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Definitions and notations |_ooking at some Inverses Gradings In Clifford algebra
Let p,q € Z>o,p + q = n. Non-degenerate real Clifford | | Inverse of a vector: consider a vector (y,q has different gradings:
arllgebra , , s the associative un_ital_algebra generated by a = aie; + asest. .. ta,e, 1) Let
the generators ..., e, rsatisfying:
g {617 627 76 } fy g ’[hen a2 _ a262 _|_ a262_|_. . _|_a2 62 E R C€—|- c— Cgo @ C€2 EB C€4 Ce L t— RO
e2=1V iec{l,2 \ b e
2 et Thus if a2 # 0, this gives ¢ ! — — g = Ol © g © iy @ -2 := B
e — ) a y a — T
62 ]_ \V/ZE{p+1,p+2,,n} g az then(’f :C€+ @Cg andRzRng \V/ . Z
e;e; = —eie; ¥V i #j€{l,2 n} 20 P, o J +j V1, ] © L9
v S J P Let us also look at quaternions: , ot
: : : : €
We denote the product by as (a+ bi + cj+ dk)(a— bi — ¢j — dk) ) uatemion ypiieer
62'17;2“.% pp— 62’1 . ez'z . o o 67:1 . — 6{7:1,i27--°77:l} _ a2 _I_ b2 _I_ CZ _I_ d2 c R O = Cgp,q @ Cgp,q @ Cep’q c— S(O,O) — T(O,l)
where we assume that 1 < i1 < 49 <...< i < n. o o ) 1=0 o o) @ ---:=8S¢:=1T
= ? L= Thus if gq # 0 , this gives q_1 — ﬁ_ . B g,q g,q f(,)q (0,1)* (1,1)
We define en 1= 1. 99 2:= cgp,q D (zp C€ = S(LO) = 1{0,0)
o 3 . 3 7 11 _ _
A general element of ¢, 4 is called a multivector: Similar idea extends to a paravector: 3=, 0y, O, = S(1,0):= T(1,0)
then :6@1@2@3 and
U=u + Zuiei + Z Wiyiy€iyiy T ... S (a+ ) ae)(a— ) ae)=a® - ZQZGZER % .
1<i<n 1<iq <is<m Isi=n lsisn 1<i<n 15,8} € Si+j, [Tz‘, Tg] C 15y Vi,9 € Zig X 2o
™ Z Uiyig...in_1Ci1i...0n 1 +  U12..n€12..n Thus If Ag 7& 0, A = if\ ' One can think Of O’ 17 2’ 3 as S.pan of 1’ I’J and Kin the
T ; ; A case of quaternions. Once that Is done, then it becomes
- - clear why the name ‘quaternion typification’ has been
where w, u;, ..., U2, € R. . . . : :
Operations of conjugation chosen because quaternions also have 7, x Z.grading.
We denote the pseudoscalar by [ = €12, ., - Classical operations of conjugation: LA C A VA e{LJ,K}
We call linear combination of products of % different Grade involution ™.y, . JE,KJcT | KLIKCJ] | LJ,JICK
generators grade £ multivectors. The subspace generated Grade reversion < Ul . ..w oo oo .. :
by them is denoted by C/* . e e Norm functions
p:q Clifford conjugation: superposition of * and ~. . . . .
The oroiection of a multivector onto 7% is denoted N - n Express how operations of conjugation and quaternion
X <[5’_> J % Writing explicitly, U = Z<U>k , typification mingle with each other.
s | . - We call function N : &, , — R satisfying
The tensor product C @ (),,q Is called the U=~k =Y (-0 U) N(U) = Uf(U) for some function f : &, — &y,
complexification of &, — — . .
’ = = It is then clear that if for some U, N(U) # 0 then we
~ n k(k—1) n k
First examples U=> (-1)"7 U= (1)) immediately have an inverse: [/ —1 — ]J\Ef((((]])) .
k=0 k=0
CZOJ >~ (C 66072 = H cgm >~ § Aimin_g to continl_Je the_ pattern above, we define more We have theAfoIIowing norm functions:
operatlons of conjugatlons as follows: N{U)=UU, n=1;
Complex numbers and quaternions are division rings but 3 ) ~
split complex numbers are not. U = Z 2 U)pfor 1<j<m:=[logyn]+1 || NU)=UU, n=2;
In general, not e_veryc_'€ 4 Isadivision ring: So, N(U)=UTUU, n=S3;
How to find invertible elements and their inverses? gradek |0 |1 |2 |3 ]4 (5|6 |7 P
Another example, (/3 is not a division ring, €12 + €3 . d | : | | 1 | NU) = UU(U[A]) M= Note: (A3 = A)
is not invertible. ﬁ; — * i N(U) = UT(OD)*(UT(U0)%)", n=
ASRAY. i 2 T N () I N N A
. . . NU) = U( =000@00U0
Matrix representations, trace, determinant Az o ) (3 ( )
A1A3 f i | 2 ST s B
It is well known that Clifford algebras are isomorphic to A2A3 ! oA _+ 3 U(_(U_U) ((_UU) () )_) » n=6.
of C @ (,, into matrix algebras: Note that: TV — OV and TV — V& but in general multlvector_defmed prevmusly. Also, thgy can be
’ N N N expressed differently I.e., there are multiple formulas for
B:CeU,, — M,, ,where (UV)™ #UNV S or VAU, these norm functions. One reason why that is because
Mat(2%,C), if 72 is even, Trac_:e can be expressed in terms of the above operations of Det(U) = Det([?) = Det(U)
My, = et ntl o conjugations as: — R
Mat(272",C) @ Mat(272",C), ifnisodd. Proof: Start by noting that since () = U7 and n = 2
fTari\tlﬁfruelpresentatlon IS constructed inductively and Is (UD) =UT, UT c0@®3 and UT c 0@ 1.
n - - - — ]_ Ji — 77 0 1 p— 0 3 p—
The dimension of this representation is " :— 21" A closer look at multiplication Asforn=1,U=U,and0®1=003 =R for n < 2,
1) The # swaps to get from (a1as. ..ax)b t0 b(aias. ..a;) || Weal€ do:r;e. N T S
: : : is k. For n = 3, UU = Hy + Hsand thus UUUU € R
As Cl, % Cxd,, B gl\,/es rise to a representation 2) If e, & {es.ennr. ... e then and we are done.
of (¢4 which we denote by 3. (es €ir €5 )ea = (—1)F ea(eici. .. ei) [F](;; n;_r4_|_ . (UU) ek
an — Hi — Hy. Now,
Using this representation, we can define trace and 3) If es € {€i, €, ..., €} then y : ’ " : ’
determinant of multivectors as follows: (5,€5,- €5 )ea = (—1)" ! eq(eq,64,. . . €5,) UT(O0)" = (Hy + Hy + Ha)(Hy — Hy — Hy)
Tr(U) := tr(ﬂ’(U))’ Det(U) := det(B (U)) 4) In(general, If ;l(generators )are common, = H; — (H, + H,)* — [Hy, H; + Hy]
€;,€i,- - - €5, )(€5,€4,. .. €4 — H?2 _ H? _ H? _
These are well defined in the sense that any other _ (_1)k(ld)+3(k]1)d (; PRSI Ho2 le Hj : {H1, Hy ¥
representation of same dimension would give same R A AN = Hy — Hy — Hy € R and we are done.
trace and determinant. R I( J1 .72')' ‘ JE z)l( 22°1°)l°€ gk )I For n = 5, Uq = Hy + Hi + Hy + Hs
_ o _ _ ne.g., €; €y - - €5 ) = 1)\~ €;,€iy- - - €4 (ﬁl‘j’)A — H,— H, — H,+ H
It follows that a multivector is invertible iff . S 0 1 4 g
_ DeF(U) 70 Thus, @) (qu, if n is even, UU(UU)A = (Hy+ H,+ Hy + H5)(Hy — H, — Hy + H5)
One can use the inverse they get from the matrix r@d =\, 0 am, ifnisodd — (Ho+ Hy)? — (Hy + Hi)? ~ [Hy +Hy, Hy + H)
z:(?)err]esjtgt?olr?eﬂ IanCh\;vﬁe&;]reinone. HUENIS 15 DOTING an 5) Another viewpoint for multlpllcatlon: let = Hg§ + H; +2HyH; — HY — H; — {H, H,}
P Y Jing. A,BC{1,2,...,n}, then €4, ep are basis elements =Yoo+ Y5 R
Also, one can check that Tr(U) = N(U)o. of &, ,and €4 ep = £eap. Recasting 4) into Thus, UT(TD)*(UT(UT)*)» < R and we are done.
%i?t?\/eetgglgmg a multivector be expressed in purely this notation, we get (140 4 (1B) 4- (14851 No theoretical proof is known for n = 6 case.
| eqsep = (—1)t2)7%: ? €B €4y Subalgebras like Spang {1, e1256, €2345, €1346 } cause trouble.
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