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Summary of the Abstract

We use four dimensional geometric algebra for transforming four dimensional circles that
correspond to voltage signal of four phase power system. We also show how rotation in
four dimensions can be done by quaternions.

Actual Abstract Sections

1 Introduction

We consider two voltage signals from 4-phase power systems. Our aim is to transform one
to the other. First we deal with symmetric signals with the same amplitude with phase
shift ¢. That is to transform v = v1e; + vaey + v3es + vse4, Where

v1(t) = v cos(tw), va(t) = vsin(tw),
. 1.1)
v3(t) = —vcos(tw),  v4(t) = —vsin(tw),
to o’ = v]e1 +vjes + vye3 + vjeq, where
0] (t) =v cos(tw + @), vy (t) = vsin(tw + @), (1.2)

v3(t) = —vcos(tw + @), vy(t) =—vsin(tw + ).

for each t. Such a curve will be called 4D circle.

That transformation is a rotation and we will show how it can be represented in
Conformal Geometric Algebra, we will also see how it can be done using quaternions.
Before analyzing the situation in 4 dimensions, let’s recall rotations in 3 dimensions. The
main idea is, that in 3 dimensions we are used to rotations around axis, which cannot be
widened to more dimensions. While rotation in plane can be. For rotation in a plane ,
the rotated vector v can be decomposed

v=v, to)

wherev, 1 mando) || 7. During rotation, the part v, remains unchanged. The resultant

vector is in form of o’ = v/, + v, where v/, is rotated vy:
| oL [ I

vh = cos(¢@)v| + sin(¢)o,
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Figure 1: Four phase signal

where v+ is vector in & perpendicular to v and ||o1|| = ||o)||. So the resultant vector is
v’ =cos(@)v| +sin(@)oT +v,. (1.3)

The composition of two such rotations in 3 dimensions is again a rotation in a plane.

2 Rotation in 4 dimensions

In four dimension the situation is a bit more complicated. In case (1.1), (1.2), the rotation
is in two perpendicular planes 7 = x1x2 and o = x3x4 about an angle ¢, i.e. v = v, +v, .,
where

vy = v(cos(tw)er +sin(tw)ez),

v = —v(cos(tw)es + sin(tw)ey).

Note that, in general the angle doesn’t have to be the same in both planes. By rotation
about an angle ¢ in the plane 7 we get

v}, = cos()v| +sin(p)vT + v,
where

vt = 0(cos(tw)ey — sin(tw)eq).
So the rotation in plane 7 can be written explicitly as
v, = cos(¢)(v(cos(tw)er+sin(tw)ey)))+sin(@)o(cos(tw)ey—sin(tw)e;)—v(cos(tw)es+sin(tw)es) =

= v(cos(¢) cos(tw) — sin(¢) sin(tw))e; + v(cos(¢p) sin(tw) + sin(@) cos(tw))es + v11
=ovcos(p +tw)e; +ovsin(g + tw)ey — v cos(tw)es — vsin(tw)eq

Analogously in plane o we rotate the vector v}, = v, + v, , where

Vg = —v(cos(tw)es + sin(tw)es),

V51 = 0v(cos(tw + @)ey + sin(tw + @)es).

Because

Vot = v(sin(tw)es — cos(tw)ey)
we get

0" = vcos(tw + @)ey +vsin(tw + @)ey — vcos(tw + p)es — vsin(tw + @)eq

as we desired.



2.1 Rotation in 4D done by four dimensional CGA

We want to transform points V(&) = [v1(t),v2(t), v3(t), v4(t)] from circle(1.1) to points
V(1) = [0} (), 05(t), v5(t),v,(t)] from circle (1.2) for any time . Using the ideas above, in
CGA that transformation can be represented as composition of two commutative rotations

R = RR,,
where the angle of rotation is ¢:
Ry =cos(p/2) —sin(¢/2)e1,

Ro = cos(¢/2) —sin(p/2)esq,

SO

R =R Rs = RoRy = (cos(p/2) — sin(p/2)e12)(cos(¢/2) — sin(p/2)es4)
= cos®(¢/2) — cos(¢/2) sin(p/2) (e12 + e34) + sin*(¢/2)e1234.

2.2 Note: rotation in 4D done by quaternions

Quaternions are widely used for representing rotations in three dimensional space. As
it is shown in article [4] they can represent rotations in 4 dimensions as well. Consider
unit quaternions p,q € H and its conjugation ¢ € H and v a vector in R*. We identify
the vector v = vye1 + vyep + v3e3 + v4e4 With a quaternion v = vy + vi + 03 + v4k € H.
Consider p = ppe + pii+p;j+ prk and q¢ = qre +qii +g;j + qik, then the left multiplication
pou can be written:

PrRe —Pi —Pj —Pk||%
A(p)UT: Pi PrRe —Pk Pj 02 .

Pj Pk Pre —Pil |03

Pk —Pj Pi  PRe| |04

And the right multiplication is vg:

qre qi 4; 9k | |Y1
B((j)vT: —qi qdrRe —qk gj | |02 ‘

—q4; 49k 4rRe —qi] |U3

—qk —49j qi qRe| |V4

The idea in three dimensions is that qo is a rotation in two perpendicular planes about
angles o and « and vq is a rotation in the same planes about angles —a and «. One of
these planes is a subspace of R®, there we get rotation about angle & + «, in the other
plane (¢ — a = 0) nothing changes.

We use this information for four dimensions. Any rotation in R* = H = ReH + ImH =
R x R3 can be represented as pvg, where p and q are unit quaternions. In our case o is a
plane that is a subspace of R® = ImH. Since it doesn’t have to hold g = p, we have two
angles « (for p) and S (for q). Sowewanta+ff=¢panda—f =¢. Soa=¢ and =0,
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i.e. p = (cos(¢) +sin(¢)i) and q = 1. In detail we have

pog =(cos(¢p) + sin(¢p)i)(cos(tw) + sin(tw)i — cos(tw)j — sin(tw)k)1
=(cos(tw) cos(¢p) — sin(tw) sin(¢@)) + (cos(tw) sin(¢p) + sin(tw) cos(¢p))i+
+ (—cos(tw) cos(¢) + sin(tw) sin(¢p))j + (—sin(tw) cos(p) — cos(tw) sin(¢p))k
=cos(tw + ¢) +sin(tw + @)i — cos(tw + @) j — sin(tw + @)k.

In the terms of matrices whole transformation is easily recognised:

cos(¢p) —sin(¢) 0 0 1 0 0 Of|vn
r _ |sin(@) cos(e) 0 0 0 1 0 0oy
Alp)B(g)o” = | 0 cos(p) —sin(@)||0 0 1 of|os|” GV
0 0 sin(p) cos(p) [[0 O O 1 |ovg
3 System with DC offset
Similar problem with DC offset looks like that: We want to transform the circle
v1(t) =V, +vcos(tw),  0y(t) =V, +ousin(tw), 3.1
v3(t) =V, —vcos(tw),  v4(t) =V, —vsin(tw) '
to the circle
01 (t) =V, +0'cos(tw + @),  vy(t) =V, +0'sin(tw + @), (3.2)

vg(t) =V, —v'cos(tw + ),  vy(t) =V, —v'sin(tw + ¢).

We saw the shift of ¢ can be dealt with by rotation. Now we need to move first circle to
the second one. (Here the quaternions will not be sufficient.) In CGA for two circles in
parallel planes it can be done easily using dilation and translation. The dilation gives us
the circle with desired radius v’

D = exp(—0.5In(d)es-),

where d = z;)—' Then using translation we can move it, so center of first circle merges with
center of second circle:
T = ]. - O.Steoo,

where t = (V, — Vn%)n, where n = e1 + e + e3 + e4. Now we can apply it on V(¢):
V'(t) = TDRV(HR D17

and we have transformation that doesn’t depend on time and holds for each t.
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