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Summary of the Abstract
We use four dimensional geometric algebra for transforming four dimensional circles that
correspond to voltage signal of four phase power system. We also show how rotation in
four dimensions can be done by quaternions.

Actual Abstract Sections

1 Introduction
We consider two voltage signals from 4-phase power systems. Our aim is to transform one
to the other. First we deal with symmetric signals with the same amplitude with phase
shift 𝜑 . That is to transform 𝒗 = 𝑣1𝑒1 + 𝑣2𝑒2 + 𝑣3𝑒3 + 𝑣4𝑒4, where

𝑣1(𝑡) = 𝑣 cos(𝑡𝜔), 𝑣2(𝑡) = 𝑣 sin(𝑡𝜔),
𝑣3(𝑡) = −𝑣 cos(𝑡𝜔), 𝑣4(𝑡) = −𝑣 sin(𝑡𝜔), (1.1)

to 𝒗′ = 𝑣′1𝑒1 + 𝑣′2𝑒2 + 𝑣′3𝑒3 + 𝑣′4𝑒4, where

𝑣′1(𝑡) =𝑣 cos(𝑡𝜔 + 𝜑), 𝑣′2(𝑡) = 𝑣 sin(𝑡𝜔 + 𝜑),
𝑣′3(𝑡) = − 𝑣 cos(𝑡𝜔 + 𝜑), 𝑣′4(𝑡) = −𝑣 sin(𝑡𝜔 + 𝜑). (1.2)

for each 𝑡 . Such a curve will be called 4D circle.
That transformation is a rotation and we will show how it can be represented in

Conformal Geometric Algebra, we will also see how it can be done using quaternions.
Before analyzing the situation in 4 dimensions, let’s recall rotations in 3 dimensions. The
main idea is, that in 3 dimensions we are used to rotations around axis, which cannot be
widened to more dimensions. While rotation in plane can be. For rotation in a plane 𝜋 ,
the rotated vector 𝒗 can be decomposed

𝒗 = 𝒗⊥ + 𝒗 ∥,

where 𝒗⊥ ⊥ 𝜋 and 𝒗 ∥ ∥ 𝜋 . During rotation, the part 𝒗⊥ remains unchanged. The resultant
vector is in form of 𝒗′ = 𝒗′∥ + 𝒗⊥, where 𝒗′∥ is rotated 𝒗 ∥:

𝒗′∥ = cos(𝜑)𝒗 ∥ + sin(𝜑)𝒗⊤,

1



Figure 1: Four phase signal

where 𝒗⊤ is vector in 𝜋 perpendicular to 𝒗 ∥ and ∥𝒗⊤∥ = ∥𝒗 ∥ ∥. So the resultant vector is

𝒗′ = cos(𝜑)𝒗 ∥ + sin(𝜑)𝒗⊤ + 𝒗⊥. (1.3)

The composition of two such rotations in 3 dimensions is again a rotation in a plane.

2 Rotation in 4 dimensions
In four dimension the situation is a bit more complicated. In case (1.1), (1.2), the rotation
is in two perpendicular planes 𝜋 = 𝑥1𝑥2 and 𝜎 = 𝑥3𝑥4 about an angle 𝜑 , i.e. 𝑣 = 𝒗𝜋 ∥ +𝒗𝜋⊥,
where

𝒗𝜋 ∥ = 𝑣 (cos(𝑡𝜔)𝑒1 + sin(𝑡𝜔)𝑒2),
𝒗𝜋⊥ = −𝑣 (cos(𝑡𝜔)𝑒3 + sin(𝑡𝜔)𝑒4) .

Note that, in general the angle doesn’t have to be the same in both planes. By rotation
about an angle 𝜑 in the plane 𝜋 we get

𝒗′𝜋 = cos(𝜑)𝒗 ∥ + sin(𝜑)𝒗⊤ + 𝒗⊥,

where
𝒗𝜋⊤ = 𝑣 (cos(𝑡𝜔)𝑒2 − sin(𝑡𝜔)𝑒1) .

So the rotation in plane 𝜋 can be written explicitly as

𝒗′𝜋 = cos(𝜑) (𝑣 (cos(𝑡𝜔)𝑒1+sin(𝑡𝜔)𝑒2)))+sin(𝜑)𝑣 (cos(𝑡𝜔)𝑒2−sin(𝑡𝜔)𝑒1)−𝑣 (cos(𝑡𝜔)𝑒3+sin(𝑡𝜔)𝑒4) =
= 𝑣 (cos(𝜑) cos(𝑡𝜔) − sin(𝜑) sin(𝑡𝜔))𝑒1 + 𝑣 (cos(𝜑) sin(𝑡𝜔) + sin(𝜑) cos(𝑡𝜔))𝑒2 + 𝒗1⊥

= 𝑣 cos(𝜑 + 𝑡𝜔)𝑒1 + 𝑣 sin(𝜑 + 𝑡𝜔)𝑒2 − 𝑣 cos(𝑡𝜔)𝑒3 − 𝑣 sin(𝑡𝜔)𝑒4
Analogously in plane 𝜎 we rotate the vector 𝒗′𝜋 = 𝒗𝜎 ∥ + 𝒗𝜎⊥, where

𝒗𝜎 ∥ = −𝑣 (cos(𝑡𝜔)𝑒3 + sin(𝑡𝜔)𝑒4),
𝒗𝜎⊥ = 𝑣 (cos(𝑡𝜔 + 𝜑)𝑒1 + sin(𝑡𝜔 + 𝜑)𝑒2) .

Because
𝒗𝜎⊤ = 𝑣 (sin(𝑡𝜔)𝑒3 − cos(𝑡𝜔)𝑒4)

we get

𝒗′ = 𝑣𝑐𝑜𝑠 (𝑡𝜔 + 𝜑)𝑒1 + 𝑣𝑠𝑖𝑛(𝑡𝜔 + 𝜑)𝑒2 − 𝑣𝑐𝑜𝑠 (𝑡𝜔 + 𝜑)𝑒3 − 𝑣𝑠𝑖𝑛(𝑡𝜔 + 𝜑)𝑒4
as we desired.
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2.1 Rotation in 4D done by four dimensional CGA

We want to transform points 𝑉 (𝑡) = [𝑣1(𝑡), 𝑣2(𝑡), 𝑣3(𝑡), 𝑣4(𝑡)] from circle(1.1) to points
𝑉 ′(𝑡) = [𝑣′1(𝑡), 𝑣′2(𝑡), 𝑣′3(𝑡), 𝑣′4(𝑡)] from circle (1.2) for any time 𝑡 . Using the ideas above, in
CGA that transformation can be represented as composition of two commutative rotations

R = R𝜎R𝜋 ,

where the angle of rotation is 𝜑:

R𝜋 = cos(𝜑/2) − sin(𝜑/2)𝑒12,

R𝜎 = cos(𝜑/2) − sin(𝜑/2)𝑒34,

so

R =R𝜋R𝜎 = R𝜎R𝜋 = (cos(𝜑/2) − sin(𝜑/2)𝑒12) (cos(𝜑/2) − sin(𝜑/2)𝑒34)
= cos2(𝜑/2) − cos(𝜑/2) sin(𝜑/2) (𝑒12 + 𝑒34) + sin2(𝜑/2)𝑒1234.

2.2 Note: rotation in 4D done by quaternions

Quaternions are widely used for representing rotations in three dimensional space. As
it is shown in article [4] they can represent rotations in 4 dimensions as well. Consider
unit quaternions 𝑝, 𝑞 ∈ ℍ and its conjugation 𝑞 ∈ ℍ and 𝑣 a vector in ℝ4. We identify
the vector 𝒗 = 𝑣1𝑒1 + 𝑣2𝑒2 + 𝑣3𝑒3 + 𝑣4𝑒4 with a quaternion 𝑣 = 𝑣1 + 𝑣2𝑖 + 𝑣3 𝑗 + 𝑣4𝑘 ∈ ℍ.
Consider 𝑝 = 𝑝𝑅𝑒 +𝑝𝑖𝑖 +𝑝 𝑗 𝑗 +𝑝𝑘𝑘 and 𝑞 = 𝑞𝑅𝑒 +𝑞𝑖𝑖 +𝑞 𝑗 𝑗 +𝑞𝑘𝑘, then the left multiplication
𝑝𝑣 can be written:

𝐴(𝑝)𝒗𝑇 =


𝑝𝑅𝑒 −𝑝𝑖 −𝑝 𝑗 −𝑝𝑘
𝑝𝑖 𝑝𝑅𝑒 −𝑝𝑘 𝑝 𝑗

𝑝 𝑗 𝑝𝑘 𝑝𝑅𝑒 −𝑝𝑖
𝑝𝑘 −𝑝 𝑗 𝑝𝑖 𝑝𝑅𝑒



𝑣1
𝑣2
𝑣3
𝑣4

 .
And the right multiplication is 𝑣𝑞:

𝐵(𝑞)𝒗𝑇 =


𝑞𝑅𝑒 𝑞𝑖 𝑞 𝑗 𝑞𝑘
−𝑞𝑖 𝑞𝑅𝑒 −𝑞𝑘 𝑞 𝑗

−𝑞 𝑗 𝑞𝑘 𝑞𝑅𝑒 −𝑞𝑖
−𝑞𝑘 −𝑞 𝑗 𝑞𝑖 𝑞𝑅𝑒



𝑣1
𝑣2
𝑣3
𝑣4

 .
The idea in three dimensions is that 𝑞𝑣 is a rotation in two perpendicular planes about
angles 𝛼 and 𝛼 and 𝑣𝑞 is a rotation in the same planes about angles −𝛼 and 𝛼 . One of
these planes is a subspace of ℝ3, there we get rotation about angle 𝛼 + 𝛼 , in the other
plane (𝛼 − 𝛼 = 0) nothing changes.

We use this information for four dimensions. Any rotation in ℝ4 � ℍ = 𝑅𝑒ℍ + 𝐼𝑚ℍ �
ℝ ×ℝ3 can be represented as 𝑝𝑣𝑞, where 𝑝 and 𝑞 are unit quaternions. In our case 𝜎 is a
plane that is a subspace of ℝ3 � 𝐼𝑚ℍ. Since it doesn’t have to hold 𝑞 = 𝑝, we have two
angles 𝛼 (for 𝑝) and 𝛽 (for 𝑞). So we want 𝛼 + 𝛽 = 𝜑 and 𝛼 − 𝛽 = 𝜑 . So 𝛼 = 𝜑 and 𝛽 = 0,
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i.e. 𝑝 = (cos(𝜑) + sin(𝜑)𝑖) and 𝑞 = 1. In detail we have

𝑝𝑣𝑞 =(cos(𝜑) + sin(𝜑)𝑖) (cos(𝑡𝜔) + sin(𝑡𝜔)𝑖 − cos(𝑡𝜔) 𝑗 − sin(𝑡𝜔)𝑘)1
=(cos(𝑡𝜔) cos(𝜑) − sin(𝑡𝜔) sin(𝜑)) + (cos(𝑡𝜔) sin(𝜑) + sin(𝑡𝜔) cos(𝜑))𝑖+
+ (− cos(𝑡𝜔) cos(𝜑) + sin(𝑡𝜔) sin(𝜑)) 𝑗 + (− sin(𝑡𝜔) cos(𝜑) − cos(𝑡𝜔) sin(𝜑))𝑘

= cos(𝑡𝜔 + 𝜑) + sin(𝑡𝜔 + 𝜑)𝑖 − cos(𝑡𝜔 + 𝜑) 𝑗 − sin(𝑡𝜔 + 𝜑)𝑘.

In the terms of matrices whole transformation is easily recognised:

𝐴(𝑝)𝐵(𝑞)𝒗𝑇 =


cos(𝜑) − sin(𝜑) 0 0
sin(𝜑) cos(𝜑) 0 0

0 0 cos(𝜑) − sin(𝜑)
0 0 sin(𝜑) cos(𝜑)



1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



𝑣1
𝑣2
𝑣3
𝑣4

 . (2.1)

3 System with DC offset
Similar problem with DC offset looks like that: We want to transform the circle

𝑣1(𝑡) =𝑉𝑛 + 𝑣𝑐𝑜𝑠 (𝑡𝜔), 𝑣2(𝑡) = 𝑉𝑛 + 𝑣𝑠𝑖𝑛(𝑡𝜔),
𝑣3(𝑡) =𝑉𝑛 − 𝑣𝑐𝑜𝑠 (𝑡𝜔), 𝑣4(𝑡) = 𝑉𝑛 − 𝑣𝑠𝑖𝑛(𝑡𝜔) (3.1)

to the circle

𝑣′1(𝑡) =𝑉 ′
𝑛 + 𝑣′𝑐𝑜𝑠 (𝑡𝜔 + 𝜑), 𝑣′2(𝑡) = 𝑉 ′

𝑛 + 𝑣′𝑠𝑖𝑛(𝑡𝜔 + 𝜑),
𝑣′3(𝑡) =𝑉 ′

𝑛 − 𝑣′𝑐𝑜𝑠 (𝑡𝜔 + 𝜑), 𝑣′4(𝑡) = 𝑉 ′
𝑛 − 𝑣′𝑠𝑖𝑛(𝑡𝜔 + 𝜑) . (3.2)

We saw the shift of 𝜑 can be dealt with by rotation. Now we need to move first circle to
the second one. (Here the quaternions will not be sufficient.) In CGA for two circles in
parallel planes it can be done easily using dilation and translation. The dilation gives us
the circle with desired radius 𝑣′:

D = 𝑒𝑥𝑝 (−0.5𝑙𝑛(𝑑)𝑒+−),

where 𝑑 = 𝑣 ′

𝑣
. Then using translation we can move it, so center of first circle merges with

center of second circle:
T = 1 − 0.5𝒕𝑒∞,

where 𝒕 = (𝑉 ′
𝑛 −𝑉𝑛

𝑣 ′

𝑣
)𝒏, where 𝒏 = 𝑒1 + 𝑒2 + 𝑒3 + 𝑒4. Now we can apply it on 𝑉 (𝑡):

𝑉 ′(𝑡) = TDR𝑉 (𝑡)R−1D−1T −1

and we have transformation that doesn’t depend on time and holds for each 𝑡 .
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