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Context

Recent experiments measured spin angular momentum
not predicted by standard electromagnetic and acoustic field theories
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Outline

1. Background on electromagnetic and acoustic field theory
2. Comparison between the theory and experiment
3. A closer look at acoustics

4. Dual symmetric representations



Spacetime Algebra
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Source-free EM & Acoustics

Electromagnetism
Lev = %(e()E12 - ,uoﬁz)

E : electric field
H : magnetic field

€o : permittivity
Lo : permeability
1

NG

c = : speed of light

Eac —

C =

Acoustics

v : velocity
P : pressure
p : mass density

B : compressibility
1

vpB

: speed of sound



Spacetime Representations

Electromagnetism

3 ! ~ 4D
F = E/C + ,LL()HI Spacetime Bivector
Lem = 5(F?)
VF =0

Acoustics
Loc = 5(p0? — BP?) 3D
p0U = \Y
B8P =—V
Vx3=0
! 4D

— (P/C + 106)’70 Spacetime Vector

1 2 Energy-momentum density
Lac = ) <p >

Vp =0 Gregory et al. (2015)



Electromagnetic Spin

Spin Experiments

Acoustic Spin

§EM — ﬁlm(egﬁ* X E -+ /,L()ﬁ* X ﬁ)
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What does theory predict?

Standard Electromagnetism
VAF =0 — F=VAA,

l Vector potential representation
Lev = 3(VAAV A A)

l Noether procedure

SEM = eoE X Ae

l Complexify & cycle average
(monochromatic light wave)

§EM = E()Im(E* X E)/2w
Missing term

Standard Acoustics

VAp=0 — p=—-Vo

J, Scalar potential representation

Len = 3(VoV )

l Noether procedure

—

Sac =0
Wrong



Non-Standard Representations

Electromagnetism
V.- F=0 = F=V-(A,I)

l Trivector potential
Lem = 5(V - (AnD)V - (A D))
l Noether procedure
gEM = ,uoﬁ X z‘_fm

l Complexify & cycle average
(monochromatic light wave)

Sem = polm(H* x H) /2w
Other half!

Acoustics X
I

V-p=0 = p=V-(Z+ Iy)
| Bivector potential
Loo=3(V-XV-X)
| Noether procedure
Sae = & x (p¥)

l Complexify & cycle average
(monochromatic sound wave)

§EM = pIm(ﬁ* X ’(7)/2(0
Correct!*

Burns et al. (2020)



Dual-Symmetrized Representation

Dual Electromagnetism
F=VA=V(A4, + AnI)/2

l Odd multivector potential

il — Ly AV A)

lF F)y, VA =0
gEM—§(60E><A +,LL0H><A )
l

Sent = Im(eoE* X E + poH* x H) /4w

Correct!

Bliokh et al. (2013)

Dual Acoustics
Vi =-V(¢+ X + I¢y)/2

l Even multivector potential
dual
Loc” = §<V¢V¢>

p)1, Vih = 0

L »-
S;atc — % x (pv)
l

Sevt = plm(T* X ¥) /4w

Correct!

Burns et al. (2020)



Observations

In vacuum, physical fields have a degeneracy of potential representations.

The dynamical fields varied in a Lagrangian are the potential fields, not the
physical fields.

Canonical Noether currents are representation and gauge dependent,
with gauge symmetries determined by representation.

Transferrable part of spin is gauge invariant, analogous to the gauge
invariance of voltage differences.

Experiments can differentiate between representations with
identical equations of motion through canonical spin measurements.



A Closer Look

Dual Electromagnetism
F=(V(A + AnI)/2)s

Well studied

Dressel et al. (2014)

Dual Acoustics
p=—V(+2Z+1yj+1¢,)/2)

New!

Burns et al. (2020)



A Closer Look at Acoustics

p=—(V(o+2Z+1Ty+ I¢y)/2)1

" \

Velocity potential P = _8t¢ _ 6 . # Nocontributiontop

(couples to scalar sources)

3 =087+ Vd—V xye

—~Il

~ L 1 = —
Sac — §$ >< IO’U)

”

Linear Displacement

(couples to vector sources)

Microscopic interpretations discussed in Burns et al. (2024)



A Closer Look at Acoustics

p=(P/c+ pb)y = —(V(p+Z+ Iy + Ipu)/2)1

Gauge freedoms
b(r) — o(r) +c
Zis 7+ V xd
7§+ Vo + 0,d
Du

Maxwell gauge

p=VX=V.(Z+ Iy)

Analogy to electromagnetism:

Pressure P ~ Charge Density p
Velocity v ~ Charge CurrentJ



A Closer Look at Acoustics

Example: Linear displacement potential in Maxwell gauge

Py=[PdV =—pc [V -2dV = —pc? § Z - dad

) )

Net pressure (particle density) Displacement of boundary
of a region from equilibrium

——é Note invariance_)under
r—x+V Xa

Equilibrium

Microscopic interpretations discussed in Burns et al. (2024)



Acoustics with Sources

Loc = (VY + ¢A)

p=—(V(p+7+Tj+ Ipy)/2)1 A=v+F—1I0+ I,
ViV =Vp= A
Vector constraint !’) Example sources
p=Vip =3V OP+V . -v=v Hole in boundary of system
ov+ VP =F Directed speaker
Vo, =0 =1, VAT =IO Spinning propeller

Microscopic interpretations discussed in Burns et al. (2024)



Why this form of Lagrangian?

Lial = S (VAVA)?

Evolution is generated by duality transformations
F = (Ey + IBy)e!*® A= (A% 4 A Ielke

Helicity is conserved in vacuum by virtue of symmetry under duality
JI=1YA4,-H—- A, -E+Ex A, +H x Ap)yl

The traditional electromagnetic Lagrangian
fails to predict helicity conservation

L%}M — %<V A\ AeV A\ Ae> Does not vanish on shell



Why this form of Lagrangian?

Lial = L(VAVA) Ldal = L(Vy V)

Dual symmetric for all multivector fields M.



Why this form of Lagrangian?

Lial = L(VAVA) Ldal = L(Vy V)
VA = Vg =0
< —
Ve = Vénd V(@ +15) = V(¢ + Idu)
Bliokh et al. (2013)
Dressel et al. (2014)

Duality (massless) constraint does heavy lifting:

Forces Lagrangian to vanish on shell, and restricts # of DOFs, VA = (VA), in EM.



Dual Lagrangians

L= (VMVM)

Equations of motion

VMV =0=VMV

Grade restrictions yield standard wave equation

VM = (VM), = VM =+MV = V’M =V’M =0

More generally, coupling between grades.



Grade-Complementary Theories

Electromagnetism Acoustics
F, =VA=W.,+ F+ 1IW,, p.=—Vy=p+wl
Lial = 1(VAVA) Ldual = L(VypVep)

Odd potential A >< Even potential 9
Even field F, = VA Odd field p_ = — Vv



Grade-Complementary Theories

Electromagnetism Acoustics
F, =VA=W,+ F+ IW,, p-=—Vy=p+wl
Lial = 1(VAVA) Ldual = L(VypVep)
Odd potential A Even potential 1)
Even field F, = VA Odd field p_ = — Vv

Note: Duality/massless condition

~ Otherwise, W, contributes a new term proportional to velocity in Lorentz for
VA=0 = W, +IW,, =0 e proportional to velocity orentz force



Conclusions

® Acoustic fields can carry intrinsic spin, and we can now represent it theoretically.

® Geometric algebra highlights fruitful analogies between electromagnetism and acoustics.

® Geometric algebra simplifies reasoning about representation degeneracy.

® Experimental measurements of Noether currents can differentiate between representations.
® Dual symmetric representations are necessary and understudied.

® Future lightcone: investigate geometrically admitted extensions

(e.g. pseudoscalar acoustic sources, scalar EM fields)

Dressel, Bliokh, Nori, Physics Reports Phys. Rep. 589, 1-71 (2015).

Burns, Bliokh, Nori, Dressel, New ] Physics 22 053050 (2020)
JPhy N C H APMAN | INSTITUTE FOR
Burns, Daniel, Alexander, Dressel, Quantum Stud.: Math. Found. 11, 27-67 (2024). ANUNIVERSITY | QUANTUM STUDIES
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Helicity

Added fields from geometric completion

— VA

l

Ll = L(VAVA)
A s AelP

l

Jx = %<IA(VA)>1

- %(WmAe —Wedp + (IF)-A. — F - Ay,)

longitudinal

l.\.’)ll—‘l\.’)l

p- =pt+wl=—-Vy
l

£dua1 <V¢V’(ﬁ>
Y — wem

l
, (I(79),

(pw — pup+§-p— T -w — I(ZAp+ § Aw))

longitudinal

Helicity is conserved in vacuum where dual symmetry is present.

Burns et al. (2024)



Belinfante Momentum

(VAnAV + VAnAV) T(n) = L(VyndV + VinyV)

DN =

T(n) =




