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What is all the story about?

The controllability of 2× 2 switched systems with regular matrices
is investigated by means of Geometric Algebra for Conics (GAC).
The research demonstrates the efficiency of GAC in the
construction of switching points and paths while minimizing the
number of switches and numerical errors.
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Given a real vector space V equipped with an quadratic form
Q(v), the Clifford algebra Cl(V ) associated with V is constructed
as the quotient space:

Cl(V ) = T (V )/I ,

where T (V ) is the tensor algebra of V and I is the ideal generated
by v ⊗ v − Q(v)1 for all v ∈ V , where 1 denotes the scalar
element of the basis of T (V ). The outer-product is
anti-commutative and associative giving a ∧ b = −(b ∧ a) and
a ∧ (b ∧ c) = (a ∧ b) ∧ c = a ∧ b ∧ c .
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Geometric Algebra

Geometric Algebra (GA) is a Clifford algebra with a specific
embedding of a Euclidean space in such a way that the intrinsic
geometric primitives as well as their transformations are viewed as
elements of a single vector space, precisely multivectors.
Three-dimensional Euclidean space is represented in a Clifford
algebra Cl(4, 1), and the consequent geometric algebra is often
denoted as G4,1 with spheres of all types as geometric primitives
and Euclidean transformations. The generalisation of G4,1 is
Geometric Algebra for Conics (GAC), proposed by C. Perwass.
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Compass Ruler Algebra (CRA)

Notation Meaning

e1, e2 2D basis vectors
e0 origin
e∞ infinity
AB geometric product of A and B
A ∧ B outer product of A and B

AḂ inner product of A and B
A∗ dual of A
A−1 inverse of A
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Geometric Algebra for Conics (C.Perwass)

Geometric Algebra for Conics (GAC) is the Clifford algebra G5,3

together with the embedding of point x = (x , y) ∈ R2,
given by the operator C : R2 → C ⊂ R5,3, which is defined by

C (x , y) = n̄++xe1+ye2+
1

2
(x2+y2)n++

1

2
(x2−y2)n−+xyn×. (1)

in the basis

n̄+, n̄−, n̄×, e1, e2, n+, n−, n×. (2)
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Notation Meaning

e1, e2 2D basis vectors

n̄+, n̄−, n̄× origins

n+, n−, n× infinities

AB geometric product of A and B

A ∧ B outer product of A and B

A · B inner product of A and B

A∗ dual of A

A−1 inverse of A

Table: Notations of Geometric Algebra for Conics
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If a point P lies on a conic C then

P · E = 0 and P ∧ E ∗ = 0.

Conic C is seen as:

5-vector E ∗ = P1 ∧ P2 ∧ P3 ∧ P4 ∧ P5, called an outer
product null space representation (OPNS)

1-vector E = v̄+n̄+ + v̄−n̄− + v̄×n̄× + v1e1 + v2e2 + v+n+.,
called the inner product null space (IPNS)
representation.
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It is well known, that the type of a given unknown conic can be
read off its matrix representation Q, which in our case reads

Q =

−1
2(v̄

+ + v̄−) −1
2 v̄

× 1
2v

1

−1
2 v̄

× −1
2(v̄

+ − v̄−) 1
2v

2

1
2v

1 1
2v

2 −v+

 .

10 / 39



Geometric Algebra for Conics Parameter extraction Introduction to switched systems Problem formulation Algorithm Switched Systems Classisication Why GAC?

The entries can be easily computed by means of the inner product:

q11 = QI · 1
2(n+ − n−),

q22 = QI · 1
2(n+ + n−),

q33 = QI · n̄+,
q12 = q21 = QI · 1

2n×,

q13 = q31 = QI · 1
2e1,

q23 = q32 = QI · 1
2e2.
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Example

Let us consider the IPNS representation of the axis-aligned ellipse
with the semi-axes a = 2, b = 4 centred in (u, v) = (0, 2):

E = 0.8e2 − 0.5e3 − 0.3e4 + 0.5e6 + 0.3e7

The rotor for a rotation around the origin by the angle π
3 is given

by R = R+(R1 ∧ R2), where

R+ = cos(π6 ) + sin(π6 )e1 ∧ e2 =
√
3
2 + 1

2e1 ∧ e2, (3)

R1 = cos(π3 ) + sin(π3 )n̄× ∧ n− = 1
2 +

√
3
2 n̄× ∧ n−, (4)

R2 = cos(π3 )− sin(π3 )n̄− ∧ n× = 1
2 −

√
3
2 n̄− ∧ n×. (5)

Rotated ellipse has equation:

Erotated = −0.69282e1 + 0.4e2 − 0.5e3+

0.15e4 − 0.25981e5 + 0.5e6 − 0.15e7 + 0.25981e8. 12 / 39
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The scalor for scaling a conic by α ∈ R+ is given by S = S+S−S×,
where

S+ = α+1
2
√
α
+ α−1

2
√
α
n̄+ ∧ n+,

S− = α+1
2
√
α
+ α−1

2
√
α
n̄− ∧ n−,

S× = α+1
2
√
α
+ α−1

2
√
α
n̄× ∧ n×.

Escaled = S+S−S×ES̄×S̄−S̄+.
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Intersections and contact points
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Introduction to switched systems

By a switched system we
mean the following system

ẋ(t) = fσ(t)(x(t)), x(0) = x0

where x ∈ Rm is a continuous state, σ stands for a discrete state
with values from an index set M := {1, . . . , n}, and fσ(t),
σ(t) ∈ M, are the vector fields.
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Definition

We say that the switched system

ẋ(t) = fσ(t)(x(t)), x(0) = x0

is controllable if for any two points A,B there exists a switching
signal generating a continuous path from A to B.

The above definition corresponds to the concept of controllability
for control systems of the form

ẋ = f (x ,u), x(0) = x0,

where the control u(t) plays the role of a switching signal.
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The problem of oscillation of a spring
pendulum under the condition of
absence of external and friction forces

ẍ = −kx ,

with a switchable stiffness coefficient
k > 0, that changes value from k1 by
joining and removing an additional
spring with a stiffness coefficient k2.

ẋ(t) = Aix(t), Ai ∈ Mat2(R), i = 1, 2.
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Linear switched systems

We are interested in linear switched systems

ẋ(t) = Aσ(t)x(t), x(0) = x0 ̸= 0,

where A1 . . .An are given 2× 2 matrices with both subsystems
having purely imaginary eigenvalues.

Goal: Algorithm for constructing a controlling switching signal.

Tool: Geometric Algebra for Conics(GAC)
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Table: Classification of equilibrium points in the case when detA ̸= 0

Roots of characteristic Equation Point Type Trajectory

λ1, λ2 are real numbers
of the same sign λ1λ2 > 0

Node Parabola

λ1, λ2 are real numbers
of the opposite sign λ1λ2 < 0

Saddle Hyperbola

λ1, λ2 are complex numbers
Reλ1 = Reλ2 ̸= 0

Focus Spiral

λ1, λ2 are complex numbers
Reλ1 = Reλ2 = 0

Center Ellipse
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Figure: Poincare diagram
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Algorithm Algorithm for a switching path construction

1: Get A, B, the starting and final point, respectively,
i.e. get their conformal embedding C(A), C(B) to
GAC.

2: Find the IPNS representation of the initial ellipse E1
1

by conic fitting algorithm. Denote its semiaxis by a
and b.

3: Find the final ellipse Ef .

4: Find the first intermediate ellipse E1
2 . Note that lower

index indicates, to which system the ellipse belongs.

5: If Ef ∩ E i
2 ̸= ∅ then find the intersection points of all

ellipses, get the path from A to B by choosing the
nearest point with respect to the path evolution.
This will switch to final ellipse.

6: If Ef ∩ E i
2 = ∅ then calculate the scaling parameter

SP. By scaling E i
1, E

i
2 using SP get new pair of

circumscribed ellipses

E i+1
2 := scale(E i

2, SP), E i+1
1 := scale(E i

1, SP).
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Algorithm Final ellipse construction

Inputs: Two co–centric ellipses, where one is the scaled copy
of another

Output: Final ellipse Ef

1: Construct a line l passing through the points n̄+ and e2:

l = e2 ∧ n+ ∧ n̄+ ∧ n− ∧ n×.

2: Find the intersection points C = E1 ∩ l , B = E2 ∩ l of the line
and both ellipses, i.e. solve a quadratic equation in a Euclidean
space.

3: The scale parameter between ellipses is

SP =
|n̄+ · C(B)|
|n̄+ · C(C )|

.

4: Construct final ellipse:Ef = S+S−S×E
1
1 S̄×S̄−S̄+.
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Preparation and assumptions

Solve ODE numerically (e.g. by Runge-Kutta method).

Start and end with same family of ellipses.
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Examples

Example (Oscillatory system without damping)

Consider the switched system ẋ = Aix where

A1 =

(
0 1
−2 0

)
,A2 =

(
0 1
−1

2 0

)
. The initial point is (2, 5), and

we need to find the way to the point (12, 22)

Figure: The ellipse fit to the detected contour.
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Examples

Example (Oscillatory
system with damping)

Consider the switched
system ẋ = Aix
where

A1 =

(
0 1
−2 0

)
,A2 =(

1 1
−2 1

)
.

The initial point is (2, 5),
and we need to find the
way to the point (30, 22)
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Table: Controllability of the switched 2x2 systems

A1 | A2 Center Saddle
Node Focus
Stable Unstable Stable Unstable

Center +
Saddle

Node
Stable
Unstable

Focus
Stable
Unstable
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Examples

Example (System with
Saddle and Centrum type
subsystems)

Consider the switched
system ẋ = Aix where

A1 =

(
0 1
−4 0

)
,

A2 =

(
0 1
1
4 0

)
.

Starting point (-2;2),
ending point (-3;-1)
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Examples

Example (System with
Saddle and Saddle type
subsystems)

Consider the switched
system ẋ = Aix where

A1 =

(
0 1
4 0

)
,

A2 =

(
0 1
1
4 0

)
.
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Example (System with
both Unstable Node type
subsystems)

Consider the switched
system ẋ = Aix where

A1 =

(
1 0
0 α

)
,

A2 =

(
1 0
0 1

α

)
.
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Example (System with
both Unstable Node type
subsystems)

Consider the switched
system ẋ = Aix where

A1 =

(
1 0
0 α

)
,

A2 =

(
1 0
0 1

α

)
.
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Example (System with
both Stable Focus type
subsystems)

Consider the switched
system ẋ = Aix where

A1 =

(
−1 α
−α −1

)
,

A2 =

(
−1 1

α
− 1

α −1

)
.
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Examples

Example (System with
Stable and Unstable Focus
type subsystems)

Consider the switched
system ẋ = Aix
where

A1 =

(
1 α
−α 1

)
,

A2 =

(
−1 1

α
− 1

α −1

)
.
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Controlled under condition

Example (Saddle and Stable
Focus type subsystems)

Consider the switched system
ẋ = Aix where

A1 =

(
0 1
α 0

)
,

A2 =

(
−1 1

α
− 1

α −1

)
.

where α > 1, the system will be
not controlled (not possible to
reach 2 and 4 quadrants). When
0 < α < 1, we have
controllability outside the
neighbourhood of zero. 33 / 39
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Table: Controllability of the switched 2x2 systems

A1 | A2 Center Saddle
Node Focus
Stable Unstable Stable Unstable

Center + + - - - -

Saddle + - - -
Controlled
under
condition

Controlled
under
condition

Node
Stable - - - - - -
Unstable - - - - - -

Focus
Stable -

Controlled
under
condition

- - - +

Unstable -
Controlled
under
condition

- - + -
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Why GAC?
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Reasons to use GAC:

simple representation of transformed objects;

circumscribed conic construction;

there is no need for a solver;

minimization of numerical errors
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Numerical error increases with the increasing number of
the intermediate ellipses

NUMERIC [0.0, 5.744562646461688], [8.12404, 0.0], [0.0, 11.48913], [16.24808, 0.0], [0.0, 22.97825], [32.49615,
0.0], [0.0, 45.9565], [64.99231, 0.0], [0.0, 91.913], FNUM=[-101.93109159592173, 29.564380018122797]
GAC [0.0, 5.74543306], [8.12526935, 0.0, [0.0, 11.49086611], [16.2505387, 0.0], [0.0, 22.98173222], [32.5010774,
0.0], [0.0, 45.96346444], [65.00215479, 0.0], [0.0, 91.92692889], FGAC=[-89.9967425686796,26.5008143923407]
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In some cases even the number of switches can be different.

(a) GAC solution (b) Numeric solution
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THANK YOU FOR ATTENTION!
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P. Loučka, P. Vaš́ık, On multi-conditioned conic fitting in geometric algebra for
conics, Advances in Applied Clifford Algebras 33 (3) (2023) 31.

W. Trench, Elementary Differential Equations with Boundary Value Problems,
Mathematics Series, Brooks/Cole-Thomson Learning, 2001.
URL https://books.google.cz/books?id=GdcnAQAAIAAJ

J. H. Smith, An Introduction to the Study of Geometrical Conic Sections,
Longmans Green, 1887.

39 / 39

https://books.google.cz/books?id=xHNd5zCXt-EC
https://books.google.cz/books?id=xHNd5zCXt-EC
https://books.google.cz/books?id=xHNd5zCXt-EC
https://doi.org/10.1007/s10444-018-9610-z
https://doi.org/https://doi.org/10.1007/s00006-019-0989-5
https://doi.org/https://doi.org/10.1002/mma.4489
https://books.google.cz/books?id=GdcnAQAAIAAJ
https://books.google.cz/books?id=GdcnAQAAIAAJ


Geometric Algebra for Conics Parameter extraction Introduction to switched systems Problem formulation Algorithm Switched Systems Classisication Why GAC?

R. B. Easter, E. Hitzer, Double conformal geometric algebra, Advances in
Applied Clifford Algebras 27 (2017) 2175–2199.

L. Dorst, C. Doran, J. Lasenby, Applications of geometric algebra in computer
science and engineering, Springer Science & Business Media, 2012.

R. Halir, J. Flusser, Numerically stable direct least squares fitting of ellipses, in:
Proc. 6th International Conference in Central Europe on Computer Graphics and
Visualization. WSCG, Vol. 98, Citeseer, 1998, pp. 125–132.

A. L. Mandolesi, Blade products and angles between subspaces, Advances in
Applied Clifford Algebras 31 (5) (2021) 69.

A. Trautman, Clifford algebras and their representations, Encyclopedia of
Mathematical Physics 1 (2) (2006) 518–530.

R. A. Ryan, R. a Ryan, Introduction to tensor products of Banach spaces,
Vol. 73, Springer, 2002.

A. Defant, K. Floret, Tensor norms and operator ideals, Elsevier, 1992.

Q. Lin, R. Loxton, K. L. Teo, Optimal control of nonlinear switched systems:
Computational methods and applications, Journal of the Operations Research
Society of China 1 (3) (2013) 275–311.

39 / 39



Geometric Algebra for Conics Parameter extraction Introduction to switched systems Problem formulation Algorithm Switched Systems Classisication Why GAC?

L. Liu, Y.-J. Liu, D. Li, S. Tong, Z. Wang, Barrier lyapunov function-based
adaptive fuzzy ftc for switched systems and its applications to
resistance–inductance–capacitance circuit system, IEEE transactions on
cybernetics 50 (8) (2019) 3491–3502.
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