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In the homogeneous space:

Bθi =


− cos θi − sin θi 0 0
sin θi − cos θi 0 0
0 0 1 0
0 0 0 1

 , Bωi =


1 0 0 0
0 cosωi − sinωi 0
0 sinωi cosωi 0
0 0 0 1

 .

For the translation,


1 0 0 di
0 1 0 0
0 0 1 0
0 0 0 1

 .
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Combining the matrices,

Bi =


1 0 0 0
0 cosωi − sinωi 0
0 sinωi cosωi 0
0 0 0 1



− cos θi − sin θi 0 0
sin θi − cos θi 0 0
0 0 1 0
0 0 0 1



1 0 0 di
0 1 0 0
0 0 1 0
0 0 0 1



=


− cos θi − sin θi 0 −di cos θi

sin θi cosωi − cos θi cosωi − sinωi di sin θi cosωi

sin θi sinωi − cos θi sinωi cosωi di sin θi sinωi

0 0 0 1

 .
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With d1 = ω1 = ω2 = ω3 = 0 and θ1 = θ2 = π, we get 1

x1 = B1e4 =


0
0
0
1

 , x2 = (B1B2)e4 =


d2
0
0
1

 ,

x3 = (B1B2B3)e4 =


(d2 − d3 cos θ3)

d3 sin θ3
0
1

 ,

xi = (B1B2B3 · · ·Bi )e4,

i = 4, . . . , n and e4 = (0, 0, 0, 1)t .

1Thompson (1967)
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Let us write

B[i ,j] =

j∏
k=i

Bk

and calculate the Euclidean distance ri ,j :

ri ,j = ∥(xj − xi )∥
= ∥(B1 · · ·Bi · · ·Bj)e4 − (B1 · · ·Bi )e4∥
=

∥∥B[1,i ]

(
B[i+1,j] − I

)
e4
∥∥

=
∥∥(B[i+1,j] − I

)
e4
∥∥,

where I is the identity matrix in R4×4.

In R3×3:

ri ,j =

∥∥∥∥∥
(
di+1I +

j∑
s=i+2

dsB[i+2,s]

)
e1

∥∥∥∥∥ .
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In order to calculate x4 = (B1B2B3B4)e4,

B4e4 =


− cos θ4 − sin θ4 0 −d4 cos θ4

sin θ4 cosω4 − cos θ4 cosω4 − sinω4 d4 sin θ4 cosω4

sin θ4 sinω4 − cos θ4 sinω4 cosω4 d4 sin θ4 sinω4

0 0 0 1



0
0
0
1



=


−d4 cos θ4

d4 sin θ4 cosω4

d4 sin θ4 sinω4

1

 .
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In order to calculate x4 = (B1B2B3B4)e4,

B4e4 =


− cos θ4 − sin θ4 0 −d4 cos θ4
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Using Geometric Algebra

With the motor M[i+1,j],

r2i ,j = −2⟨e0M[i+1,j]e0
(
M[i+1,j]

)−1 ⟩0
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Using internal coordinates (di ,θi ,ωi ), each atom is “constructed” by
one translation and two rotations represented by f : R3 → R3, given
by

f (x) = Ax + b,

A ∈ R3×3, such that A−1 = At , and b ∈ R3.

Using the homogeneous coordinate system,

[
A b
0 1

] [
x
1

]
=

[
Ax + b

1

]
,

x ∈ R3.
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Using the Conformal Model

In the Conformal Model, 2 3

x̂ = x + e0 +
1

2
∥x∥2e∞,

x ∈ R3, x̂ ∈ R5.

For the isometry f ,

f̂ (x) = (Ax + b) + e0 +

(
1

2
∥Ax + b∥2

)
e∞.

2Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
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Since

1

2
∥Ax + b∥2 = btAx +

∥b∥2

2
+

∥x∥2

2
,

the isometry f can be represented by

 A b 0
0 1 0

btA ∥b∥2
2 1

 x
1

∥x∥2
2

 =

Ax + b
1

∥Ax+b∥2
2

 ,

x ∈ R3.
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Recalling that

A =

 − cos θi − sin θi 0
sin θi cosωi − cos θi cosωi − sinωi

sin θi sinωi − cos θi sinωi cosωi

 , b =

 −di cos θi
di sin θi cosωi

di sin θi sinωi

 ,

we get

btA =
[
di 0 0

]
and

∥b∥2 = d2
i .
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Thus,

U =

 A b 0
0 1 0

btA ∥b∥2
2 1



=


− cos θi − sin θi 0 −di cos θi 0

sin θi cosωi − cos θi cosωi − sinωi di sin θi cosωi 0
sin θi sinωi − cos θi sinωi cosωi di sin θi sinωi 0

0 0 0 1 0

di 0 0
d2
i
2 1

 .
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It is easy to check that

U−1 = IcU
t Ic

and
(Ut IcU = Ic),

where

Ic =

I 0 0
0 0 −1
0 −1 0

 .

Using Ic ,

x̂ · ŷ = −1

2
∥x − y∥2

=
[
x 1 ∥x∥2

2

]I 0 0
0 0 −1
0 −1 0

 y
1

∥y∥2
2


= (x̂ t Ic ŷ).
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Bi =


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As we did using the homogeneous model,

x̂i = B[i ]e0,

where

B[i ] =
i∏

k=1

Bk ,

e0 plays the same role as e4, and
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First, let’s write

B[i+1,j] =

j∏
k=i+1

Bk

and

B[j] = B[i ]B[i+i ,j].

From x̂i = B[i ]e0, we obtain

x̂j · x̂i = x̂ tj Ic x̂i

= (et0B
t
[j])Ic(B[i ]e0)

= et0(B[i+1,j])
t(Bt

[i ]IcB[i ])e0

= et0(B[i+1,j])
t(Ice0)

= −et0(B[i+1,j])
te∞

= −et∞B[i+1,j]e0,
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implying that
r2i ,j = 2et∞(B[i+1,j])e0.

Just to compare,

r2i ,j = et4(B
t
[i+1,j]B[i+1,j])e4 − 1

and

ri ,j =

∥∥∥∥∥
(
di+1I +

j∑
s=i+2

dsB[i+2,s]

)
e1

∥∥∥∥∥ .
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Number of operations to calcule ri ,j

Model Number of Operations

Euclidean 55(j − i)− 97
Homogeneous 35(j − i)− 25
Conformal 28(j − i)− 45
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Derivatives of ri ,j

Doing the calculations,

∂ri ,j
∂αk

=
1

2ri ,j

∂r2i ,j
∂αk

=
1

2ri ,j

∂

∂αk

(
2et∞B[i+1,j]e0

)
=

1

ri ,j
et∞

∂B[i+1,j]

∂αk
e0.
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Since
B[i+1,j] = Bi+1Bi+2 · · ·Bj ,

we get

∂B[i+1,j]

∂αk
= B[i+1,k−1]

∂Bk

∂αk
B[k+1,j],

implying that

∂ri ,j
∂αk

=
1

ri ,j

(
et∞B[i+1,k−1]

∂Bk

∂αk
B[k+1,j]e0

)
.
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Similarly,

∂2ri ,j
∂βl∂αk

=
∂

∂βl

(
1

2ri ,j

∂r2i ,j
∂αk

)

= − 1

2r2i ,j

∂ri ,j
∂βl

∂r2ij
∂αk

+
1

2ri ,j

∂2r2i ,j
∂βl∂αk

=
1

ri ,j

(
1

2

∂2r2i ,j
∂βl∂αk

−
∂ri ,j
∂βl

1

2ri ,j

∂r2ij
∂αk

)

=
1

ri ,j

(
1

2

∂2r2i ,j
∂βl∂αk

−
∂ri ,j
∂βl

∂rij
∂αk

)
,
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where

1

2

∂2r2i ,j
∂βl∂αk

=
1

2

∂

∂βl

(
2et∞B[i+1,k−1]

∂Bk

∂αk
B[k+1,j]e0

)
= et∞

(
B[i+1,l−1]

∂Bl

∂βl
B[l+1,k−1]

∂Bk

∂αk
B[k+1,j]

)
e0.

Finally,

∂2ri ,j
∂βl∂αk

=
1

ri ,j

(
1

2

∂2r2i ,j
∂βl∂αk

−
∂ri ,j
∂βl

∂rij
∂αk

)
,

for
∂ri ,j
∂αk

=
1

ri ,j

(
et∞B[i+1,k−1]

∂Bk

∂αk
B[k+1,j]e0

)
.
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