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@ Low-dimensional Euclidean geometry is not so elementary
@ Heron's formula and its relation to incenter geometry

© Extending Heron's formula to tetrahedra (and beyond ...)
@ But its zeros are really weird in 3 (& higher?) dimensions
@ Orthocentric tetrahedra as extensions of triangles to 3D
@ Orthocentric systems in 2 & 3D, and in/excenter geometry

@ Open Questions and Future Work
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generally seen as “high-school”
geometry, beneath the dignity
of professional mathematicians!




G3.1: A VECTOR SPACE MODEL WITH MANY
DIFFERENT GEOMETRIC INTERPRETATIONS

Heron's @ Even subalgebra of Gz 1 is O*(3,1) = O*(1, 3) = SL(2,C)
Formula in
Orthocentric

ihocentric @ So it represents the Lorentz group of space-time (like G1 3)

Havel & o And R*! contains models of several well-known geometries:
Sobeak o Lines inside the null cone: hyperbolic 3-space;
Nsiocs o Lines on the null cone: the inversive (conformal) plane;
elementary o A parabolic section of the null cone: the Euclidean plane.
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Unfortunately, the latter is
generally seen as “high-school”
geometry, beneath the dignity
of professional mathematicians!
I Eor {7 KN P :

ﬁ But 2 & 3D Euclidean geometry enables one to visualize
the null cone of a Lorentian vector space two dimensions
J higher (and so is maybe not so “elementary” after all).
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t/s where

s = Y(a+b+c)
= u+v+w



CASE IN PoOINT: HERON’S FORMULA FOR THE
AREA OF A TRIANGLE

x

Heron'’s

Formndh fi Although better known as a means of calculating the area of a
Orthocentric

Tetrahedra triangle ABC, Heron's formula is essentially a relation between

Havel & the edge lengths a, b, ¢ and the squared radius r of its incircle:
Sobczyk

2r)? = (ma+b+c)a-b+c)a+b—=c)/(a+b+c)

Squared area % = r2s?

Heron's

formula for
triangles

e
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r = t/s where

s = Y(a+b+c)
= u+v+w



CASE IN PoOINT: HERON’S FORMULA FOR THE
AREA OF A TRIANGLE

Heron'’s b

Formula in
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Tetrahedra . i
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Heron's \'. IE:: R

folrmula for . *

triangles If‘ u:(—a+b+C)/2), 1,7:((,1—[’)+C)/2), W:(a+[’)—c)/2)

are the lengths of the segments shown in the figure, this may be
written more compactly as
) 1 s 0 u v
re = Q_SQ N 59, Q(u,v,w) = det[u 0 WI,

v w 0

wherein Q =2uvw. Sincea=v+w, b=u+w, c =u+v, the
Heron parameters u, v, w determine the triangle up to isometry.
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TRIGONOMETRIC VERSIONS OF THE HERON
PARAMETERS & IN-TOUCH TRIANGLE EDGES

Basic trigonometry yields the following relations among the_
angles & distances in the triangle and its in-touch triangle JKL:
Yy = 2¢3, Yk = 2¢k, YL = 2¢L;

Jj =2rcos(0a/2) = 2rsin(¢)) ;
k =2r cos(0g/2) = 2r sin(¢k) ;
€ =2r cos(6c/2) = 2rsin(¢y) .

u=rcot(0a/2) =rtan(gy),
v =rcot(fg/2) = r tan(¢k) ,
w =rcot(0c/2) =rtan(¢L),
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Eliminating r and applying the laws of sines & cosines then
yields the algebraic relations between u,v,w and j, k, ¢:
u = jkf/(—j2+k2+€2), J 4u2vw/(bc);
v = jkt ] (j2-k*+%), k = dw?w [ (ac);
w = jkt [ (j2+k*=¢%), € = duvw? | (ab)




GETTING THE IN-TOUCH TRIANGLE’S AREA
% k WITHOUT USING HERON’S FORMULA

Heron'’s
Formula in

Since the vectors j, k,1 € R? representing the in-touch points
Orthocentric

o : _ , . :
Lecenie | J, K, L are barycentric sums of the triangle’s vertices a, b, c, i.e.

. w Vv w u v u
Saberyi j=—b+-¢c, k= —a+-c, 1= -a+-b,
’ a a b b c ¢

the conformal blades of the triangle & in-touch triangle satisfy
abcno ANjAkAL = Qu,v,w)roAaAbAc,

Heron's
formula for
triangles

wherein @ == np+a+n.a?/2 e Gs.1 etc. are conformal points.
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w A e \ A (72N

Replacing the in-touch points j, k, I by orthogonal circles j’, k’,
I’ centered upon them (i.e. j' = j — ne J/2 etc.) “diagonalizes”
their Cayley-Menger determinant without changing its value:

0-1-1-1 Ji=1(K2 2= j%)
. roar 2 -1J 0 0 . . 2. .2 19Y.
IR AJ AR A7 = det| | § g | With {K=3(c2+2-k?);
-1 0 0 L L:=1(j?+k*-0?).

It follows that —||re AjAKkAL|? = JK+JL+KL.
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HERON FOR TETRAHEDRA, CONCEPT #1:
MEDIAL PARALLELOGRAMS & OCTAHEDRON

Heron'’s
Formula in
Orthocentric
Tetrahedra

The medial octahedron of a
tetrahedron ABCD is spanned
by the midpoints U, ..., Z of its

Havel &

Sobezyk edges. This octahedron’s edges
are pairwise parallel to those of
the tetrahedron (in same color)
but only half as long.

:ﬁm: for NB: parallel line segments in

tetrahedra

space have been drawn in the
same colors, and the medial
parallelogram XUWZ is drawn
in bold; the diagonals of the
octahedron UZ, VY, WX, or
the bimedians of the tetrahe-
dron, are omitted for simplicity.




HERON FOR TETRAHEDRA, CONCEPT #1:
MEDIAL PARALLELOGRAMS & OCTAHEDRON

Heron's
Formula in
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Tetrahedra

The medial octahedron of a
tetrahedron ABCD is spanned
by the midpoints U, ..., Z of its

Havel &

Sobezyk edges. This octahedron’s edges
are pairwise parallel to those of
the tetrahedron (in same color)
but only half as long.

Heron's . .
Gl G NB: parallel line segments in The octahedron’s 3 diagonals

tetrahedra

space have been drawn in the

) intersect at its centroid G, and
same colors, and the medial

parallelogram XUWZ is drawn any two of these diagonals are

in bold; the diagonals of the ~the diagonals of one of the
octahedron UZ, VY, WX, or tetrahedron's three medial

the bimedians of the tetrahe- parallelograms (also called
dron, are omitted for simplicity. ~ “interior faces” in following).




CONCEPT #1 (CONT): REPRESENTING MEDIAL
PARALLELOGRAMS IN GEOMETRIC ALGEBRA

Heron'’s

e In Gs, the bivector of a medial
Orth tri ARCD i
rehocentic parallelogram of ABCD is e.g.
Havel & — (L _1
Sc?t\)/cezyk P = (2 (b + C) 2 (a + C))

A (3(d+a) - 3(c+a))
= i(b—a)/\(d—c)

Heron'’s
formula for
tetrahedra




CONCEPT #1 (CONT): REPRESENTING MEDIAL
PARALLELOGRAMS IN GEOMETRIC ALGEBRA

Heron's
Formula in
Orthocentric
Tetrahedra

In G3, the bivector of a medial
parallelogram of ABCD is e.g.
P:= ((b+c)-3(a+c))

A (3(d+a) - 3(c+a))

= %(b—a)/\(d—c)

Havel &
Sobczyk

In the conformal model G, 1, its
plane-bound bivector is related to
the commutator product > of line-
bound vectors of opposite pairs of
edges, e.g. L = n,AaAb and
M = n,AcAd, as

Heron's
formula for
tetrahedra

R AEAP = no AgA(L > M)

with g any point in the mid-plane.




CONCEPT #2: TETRAHEDRON INEQUALITIES
AMONG THE SEVEN FACIAL AREAS

Heron's r = t/s where
D s = a+b+c+d

and ¢ := 6|ABCD| d = ||(b—a)/\(c—a)||

Much as in Euler's triangle notation,

Formula in
Orthocentric
Tetrahedra

e will be twice the area of the exterior
,» face opposite D, and simllarly for the
areas c, b, a opposite C, B, A, while
_______________________________ e = [[(b-a)Aa(d-o)
o will be 4 times that of the indicated

formula for : dr interior face, and similarly for f, g.

tetrahedra




CONCEPT #2: TETRAHEDRON INEQUALITIES
AMONG THE SEVEN FACIAL AREAS

r = t/s where o 0 o .
o:w usrscss  Much as in Euler’s triangle notation,

and ¢ := 6|ABCD]| d = ||(b=a)A(c—a)l|

Heron's
Formula in
Orthocentric
Tetrahedra

D

e will be twice the area of the exterior
,» face opposite D, and similarly for the
areas ¢, b, a opposite C, B, A, while
________________________________ e = [[(b-a)Aa(d-o)
' will be 4 times that of the indicated
formala for | 12 dn interior face, and similarly for f, g.

tetrahedra
Then by the triangle inequality for Euclidean (bi)vectors, we have
(b—a)A(d—c) = (b—a)A(d—a) — (b—a)A(c—a)
— ¢ < c+d aswellas ¢ < d+e, d < c+e.

All'in all, we get 18 such tetrahedron inequalities, which are
stronger than the better-known areal inequalities a < b +c+d etc. |




CONCEPT #3: THE AREAL LAWS OF SINES &
CosINES; McCONNELL’S R1GIDITY THEOREM
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Dihedral Angle Bisectors
The plane bisecting the dihedral angle
¢ag divides CD in the ratios shown,

and similarly for the other dihedrals. )
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The Areal Law of Cosines
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v,

N
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CONCEPT #3: THE AREAL LAWS OF SINES &
CosINES; McCONNELL’S R1GIDITY THEOREM

Dihedral Angle Bisectors
Formula in

Orthocentric The plane bisecting the dihedral angle
d/(c+d) @ag divides CD in the ratios shown,

Havel &
Sobczyk and similarly for the other dihedrals. )

Heron'’s

The Areal Law of Cosines
AN The cosine of pag (etc.) satisfies:
A » cd cos (paB) = %(c2+d2 —¢?)

c/(c+d)

Heron'’s

NI The Areal Law of Sines
The squared sine of pap (etc) is given by the Heron-like formula:
2 d? sin(<pAB)2 = %(c+d+e)(c+d—e)(c—d+e)(—c+d+e)

N,




CONCEPT #3: THE AREAL LAWS OF SINES &
CosINES; McCONNELL’S R1GIDITY THEOREM

Dihedral Angle Bisectors
Formula in

Orthocentric The plane bisecting the dihedral angle
d/(c+d) @ag divides CD in the ratios shown,

Havel &
Sobczyk and similarly for the other dihedrals.

Heron's

The Areal Law of Cosines

Y

c/(c+d) ) . g
T The cosine of pag (etc.) satisfies:

..... cd cos (paB) = % (?+d%-é%

Heron's

NI The Areal Law of Sines
The squared sine of pap (etc) is given by the Heron-like formula:
2 d? sin(<pAB)2 = %(c+d+e)(c+d—e)(c—d+e)(—c+d+e)

McConnell's Rigidity Theorem
The seven areas determine a non-degenerate tetrahedron up to
isometry (proof: cd sin(pag) = |la—b|[#2 & t* =T(a,...,g)).

= =




CONCEPT #4: THE NATURAL (ANALOGS OF
THE HERON) PARAMETERS

D . “ " H
Heran's The insphere “touches” the exterior faces
Onthocentric at points J, K, L, M all at a distance r
etrahedra . . . =
el & (the inradius) from its center 1. Thus the

Sobczyk B Lo ~r.distances from each vertex to its three
adjacent in-touch points are equal.

Heron'’s
formula for
tetrahedra
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b=

The insphere “touches” the exterior faces
at points J, K, L, M all at a distance r
(the inradius) from its center 1. Thus the
distances from each vertex to its three
adjacent in-touch points are equal.

It follows that pairs of contact triangles
sharing a common edge are congruent.
The natural parameters u, ..., z of a

+w+z tetrahedron are defined as twice the areas

of these 6 congruent pairs (1 per edge).




CONCEPT #4: THE NATURAL (ANALOGS OF
THE HERON) PARAMETERS

D

e The insphfre_“t_OLEhes” the exterior faces

Orthocentric at points J, K, L, M all at a diitance r
el & (the inradius) from its center 1. Thus the
Sobczyk distances from each vertex to its three

adjacent in-touch points are equal.

It follows that pairs of contact triangles
sharing a common edge are congruent.
The natural parameters u, ..., z of a
tetrahedron are defined as twice the areas
of these 6 congruent pairs (1 per edge).

Heron'’s
formula for
tetrahedra

Clearly the natural parameters determine
the areas of the exterior faces (as seen on
the left). It can be shown they also de-
termine those of the interior, and hence
the tetrahedron itself up to isometry.




A FORMULAE FOR THE NATURAL PARAMETERS,
AND THE INVERSE PARAMETERS

Jerons — With s := a+b+c+d as twice the exterior surface area, we have:
Orthocentric u = rlla—bl| cot(pas/2) = (c+d+e)(c+d—e) [ (25)
= rlla—cllcot(pac/2) = (b+d+f)b+d—f) [ (29)
= rlla—d| cot(¢ap/2) = (b+c+g)(b+c—g) [ (25)
= rlb—cllcot(¢pc/2) = (a+d+g)(a+d—-g) [ (23)
= r|lb-d| cot(¢sp/2) = (a+c+f)la+c—f) [ (2s)
= rllc—d|l cot(pcn/2) = (a+b+e)(a+b—e) [ (25)

Havel &
Sobczyk

N < % S <

Heron's
formula for
tetrahedra
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FORMULAE FOR THE NATURAL PARAMETERS,
AND THE INVERSE PARAMETERS

With s := a+ b +c+d as twice the exterior surface area, we have:

u = rlla—-bl cot(pas/2) = (c+d+e)(c+d-e) / (25)
= rlla—cllcot(gac/2) = (b+d+f)(b+d—-f) [ (25)
= rlla—d| cot(¢ap/2) = (b+c+g)(b+c—g) [ (25)
= rlb—cllcot(¢pc/2) = (a+d+g)(a+d—-g) [ (23)
= r|b—d|cot(¢ep/2) = (a+c+f)la+c—f) [ (29)
= rllc—d|l cot(pcn/2) = (a+b+e)(a+b—e) [ (25)

N % S <

We also define the corresponding “inverse” parameters as:

= rlla—bl tan(gas/2) = (e+d—-c)(e—d+c) [ (25)
= rlla—clltan(gac/2) = (f+d-b)(f—d+b) [ (25)
= rlla-d| tan(eap/2) = (g+c-b)(g—c+b) [ (25)
= rllb-clltan(psc/2) = (g+d-a)(g—d+a) [ (25)
= rlb-dl tan(¢sp/2) = (f+c-a)(f-c+a) [ (25)
= r||c—d||tan((pCD/2) = (e+tb-a)(e—-b+a) / (29)

L R S

e

4
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Havel &
Sobczyk
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HERON’S FORMULA FOR TETRAHEDRA

The inverse parameters are related to the areas of the triangles
into which the exterior faces are divided by their “ex-touch” points.
They may be expressed in terms of the natural parameters as:

u=2 ((v+x)(w+y) - uz)/s, = 2 ((v+w)(x+y) - uz)/s
v =2 ((u+x)(w+z) - vy)/s, y =2 ((u+w)(x+z) - vy)/s
w =2 ((uty)(v+z) — wx)/s, x =2 ((u+v)(y+z) - wx)/s




A HERON’S FORMULA FOR TETRAHEDRA

Heron'’s
Formula in
Orthocentric
Tetrahedra

Havel &
Sobczyk

Heron'’s
formula for
tetrahedra

The volume ¢ := 6|ABCD| & inradius r = t/s of a tetrahedron are
given in terms of the natural parameters and s =2 (u +--- +z) by

=520 & = Q/s?, wherein

Q = Qu,v,w,x,y,z) = —det

S < = o
< % ox
N O Ko<
on < =




/\ PROOFS OF THE THEOREM, THE IN-TOUCH
/< . TETRAHEDRON, AND THE AREAL VECTORS

D
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Formula in
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The theorem can be proven by either:

Havel &
Sobczyk
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The zeros'
projective
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ii PROOFS OF THE THEOREM, THE IN-TOUCH
TETRAHEDRON, AND THE AREAL VECTORS

D
poerons The theorem can be proven by either:
Orthocentric a . ~ =
Tetrahedra @ substituting Dag < uii/r? etc. in the
Havel & -poi = i
Have & 4-point Cayley-Menger determinant

Ap[A,B,C,D] and simplifying (a lot)

Heron'’s
formula for
tetrahedra




A PROOFS OF THE THEOREM, THE IN-TOUCH
TETRAHEDRON, AND THE AREAL VECTORS

D

Heron's
Formula in
Orthocentric
Tetrahedra

The theorem can be proven by either:
@ substituting Dag < wuii/r? etc. in the

goag:'zf; 4-point Cayley-Menger determinant
Ap[A,B,C,D] and simplifying (a lot)
@ expressing the in-touch tetrahedr-
on JKLM volume in terms of the nat-
c ural parameters & using the relation:
Heron's
i abcd no A jAKANLAmM = —Q(u,v,w,x,y,2) R AaAbAcAd

(which follows as in 2D from the barycentric representations of
J» k.1, m together with the determinant multiplication theorem).




;; PROOFS OF THE THEOREM, THE IN-TOUCH
TETRAHEDRON, AND THE AREAL VECTORS

Heron'’s
Formula in
Orthocentric
Tetrahedra

Havel &
Sobczyk

Heron'’s
formula for
tetrahedra

minant of the Gram matrix of the areal vectors (facet normals
weighted by the areas, as above) of any 3 facets also equals *.

Yet another proof can be given based on the fact that the deter- J
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A THE PROJECTIVE NATURE OF THE ZEROS
8 (AND GEOMETRIC INSIGHTS THAT FOLLOW)

Heron's So | will now address the question everyone is probably asking:
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Heron's So | will now address the question everyone is probably asking:

Formula in

Orthocentric Why should | care about yet-another way of computing
Hovel & tetrahedron volumes (and a convoluted one at that)?
Sobczyk

In a non-degenerate tetra-
hedron the facet normals
span three dimensions.
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nature




THE PROJECTIVE NATURE OF THE ZEROS
(AND GEOMETRIC INSIGHTS THAT FOLLOW)
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Ovdimeemite Why should | care about yet-another way of computing
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Hovel & tetrahedron volumes (and a convoluted one at that)?
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But if it's “squeezed” onto a line they get coplanar: F) M_'
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Heon's  Analytically, the zeros of Q are the limits of a sequence of affine
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orthocentric . transformations of the form

Tetrahedra 0'71 0 0
Havel & ﬂg‘ = 0 ot o
Sobczyk 0 0 o
applied to generic tetrahedra in space as o — .
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THESE ZEROS CONSTITUTE A PROFOUND
DIFFERENCE BETWEEN 2 & 3 DIMENSIONS

@ In contrast, tetrahedra with finite natural parameters and
with Q = 0 do not correspond to quadruples of points in the
Euclidean plane (in any obvious way), even though the set of
planar quadruples also has 4 -2 — 3 =5 degrees of freedom.

@ The ratios of their squared distances uii/vv, ..., yy/zZ are
generically finite, but the zeros of Q are not quadruples on a
line in the projective completion of Euclidean space, because
such lines have only one point at infinity.
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@ The ratios of their squared distances uii/vv, ..., yy/zZ are
generically finite, but the zeros of Q are not quadruples on a
line in the projective completion of Euclidean space, because
such lines have only one point at infinity.

@ These zeros are clearly non-physical, but they are perfectly
well-defined mathematically and full of geometric structure.
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@ These zeros are clearly non-physical, but they are perfectly
well-defined mathematically and full of geometric structure.

@ And it seems no one's ever before noticed that such a novel
“completion” of the Euclidean symmetric product E3®4 exists!
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THE STRUCTURE OF THE 5D SET OF ZEROS
AS A COMBINATORIAL LATTICE (PO-SET)

Hasse diagram of lattice structure indudced by Q =0 and all
independent combinations of complementary products uu, vv etc.
vanishing (ranks on left are dimension of span of facet normals).

ank _: Qu,v,w,z,y,2) >0
rank(Ga) =3 (Nondegenerate Tetrahedron) 6D

rank(Ga) = 2

Qu, v, w,z,y,2) =0
(Generic Degenerate Tetrahedron)

- | vo =0 |
4\ 7\
[\ 4\ \
\ \ / \
II \
utt =0 ~ uu =0 \ /
wip = 0 ui =0 vi = 0 v =0
) o _ i
yj=0 z=0 5= 0 yji =0
rank = UL = VD =+ = =0
M“MGA) =1 (Planar Afflne Tetrahedron) 3D
rank(Ga) =0 s=2u+v+--+ 2 =0 | o

(Collinear Tetrahedron)
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THE STRUCTURE OF THE 5D SET OF ZEROS
AS A COMBINATORIAL LATTICE (PO-SET)

Hasse diagram of lattice structure indudced by Q =0 and all
independent combinations of complementary products uu, vv etc.
vanishing (ranks on left are dimension of span of facet normals).

ank _: Qu,v,w,z,y,2) >0
rank(Ga) =3 (Nondegenerate Tetrahedron) 6D

rank(Ga) = 2

Qu, v, w,z,y,2) =0
(Generic Degenerate Tetrahedron)

= [vo=0]
4\ 7\
[\ 4\ \
\ N\ /
7/
/
un =0 — uu =0
- ut =0 -
ww =0 - v =0
- zz2=0 -
yy =0 zz =0
e _ ul = vo - z=0
rank(Ga) = 1 (Planar Afflne Tetrahedron) sb
rank(Ga) =0 s=2(u+vt---+2)=0 | 0D

(Collinear Tetrahedron)




RANK 1 ZEROS CORRESPOND TO 4-POINT
CONFIGURATIONS IN EQUI-AFFINE PLANE)

o Plane divided into 16 regions by lines along sides of triangle ABC

Formula in

orthecentric and their parallels thru its vertices (labeled by pool ball icons &).
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RANK 1 ZEROS CORRESPOND TO 4-POINT
CONFIGURATIONS IN EQUI-AFFINE PLANE)

Plane divided into 16 regions by lines along sides of triangle ABC
and their parallels thru its vertices (labeled by pool ball icons &).

N

AN 1) .
@ @ g N e S RT @ S
P N S e
Moving A into various regions v, TRTE
while keeping BCD fixed makes [\ (7@ 7' (3D) %y.zh 3’
the sets of natural & inverse TBCva {758, T ko,
parameters indicated vanish. D 72,18

O 2Tl el

(0] o2l N\ e (o]

{@,v,W,x,¥,z} /// 0 %9,2} {,V,w,%,y,z}
oy @ ®} O oy .
PO L R A L N
- S .
// 7 (2) N,

. N
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RANK 1 ZEROS CORRESPOND TO 4-POINT
CONFIGURATIONS IN EQUI-AFFINE PLANE)

Plane divided into 16 regions by lines along sides of triangle ABC
and their parallels thru its vertices (labeled by pool ball icons &).

N ’

.
.

. @) +0)
STy @

N
N

‘ -

N

/
14, 13) 2 3 AN
@ 9w N e
(7@ 7@ 70 7)) Ny yi—= 2B () @) @)
Moving A into various regions [B 1he 7 regions separated by
e

while keeping BCD ﬁxed makes dashed lines thru sides Of BCD
the sets of natural & inverse have differing “chirotopes”

n . . .
parameters indicated vanish. A (aka affine oriented matrOldS).
--------------------- = S

RT3 e
® PN I N PV B
{@,v,W,x,¥,z} 7 %9.2} {,V,w,%,y,z}
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RANK 1 ZEROS CORRESPOND TO 4-POINT
CONFIGURATIONS IN EQUI-AFFINE PLANE)

Plane divided into 16 regions by lines along sides of triangle ABC
and their parallels thru its vertices (labeled by pool ball icons &).

AN N 1) 7
14 13) o . 3 3
®@ O e N e O ERIR @
TR 1T N kg =0 0 Sz ®) 2@
TOTEY  {6,9,w, *. g The 7 regions separated by
""""""""" X, .2 hed lin hru si f BCD
y,2} @ TO.TY, dashed lines thru sides of BC

3 2
(TA8 TAe,

3) 2
Te. T8

| have differing “chirotopes”
_A (aka affine oriented matroids).

: - @ N N TTTTTTTmmmmmmmmm

Dotted lines thru the vertices 7 .2

.. . . 7Oy \ {u,v,w, @
divide 3 of those regions into 4 [ /.1 %.9.2)
subregions each, distinguished ¥ o) i {6, 7w, % y,2}

. . y %, Y,2 N

by which tetrahedron inequal- By TRTY, .
ities saturate, e.g. 7;[(32) =e+ | o T Tio} N
d=c, T, =e+c=d, etc. ngé)
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RANK 1 ZEROS CORRESPOND TO 4-POINT
CONFIGURATIONS IN EQUI-AFFINE PLANE)

Plane divided into 16 regions by lines along sides of triangle ABC
and their parallels thru its vertices (labeled by pool ball icons &).

\\ N 1) 7
a) 13)) AN o /7 3) (3
®@ . ® e N e RIS @
(TR.TR. 7878 RN TR T8 SHTRTR,
TRTE)  iww B v THTE
5.2} o ) 0 N 0 0 e~ %y,2y T T
'@ il RIS @Y W
3) (2 N
(T3, TR2. TR TS T TR} .~ {Té?jg?
Té?-, Tézg Tec, To
____________________ c> D
A z
Dotted lines thru the vertices || This classification of affine

divide 3 of those regions into 4 | point configurations was
subregions each, distinguished [ studied invensively in the late
by which tetrahedron inequal- | 20" century by Goodman &
ities saturate, e.g. 7;[(32) e+ [ Pollack, without knowledge of
d=c, T, =e+c=d, etc. | the tetrahedron inequalities.
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@ Low-dimensional Euclidean geometry is not so elementary
@ Heron's formula and its relation to incenter geometry

© Extending Heron's formula to tetrahedra (and beyond ...)
@ But its zeros are really weird in 3 (& higher?) dimensions
@ Orthocentric tetrahedra as extensions of triangles to 3D
@ Orthocentric systems in 2 & 3D, and in/excenter geometry

@ Open Questions and Future Work
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WHAT EucLIiD MISSED, GAUSS GOT RIGHT,
AND THE TETRAHEDRON LEFT BEHIND

Heron's ) | The concurrence of the
Formula in \ . . . .
Orthocentric 3 -~ | altitudes of a triangle is
Tetrahedra \ . ..
\ curiously missing from
Havel & kS o \ -
Sobczyk ‘\‘ \ Euclid’'s Elements.
K * \ ’
\ A=Y (E+F) s
Y P L
) At el
............ E=A+C-B

.B=%(D+F)
Orthocentric ’ i

tetrahedra o 5 e
D=B+C-A
o
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AND THE TETRAHEDRON LEFT BEHIND

Heron's | The concurrence of the
Formula in . . .
Orthocentric . -~ | altitudes of a triangle is
Tetrahedra \ . . .
\ . curiously missing from
Havel & \ H e T
Sobczyk Vo Euclid's Elements.
\ A=% (E+F) . | Gauss proved it
“. N - v by noting that
E=A+C-B | the orthocenter

H is the circum-
center Opgg of
the “anti-medial”

7N
.B=%(D+F)
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tetrahedra

D=B+C-A \

triangle DEF.




WHAT EucLIiD MISSED, GAUSS GOT RIGHT,
AND THE TETRAHEDRON LEFT BEHIND

Heron's
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Orthocentric
Tetrahedra \

Havel & A y \
Sobczyk N \ L’ <

| The concurrence of the

altitudes of a triangle is
curiously missing from
Euclid’'s Elements.

B=%(D+F) . C=%(D+E)

Orthocentric \ B

tetrahedra \ :

D=B+C-A : Y
P : \

Gauss proved it
by noting that
the orthocenter
H is the circum-
center Opgg of
the “anti-medial”
triangle DEF.

In higher dimensions,
however, the altitudes

“.. | of simplices are not

generally concurrent!




/\ THE MONGE POINT AND THE MEDIAL
/< . OCTAHEDRON’S FACIAL ORTHOCENTERS

F”‘°"°"S. A tetrahedron’s Monge point
ormula in —
Orthocentric | V| is where the perpendiculars
Tetrahedra —
thru the orthocenters Hp etc.
Havel & . .
Solreal of its medial octahedron faces

inside the tetrahedron meet.
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THE MONGE POINT AND THE MEDIAL
OCTAHEDRON’S FACIAL ORTHOCENTERS

A tetrahedron’s Monge point D
M is where the perpendiculars
thru the orthocenters Hp etc.
of its medial octahedron faces

inside the tetrahedron meet. M

When the altitudes likewise / b
concur, they do so at M, Do\ \~ R
which is also the reflection ¥ . . N,
of the circumcenter O in N . NG R N
the centroid G, and they're 5
all on the Euler line (green). ‘




THE MONGE POINT AND THE MEDIAL
OCTAHEDRON’S FACIAL ORTHOCENTERS

Heron's ! H
s ét_etrahedron s Monge_ point D
Orthocentric | V| is where the perpendiculars
Tetrahedra —
thru the orthocenters Hp etc.
Havel & . .
Solreal of its medial octahedron faces
inside the tetrahedron meet. M
When the altitudes likewise / o AR
concur, they do so at M,  [o Do\ \~
which is also the reflection P& . A W
. - . “ A 04 4 ‘0‘ S,
of the circumcenter O in Lo 0 G ~ e,
the centroid G, and they're D RNy y
all on the Euler line (green). ‘ p
- \“ "l lIOD
. The perpendiculars thru the K B
Orthocentric [y *
tetrahedra orthocenters of the octahed- N IR (@]
1 ‘" 7" - M .
ron's “surface” faces, or circ- :
umcenters Op etc. of ABCD's
facets, meet at O (blue lines).
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ORTHOCENTRIC TETRAHEDRA: THE TRUE
GENERALIZATION OF TRIANGLES TO 3D?

Orthocentric Simplices as the True Simplicies where the altitudes do
Generalizations of Triangles concur are termed orthocentric,
Mowaffaq Hajja & Horst Martini and behave more like triangles,

s (@) e.g. they are equilateral iff the
2013 incenter and centroid coincide.



ORTHOCENTRIC TETRAHEDRA: THE TRUE
GENERALIZATION OF TRIANGLES TO 3D?

Foi-::nrzgsin Orthocei'dtriF Simplice.s as the True Simplicies where the altitudes do

Orthocentric  Generalizations of Triangles concur are termed orthocentric,
T:::Za Mowaffaq Hajja & Horst Martini and behave more like triangles,
Sobezyk e.g. they are equilateral iff the

The Mathematical Intelligencer

2013

d incenter and centroid coincide.
In particular, a tetrahedron is orthocentric if & only if either:
@ (b—a):(d-c) =(c-a)+(d-—b) = (c-b)-(d-—a) =0
o [[b-al?+[ld-cl® = [lc—al*+[|d = b|* = lc = b||* + [|d - a|?
@ there exist Da, Dg, D¢, Dp € R such that their pairwise sums
equal the squared inter-vertex distances, i.e.
|b-a||> = Da+Dg, ..., |[d-c||> = Dc+Dp

Orthocentric
tetrahedra
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d incenter and centroid coincide.
In particular, a tetrahedron is orthocentric if & only if either:
@ (b—a):(d-c) =(c-a)+(d-—b) = (c-b)-(d-—a) =0
o [[b-al?+[ld-cl® = [lc—al*+[|d = b|* = lc = b||* + [|d - a|?
@ there exist Da, Dg, D¢, Dp € R such that their pairwise sums
equal the squared inter-vertex distances, i.e.
|b-a||> = Da+Dg, ..., |[d-c||> = Dc+Dp

Orthocentric
tetrahedra

Note that triangles always satisfy this last condition with

Dp = %(—a2+b2+62), Dp = %(a2—b2+c2), D¢ = %(a2+b2—02).
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Heon's | he Cayley-Menger determinants and other squared distance-area-
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orhocentric . Volume relations simplify amazingly in the orthocentric case:
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THE AMAZINGLY SIMPLE DISTANCE
GEOMETRY OF ORTHOCENTRIC TETRAHEDRA

The Cayley-Menger determinants and other squared distance-area-
volume relations simplify amazingly in the orthocentric case:

@ a

e

2

2

DgDc + DgDp + DcDp (and similarly b2, 2, d2)
(Da + Dg)(Dc + Dp) (and similarly 2, g%)
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Orthocentric
tetrahedra



THE AMAZINGLY SIMPLE DISTANCE
GEOMETRY OF ORTHOCENTRIC TETRAHEDRA

Heon's | he Cayley-Menger determinants and other squared distance-area-
Fol lai . . . . . .
orhocentric . Volume relations simplify amazingly in the orthocentric case:
Tetrahedra

Havel & e a?> = DgDc+DgDp + DcDp (and similarly b2, ¢2, d?)
Seek e ¢2 = (Da+Dg)(Dc+ Dp) (and similarly f2, g2)

(a®> +b? —e?)/2 = DcDp (and similarly for the rest)

o t* = DaDgDc +DaDgDp + DaDcDp + DgDcDp

Orthocentric
tetrahedra



THE AMAZINGLY SIMPLE DISTANCE
GEOMETRY OF ORTHOCENTRIC TETRAHEDRA
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orhocentric . Volume relations simplify amazingly in the orthocentric case:
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Havel & e a?> = DgDc+DgDp + DcDp (and similarly b2, ¢2, d?)
Seek e ¢2 = (Da+Dg)(Dc+ Dp) (and similarly f2, g2)

(a®> +b? —e?)/2 = DcDp (and similarly for the rest)

o t* = DaDgDc +DaDgDp + DaDcDp + DgDcDp
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THE AMAZINGLY SIMPLE DISTANCE
GEOMETRY OF ORTHOCENTRIC TETRAHEDRA

The Cayley-Menger determinants and other squared distance-area-
volume relations simplify amazingly in the orthocentric case:

@ a’> = DgDc+DgDp + DcDp (and similarly b2, 2, d?)
e ¢2 = (Da+Dg)(Dc+ Dp) (and similarly f2, g2)

(a®> +b? —e?)/2 = DcDp (and similarly for the rest)

o 1> = DADgDc +DaDgDp + DaDcDp + DgDcDp

2 _ (.22 2 12 2 12 2 12 2\ (circum-
o R = (a2D3 + b2 D + 2DZ + ?D}) [ (4r) (cem

Unfortunately we cannot get the squared inradius r2 = /s (or
the natural parameters) from the D's without taking square roots;
the exterior surface area s = a + b + ¢ + d involves four of those!
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Unfortunately we cannot get the squared inradius r2 = /s (or
the natural parameters) from the D's without taking square roots;
the exterior surface area s = a + b + ¢ + d involves four of those!

Orthocentric
tetrahedra

It is possible to go the other way, e.g. Da = (uit + v — x%)/(27?);
moreover, a tetrahedron is orthocentric if & only if

uii +zZ = vi+yy = ww+xi¥ (= (Da+Dg+Dc+Dp)r?).
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CAN ORTHOCENTRIC TETRAHEDRA HAVE
FACETAL VECTORS WHICH SPAN A PLANE?

weows T hese latter conditions don't involve 2, so they apply to degenerate
o tetrahedra, i.e. to the zeros of Q, which leads to the question:
Tetrahe::a Can the squared distances in orthocentric tetrahedra become
Havel

Sobczyk infinite while all the areas & natural parameters stay finite, or
do they also behave like triangles in that way?
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CAN ORTHOCENTRIC TETRAHEDRA HAVE
FACETAL VECTORS WHICH SPAN A PLANE?

These latter conditions don't involve 2, so they apply to degenerate
tetrahedra, i.e. to the zeros of Q, which leads to the question:
Can the squared distances in orthocentric tetrahedra become
infinite while all the areas & natural parameters stay finite, or
do they also behave like triangles in that way?
A detailed analysis of the equations shows that while most of the
rank 2 zeros of Q are eliminated by the orthocentricity constraints,
one kind is not;
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CAN ORTHOCENTRIC TETRAHEDRA HAVE
FACETAL VECTORS WHICH SPAN A PLANE?

A detailed analysis of the equations shows that while most of the
rank 2 zeros of Q are eliminated by the orthocentricity constraints,
one kind is not; in the previous lattice diagram, they are (in red):
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@ Low-dimensional Euclidean geometry is not so elementary
@ Heron's formula and its relation to incenter geometry

© Extending Heron's formula to tetrahedra (and beyond ...)
@ But its zeros are really weird in 3 (& higher?) dimensions
@ Orthocentric tetrahedra as extensions of triangles to 3D
@ Orthocentric systems in 2 & 3D, and in/excenter geometry

@ Open Questions and Future Work
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- Legend:
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I, J, K, L:
0, O
N’:

Excenters
Centroids
Orthocenters
Incenter/touch
Circumcenters
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ORTHOCENTRIC SYSTEMS & IN/EXCENTER
GEOMETRY IN THE PLANE

FHemr’S_ C' ; If H is the orthocenter of a triangle ABC, then A
ormula In . — . . [ —
Orthocentric is the orthocenter of ABH, and likewise for B, C.
Tetrahedra A, D, T . LXCEIETS

;‘:;:'Zf; G, G’: Centroids

H, H”: Orthocenters
[, J, K, L: Incenter/touch
0O, O’: Circumcenters
N’: 9-point Center

Orthocentric
systems
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ORTHOCENTRIC SYSTEMS & IN/EXCENTER
GEOMETRY IN THE PLANE

If H is the orthocenter of a triangle ABC, then A
is the orthocenter of ABH, and likewise for B, C.

x S—% Y TEOTErS

Thus ABC & H is called an orthocentric system.‘

C.i

H, H”: Orthocenters
[, J, K, L: Incenter/touch
0O, O’: Circumcenters
N’: 9-point Center
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~ Legend:
A’,B’, C’: Excenters
G, G’: Centroids

Havel &

Sobczyk
‘| If A’B’C’ is the excentral triangle of

""""" Al ABC, then AB'C/ & | constitute an
7\ orthocentric system Wlth =H.

M ENTers

The triangle ABC is caIIed the orthic
triangle of the system; its vertices
are the feet of the altitudes of A’B’C".

Orthocentric
systems
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ORTHOCENTRIC SYSTEMS & IN/EXCENTER
GEOMETRY IN THE PLANE

C.a

.~ Legend:
/ A’,B’, C’: Excenters
G, G’: Centroids
H, H”: Orthocenters
[, J, K, L: Incenter/touch

O O Circuumeantarc

The triangle ABC is called the orthic
triangle of the system; its vertices
are the feet of the altitudes of A’B’C".

The circumcircle of ABC is the nine-
point circle of all four triangles in the
system, and their centers are O = N’.

Bl
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The circumcircle of ABC is the nine-
point circle of all four triangles in the
system, and their centers are O = N’.

Orthocentric
systems

Which is where the Euler lines (dotted) of the ex-
central and of its orthic triangle meet; the former
"~___|is also the Euler line of the in-touch triangle JKL.




THE SIMILARITY OF THE IN-TOUCH AND
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Heron’s N It turns out that the in-touch & excentral tri-
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Orthocentric angles are similar, with a scale factor of 2R/r,
Tetrahedra so that the circumradius of A’B’C’ is 2R.
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Heron’s N It turns out that the in-touch & excentral tri-
Formula in ! - . B
O ! angles are similar, with a scale factor of 2R/r,
Tetrahedra so that the circumradius of A’B’C’ is 2R.

Havel & -

Sobczyk

| The center T of the homothety
mapping the former to the latter

(purple arrows) is X(57) in Clark
/ \ Kimberling's ENCYCLOPEDIA OF
TRIANGLE CENTERS (of 70,000).
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| The center T of the homothety
mapping the former to the latter
(purple arrows) is X(57) in Clark
Kimberling's ENCYCLOPEDIA OF
TRIANGLE CENTERS (of 70,000).

Sobczyk

Given my earlier result that the
in-touch triangle has an area of
tiy =t Q/(abc), this also shows
that the area of the excentral
triangle is tr2s/(4tR) = 2Rs.
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THE SIMILARITY OF THE IN-TOUCH AND
EXCENTRAL TRIANGLES

Given my earlier result that the
in-touch triangle has an area of
tiy =t Q/(abc), this also shows
that the area of the excentral
triangle is tr2s/(4tR) = 2Rs.

The inverse homothety yields a scaled-down copy
of the orthocentric system having the in-touch
triangle's altitudes’ feet as its orthic triangle.




THE EQuALITY OF ALL FOUR CIRCUM-RADII
IN AN ORTHOCENTRIC SYSTEM

It follows that the radii of the circum-

“| circles of the four triangles all equal 2R,
and in fact their circumcenters form an
isometric copy of the orthocentric system
that orthogonally bisects its edges.
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THE EQuALITY OF ALL FOUR CIRCUM-RADII
IN AN ORTHOCENTRIC SYSTEM

It follows that the radii of the circum-

“| circles of the four triangles all equal 2R,

and in fact their circumcenters form an
isometric copy of the orthocentric system

that orthogonally blsects its edges.

e

Curlously, these cir-
cumcenters are also
collinear with the
incenter and the in-
-| touch points (dot-
lines).
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’ Curiously, these cir-

cumcenters are also
collinear with the
incenter and the in-
touch points (dot-
ted lines).

Clearly this mapping
also goes both ways,
and so constitutes a

- kind of duality rela-

tion |'ve not seen

"I called out before.
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INVERSION IN THE INCIRCLE, THE POLAR
CIRCLES, AND CONFORMAL DUALITY

Inversion in N
the incircle
exchanges ‘
the vertices

with the edge
midpoints of |-
the in-touch
triangle ().




.\

Heron'’s
Formula in
Orthocentric
Tetrahedra

Havel &
Sobczyk

Not-so
elementary

Heron's
formula for
triangles

Heron's
formula for
tetrahedra

The zeros'
projective
nature

Orthocentric
tetrahedra

Orthocentric
systems

Open

questions

INVERSION IN THE INCIRCLE, THE POLAR
CIRCLES, AND CONFORMAL DUALITY

Inversion in
the incircle
exchanges

the vertices
with the edge
midpoints of
the in-touch
triangle ().

Inversion in the polar circles (dotted)

| centered on the excenters exchanges

the vertices with the incenter and the

other 2 excenters ().
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Formula in
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INVERSION IN THE INCIRCLE, THE POLAR
CIRCLES, AND CONFORMAL DUALITY

== <A | Note these circles are orthogon-
) ~| al so these inversions commute.

Inversion in the “imaginary” circle
of radius 2VrR, meaning inversion
1 () in the actual circle and reflec-
tion («) in its center | (in either
order), interchanges all 3 vertices

with their respective excenters.




INVERSION IN THE INCIRCLE, THE POLAR
CIRCLES, AND CONFORMAL DUALITY

Heron'’s N4
Formula in Y 4 !
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Tetrahedra L) | I
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L
Havel & ,/ B
Sobczyk ’ ]
\ /
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systems . zﬁﬂl’ U ! ~<
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- AR

Inversion in the “imaginary” circle
of radius 2VrR, meaning inversion

() in the actual circle and reflec-

tion («) in its center | (in either
order), interchanges all 3 vertices
with their respective excenters.

h 7

This operation, which Hertrich-Jeromin,
King & O’Hare dubbed conformal duality,
1 also interchanges the reciprocal bases of
ABC & A’B’C’ in G3.1 (dashed circumcircles).

7 T
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But ALMOST NONE OF THIS GENERALIZES
TO THREE (OR HIGHER) DIMENSIONS!
If one constructs the in- & excenters of a tetrahedron (green) one

finds, even if the tetrahedron is orthocentric, that its in-touch (red)
and excentral (blue) tetrahedra:

> A g

B
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Z § TO THREE (OR HIGHER) DIMENSIONS!

Heon's  |f one constructs the in- & excenters of a tetrahedron (green) one
incenie  finds, even if the tetrahedron is orthocentric, that its in-touch (red)

Orthocentric
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o e; and excentral (blue) tetrahedra: @ Are not similar to
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Z § TO THREE (OR HIGHER) DIMENSIONS!

Heon's  |f one constructs the in- & excenters of a tetrahedron (green) one
incenie  finds, even if the tetrahedron is orthocentric, that its in-touch (red)

Orthocentric

T:'ahle::a and excentral (blue) tetrahedra: @ Are not similar to
CH— . one another;

D A B' .

e » @ Are not orthocentric,

C so their altitudes are
K not concurrent;
|
J
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BuTt ALMmosT NoNE OF THIS GENERALIZES
Z § TO THREE (OR HIGHER) DIMENSIONS!

Heon's  |f one constructs the in- & excenters of a tetrahedron (green) one
ornocentric . finds, even if the tetrahedron is orthocentric, that its in-touch (red)
T:'ahle::a and excentral (blue) tetrahedra: @ Are not similar to

Sobezyk . one another;

D A B' .
< » @ Are not orthocentric,
C so their altitudes are
K not concurrent;

@ And that the vertices
' of ABCD are not the
altitudes’ feet on the

J facets of A’B’C’'D’.

Orthocentric '
systems A
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But the green edges do
intersect the blue edges
D in the vertices of an octa-
hedron (not the medial)
- that bisect the dihedral angles and span diagonals meeting at 1.
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orthecentric . planar orthocentric system and lift its orthocenter out of the plane.
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unelz > | have also found formulae that take an orthocentric tetrahe-
sk dron's parameters Das, D/, Do/, Dps and return the vertices A, B,
C, D of the tetrahedron with it as its excentral tetrahedron, but . ..
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THE TRICK IS TO MAKE THE EXCENTRAL
Z § TETRAHEDRON BE ORTHOCENTRIC!

Heon's 2 One way to construct an orthocentric tetrahedron is to take a
Formula in . . .
orthecentric . planar orthocentric system and lift its orthocenter out of the plane.

Tetrahedra

unelz > | have also found formulae that take an orthocentric tetrahe-
sk dron's parameters Das, D/, Do/, Dps and return the vertices A, B,
C, D of the tetrahedron with it as its excentral tetrahedron, but . ..

® for small lifts
the incenter | co-
incides with the
lifted vertex D/,
while the new
tetrahedron’s
vertex D is inside
of A’B’C’D’, and
that is obviously
not right!

Orthocentric
systems




THE TRICK IS TO MAKE THE EXCENTRAL
Z § TETRAHEDRON BE ORTHOCENTRIC!

Heron'’s

Formula in » Once D’ is gets above the height at
e which it forms a right prism with A’B’C’:
g‘:g:'zyﬁi EA\ @ D is outside as it should be,
@ and the orthocenter H’ is inside,
D'=1 @ but D’ still coincides with T, while

C e the circumcenter O’ is outside A’B’C’'D’
(although it can be
shown that any excentral
tetrahedron, orthocentric
or otherwise, contains its
circumcenter).

Orthocentric

systems > A|




ANALOGIES WITH TRIANGLES WHEN THE EX-
CENTRAL TETRAHEDRON IS ORTHOCENTRIC

Heo's  » Happily, on lifting D’ a bit more, O’ passes inside, ABCD changes
Formula in . . . . .
discontinuously, and everything pops miraculously into place.
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ANALOGIES WITH TRIANGLES WHEN THE EX-
Z § CENTRAL TETRAHEDRON IS ORTHOCENTRIC

eons  » Happily, on lifting D’ a bit more, O’ passes inside, ABCD changes
Orthocentric discontinuously, and everything pops miraculously into place.
T:::e::a » First and foremost, 1 now
Sobeayk coincides with H’, and D’ is
outside of ABCD.

Orthocentric
systems
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ANALOGIES WITH TRIANGLES WHEN THE EX-
CENTRAL TETRAHEDRON IS ORTHOCENTRIC

» First and foremost, 1 now
coincides with H’, and D’ is
outside of ABCD.

Second, the edges of
ABCD & A’B’C'D’
become orthogonal.
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Second, the edges of
ABCD & A’B’C'D’
become orthogonal.

Third, the diagonals of
the excentral octahedron
also become orthogonal
to its edges (but not to
those of ABCD).
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Third, the diagonals of
the excentral octahedron
also become orthogonal
to its edges (but not to
those of ABCD).

Orthocentric
systems

Fourth, the Euler lines of A’/B’C'D” & JKLM B’
(not shown) coincide and are parallel that of ABCD (dashed lines).
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Z g CENTRAL TETRAHEDRON IS ORTHOCENTRIC

F:::f.gsin Last but not least: The in-touch JKLM and excentral A’B’C’D’
OTrtrochendtric tetrahedra are similar as in triangles, but:

g‘:g:lzyﬂl: » The scale factor is
not 2R/r as it is in
triangles, nor any
simple rational
multiple thereof.
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ANALOGIES WITH TRIANGLES WHEN THE EX-
CENTRAL TETRAHEDRON IS ORTHOCENTRIC

Last but not least: The in-touch JKLM and excentral A’B’C’D’
tetrahedra are similar as in triangles, but:

» The scale factor is
not 2R/r as it is in
triangles, nor any
simple rational
multiple thereof.

» The homothetic
center (orange) of
JKLM & A’B’C’D’ is
on their Euler line,
but | haven't other-
wise characterized it.




ANALOGIES WITH TRIANGLES WHEN THE EX-
Z § CENTRAL TETRAHEDRON IS ORTHOCENTRIC

Heron’s Last but not least: The in-touch JKLM and excentral A’B’C’D’

Formula in
Orthocentric  tetrahedra are similar as in triangles, but:
Tetrahedra D‘ ;
Havel & » The scale factor is
Sobczyk P
not 2R/r as it is in
triangles, nor any
simple rational

multiple thereof.

» The homothetic
center ( ) of
JKLM & A’B’C’D’ is
on their Euler line,
but | haven't other-
wise characterized it.

Orthocentric

RS » And alas, conformal duality still does
not work the way it does in the plane.
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© Extending Heron's formula to tetrahedra (and beyond ...)
@ But its zeros are really weird in 3 (& higher?) dimensions
@ Orthocentric tetrahedra as extensions of triangles to 3D
@ Orthocentric systems in 2 & 3D, and in/excenter geometry
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OPEN QUESTIONS ABOUT THESE
ORTHOCENTRIC ZEROS AND IN (GENERAL

feon's @ Because the (orthocentric) excentral tetrahedron depends

Orthocentric on four parameters and uniquely determines the base tetra-
Hovel & hedron, the latter also constitutes a four-parameter manifold
Sebea of some kind: can it be independently characterized?

Open
questions
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Orthocentric on four parameters and uniquely determines the base tetra-
Hovel & hedron, the latter also constitutes a four-parameter manifold
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@ Although the excentral tetrahedron can't be “squashed” into a
plane (or line) without its circumcenter getting outside it, you
can squash its base tetrahedron into a plane by sending one or
more excentral vertices to infinity: can you reach all the
zeros with an orthocentric excentral tetrahedron?
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feon's @ Because the (orthocentric) excentral tetrahedron depends

Orthocentric on four parameters and uniquely determines the base tetra-
Hovel & hedron, the latter also constitutes a four-parameter manifold
Sl of some kind: can it be independently characterized?

@ Although the excentral tetrahedron can't be “squashed” into a
plane (or line) without its circumcenter getting outside it, you
can squash its base tetrahedron into a plane by sending one or
more excentral vertices to infinity: can you reach all the
zeros with an orthocentric excentral tetrahedron?

@ There is no (finite) quadruple of null vectors in G41 that
corresponds to the rank 2 zeros of Q: what is the “simplest”
geometric algebra containing G4 1 that can represent all
the zeros explicitly?
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@ There is no (finite) quadruple of null vectors in G41 that
corresponds to the rank 2 zeros of Q: what is the “simplest”
geometric algebra containing G4 1 that can represent all
the zeros explicitly?

On that last question: | suspect it is G4, the geometric algebra
Open of Lie sphere (or “contact”) geometry.

questions
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