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THE RELATIVISTIC ENERGY-MOMENTUM TENSOR
IN POLARIZED MEDIA

1I. THE ANGULAR MOMENTUM LAWS AND THE SYMMETRY OF THE
ENERGY-MOMENTUM TENSOR

by S. R. DE GROOT and L. G. SUTTORP

Instituut voor theoretische fysica, Universiteit van Amsterdam, Amsterdam, Nederland

Synopsis

The angular momentum balance of matter in an electromagnetic field on the atomic
level is derived from microscopic theory. As a consequence an energy-momentum
tensor can be constructed, which is completely symmetrical. Both its material and
field parts are given explicitly in terms of the atomic parameters.

§ 1. Introduction. From microscopic theory the conservation laws of
energy and momentum for a system in an electromagnetic field have been
obtainedl). In the same way we shall derive balance equations and con-
servation laws for angular momentum on the “atomic” level. This means
that we suppose that the constituent charged point particles of the system
are grouped into stable structures such as atoms, ions, molecules etc.,
which carry electric and magnetic moments (for brevity we shall refer to
these stable groups as atoms).

§ 2. The atomic angular momentum balance. The equations of motion of
the point particle £¢ (constituent ¢ of atom %) with mass my;, charge ey,
time-space coordinates R}, = (¢ ¢x;, Ry;) and proper time rg; reads:

d dR %i dr ki -1 v dR kiy
- = V(R = 1
94271 ds { ds ( ds €Ki f(t)( k’l:) ds (OC O’ 1, 2: 3): ( )

where the parameter s is the proper time of the privileged point R%, which
characterizes the motion of the atom as a whole. Inner coordinates 7§; are
defined by means of

Ry; = R + 7. (2)
The following conditions are imposed on #%;: the orthogonality relation
dR% o 3
I 4 —_— =
kio ds ’ ( )
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and the centre of mass relation
Xmgir; =0, (4)
i
which is valid up to second order!). After multiplication of (1) by 7%, and
expansion up to second order (using (2)) one gets, adding an integration
over a four-dimensional delta-function:

d (dR: &% 1 dRY drgy dR]
chmmd{ds ds "¢ ds  ds  ds

}rﬁi Ry — R)ds =

dR drg
= ,E.Jeki 1% (Ris) ( ds'w + d]:y)rii 8Rr—R)ds.  (5)

Using (4), the first term at the left-hand side disappears. Taking (twice)
the antisymmetric part of eq. (5) one obtains with the use of (3), (I.13) *),
the definition of the atomic angular momentum density

& 74
dry, _ d7;
ds Kods

3 a6

(a purely space-space-like tensor in the rest frame), the tensor

1 dRj, dR?
A =8 + — 2
oo = O 2 ds ds

)

the four-velocity #; of the atom % (1.38) and the four-acceleration Dypu}
(1.43):

1 1
Oy (o) + S ugoy Dyttiy — S ujoy Dty —

1 ., dRg dR; d
= Ec‘z—%‘f ks Fitye(Rs) “&i FR (hihs) 6(Rk — R) ds
dR
- Ejvemf(t) (Ris) — d’w 7,“ (R — R) ds
ay d"lciy
— 2| eni fi5(Rui) “ds 74 0(Rx — R) ds — (, ff), (8)

where («, 8) stands for the preceding terms of the right-hand side with
o and § interchanged. This equation is the balance of the atomic angular
momentum density o}’

§ 3. The intra-atomic electromagnetic field. The field fif(Rg:) acting on
particle k4 may be split into a part f&,,(Rks) due to the action of the other

*) (I.13) means formula (13) of the first paper 1).
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constituent particles of atom % and a part f*(Ry;) due to the other atoms
I #£k:

EB(Rks) = fifny(Res) + 1 (Roga).- ©)
Let us first consider the right-hand side of (8), but for the intra-atomic
field f%%, only. The space-space part («, f = 1, 2, 3) reads in the rest frame

(in)
(denoted by (0)) in which dRf/ds = (¢, 0, 0, 0):
AR
~ 3 [ en PRI S A (R — R s
2(0) fey(0) A7 sy 50 o
— 2| eri A Fimy (Bki) s Tk O(Ry — R™)ds — («, ). (10)

In this expression we substitute the formulae (I.17) and (I.18) for the intra-
atomic fields up to order ¢~2. Then one obtains transforming back to the
reference frame:

— X Spki(#i Duutf, — vy Dieg) — A5, My 0y(u ), (11)

where the Coulomb mass density is given by
dpt; = ¢ | omj; 6(R — R) ds, (12a)
67”%,: = ¢ Cki %kj (12b)

o Ckifk
iGzi 8 |1y — 1y

and the angular momentum density 4% of the intra-atomic field is defined
by its components in the momentary rest frame:

1 ki Ckj
A0 FO LT(HD, pO)
k 2¢ ) ijtrn 4m (1 — 1] iy - Tl 1)}
r%m SR — RO As — (o, ), (a,8=1,23), (13a)
2200 — 00 — 0 (x =1, 2, 3); AN — 0, (13b)
with

(r — rig)(ry — riy)

D — P

T, r) =U + (13c)
(A simple calculation of the total moment of the Lorentz forces, with
fields up to order ¢~2, acting on a group of charged point particles leads to
the time derivative of a tensor of exactly the same form as 43".)

In contrast with the result (11) for the space-space part in the rest
frame the space-time part (@ =0, § == 1, 2, 3) of the right-hand side of

*) The dot indicates a (three-dimensional) contraction of #44(® with the first index of the tensor
(13c); its second index is a.
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(8) for /%, contains in the rest frame not only terms of order ¢=2 but also
terms of order 1. These terms are somewhat difficult to interpret physically
but they will not be needed for the following discussions. In fact from now
on we shall consider equation (8) with both sides multiplied by 45, 45,
(with 4, = 65 4 ¢~2 uganf); then in the rest frame it only contains space-
space components (g, { = 1, 2, 3):

Mo Ay 07U (0 + BF)} = 3 dpi(Diiy) 73

dRy, .
- f exi /7 (Ris) ,,,f& 75 0(Ry — R) ds
N e drkiy ¢
— 3| e A5, 27 (Ri) 7 0(Rg — R) ds — (&, ). (14)

This is a form of the balance equation of angular momentum, in which the
interatomic fields remain to be studied.

§ 4. The interatomic field. In contrast to the intra-atomic field the
interatomic field f*6(Ry;) may be expanded in powers of 7g;. Up to second
order in 7y; the equation (14) gets the form:

Ao Aer Oy(uf; 675 = pX Spis (D) 7
t

m

Y exi ]‘zxv(R)

dR gy

74, 8(Rr — R) ds

ARy
— 3| e 7, oef2¥(R) "”d”i . 8(Rp — R) ds
S

~

dry;
— 2 | eri 45 f(R) i

7 Rk — R) ds — («, B),  (15)

where the angular momentum density ¢ is defined a
oy = o + 127, (16)

Retaining only terms with electric and magnetic dipoles, but discarding
electric quadrupoles, (15) becomes with the use of (3):

Ao Ay Oy(tf0i*) = X Opis(Dretf) 73
1

0 o sy P
— A R, — (), (17)

where the polarization tensors are in first and second order

dr? dR}
M — Zf ks (7% dsk . dsk > 8(Rx — R) ds, (18)
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£ C Ay
dvy; . dr

m;c'l)a»‘f e % Zj\eki A%V Aie(r%i E— i 7]“- ?> 6(R]g —_ R) dS. (19)

Using (1.28) and the properties (1.36) and (I.37) the equation (17) can be
written (with a summation over Z) in the form of a balance equation for
the atomic angular momentum density:

2 A A’;}cc Oy(uf, o C) % aPm(Dk“k Vi — Dk“k Thi) =
k

ki

= . l(%ﬂ)z] ALy fE, — [ ml), (20)

with the total polarization tensor
mif = mP? - mPP, (21)

With the use of the conservation law (I.44) of proper mass (1.23) the
angular momentum balance (20) gets the form

S pr. A%, A%z Di(vg of %)
X
— 3 00l (Du) s — (D) i) =
= X 4% A?cc(mz/ fﬁy - m/ﬁy)» (22)
K, (kD)

where Dy = u &y and v;, = (p;)~1.
In the momentary rest frame of atom % the contribution of % to equation
(22) reads (with the notation of " = ¢/ ®% ¢ 4 m = 1,2, 3 cycl):

pi Di(v0i ) — E dpis Dx v A 1)) =

= 3 (Pﬁé” A€ + m A bY). (23)
U#k)

If the atom £ is isotropic as far as polarization and magnetization are
concerned, the term at the right-hand side vanishes.

§ S. The symmetry of the energy-momentum tensor. The conservation laws
of energy-momentum at the atomic level are

Oalttmy + 1) = (24)
Here the atomic material energy-momentum tensor is given by?l)
fow = 2 (e + Opic + 00" i + % 62 of (Dyaury) 1

+ % 37{”};(2 OpPiki 7)) (29)

where for convenience the angular momentum density o, , instead of oy,
is written in the second term. The difference ¢=2 22 (Dyur,) %} is negligible
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since it contains the intra-atomic field and is of order ¢=4. The atomic
energy-momentum tensor of the field is1)

th= 3 ', — udie®

k, Wk#1)
+ ¢72 “}g(f;wmkve — i fiye) Uz
— ch gl fryemiiune}, (26)

3
where h2 —= {2 wib, ’
Twice the antisymmetric part of this tensor £ is:
taﬂ . t/foc _ 2 A* Aﬂ (,msvfi o ]teym 4 ) (27)
(6] 6] _k oos ) ke SR\ Ty [ A S OR]

which turns out to be equal to the right-hand side of (20). We wish to relate
the left-hand side of (20) to the material energy-momentum tensor. In this
respect it should first be remarked that the energy-momentum tensor is
determined up to a divergence-free part only, as is clear from (24). It will
be shown that the addition of the divergence-free expression

—% )Y oy(of uf, — oy Uk — of Pug) (28)
to the material energy-momentum tensor (25) is of advantage. A similar
procedure has been followed by Belinfante?) and Rosenfeld8) in the
field theory of particles with spin. The sum of (25) and (28) gives a new

material energy-momentum tensor (which will again be denoted by the
symbol #5,):
o = X (px + opi + 0pi") i
—4 Z}:ﬂ A%e Aig 0907 “uif)

+ 3672 X (g 03 Dytuiy + uff 6 Dyuiy) + § X 85(0 ™ ufy + 03" uf)
k k
+ 3 o {ul(X dpi vy}l (29)
k i

where (6), (13), the relation
Uix o7 =0 (30)

(which follows from (6) and (13)), and (7) have been used. In this way (twice)
the antisymmetric part of the tensor %, (29) is nearly equal to the left-hand
side of (20): in fact

fi — iy = S Mo iy Oy{0 ) — T (a5 Opii 7)) o
k s
+ 3 (X Opri i)} Ui @1)
k i

The difference between the right-hand side of this equation and the left-



THE RELATIVISTIC ENERGY-MOMENTUM TENSOR IN POLARIZED MEDIA. II 303

hand side of (20} consists only in small terms of intra-atomic origin. If one
desires so one can get rid of these terms by an appropriate localization of
the atomic energy

Cki €kj

dé 2 = mypc? I T eyl 32
(my -+ Oml) c ¥k “l‘”(#” 8 10 — r;{(]).)| (32)
which occurs in the first term of £, (29). In fact, defining a point
1
R% =R+ —F 2 O Vi (33)

my + omi

where émi,; is defined by (12b), one derives by means of a Taylor expansion
of 8(Rx — R) around Rj:

dRz dRY

& ds Ry — R) ds

= % cf(mk+6m£)

+2c

d [ dR:
ki dS

s = dmy "m) 8(Rp — R) ds + As8 4 Bas, (34)
S

where 426 is a series of terms symmetric in «, § and B## is divergence-free.
One could thus define a new material tensor £, — B*# of which (twice)
the antisymmetric part is given (cf. (31)) by:

% 45 AZ& Oy(o% ox® up) + % 5P1§("%i Dk“ﬁ — % Djuz), (35)

which is exactly equal to the left-hand side of (20). Thus, according to
(27) and (35), the balance of angular momentum (20) is precisely the ex-
pression of the fact that the total energy-momentum tensor £, + 1} is
symmetric.

As shown here the conclusion about the symmetry of the energy-mo-
mentum tensor is only reached if the atomic energy my -+ éml is properly
localized. However in the rest frame of atom k& the (purely spacelike)
difference Rf — R is small (of the order 10-5) compared with atomic
dimensions as (33) shows. Such a refinement is hardly useful in a theo-
ry in which nuclei and electrons are considered as point particles. There-
fore from now on the material energy-momentum tensor will be writ-
ten as:

et
tomy = E Pl Wpnh — E Ay, A%, Oy(o uf)
+ 472 % (u o™ Dty + v 6™ Dgugy)+ 3 3 (0 0l + o™ u),
k

(36)
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where pf is the sum of p;, dp. and dpl!’. In the approximation described
above the sum of this tensor and the field energy-momentum tensor (26)
is symmetric and conserved.

§ 6. The conservation laws of angular momentum. The total energy-mo-
mentum tensor of matter and field is

0 =18+ 1, (37)
with the tensors at the right-hand side given by (36) and (26). As discussed
in the preceding section it is symmetric

(0B = {hox, (38)
and conserved
ogtod = 0. (39)
From (38) and (39) one finds the conservation law of angular momentum:
Oy (xwotBy — xbf3v) = O, (40)
From this equation it follows that
[o8 = | (x34B0 — xhtal) AV (41)
is a conserved quantity:
dl«8/dt = 0. (42)

Moreover, I#6 is a tensor according to Klein’s theorem.
The contents of these conservation laws are well-known: for the space-
space components (o, § = 1, 2, 3) one has with p? = ¢~1#0:
ari d

o= H?j(R ApYdV =0 (i, k= 1,2 3cycl), (43)

which expresses the conservation of angular momentum properly speaking;
for the space-time components one has

d
i x800 AV = — | 200 dV =
dt de
d
— cjtiﬂ dVv + xOEJ‘ﬂO dvV (¢ =1,2,3). (44)
The last term vanishes since total momentum is conserved. Thus we have
d )
—— | 2100 dV = c2P¢, (45)
dt

where Pt = ¢=1 [ #90 dV is the (conserved) total momentum. Dividing both
members of this equation by the (conserved) total energy E = [ 00 dV



THE RELATIVISTIC ENERGY-MOMENTUM TENSOR IN POLARIZED MEDIA. 11 305

of the system one obtains
d ( { 2400 4V ) c2pi

e\ Jwoav )T E (46)

This equation expresses the fact that the centre of energy of the system
moves with a uniform velocity ¢2P/E.

In the laws (43) and (46) the tensor components #00 and #9 occur. Explicit
expressions in three-dimensional notation for these quantities are given in
the next section.

§ 7. The atomic energy-momentum tensor in three-dimensional notation.
The components of the material energy-momentum tensor (36) may be
written in vector notation if one uses the expressions for the components
of uf, Dyul and AY:

up = cy, u, = cyrf, (47)
Dy = 2y doyk, Diuy = 2y dolyifh), (48)
A = — 14y}, A =4 =B, A = g7 + viBiBi (49)

where 7,7 = 1, 2, 3. Here ¢f8; is the velocity of atom &, y = (1 — g%)~*
and g = 1if i =7, g/ = 0 if 7 % 4. Since the antisymmetric tensor o} **
is purely space-space-like in the (dashed) rest frame, the Lorentz trans-
formation from the rest frame to the reference frame yields:

o7 = o™ = (ypQ-0f )™ (4,7, m =1, 2, 3 cycl.), (50)
o = (yuPi A 07 ) (i=123), (51)
where we have used the three-tensor
-1
i i ve —1
Q=g + 3 # B (52)
which has the properties
()7 = g" — BiBi (53a)
Q%) = g7 + viBiBi- (53b)
With the help of the abbreviation
Ok = -0, (54)

one gets then for the components of (36):
Lomy = % (p% c2vi — cvi(Br A Ox)« CoBr + cyifr-(V A a1)], (55)
Bomy = 2 [p By + ¢ 7 GolyiBe £ Ox) + 3RV £ @

+ 3evi(Be-V)(Br A 0k) — 3cyiBiV - (Br A on)]t (G =1,2,3),  (56)
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Limy = % (6% c2viBr + cvidoBi A Ok + 3cviV A axr—Leyi(Br-V)
(B A 0%) —3cyiBiV - (B A gx)]F (1=1,2,3), (57)
th,, = % [Pk c2vaBiBi — ¢ dolyioh)
+ cye(QoBr A Ox)? B + 3¢ Solyi(Br A 0x)! Bl + viBi(Br A Ox)}
— Lcvi(Bi-V) o + LevE((V A ox)i B, & BV A ax)T}]
(G, ,m=1,23cycl). (58)

Similarly, if one uses (47) and the vector notations for the fields and
polarizations:

27 = e}';:: f;cj - b}’cn (lr j; m = 1’ 2’ 3 CyCI')’ (59)
Wo=di, W =hP  (,5,m=123cycl), (60)
Vo= —pi #i = my (5, m=123cycl), (61)

the components of the field energy-momentum tensor (26) can be calculated:

0= X [lex-e; + tbp-by + pr-e; — yifr-(Px A by — my A €)

(kD)
— vi(Pr — B A my)- - (er + Bi A b)), (62)
th= X [eiA hy — yiBr-(Pr A b — mp A e) B
k,U(k#D)

— 7i(Pr — B A mp)- QL (er + B A by) B]t (1= 1,2,3), (63)

t;.o = 3 [el A hy — yzﬂz([)k Ab, — mga el)
ke, U(k#1)

+ 92Br A (Pr A e + my A by)
— ye(Pk — Br A my) Q5 (er + B by) Bt (1=1,2,3), (64)

th = 3 [—ejd; —hibi+ (bex-e + tbi-by — my-by) gl
k, U k#1)

+ v2Br A (PrA e+ mipaby) — praby -+ mpaelif
— yi(Pr — B n mp)-Q3-(er + Bx A b)) Bif) (,7=1,2,3). (65)

These formulae will enable us to give explicit expressions for the quantities
which occur in the angular momentum laws.

§ 8. Explicit expressions for the quantities occurring in the angular mo-
mentum laws. In §6 two angular momentum laws (43) and (46) were
derived. They contain four global quantities, which we shall now write in
explicit form with the help of the results of § 7. Using (57) and (64) for
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Pt = ¢c71 £10 one gets:
JRAPpAV = X [{R A (o5 vk ¢Br + 7i 00k A Ox) + yigr} AV
k

+C—1Zj RA{elAhk—y?“B,%(pk/\bl—mk/\ el)

RICED))
+ yiBk A (DPr A €+ my A by)
— vi(Pr — Br A my)-QF-(e; -+ Bi A by) By} AV, (66)

where a partial integration has been performed. The first integrand contains
the orbital angular momentum density Ry A pf y: ¢k, the atomic angular
momentum density yfox and a relativistic term in which g; multiplied
by the atomic acceleration occurs. Furthermore the second integrand
contains the moment of the field momentum density with the leading
term ¥ . C IR A (€3 A hg); the remaining terms vanish in the rest
frame.

The equation (46) contains three global quantities, viz. | x¢#00dV,
Pt = ¢1{#0dV and E = [ 90 dV. With the help of (55) and (62) we can
write for the first of these, after partial integrations:

[xt100dV = 3 [ R{p} c2pi — cyp(Bi A Ok)+ 008k} + cvi(Br A o%)1] AV
k

+ X [Rifex-e;+ tbi-b;+ pr-e; — yifr- (Pr A by — mp A e)

LX)
— 74P — B A my) Q- (e + B a by)] AV (67)
The tetal momentum becomes with the help of (57) and (64)

P =13 [ {ph c2iBr + cyi(0oBr A 0x)}dV
k
+ct ¥ [leenhy—vifa(Ppraby — mygnae)

ke, Uk#1)

+ ViBi A (Px A € + my A by)
— yi(Pr — B A my) Q%< (e; + Br A by) Br] AV (68)

The first integrand contains the material momentum density and a rela-
tivistic correction. The second integrand contains the field momentum

density i.e. ¢ 3 14 €1 A By as a leading term and a number of terms
which vanish in the rest frame.

The total energy of the system gets the form:
E =3 [{p} c2vi + cypBi-(0oBr A 0r)} AV
k

+ X [[dex-er+ Lbr by + pr-es — vifr- (P A b — my A e))

k, lI(k+£1)
— yi(Pr — B A mMp) -3+ (er + B A by dV. (69)

The material part contains the mass energy and a relativistic correction.
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The field part contains the leading terms {3, ;. (€x-€; + by-b;) and
a number of terms which disappear in the rest frame.

In this way the conservation laws of angular momentum (43) and (46)
are completely specified.

§ 9. Concluding remarks. In a following paper we shall treat the macro-
scopic conservation laws of energy and momentum obtained by averaging
the corresponding atomic laws. The macroscopic energy-momentum tensor
which occurs in these laws is symmetric as a consequence of the symmetry
of the corresponding atomic tensor. (In this connection it may be remarked
that the macroscopic field and material energy-momentum tensors separately
are not simply the average of the corresponding afomic energy-momentum
tensors.) From the symmetry and conservation of the macroscopic energy-
momentum tensor will follow the macroscopic conservation laws of angular
momentum.

This investigation is part ot the research programme of the “‘Stichting
voor Fundamenteel Onderzoek der Materie (F.O.M.)””, which is financially
supported by the “Organisatie voor Zuiver Wetenschappelijk Onderzoek
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