y,r, vanishes unless N, = 0. This
parameter value is excluded from the summations occurring in the expression
(I1.44) for the dispersion energy V,(R), so that terms with magnetic-dipole matrix
elements do not contribute. In a similar way we may derive the expression:

—ime
0 2,1,0) = k JLyo 10
N L, ( ) 3 \/6 NN, L, (10)
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with the abbreviation
A, 2, = QL) + 1)7* (4n/5)* <0, LJ|| r2 Y, (wn) IN,, Ly

for the matrix element of the traceless part of the quadrupole moment in spherical
notation.

In the terms of Vy(R) written out explicitly in (I1.44) the matrix elements (7)
and (10) occur only in the combination

ky, 2,1, Ly, 1,00 2%, 1, (Ly, 1,0), an

Ny(+0), L,

with L; = 0 and 2, respectively (see table I). In the appendix it has been shown
that the following sum rule holds:

Y kN2, (L0012 =5 Y ky'l@u, (01,02 (12)

Ny (£0), L, N (#0), L,

Therefore we may eliminate in ¥V (R) either the matrix element (7) or (10); the
latter will be retained in the following.

A similar sum rule may be applied for matrix elements Qy, ; Wwith parameter
values (1, 0, 0) and (1, 2, 0). In fact one may prove the sum rule

ky'Qy,. 1, (1,0,002%, 1 (1,2,0) =0, (13)
N,(£0), L,
which permits the matrix element .QNh, z, (1,2, 0) to be eliminated from Vy(R).

The radial differential operator in (I1.44) may be evaluated with the help of
(I1.45); for N, = N, =3 and L = 1 we find:

1 5 2 ds d+

The dominant term of £, (2R) (11.12) for large separations is — 2ky R log (2ky R),
as follows from (I.65). Carrying out the differentiations and using (5), (7), (12),
(13) and table I we arrive at the asymptotic form of V;,(R):

Te*

ViR = — S LA
i(R) N,,(*ZO),L,, 180xnticky ky R’
No(+0), Ly a Ny
X (k?;‘ law,, L,,I2 |"N,,,L,,|2 + kz%r, PN, Ll? IQN,.L,,IZ)S (15)

it represents an electric dipole-quadrupole dispersion energy.
For the third term V;,(R) of the interatomic dispersion energy the asymptotic
expression may be found in a similar way. The coefficient T™ - K, has to be
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calculated for all possible parameter values compatible with
Lal + Lbl + La2 + Lb2 + ZSa]_ + 2Sb1 + Zsaz + 2Sb2 = 4.

Since the coefficient is multiplied, in (IL.44), by an expression which is symmetric
in @ and b we have to consider only the symmetric coefficient T™ - (K, + Kp).
The latter turns out to vanish when both L,, and L,, or L,; and L, are zero
(a coefficient with these parameter values occurs in the contributions to Vi
containing electric dipoles; indeed, such contributions vanish). In table IT we have
collected®) all nonvanishing coefficients T - (K, + K,) with the exclusion of
those that will give no contribution to V7;; as a consequence of the sum rule (13).

TaBLE IL

The coefficient T - (K, + K,)

L, L,y Ls» L, Ly Ly, L T - (K + Kp)
0 1 1 0 1 1 0 —20/27

0 1 1 0 1 1 2 8/135

0 1 1 2 1 1 0 14/135

0 1 1 2 1 1 2 —4/135

2 1 1 2 1 1 0 —-26/675

2 1 1 2 1 1 2 23/3375

(For brevity parameter combinations with a and b interchanged have been omitted
from the table.) The radial operators acting on £, (2R) (IL.13) are found from
(11.45) by putting N, = N, = 4 and L = 0 or 2; we get for these two cases:

8
14 (16)
R* d2R)®
1 & 6 & 15 &0 18 & 9 b
R* d2R® R* dQR)Y R* d(2R° R°® d(2R® = R® dQR*’
(17)

When the differentiations are performed and (10), (12) and (13) are used, we find
for the long-range behaviour of V;;;(R) the expression:

23e*ky k
VE(R) = — T NN, 2 2 18
m(R) Na(4=20),La 3600m/icR’ [aw, ,|* [On,, L,| (18)

Ny(%0), L,

which represents an electric quadrupole~quadrupole dispersion energy.
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The complete expression for the long-range retarded dispersion energy (averaged
over atomic orientations) is given by the sum of (1), (15) and (18). It falls off as
the inverse seventh power of the separation between the atoms and contains
contributions with electric-dipole and quadrupole matrix elements. Hence the
use of the electric-dipole approximation is not sufficient to determine the long-
range behaviour of the interatomic dispersion energy. The relative magnitude of
the various terms may be estimated by comparing the quantities lry,..|* and
klzv,, |qNa,L¢|2°

3. The dispersion energy up to terms with electric-quadrupole moments; the
asymptotic form for small separations. In the preceding section the long-range
asymptotic form of the dispersion energy has been obtained, It turned out to
contain electric dipole-dipole, dipole-quadrupole and -quadrupole-quadrupole
interaction energies. The complete expression for the dispersion energy up to
electric-quadrupole terms will be given in the following. On the basis of this ex-
pression the asymptotic form for small interatomic separations will be found.

The electric dipole-dipole dispersion energy follows from (I.71), with (2), as

4e*k Nak N,

Vi a(R) = — e > |y 2 |p 2 :_ 2y—1
a-a(R) zv,,(*zo:),x., OAicR? |N,,,L,| |N,.L,,| (e 5)
Ni($0). L,
x [(03 — 504 + 302 1) P(20,) + (—205 + 6) Q(20,) — %07 — (a> b)),

(19)

where the abbreviation g, = ky R has been introduced. The symbol (a < b)
represents the terms arising from the preceding ones by interchanging a and b.
The functions P(x) and Q(x) have been defined in (1.30) and (1.70).

« The short-range expansion*) of (19) follows by employing the series expansions
of P(x) !and Q(x). In fact the latter read®):

P(x)=4m+xlogx+ (@ —1)x—4rx? —3x*logx — 5= (6y — 1) x* + ---,
(20)
o) = ~logx — 9 + Inx + dx2logx + 3 2y — 3) x% + -+, ¥3))

so that we find immediately for the electric dipole—dipole interaction at small
separations R:
I2

4 2
Vo-d®) = = X 20" I, o Iy 1,

6
Rty 3o G, + Kn) R

x [1 — Yoy Jo R® + 37— ke Jow, Gk, + k) R® + ] @)
™
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The first term is the well-known electrostatic London—Van der Waals dispersion
interaction; the second has been derived on the basis of the Breit hamiltonian as
well®-7),
The mixed electric dipole-quadrupole interaction is the sum of two terms,
originating from ¥, and V},, respectively:
4
Va-olB) = Lok, 12 L

N (+0), L, 45nhicR®
Ny(+0), L,

x {(02 — 02)~ ' [(—e0as + 2703 — 1629, + 900, ") P (20.)
+ (607 — 8402 + 180) Q (20,) + 0i — G0l — (@ b)]
+ (=02 + 0 P (20,) + 2020 (200 + 301 —3} + (@ b).  (23)

The short-range behaviour of this expression may be obtained with the help
of the expansions (20)—(21); the result is:

e4

X :
Bt He v, + k) R

Vcsl—q(R) ==

x (ry,, . |? law,, L,I* + law,, 2,|* IPn,, £,1%)

X [1 —_ %'kNakoRz -+ (5/187:) kNako (kNa + ko) R3 + "'].
(24)

The first term forms part of the electrostatic dispersion energy given in (II.51);
the second has been derived earlier from the Breit hamiltonian®:7).

The electric quadrupole-quadrupole interaction contains contributions from
Vi, Vir and Vy;. It reads:

e4kN kN
V—(R) = — TN Ny 2 2
a—a(R) N,(*z(;),La 900hcR” IQN,,.L,,I ICIN,,,L,,I

Ny(£0), L,

x {(0a — 05)* [(ea — 8903 + 198307 — 9360g, + 50400; ") P (20,)
+ (— 1005 + 510pF — 528002 + 10080) Q (20,)

— 30 + %00 — Y% — (@ b))

+ [(@3 — 152 + 902) P (22.) + (—60z + 1802) @ (202)

— z0a + Foi — X + (@ b)] - 2. (25)
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From (25) the short-range behaviour may be found as

Vara == X 14" lax, .* 1an,. 1,2
a~a — T Ng L, Ny, Ly
2;23:8312;; She (ky, + ky,) R™®

x [l — 5 ky oy, R? + (383[2520m) ky ko, (kn, + kn,) R® + --:].
(26)

Again the leading term is the electrostatic contribution contained in (I1.51).

In this paper we have evaluated the contributions of the electric dipole-dipole,
dipole—quadrupole and quadrupole-quadrupole interactions to the dispersion
energy of two atoms in their ground states; the results have been written in (19),
(23) and (25). For small separations R the contributions, specified in (22), (24)
and (26), vary as R~% and R~® and R™1°, respectively, with first-order corrections
proportional to R~4, R~¢ and R~8. The asymptotic expressions for large R have
been given in (1), (15) and (18), respectively; together they form the complete
long-range dominant term, varying as the inverse seventh power of the interatomic
separation.

APPENDIX

Sum rules in spherical-tensor notation. In this appendix we want to derive sum
rules for the reduced matrix elements 2y ; (Lo, Loy, 5y) (i = 1, 2), defined in
(I1.22) with (I1.20). Let us consider to that end the expression

kl;:QNa, L, (Lz’n Lal s Sal) Qﬁa, L, L;a La2 » Sa2)s (Al)

N (£0), L,
which may be written, with the help of (I1.19) and (11.24), as

kx
N ($0),L, » A, M, , M, MO M M/
y (-D" 4x L, + 1)
QLS + 1) 25 )1 (25a)! QL4 + 2541 4+ DU QL + 25,5 + DI

a

5 1 <L,,1 1L;)<L,,2 1L,;>
[QLay + 1)Ly, + VP \-M,, —x M J\-M,, -1 M,

x €0, LY, M2} {p}, ri* ¥ Y7 ()} [Nay Lo, MJ)

X (Ngy Lo, M| % {p7% riet ¥ Y M2 (wp)} 10, LS, M7). (A2)

The projectors on states with the same energy are real in the coordinate representa-
tion, since the atomic hamiltonian is real in this representation. If, moreover, the
parity selection rules (I1.30) are used it may be shown that (A2) is real.
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The sum over intermediate states may be eliminated if it is possible to extract
from one of the matrix elements a factor ky_. To achieve this the operator in one
of the matrix elements in (A2) has to be written as a commutator with the atomic
hamiltonian H(a). From the gradient formula [see (II.A21)] the following com-
mutator relation may be derived:

(im/h) [H(a), r2YY (@] = (=)™ (p — D) [2L + D L + 3)I

L 1 L+1\/L 1 L+1 Y et
X a:ra Y Wy
“;W<M —% —M )(0 0 0 )%{P vt ()]

+(=DM(p+ L+ D[CL+ 1DQL- D}

L 1 L-=I1\/L 1 L=1\,, « p-1um
xx§4'<M - —M )<0 00 )%{pa’r“ YL—l(wa)}- (A3)

The right-hand side contains operators and 3j-symbols of the type occurring in
(A2). For the special case L = 0 the second term drops out, while for L = p the
first vanishes. Thus, a factor ky_ may be extracted from the ith matrix element
in(A2)ifL,; =1,L,=0,0orifL,, =L, — 1, 5,5 =0 = 1,2). In the former
case (choosing i = 1) we find, by taking half the sum of (A2), with (A3) inserted,
and its complex conjugate, the expression

s 5 2./3 nime (— 1)*** (25, + 2)
ol 50 9 QLS + 1) (2501 + 3)! 250z + 3)!
x (0, L3, M3 [r3™*2Yg (w,), 3 {pa*, ra®= "' Y1 (w}110, Lg, M3>. (A4d)

With the commutation rule (6) we find then the sum rule

Z k;al‘QNa, L, (0: 1’ sal) Q:,,La (O, La2 H Sa2)

N £0), L,
fime (2501 + 2) (25,2 + 2)
= 6La2' 1 Z 0
#5 6 QLY + 1) (2501 + 3)! (2502 + 3)!

x 0, L3, MJ| r2sa*?a*2 10, L3 M. (AS)

In the second case, with L,; = L, — 1, s,; = 0, we get for (A2), with (A3):

Z 2rime
LM, M0, M (210 + 1) (25, )1 QLas + 25,5 + DINQRL, — DU QRL, - 1)

y 1 L., 1 L\ /1 L,—1 L)\!
[QL, + ) (2L, + DF\ -M,, —4 M./\0 0 0

x €0, L3, MJ| [ra* Y8 (02, 3 {ps?, rast =¥ L ¥ (w,)}110, L2, M2>.
(A6)
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Using the commutation rule (6), the gradient formula and the orthogonality
relation (11.19) we may write this as
5 2rhme (— DM 2L, + 1)
M Mo (L9 + 1) (25, ) QL; + 25,, — DINQRLL ~ D! QL — 1)2
x 0, Ly, Mg| ri% " %22y ¥n  (0,) Y “i(w,) (0, Lo, MO). (A7)
Employing the relation

aan > Lﬂl - ]

S (=DM ¥ () YiM(wg) = 22t ] (A8)
M 4
we arrive then at the sum rule
k;:gzva, L, (La, Ly — 1,0) -Q:r,, L, (Las Loz, 522) = 5Lﬂ, L/-1 Z

Nu(*o)’ La Mao

N Amc 2L, + 1)

2QLY + 1) Qs )N QL + 25,, — DIQRL, — DL, — 1)
x <0, Lg, M| r2te 2210, L3, MJ). (A9)

Both sum rules (AS5) and (A9) have been used in the main text. In fact (12)
follows by combining (A5) (with L., = 1, 5,; = 5,5 = 0) and (A9) (with L, = 2,
L, =1, s, = 0). Furthermore (13) is obtained by putting L; = 1, L,; = 2,
s,z = 0in (A9).
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