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At this point ,  r e c o u r s e  was had to an IBM 7040 
digital  computer .  The mat r ix  M was evaluated as 
a function of P. A uni tary  mat r ix  U was genera ted  
which diagonalized M by 

A = UCMU. (10) 

The e lements  of A are  kiSij .  The mat r ix  e -iA was 
then formed.  Its e l ements  are  

(e-iA)ij = exp (-iAi)Si] . (11) 

Finally e -iM was obtained from 

e - iM = Ue-iA Ut  . (12) 

a(P) was then found f rom eq. (3), and numer ica l ly  
in tegrated according to eq. (5) to find the exci ta-  
tion c ross  sec t ions .  The t r ans i t ion  tu rns  out to be 
relatively weak: typically la2pl(P)12<0.I. The 
largest partial cross section is that to the 2Po 
state. Our results are shown in fig. 2 along with 
the calculation of Bell and Skinner [4], and the 
measurements of Stebbings et al. [5]. The excita- 
tion to the 2Pl and 2s o states are also shown. 

The 2p c ross  sec t ion  is  in good agreement  
with that calculated by Bell  and Skinner,  but is  
too large in re la t ion  to exper iment  by a factor  
of about 3. P a r t  of this d iscrepancy may be due 
to the neglect  of charge exchange. The c ross  sec -  
t ion for  resonant  charge exchange is r a the r  large 
compared to that for excitat ion.  If this p roces s  
could be included in the calculat ion,  it  would tend 
to d iminish  the calculated excitat ion c ros s  sec -  
tion through the r equ i r emen t s  of un i ta r i ty .  
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The relativistic energy-momentttm tensor of the electromagnetic field is derived from electron theory 
and compared with the forms proposed by Abraham and Minkowski. 

An unsolved p rob lem of re la t iv i s t ic  e lec t ro -  
dynamics  is the der iva t ion  of the e n e r g y - m o m e n -  
tum tensor  of the e lec t romagnet ic  f ield in mat te r  
f rom microscopic  e lec t ron  theory.  Several  p ro -  
posals  for  this t ensor ,  expressed  in the mac ro -  
scopic Maxwell f ie lds,  were made s ince  Minkowski 
and Abraham [1,2].  However, because  no explicit  
specif icat ion of the ene rgy -momen tum tensor  of 
ma t t e r  was given, it was not poss ib le  to obtain a 
unique express ion  for  the ene rgy -momen tum ten-  
so r  of the field [3]. 

A complete der iva t ion  mus t  s t a r t  f rom the 
microscopic  conserva t ion  laws of energy and 
momentum of a sys tem of point  pa r t i c l e s  (elec- 
t rons  and nuclei) in the p re sence  of e lec t romag-  

netic f ields.  The point pa r t i c les  a re  supposed to 
be grouped into a toms (or molecules ,  ions etc.  ), 
which - in the model adopted here - c a r r y  only 
e lec t r ic  dipoles (in the i r  momenta ry  r e s t  f r ame  
[4]), but no other  e lec t romagnet ic  mul t ipoles .  
Then conserva t ion  laws on the "atomic" level  are  
obtained. Using a covar tant  way of s ta t i s t ica l  
averaging [5] one gets f inal ly the macroscopic  
conserva t ion  laws.  They read for  a solid in the 
approximation of sma l l  acce le ra t ions  (which is 
the case the authors  quoted [1-3] had in mind): 

8~6o Us U 9 + T'~ 8(m) + T~/3(f)) = O. (I) 

Here is or, ~ =0 ,  1, 2, 3 (withx u = (ct, R ) ,  and 
metricgOO _1, g l l  =g22 =g33 =1 ,  g U / 3 = 0 i f  
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a ¢ 8), P the r e s t  m a s s  energy  and bulk in t e rna l  
ene rgy  dens i ty  in the r e s t  f r a m e  and c U  a the bulk 
f o u r - v e l o c i t y  of m a t t e r .  The t e n s o r s  pU~U/3 and 
T& ~ ( m )  f o r m  toge the r  the m a t e r i a l  e n e r g y - m o -  
mentum t enso r :  the f i r s t  t e r m  being due to bulk 
motion,  the second  containing only c o r r e l a t i o n s  
and ve loc i ty  f luc tua t ions  (in the ~e~t f r ame) .  The 
s p a c e - s p a c e  components  of T&/3~m) fo rm in the 
r e s t  f r a m e  the p r e s s u r e - t e n s o r ,  which in equ i l i -  
b r i u m  a g r e e s  with the p r e s s u r e  def ined in the 
s t a t i s t i c a l  t h e r m o d y n a m i c s  of p o l a r i z e d  s y s t e m s  
[6]. 

The e n e r g y - m o m e n t u m  t enso r  of the e l e c t r o -  
magne t i c  f ie ld  in the d i e l e c t r i c  i s  found to be of 
the fo rm:  

T&/3(f) = - F ~ y  / ~ 3  _ ~ F y 5  F y5 5~ + 

-e0(Fay ~6_  ~yFY~ V8 + 

+½U,~ V~F~,8 (HY6- ~ ,  (2) 
where  the a n t i s y m m e t r i c  f i e ld  t e n s o r s  Fa43 and 
Ha/3 have components  (F01, F02 .  F03) = E,  
(F 23, F 31, F---.) = B, (//01, H02: H03) = D and 
(/-/23, H31, H12) =/ 'L This  r e s u l t  a g r e e s  with 
Klu i t enberg  and de G r o o t ' s  p r o p o s a l  [2 sec t .  9] i t  
may be c o m p a r e d  with Minkowski ' s  t en so r  [1]: 

T~/3(f) =_  F a y H y ~  _ ~ F y  5 HT55~ , (3) 

and A b r a h a m ' s  t e n s o r  [1]: 

To; ~(f) = - F a y / ~ / ~  - ¼ Fv~ HY ~ 8~ + 

- V~ (FayHY~ _ Ha~FYS) U~. (4) 

C o m p a r i s o n  is  made  ¢_gsier by evalua t ing  the 
t e n s o r  T a/3(f) = g a y  T~/~(I) in the r e s t  f r a m e .  
Using t h r e e - d i m e n s i o n a l  notat ion for  the f ie lds  
one 9bta lns  f r o m  (2) for  the e n e r g y - d e n s i t y  
T°°(f) ,  the  Poyntin~ vec to r  c T ° f f f ) ,  the momen-  
tum dens i ty  c - lT /°~f )  and the Maxwell  s t r e s s e s  
- T i J ( f )  ( w i t h i ,  j = l ,  2, 3): 

Too(f) = ½(E2 +B2),  T oi(f)  = ( 8  ×B) i , (5) 

Tio(f)  = ( 8 × B )  i , T/J(f) : - 8 i D J - B i B J  +½ (8 2 +B2)K/j. 

Co r r e spond ing ly  one f inds  f rom Minkowsk i ' s  
t en so r  (3): 

TOO(f) =½(~.D +B2), TOi(f) =(8 x B ) i ,  Tio(f) = 
(6) 

= (D×B)  i ,  T i j ( f )  = - E i W - B i B J + ½  (8" D + B 2 ) g  i j  , 

and f rom A b r a h a m ' s  t e n s o r  [4]: 

Too(f) = ½ ( E . D + B 2 )  , Toi(f) = ( 8 × B )  i , 

Tio(f) = ( 8 X B )  i , TiJ(f)  = _ ½(EiDJ + DiEj)  + 

- B i B J  + ½ (E. D+ B2)g i j  . (7) 

(Note that  in the r e s t  f r a m e  H = B fo r  the d i e l e c -  
t r i c .  ) 

The t e n s o r  (2), o r  (5), a p p e a r s  to be symmet r ic  
fo r  an i so t rop i c  d i e l e c t r i c  (where D and E a r e  
p a r a l l e l  in the r e s t  f r ame) ;  i t  i s  not s y m m e t r i c  
fo r  an an i so t rop i c  me d ium.  Minkowski ' s  t en so r  
(3), or  (6), is not s y m m e t r i c  even fo r  i so t rop i c  
m a t e r i a l s ,  w he re a s  A b r a h a m ' s  t e n s o r  (4), o r  (7), 
is  a lways  s y m m e t r i c .  

As  known the f o u r - v e c t o r  a~ Tc~(f) r e p r e s e n t s  
the ponderomot ive  f o u r - f o r c e  in the medium.  A 
n o n - r e l a t i v i s t i c  s t a t i s t i c a l  t r e a t m e n t  of the pon-  
de romot ive  f o r c e  in the e l e c t r o s t a t i c  c a se  y i e lds  
a r e s u l t  which a g r e e s  with the p r e s e n t  theory  [8]. 

This  inves t iga t ion  is  p a r t  of the r e s e a r c h  p r o -  
g r a m m e  of the "Stichting voor  Fundamen tee l  On- 
de r z oe k  d e r  M a t e r i e  ( F . O . M . )  ", which i s  f inan-  
c ia l ly  suppor t ed  by the "Organ i sa t i e  voor  Zuiver  
Wetenschappe l i jk  Onderzoek  (Z. W. O. )".  A de-  
t a i l ed  account  wi l l  appea r  in the j ou rna l  P h y s i c a .  
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