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@ In the homogeneous space:

—cos; —sinf; 0 O 1 0 0 0

B sinf; —cosf; 0 O B — 0 cosw; —sinw; 0
0 0 1 0|7 0 sinw; cosw; O

0 0 01 0 0 0 1

@ For the translation,
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@ In the homogeneous space:

—cos; —sinf; 0 O 1 0 0 0
B sinf; —cosf; 0 O B — 0 cosw; —sinw; 0
0 0 1 0”7 |0 sinwj cosw; O
0 0 01 0 0 0 1
@ For the translation,
1 0 0 4
0100
0 01 0
0 0 0 1
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@ Combining the matrices,

1 0 0 0| |—cosf; —sinf; 0 0| |1 O O d

B — 0 cosw; —sinw; 0 sind; —cosf; 0 O |0 1 0 O
"7 |0 sinw; cosw; O 0 0 1 0|0 0 1 0
0 0 0 1 0 0 0 1/ (0 0 0 1
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@ Combining the matrices,

1 0 0 0| |—cosf; —sinf; 0 0| |1 O O d
B — 0 cosw; —sinw; 0 sind; —cosf; 0 O |0 1 0 O
"7 |0 sinw; cosw; O 0 0 1 0|0 0 1 0
10 0 0 1 0 0 0 1/ (0 0 0 1
[ —cos#; —sin#; 0 —d; cos 6;
_ sinf;cosw; —cosh;cosw; —sinw; d;sinf;cosw;
- sinf;sinw; —cosf;sinw; cosw; d;sin@;sinw;
L 0 0 0 1
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o With dy = w1 =wpy =w3 =0 and 91:02:7T,weget1

0 d>

0 0
x1 = Biey = e xo = (B1Bo)ey = N

1 1

(d2 — d3C0593)
d3sinf
x3 = (B1B2B3)es = 3 (I) 3 ;
1

xi = (B1B2Bs3 - - - Bi)ey,

i=4,...,nand e, = (0,0.0,1)".

'Thompson (1967)
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o Let us write .
J
By = 1] B«
k=i

and calculate the Euclidean distance r; :
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@ Let us write .
J
Bij = ]I B«
k=i

and calculate the Euclidean distance r; :

rij = [l =xi)l
|(By---Bi---Bj)es — (B1--- Bi)es]|

= [|Bii (Bjisrgy — 1) e
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o Let us write .
J
Bii = I B
k=i
and calculate the Euclidean distance r; :
rij = [l0g—xi)ll

= [[(BL-+-Bi---Bj)esa — (Br--- Bi)e

= [|Biviy (Byisrgy — 1) ed]

= [|(Bpi+1 — 1) e

where | is the identity matrix in R**4,

9
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@ Let us write .
J
Bij = ]I B«
k=i

and calculate the Euclidean distance r; :

rij = [l0g—xi)ll
= [(Bi---Bj---Bj)ea — (Bi-- Bi)ed|
= B (Biiv1gg — 1) e
= |[(Bisrg— 1) es
where | is the identity matrix in R**4,
o In R373:

9

J
= H( I + Z B[,‘+2’5]> €1

s=i+2
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@ In order to calculate x4 = (B1B2B3Ba)es,

B4 €4

Carlile Lavor (IMECC - UNICAMP)

—cosfa —sinfs
sinf4 cosws — cos 04 coswy
sinfssinws — cosbysinws

0 0

—dy cos Oy

dy sin 04 cos way
da sin B4 sin wg
1

Conformal Coordinates

0
—Sinwgy
COS Wy
0

—dy cos s
dy sin 04 cos wg
d4 sin 94 sin W4y

1

= O O O

7/26



@ In order to calculate x4 = (B1B2B3Bs)ea,

— cos O, —sin by 0 —dy cos Oy 0

Bues — si.n 04 c9$ wg —cosly c95 Wwa —SiNwg dy si.n 04 c9s wal| |0
sinfyasinwg —cosbasinws cosws dasinBasinws| |0

0 0 0 1 1
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Using Geometric Algebra
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Using Geometric Algebra

e With the motor M; 1 j,

1
rfj = —2(eoMir1 060 (Mpis1) o
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e Using internal coordinates (d;,0;,w;), each atom is “constructed” by
one translation and two rotations represented by f : R3 — RR3, given

by
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e Using internal coordinates (d;,0;,w;), each atom is “constructed” by
one translation and two rotations represented by f : R3 — RR3, given

by
f(x) = Ax + b,
A € R3%3 such that A~ = At and b € R3.

Carlile Lavor (IMECC - UNICAMP) Conformal Coordinates 10 /26



e Using internal coordinates (d;,0;,w;), each atom is “constructed” by
one translation and two rotations represented by f : R3 — RR3, given

by
f(x) = Ax + b,

A € R3%3 such that A~ = At and b € R3.

@ Using the homogeneous coordinate system,

-

x € R3.
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Using the Conformal Model

@ In the Conformal Model, 2 3

. L2
R=x+e+ EHXH €005

x € R3, £ € R>.

@ For the isometry f,

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
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Using the Conformal Model

@ In the Conformal Model, 2 3
. L2
R=x+e+ EHXH €005
x €R3, R € RO,
@ For the isometry f,

— 1
f(x)=(Ax+b)+ e + <2Ax + b2> €so-

?Dress and Havel (1993)
3Li, Hestenes, and Rockwood (2001)
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@ Since

1 612, lIxI?
ZIA 2 _ ptA Lt | T | |
2” x + b|| = b*Ax + St o

the isometry f can be represented by
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@ Since

1 161> lIx12
ZIA 2 _ ptA Lt | T | |
5 || Ax + b|| b*Ax + > + >
the isometry f can be represented by
A b 0 X Ax+ b
0 1 0 1| = 1
I[6> [Ix11? [|[Ax+b]]?
e R B

x € R3.
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@ Recalling that

— cos 8; —sind; 0 —d; cos0;
A= |sinf;cosw; —cosh;cosw; —sinw;|, b= |d;sinf;cosw;]| ,
sinf;sinw; —cosb;sinw; cosw; d; sin 0; sin w;

® we get
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@ Recalling that

— cos 8; —sind; 0 —d; cos0;
A= |sinf;cosw; —cosh;cosw; —sinw;|, b= |d;sinf;cosw;]| ,
sinf;sinw; —cosb;sinw; cosw; d; sin 0; sin w;

@ we get
b'A = [d,- 0 0]

and
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@ Recalling that

— cos 8; —sind; 0 —d; cos0;
A= |sinf;cosw; —cosh;cosw; —sinw;|, b= |d;sinf;cosw;]| ,
sinf;sinw; —cosb;sinw; cosw; d; sin 0; sin w;

@ we get
htA = [d,- 0 0]
and

16 = d?.
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@ Thus,

A b 0
U=1| 0 1 0
2
pta LA g
[ — cos6; —sin@; 0 —d; cos 8; 0]
sinf;cosw; —cosh;cosw; —sinw; djsinf;cosw; 0
— [sinf;sinw; —cosf;sinw; cosw; d;sinf;sinw; 0
0 0 0 1 0
d?
i d; 0 0 =+ 1
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@ It is easy to check that

Ut =1.Ut

and
(U'I.U = 1),

where
/I 0 0
l-=10 0 -1
0 -1 O

Using I,
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@ It is easy to check that

Ut =1.Ut

and
(U'I.U = 1),

where
/I 0 0
l-=10 0 -1
0 -1 O

Using I,

/ 0 y

:|:X 1 It lo o -1 1
2 2

0 -1 o) |

= (%'1.9).
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— cos b; —sin@; 0 —d;cosb; 0
sinf;cosw; —cosh;cosw; —sinw; d;jsinf;cosw; 0
B; = |sinf;sinw; —cosf;sinw; cosw; djsinf;sinw; 0
0 0 0 1 0

d?
i d; 0 0 -+ 1
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@ As we did using the homogeneous model,
Xj = B[,-] €0,

where

By = ]I B
k=1
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@ As we did using the homogeneous model,
Xj = B[,-] €0,

where

By = ]I B
k=1

@ ep plays the same role as ¢4, and
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o First, let's write

B[I+1,j H By
k=i+1

and

By = Bjj) Bjiti,j)-
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o First, let's write

B[I+1,j H By
k=i+1

and

By = Bjj) Bjiti,j)-

@ From , we obtain
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o First, let's write

B[Hrld H By
k=i+1

and

By = Bjj) Bjiti,j)-

@ From , we obtain

K%K = )“(JF/C;(,.
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o First, let's write

B[Hrld H By
k=i+1

and
By = Bjj) Bjiti,j)-
@ From , we obtain

K%K = )“(JF/C;(,.

= (eBj)lc(Bjeo
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o First, let's write

B[Hrld H By
k=i+1

and
Bij = B Bjivig-
o From , we obtain
K%K = )“(JF/C;(,.

eoBj)lc(Bijeo
= e5(Bjiv1) (BfylBpy)eo
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o First, let's write

B[Hrld H By
k=i+1

and

By = Bjj) Bjiti,j)-

@ From , we obtain
K%K = )“(JF/C;(,.
= (eBj)lc(Bjeo
eo(Bjis1))" (BfylcBjiy)eo
= e5(Bjit1) (Iceo)
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o First, let's write

B[IJrld H By
k=i+1
and
Bijy = B Bji+ij-
@ From , we obtain

K%K = )“(JF/C;(,.
= (eBj)lc(Bjeo
eo(Bjis1))" (BfylcBjiy)eo
= eo(Bjis1))" (lceo)
= —e5(Bjir1) e
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o First, let's write

B[Hrld H By
k=i+1

and

By = Bjj) Bjiti,j)-

e From , we obtain
Ri-%x = KX
= (eBiy)le(Bypeo
eo(Byit1,1) (B(ylc Byiy)eo
= e(Bjit1,))" (lceo)
—eg(Bjit1 ) e
= —elBjit1€0;
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@ implying that
ri2,j = 2e] (B[/+IJ])

@ Just to compare,
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@ implying that
ri2,j = 2e] (B[/+IJ])

@ Just to compare,

rf; = ei(Bfiy1)Blis1ip)es — 1
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@ implying that
ri2,j = 2e] (B[/+IJ])

@ Just to compare,

iy = €i(Bfy1Bpi+res — 1
and .
J
rij = H diy1l + Z dsB[i+2,s] €1
s=i+2
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Number of operations to calcule r;
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Number of operations to calcule r;

Model Number of Operations
Euclidean 55(j — i) — 97
Homogeneous 35(j —i)—25
Conformal 28(j — i) — 45
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Derivatives of r; ;

@ Doing the calculations,

8r,-J 1 8!‘,%1-
Oax 21 j 0oy
1 0
= 2,«[] aak (26 B[I+1j] 60)
1 et 8B[l+lj]

rij o Oag
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@ Since
Bjit1,j) = Bi+1Bit2 -+ Bj,

@ we get

Carlile Lavor (IMECC - UNICAMP) Conformal Coordinates 22/26



@ Since
Bjit1,j) = Bi+1Bit2 -+ Bj,

@ we get

981 _ 0By o
O, Dtk Pl

implying that
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@ Since
Bjit1,j) = Bi+1Bit2 -+ Bj,

@ we get
9Bjit1) _ 9B g
TOa, DUtk Pl
implying that
ar,-,j 1 aBk
90, = " (e;B[H-l,k—l]aakB[k'*‘l’j] eo) '
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@ Similarly,

82I’,'7j . i 1 ar,'z,j
8ﬂ/80¢k N 85/ 2r,-d- (9041(

1 8r,d oy 1 0r)
J 8ﬂ/ Bozk 2[‘,’J 8B/8ak

2
,J ar,-,j 1 ar,j
6/8ak 65/ 2r;J 80zk

,J Br,-,j 8!’,']'
IaO/k By day |’
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@ where

1 82r,'2J 10 GBk
58/)’/8(1;( 2587@ 2€} B[:+1k 1]87 [k+1d]€o

85[ ()Bk
(B[l+1/ N5 9B Biii k-1 Do B[k+1vf]> €0

Carlile Lavor (IMECC - UNICAMP) Conformal Coordinates 24 /26



@ where

1 82r,'2J 10 GBk
58/)’/8(1;( 2587@ 2€} B[:+1k 1]87 [k+1d]€o

o Finally,

for

85[ ()Bk
(B[l+1/ N5 9B Biii k-1 Do B[k+1vf]> €0

(’)Zr,-_j _ i 1 62”,%] B 8r,-,j 8!’,‘1'
0B10c rij 2 08100k 0B Doy

0By

8!’,’ i 1
2 <e B[’+1 k— 1]8B[k+1’./]eo>

8@/( r,-,j
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Thank you
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	Object of study and motivation

