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Applications

The generalized Clifford and Lipschitz groups can be interesting:

in deep learning to construct neural networks that are equivariant
with respect to the action of pseudo-orthogonal groups,

for consideration of the Galilei group related to the spin groups in the
Galilei—Clifford algebra Gs 1,

for the study of the generalized degenerate spin groups,
for working with orthogonal transformations in PGA Gy, 0.1, which are

applied in computer graphics and vision, robotics, motion capture,
dynamics simulation, etc.



1. Geometric algebras Gy q.r



Geometric algebras Yp,q,r

Let us consider the geometric (Clifford) algebra G(V) =G, o, p+q+71 =
n > 1, over a vector space V with a symmetric bilinear form, which can be real
RP:%" or complex CPT99" We consider both the cases of the non-degenerate
geometric algebras G, , o and the degenerate geometric algebras G, , ., 7 # 0.

We denote by A, := Gg 0, the subalgebra of G, , ,, which is the Grassmann
(exterior) algebra.

The identity element is denoted by e, the generators are denoted by
€q, a =1,...,n. The generators satisty

€a€b + €pea = 2Mape, a,b=1,...,n, (1)

where n = (n4p) is the diagonal matrix with p times +1, ¢ times —1, and r times
0 on the diagonal in the real case G(RP*%") and p+ ¢ times +1 and r times 0 on
the diagonal in the complex case G(CPT2:97),



Grade involution and projections

Consider the subspaces gg - of grades k = 0, ...,n, which elements are
929
linear combinations of the basis elements €q4,...q, := €4, *** €q,, a1 < -+ < a,

with ordered multi-indices of length k. The grade-0 subspace is denoted by G°
without the lower indices p, ¢, r, since it does not depend on the Clifford algebra’s

signature.

The grade involution of an element U € G, , , is denoted by U. The grade
involution defines the even G(°) and odd G{!)  subspaces:

p,q,T p,q,T
gl(?{cq)a"" — {U = gpaQaT' : l/j — (_1)kU} - @ ggaqw’ k = 07 i
j=k mod 2

For an arbitrary subset H C G, , ,,

<H> (0) ‘= HN Q(O) <H>(1) — H M gz(,,l(g,r

p,q,T’



2. Ordinary Clifford, Lipschitz, and spin groups



Clifford, Lipschitz, and spin groups

Consider the adjoint representation ad and the twisted adjoint representa-
tions ad and ad acting on the group of all invertible elements ad, ad, ad : Gpgr —
Aut(Gp q.r) as T — adr, T — adp, and T — adr respectively, where for U € G, 4.r,

T E g:;iq,?’W
adr(U) :=TUT ™, adr(U) .= TUT !, adr(U) := T{U) T~ + T(U)yT~?



Clifford, Lipschitz, and spin groups

Consider the adjoint representation ad and the twisted adjoint representa-
tions ad and ad acting on the group of all invertible elements ad, ad, ad : Gpgr —
Aut(Gp q.r) as T — adr, T — adp, and T — adr respectively, where for U € G, 4.r,

T E gz;iq,'r7
adr(U) := TUT 1, adr(U) .= TUT !, adr(U) := T{U) T~ + T(U)yT~?

Consider the well-known Clifford and Lipschitz groups, which are defined
in the non-degenerate geometric algebras G, ;o as:

Tpa0:={T€G . 0: adr(G, o) =TG; 0T " CG; 0} Clifford groups
+A - - N _ ; .
Fp,q,O =T € g;(,q,O +adr( zl>,q,0) = adr( ;,q,0> = Tg;,q,OT e gl,q,O}' Lipschitz groups



Clifford, Lipschitz, and spin groups

Consider the adjoint representation ad and the twisted adjoint representa-
tions ad and ad acting on the group of all invertible elements ad, ad, ad : Gpgr —

Aut(Gp.q.r) as T — adr, T +— adrp, and T — adr respectively, where for U € G, ,.,
T e g;,q,vw
adr(U) := TUT 1, adr(U) .= TUT !, adr(U) := T{U) T~ + T(U)yT~?

Consider the well-known Clifford and Lipschitz groups, which are defined
in the non-degenerate geometric algebras G, ;0 as:

Fp’q’o = {T E g;iq>0 : adT( I];)qao) = Tgll),q7OT_1 g g;7q’0}7

+A y 1 ~ 1 .Ml —1 1
| R e g;(,q,O : adp( p,q,O) = adrp( p,q,0> o Tgp,q,OT cg ,q,O}‘

Clifford groups

Lipschitz groups

Similarly, in arbitrary G, ., they can be defined as:

I‘P,CI"'“ = {T < g;,q,r : adT(g;,q,T) = Tg;,q,rT_l C g;,q,'r'}’
L= {1'€ g;,q,r : avdT(g:;,q,'r‘) — aHT(g;,q,r) e T\gir&,q,'r‘T_1 C g;,q,'r}“

p.q,Tr

Clifford groups

Lipschitz groups
10




Clifford, Lipschitz, and spin groups

Consider two norm functions widely used in the theory of spin groups:

Y(T) =TT, x(T):=TT, VT €Gpgnr

For example, in the case of the non-degenerate geometric algebra G, , o, the spin
groups are defined as

Pin(p,q,0) :={T € Trno: TT=xe}={Tel% TT = e},

Pin, ,(p,q,0) :={T ¢ I‘p’q, . TT = +e},

PaQa

Pin, (p,q,0) :={T € i TT = +el,

paQa

Spin(p, g,0) := {T € (Trao)0): TT=ze}={T € (T2 : TT==e},

Spin (p,¢,0) := {T € (T5ao)0): TT=+e}={T € (Ti2o)0: TT=+e}.

p,q,0

11



5. Generalized Clifford and Lipschitz groups
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The subspaces determined by the grade
involution and the reversion

AN
o~

The reversion is denoted by U , the Clifford conjugation is denoted by U.

The grade involution and the reversion define four subspaces gg,q,r, g,q,r, g,q,,,n, and
S,q,r (they are called the subspaces of quaternion types 0, 1,2, and 3 respectively):

= A~ ke ~ k(k—1)

g = {U = gpaqar U= (—1) U7 U= (—1) : U}7 k= 07 17273'

p,q,T

The Clifford algebra G, ., can be represented as a direct sum  Gpgr =60, , @Gl ®G2  ©G .

We denote the direct sum of these subspaces by gj’;—fq,r = QE g5 D g}D,q,,ﬂ.

13



Generalized Clifford and Lipschitz groups

Consider setwise stabilizers of the subspaces QE, P s | g]’;_}q,r, k1=0,123,
in the group G . under the group actions ad, ad, and ad:

Cyar =T € Ghgr s 8dr(Gry,) = TG0, T C Gpgu

B2 c={Tegl .« sdalll,.) =T T cgt. .},

f‘g,q,'r =T € Gpqpr aNdT(gE,q,r) = gzg,q,r}“ generalized degenerate
i Clifford and Lipschitz

ng,r ={Teg,, adT(gI’f_,lq,r) = TQFQ,TT_1 - Q;f_,lq,r : groups

Dr o ={Teg),,: adr(G )=T6" T-'cgh 1

Thl = {Te€Gl,,: adr(GH,,)Co® 1.

14



Generalized Clifford and Lipschitz groups

02 02 02 13 n13 13
Note that the groups I‘p’q,r, I‘p,q’r, I‘p,q,r, I‘p,q,r, I‘p’q,r, and I‘p,q,r

(preserving the even gg_?q,r = QZ(,?(;,,« and odd g;_f’;w = 1(,,13,74 subspaces under ad,

ad, and ad respectively) are considered in details in the paper

Filimoshina E., Shirokov D.: On Some Lie Groups in Degenerate Clifford Geometric Algebras.
Advances in Applied Clifford Algebras, 33(44) (2023), arXiv:2301.06842
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https://arxiv.org/abs/2301.06842

Centralizers and twisted centralizers

Consider the centralizers Zg,‘q,r and twisted centralizers Z'gfq,r of the

fixed grade subspaces G, ., m =0,... n:
Zpar =1X €Gpqr: XV=VX, VVeG, .},
Zoyar =1X €Gpqr: XV=VX, VWeG/ |

The center of the geometric algebra G, ,, is the centralizer of the grade-1 sub-
space G, ., and of the entire geometric algebra G, 4, as well.

Explicit forms of Zg?q,r and Z;’?q,r in the case of arbitrary m = 0,...,n are

presented in the paper

Filimoshina E., Shirokov D.: A Note on Centralizers and Twisted Centralizers in Clifford Algebras, Adv. Appl.
Clifford Algebras, 2024 (to appear), arXiv:2404.15169

16


https://arxiv.org/abs/2404.15169

Examples of centralizers and twisted centralizers

A b gr n is odd
Z: ={X€Gpur: XV=VX, YWeg }=<"7 PygT (1
par = 4 - Frar) {Aq(p), n is even:; ( )
Zl  ={X€Gpgr: XV=VX, WeG,  }=A; (2)
NGl r#£n
2 _— . _ 2 L T G, T 3
ZP?Q7"° o {X < gp,q,r ) XV o VX’ VV = gp,q,r} o {A’I"7 o T =N, (3)

s _ AN e{G; oA P eAT )} B{G] 0 AT} BT, s odd, (4)
P,q,T A7(P)@A?—l@{g;,q,OA;n—2}@{gg,q,OAQ—Q}, n is even.

17



3.1. Generalized Clifford and Lipschitz
groups r& - TE R

P,q,7’ P,q,T’ P,q,T

M8 = T € Gyt adr(@F,,) =T, T C G, ),
(9 (TG, tn(G,,) = TG8, T CoF, )

I‘f;lq s ={Te€eG), adT(g;;lq ) C gp .

18



Generalized Clifford and Lipschitz groups

Theorem 1. In arbitrary G, 4 r,

[0l _ AO0T  —123 _ A28

p,q,r pP.q, 7 — p,q,r P,q,7r’
T _piz 03 _ pos
Fp,q,"“ o Bp,q,'r — Fp,q,?“ o B'p,q,'r'

Consider the following groups:

Ag—,lq,r ={T €Gpqgr: ¥(T)= PP & Zglof;,r}a
e —{Te e T 0805k
Bfw ={T€G st X(T)= %T c Z},j;,,q ,
B ={T€G),,: TT e 2% s

19



Generalized Clifford and Lipschitz groups

Theorem 1. In arbitrary G, 4 r,

01 _ AO01 7% A28
Fp,qar T Ap,q,’l" g Fp7Q7T T Ap,q,’l“’
12  pl2 - 03 _ D03
Fp,q,"“ o Bp,q,r — Fp,q,?“ o Bp,q,r‘
Theorem 2. In arbitrary G, 4.r,
12 . A 12 03 _ A03
Fp,q,r " FP,W o Ap,q,r’
~01  _ o1 23 . 123
Fpa(Lr T Bp,q,’l" g Fp,q,’l" o Bp,q,"“'

Consider the following groups:

01
AP?QvT
23
AP?Q""
12
p,q,T

03
p.,q,r

={T €G,,r:
={Teqy,,:
={Teg), .-
=11 € G, ;.
={TegG,,,:
={T€G, r:
={T ey ;"
={Teg,,

Pp(T) =TT € zzl,;,r},

TT € (22 ,,.NZ2 .. )%}

x(T) =TT e 7%

p,q,TJ?
TT € Z3% .},
TT e (Z8,,NZ2, )"},
TT € (Z) ., NG ,)"},
Tre @z, -ngd )},
TTe(22,,n2, )",

20



Generalized Clifford and Lipschitz groups

Theorem 1. In arbitrary G, 4 r,

01 01 2% 28
Fp q,” Ap7q,r - Fp q,r Ap q,r’
1—112 B12 1’\03 B03
p,q,T P,q,T D,q,T P,q,T
Theorem 2. In arbitrary G, 4.r,
—12 A12 03 _ AO03
FP P,q,7’ Fp q,r — Ap,q,r’
~01 _ o1 23 523
FpaQ1r T Bp,q,’r g Fp,q,’l" Bp,q,”°
Theorem 3. In arbitrary G, , r,
01 _ (01 23 . m23
FP,Q»T‘ o Qp,qﬂ" Fp,qﬂ“ o Qp,q,r’
n12 . A12 n03 _ (03
Fp,qar o Qp,q,r = FP,W‘ o Qp,q,r

Consider the following groups:

01 . % .
Ap,q,r T {T < gp,q,r :
23 o % .
Ap,q,r T {T < gp,q,r .
12 . 4 ;
Bp,q,r T {T < gp,q,r :

B% .—{Te G it

p.,q,r

A2 = {Te Goar

P.q,7

A% = {T € g;fq,,, :

D,q,7

Bl .= {Te¢ Gy
B2 .= {Te¢ i
le ={T € ggfq,r :
Q33 ={Te¢ G2t
Q,, = (T gy,
c={Tegy,

(T) =TT € ZX% .},

TT &2 .. NE 5 )

pq'r p,q,T

1
x(T) = 7T Wy

TTezgflr

TT € (2} 4, NZ2 1)},

TT € (Z} 4r NGy ),

TT € (2}, NG9,)*},
JAA‘TE( Z2 . r N2 )%}

TT ez, TTe73%,},
Tre s, TTEZI:’;);,,
TT € 7% .., TTezf,f],,
TT € 23% TTezf,ig,.} 21



Generalized Clifford and Lipschitz groups

Table 1: Generalized Clifford and Lipschitz groups

~~

Lie group »(T) =TT x(T) =TT
Ag,lq;r' - Fg}q,r Zzlﬁffz,r
Aqur - Pz%?q,r (Zz%,q,r N Zg,q,r)x
Bllhzq,r I‘117>2q,7' Z}?,):_],r
Bg?q,r — Fgafh”' Z139,>:],r

;26117' - F219,2q,?° (Z;),q,r M Zz%,q,r)x
A% L =T0 (230 N Goair)™

g,lq,r - I‘z(r)hlq,'r' (Z;),q,r M gz()?g,r)x
Blzfq,’f‘ — F?’?‘];"’ (Zg,q,r N Zg,q,'r‘)x

par =Lpar|  Lpgr Zg %
Qf)?q,r - Fg?q,?“ Zgz,r Zgz,r
a2, =2, 2, 2,

g?q,r — Fg?q,?" Zg;(l,'r' Z;,):LT

22



Generalized Clifford and Lipschitz groups

Table 1: Generalized Clifford and Lipschitz groups

Lie group ¢(T) =T X(T) =T17T 1 B A,(ao) @Gy qr M is 0dd,
AOl F()l le ] A&O), n is even;
Psq,T” T Pq,T p.q,r A® g An—2 g gn o A
23 123 2 3 x 7% —— e r pgrs T ;
A]J q,r — ]-_‘p’q’,r (Zp q,r ﬂ Zp q. T‘) pb,q,r P,q, {A'& ) @A 1 n is even;
s 12 0 n— n— n— n— n
le),zq . I‘Zlo:?q,T Z;I)i], 3 A(O)@A 2@{G) o (AP POAT) @{G2 AP @G, o is odd,
. 2t Par T AL )@A" '@{G, o AZ 2 B {G2 o AF T}, n is even;
B03 _ 103 73X 4.0 2,0
P.q,T p.q,T p,q,r
45y 1O (0) n :
12 e TH2 1 2 X 1 -2 J AT @AY, nisodd, 7l A GO _ A0
p,-q-,"’ T FP!Q5T (Zp q (4 m Zp q T) Z p,q,T Zp,q"”_{Ag‘O) @A;}—l, n iS even; p,q,T gp,q r r )
A03 _ 103 (0) \x .
Apiar = Toar|(Zpgr NGpar) ng@ _ M ©1Gh, oA @12, oAr ), nis odd,
01 _ 0T (Z1 ©) Zrar 0 90iar =\ 00 & (G} AT} {Gh o). n s cven
o , 0 p,q,Tr ;
Bp,q,r — Fp,q (Zp gr Zp q,r ) PP AT oA 8 {0, o (AT TP@ATT ) {0, 0AT T}, m s even;
~01 _ 701 4% 71 X
p_,q,'r' - Fﬁ] qu'r Zp’q,r _ r@{g;qo An 3€BA" 2)}@{g12>q0(An 4®An 3)}®ggqr’ 7“7571
23 — f‘23 72X 73 % pq’ =y
p.q,T pP.q p,q,T p,q,T . =
R A :A Z3 _Ar@ 1 Azn 2 D 2 AZn 3 7
12 _ F12 le sz p q,r Psq,T {gp,q,o T } {gp,q,O T }
p.q,r p:q p.q,r p,q,r A © gn r#n,
Ve P . p,q,T
03 = 03 7 3% 4% p5q’ o { =
P.q, " Fp:q ZP)QsT Zp q,T

23



Examples

Example 1.
/In the non-degenerate geometric algebras G, 4.0, \
A2 _ A8 _ A _ITecGX .- TT e GO Filimoshina E., Shirokov D.: On generalization of
P»q,0 P:q,0 =1 9p.q.0 G Lipschitz groups and spin groups.
=TT . 3398 .. - YR - 0% Mathematical Methods in the Applied Sciences,
Bp,q,O _ Bp,q,O — Bi — {T = gp,q,O : TTeg }’ 47(3), 1375-1400 (2024)
01 23 T
Ap,q,o =5 Ap’q,() = A= {T € g;,q,o : Ld'e Z;,q,o}a Shirokov D.: On inner automorphisms
- i ~ preserving fixed subspaces of Clifford
B — B =B={TegG* .: TTeZ> algebras.
Pl P,q,0 { P40 paot Adv. Appl. Clifford Algebras 31(30), (2021)
where

7 _[G°® G}, 0, nisodd,
p,a,0 - GO n is even.



https://arxiv.org/abs/2205.06045
https://arxiv.org/abs/2205.06045
https://arxiv.org/pdf/2011.08287
https://arxiv.org/pdf/2011.08287
https://arxiv.org/pdf/2011.08287

Examples

Example 2.
/ In the case of the Grassmann (exterior) algebra Go,0,n = Anp,

AP @ AMY* nis odd,

L - Al2 = fT e AX: fTe<( ,

Afon ={TEA: TTE€ ADET, 0.0m =1 " (A(O) @ AP~1)% | n is even;

501 % . (0) x s ~ (0) ny x :

BO,O,n o {T < An : TT € An }9 B(z) — {T = A:z( . TT € { (A(O) D An) ) n ?S Odda ’

| (An” @ A1), nis even;

APl  —[TeAX: TTc (A @ A7), mis odd, L, A —(TecAX: TTe J( A& AL2 @ A7)%, nis odd
LU i - A%O)X, niseven; 0" " (A(O) oA, n is even; "
iz = AY o AT)*, nis odd 03 = (A(O) ® A2 A?)X, nis odd

B =IPeEA:: TTE (Ar ne ’ B3  ={TeAX: ’ ’
o= 1 n AOX e — b Booa={T€Ay: TTe (A @ An-1)x. n is even

01 A2 __ #=12 03 A X
0,0,m QO,O,n T QO,O,n o C’20,0,71 T An :

25




3.2. Generalized Clifford and Lipschitz
groups Tpem Tpgm Tpas

I‘Ik):q?r "= {T = g];iq,’l" : adT(gSaQar) = ng)q’rT—l g gg,q,r}7
fﬁ,q,'f’ = {T = g;iq,'r : aaT(gSanr) ‘= ngaq?rT_l g g}lf’q,r}’
I‘gaq,r o= {T < gfi‘]vr : adT(gg,q,r) g gﬁaQaT}.

26



Generalized Clifford and Lipschitz groups

The groups f‘g k=0,1,2,3, are related to the groups I‘E’ q and T'*

7q’r, 7r p,q9r
as follows:
. Hk _
~ 7 B I‘p’q,r, o= .3,
P,q,T k .
F'p,q,'r’ k=0,2,

since a:dT(QE,q,T) — adT(QE’q,T) in the cases k = 0, 2 and aHT(ggq,r) = aaT(gﬁq,r)
in the cases k =1, 3.

adr(U) := TUT ™, adr(U) :=TUT™!,  adg(U) :=T{U)qT ™+ T({U)yHT ™

27



Generalized Clifford and Lipschitz groups

Theorem 4. In arbitrar :
Y Gp.ar Consider the following groups:

_ 1 N
P q,T Q P,q,r’ 3 . : M 1 _m 1
Qp,q,r ={T € g;fq,r : Y(T) =TT €Z >:1r7 x(T)=TT € pr;,,r}

a2 3
Lo = S Q2 ={Tegr,: TTez, TTez?},
_ O3 e
I =Q Q. —[Teg,  Trei®,, TT € 735},
PN i
p q T Q ’q’r7 anQ9r e {T E g;iq’r : TT E Z;l)i] ) TT E Zg,)z],"“}’
where
T 0
rl .crr crd . m=0,1,23

28




Generalized Clifford and Lipschitz groups

Theorem 4. In arbitrary G, g, _ .
B B Consider the following groups:
F119>Qa"" — Q;),q,’l“’ < § : % . '8 1% = 1x
2 2 Qpgr =T €Gqr: V() =TT €2y, X(T) =TT €2}
F — 2 - o 2 2
Z_),q,’r B,q,’r‘, Qp,q,r = {T = g;iq’r 2 AT < Zp?:],’r’ ¥ < Zp,);ﬂ“ ?
3  _ (3 . B -
L g = Qs g Qf .. —[Tegl, : Treid  Trers.y,
0 — QO 0 : .o 4 = 4
Fp,q,"‘ - P,q,r’ Qp,q,r I {T € gz;iqﬂ" D ITT € przl,""’ TT e Zpiz,'r}’
where
1 m 0
Lpar € Tpar € Up g m=0,1,2,3.
The_orem 5._In arbltr_ary Qp,q,f,; : QL . ={Tegr,,: TTel%,  TTeil% },
1 1 o 3 <5 ~ . = e
— — 2 . . 2 2
Fp7q"r QP,QaT’ g Fp’(b'r P,q,T’ QP,Q,T T {T < g;’(,q,T : TT€ prfl,'f” TT'& ZP;(I,"”}’
03 X2 X3 . X . T 53X = 7 3K
Fp,q,r Qp,q,r’ Qp,q,r T {T < gp,q,r : ITE Zp,qﬂ" IT ¢ Zp,q,’r'}’
& == . X0 L X s o 4 X T 4 X
M — Q9 . Qpar =L €Gpqr: TT €{Zyqr) 0y TT € {Zp ) (0))-
p7q7,r p,q’r 29




Generalized Clifford and Lipschitz groups

Table 2: Generalized Clifford and Lipschitz groups

Lie group »(T) =TT x(T) =
Q;,q, — 1%) q,r Z;),)fz r Z119>§1 r
QIZMJ, - pqr—ngr Zz%);r Zz%);r
Qar=Toar | Zolr L
Qg,q, — g,q = Fg Zgé r ngz r
Qo =Thar =Thar|  Zpis 7
szxq, — F129,q,'r‘ fo; r Z?),);,r
Qe —Togr =Tpum|  ZLige 7
Qpar =To4r | Zpardy Zpar)




Generalized Clifford and Lipschitz groups

Table 2: Generalized Clifford and Lipschitz groups

A

O n— n—. T—
AV @A B{G) 4 0 AZ T2} {G2 1 oA 2,

psQ9 {

A(O) ® G»

g T 1S odd,
A

2
Zp’Qa

{AT DG TFMN,

n is even; Ar, r=n;

AP @A 260G (AT 3@AT2)}®{G2, (AT 3} ®GT 1 is odd,
n is even;

r®{0p,00(AF P OAR2)}@1{G] 1 o (AT @AY )} OG0, T #E M,

r=mn;

Lie group (T = TT x(T) = T
- ;),q,r_: 119,q,'r’_ Zzl?;(z r Zzlafz r 5 mp
Z,q,r__ Fzzv,q,r_— Fg,q,r Z229>(<1 r Zz%);, 7 -
- ?%q,r_: Fg,q,’r_ ngl r Zz?;fz r
g,q,r — Fg,q,r = Fg,qﬂ“ Zgé r ngz i
e =The =D, 2, 2. s,
L= Lo Lersir Ly
9 5 ety >~ ~ p,q,
= e = Thar| e B
Bt — L pa (Zpar) @) Zparl) <

=5 iy

ZpaQa"'> (0) -

PQ"’_A @{g;’qOA>n 2}@{Q§QOA>H 3}

A g A @ {0 )5 n is odd,
A(O) AT @ {G, AT P} BGE ., N s even, T #m,
A(O) @An ].
AP @ {GL W AT2 @ {62, 0AT 5, n is odd,

A%z; ®{GL, oAT~%} @ {G2, (A"} @ G7 ., m is even, r #£n,
As

n is even, r =n;,

n is even, r =n.
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Examples

Example 3.

/ In the non-degenerate geometric algebras G, 4.0,
If n # 2,3, then
Qg a,0 — Qg,q, =Q, Qg,q,O - Qg,q,o - { 8;, 7:1:=1(; ii(inélo;d B
Ifn=2,3,then QL  ,=Q2 ,=0Q;
Ifn7é12then3 . = QF. n—=1,2,3mod 4
Qp q,0 Q1o q,0 — Q- Qp,q, Qp q,0 { Q’,, n = O7m70d 4; |
If n=1,2, then quo Qg’q, = QF;

where

Q:={T€eG\ o: TTEZLX , TTeZXqO}——AmB

Q:={TeG) o TTe(@®Gr,0)", TT e G’ @Gl 0) )

£={Te€g o: TTeG™, TTeg’™}=AsLNBy,

Shirokov D.: On inner automorphisms
preserving fixed subspaces of Clifford

algebras.
Adv. Appl. Clifford Algebras 31(30), (2021)

Filimoshina E., Shirokov D.: On generalization of

Lipschitz groups and spin groups.

Mathematical Methods in the Applied Sciences,

47(3), 1375-1400 (2024)

and

G @Gy 0 nis odd,
p,9,0 GO, n is even.
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4. Degenerate Lipschitz and spin groups
and generalized degenerate spin groups
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Degenerate Lipschitz groups

Consider the well-known Lipschitz groups, which are defined in the non-
degenerate geometric algebras G, .0 as:

+A ¥ ~ s -
Fp,q,O = {T = g;(,q,O : adT( ;,q,O) — a’dT( ;,q,O) = ngl),q,OT : < g;,q,O}' (1)

Similarly, in arbitrary G, 4., they can be defined as:

Fz:lf,g,r ={T € g;(,q,r : aHT( ;,q,r) - adT(g;,q,r) = Tg;,q,rT_l C gzl),q,r}' (2)

Brooke J.: A Galileian formulation of spin. I. Clifford algebras and spin groups.
J. Math. Phys., volume 19 (1978)

Brooke J.: Spin Groups Associated with Degenerate Orthogonal Spaces.
Clifford Algebras and Their Applications in Mathematical Physics, Part of the NATO ASI Series, volume 183 (1986)

Crumeyrolle A.: Orthogonal and Symplectic Clifford Algebras.
1st edition. Springer, Netherlands, 1990.
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Degenerate Lipschitz groups

The Lipschitz group:
r$A . (TegX.,.: TG:

p.q,r p,q,T

—1 1
7 g gl

= ol

The upper index is due to the equivalent definition that we prove using

Theorems 6 and 7:

s 2. S 0 1 i 71 —1 1
I‘paq’r o {T = (gz(%(;;; U gz(gagj’i)Af | Tgp,q,TT g gp,q,r}'




Degenerate Lipschitz groups

The upper index * is due to the equivalent definition that we prove using
Theorems 6 and 7:

[t = {Fe@uglPagns . 7@ rieg. .k O

Theorem 6. The generalized and ordinary Lipschitz groups Qg’ T and I‘;‘E’g’r
resectively are related in the following way:

+A - O . +A _ T <

Fp,q,r = Qp,q,r’ vn; Fp,q,r o Qp,q,r’ n<4

Theorem 7. We have the following inclusion: Filimoshina £.. Shirokov D.: On Some Lie
o , 0) X 1) % % Groups in Degenerate Clifford Geometric
Ql = g (gz(j (3 . U g]() 3 7G)AAT Algebras. Advances in Applied Clifford

Pt T T Algebras, 33(44) (2023)
1 _ ¥ . ol -1 T
Qp,q,r o {T < gp,q,?“ ' Tgp,q,rT = gp,q,r} (2)

={TeG),,: TTeZ,, TTeZX.} (3)

>an’
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Degenerate Lipschitz groups

The Lipschitz group:

+A 0 1 . el ~1 1
I‘p7q7r o {T E (gé’gjli U g.z()7q)’>7<ﬁ)A;< ) Tgp’q,rT g gP:Qar}.
We also consider the subgroup I‘; - of the Lipschitz group I‘if;’ -
= x . 0) X % , 1 —1 1 +A
Fp,q,r T {T < gz()agar U gl(%ga”’ ) Tgp7q7rT g gp,q,r} g Fp,q,r'

Ruhe D., Brandstetter J., and
Forré P.: Clifford Group
Equivariant Neural Networks.

2023, arXiv:2305.11141.

In the case of the non-degenerate geometric algebra G, , o, these groups coincide:

Id:

e
P,q,0 I?p

»q,0°

In the particular case of the Grassmann algebra Go o, = Ay,

~

= A = ker(ad).

n

x 0 A
I'5.0,n = Agz )X ¢ I'5o.n
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Degenerate Lipschitz groups

The Lipschitz group:

Ruhe D., Brandstetter J., and

Equivariant Neural Networks.

8 0 1 . el —1 1
Fp,q,r ={T € (gz(mgj" e gz(?,cg;(")Af ' Tgp,q,rT = gp,q,r}'
We also consider the subgroup I‘i - of the Lipschitz group I‘g:,"(;, -
4 (0) (1) i Forré P.: Clifford Group
o 0) x 1)x . 1 —1 1 A
Fp,q,r =T €GparYUGpar: TOpgrT S Gpgrt S Fp,q,r' 2023, arXiv:2305.11141.
Theorem 8. The Lipschitz group I‘ifl\,r can be represented as a product of the
groups:
A _ b X
Fp,q,r o Fp,q,'rA"” '
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Degenerate spin groups

We define the ordinary degenerate spin groups as normalized subgroups
of the Lipschitz group

+A 0 1 : 1 —1 1
=t = {Telinugitls T T C et 1)

P.q.7T p,q,r p.,q,r

and its even subgroup

-+ . 0)x . | —1 1 =
Fp,q,r i {T < 915,333 ’ Tgp,q,rT C gp,q,r} C Fp,q,r (2)

in the following way:

Piny(p,q,7) ;= {T e TTA . TT =+e}, Piny(p,q,r):={T T2 . TT = e},

P,q,T ° P,q,T °

p,q,r P,q,T

Spin(p, q,r) :={T €T TT = te} ={T el TT = +el.,

P,q,T P,q,T °

(
Pin_ 4 (p,q,7) :={T €A : TT=+e}, Ping,(p,q,r):={T eT*A . FT = te}, (4

(

(

Spin (p,q,r) :={T €T} . TT=+e}={Telf . : TT=+e}

P,q,T ° P,q,T



Generalized degenerate spin groups

In a similar way, we can define the generalized degenerate spin groups as
normalized subgroups of the generalized degenerate Lipschitz group

QI];vqfr' — {T E g;iqa’r : Tg;aq,rT—l g g;,q,r} (1)
=L, .- TLEWR>. TFaL%, (2)
={T € (GOX UG AX: TT eZlX .} (3)

and its even subgroup g},?gfﬁz

Ping(p, qg,7r) :={T € GOx g

(G VEGREINE « = kel

PinQ(p, q,7) = {T € (GOL UGN« TT =%e},

Pin2, (p,q,7) == {T € (X UGIPOAY - TT = e},

Ping, (p,,7) = {T € (GO UGIVOAS : TT = +e},
Spin®(p,q,7) :={T € GOX: TT =+e} ={T cg®*. %T = +e},

p,q,T p,q,r

Spin?_ (p,g,7) :={T € ng?(;;f . TT = +e} ={T € ng?g,fﬂ . TT = +e}.

O

oo

e N N AN TN TN N
O e p)
S N e N N NS
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Conclusions

In this work, we consider the generalized Clifford and Lipschitz groups

k % ~k kl Skl ~kl
Fp,q,'r') Fp,q,’r') Fp,q,r7 Fp3Q7r7 Fp7q7r7 Fp,q,'r' (1)
preserving the subspaces g’;,q,r, k=0,1,2,3, determined by the grade involution and

the reversion and their direct sums ’;,lq,r, k,l = 0,1, 2,3, under the adjoint represen-

tation ad and twisted adjoint representations ad and ad.

We prove that these groups are defined using the norm functions > and x and the

centralizers Z; , . and twisted centralizers ngq,,, of the subspaces of fixed grades.

o, =AQL CT . =AZ , T2 =A32 I8 =A% [0 QL % -q§= ,
Lpar = Bpawr STpar =Bpge  Toar =Bpar CTour =Byl I, =Q2, cT9, =Q%,,
Fgly,q,r — ley,q,qﬂ Fg,q,r = Qg,q,ra Fg,q,r — Qg,q,r7 Fgaq{" = anQa"“’
f‘zlv,q,r - Q;,q,r S fz?;,q,r - Qi,q,r’ fg,q,r - Q?),qﬂ" f‘g,q,r - Qg,q,r'
The generalized Clifford and Lipschitz groups contain the ordinary Clifford and Lip-
schitz groups as subgroups and are closely related to the degenerate spin groups.
The groups (1) are useful for the study of the generalized degenerate spin groups,

and that is why they are interesting for consideration. 41



Thank you!

Ekaterina Filimoshina (efilimoshina@hse.ru) and
Dmitry Shirokov (dshirokov@hse.ru)
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