Applying the agymptotic spectim from the Fheory

of wodrix multipication +o other cowp lcxily problems
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Strassen Clﬁéﬁ’)
Nuligy nxn marices in £ O(n*®) opecations

Cince then, many - el ideas, upper bounds, barrers . Scho"nhajf,,
Coppersmith \/oinosmol, ..., Stothecs, Le Gall, DeepMlind., V.-Willams, Alman .

Cumemtla: e O(n**), best exponent still open
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Strasgen ((3&6 - (88 |)

o Developed. as\\jmp’roﬁc sgectouwu olual,'ﬁ) @(Pla;n;{l?, s.'mplil;\jinj and,

e.x&evwh'rﬂ the wm:j ideas and +ec|nn{«%ues in watix mulbpicahon research
. Wbhile wetivated, b\j wadn X Wtu\\—ip\i cation  dhis -H/\eo:j iS j;?:r WO aeneml

. feads fo a broader frawewor® that Suits man\\j other prblems

ond SC“N‘8$
— wmatnx wulhplication - pacEing
—  circwit cmpl.exﬂd ~ cop St Prob|€M/L
—  communicadion - Cn+arylemen+



What is 4he cost of o +as
& we have to perforwm it Wtang —Hwnes?

Direct- Sum prob\ams/

Economies of Scale,/
Sav.'nﬁs

\

fim 'F(-r"‘)/"1
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Calvin Laborahr:r Exper\men+

Double Espresso
Espresso

(A) (B)

double espresso 2 X €espresso

Resutts: (A) and. (B) kake the same 4ime
A No econowmies of Scale.




Shannon [@55)
Shannon capocity probIeWt,

.« Motivated bJ zeco-ercor communication asks for delerwuin\‘ry the

ore o 8mw*\n ol 4he indepenolence number  under s+rbr3 8m|0h golwer

o Wide Wﬂe of upper and Lower bound wethods: Shannon ( 1355))
Lovdsz (1979), Haemers, Alon, Schrjver) .., DeepMind,

- Tespte +his, even small instonces have remained open
eg. odd caohes ol \€1\8Hq 2 F



fast matrix multiplication Shamon capacity of grophs

s
[Shassen, 1363] [ Shannen, 1356]
R(T) = Lim, (T OG) - i (G

[Chf‘\‘é‘(aﬂd\—\/fav\q_—z‘ 20\81 \l /[2 , —2-_0I3]
As\‘j""‘f’*d’"c spectfum d““\‘t‘j [ de Boer, BuJS, Polak,

[Shassen, 138}’—133|] Luchnitov, Vrana, -
. [l/OBo\er:sm— 2, 2025]

° [Tre_nh lectures, 2025]

More appheations: [Roloere. -2, 202 l] .., [Alman-Li, 2025]



Ast«ercHa specuws oluah'(l}’

Economies of . Asgmptotic . Aspmplotic o Asdmeroh'a

scale problevw behaviour relation§ SpecHuw
- Wadnx wmulkplication
. i

Shannon capoc! ly Oim R(T® )I/w Qo - ®(n+owm) X

. en-l—angle.mem‘:
. communication

. pacﬁ'mj

N

A%mpJfoﬁc spectium dmalil:j

More Gnowlcdge of X Sives S’frorgef methodlsS ...



[ Moktix wulkplicohon
1L Asyuptotic rank. and. restnction
.2 ASJMFI'D’I"PC Spectmm dualiw
(.3 Conseg,u&nces
2. Shannon CapacikJ of dmphs
2.1 Asaw\pbh“e spectimm olualq'ty and distance.

2.2 Conv&ramﬂ .sc:_}uznwg
2.3 New lewer bound 1Por C,5
("Laser method for Shannon capw:‘lzf ">

3. Open PrDHZIMS ond.  further directions



1. Mathix muthplication 1 Astp+o+ic ranl and restriction_
[Steassen lﬁéﬁ]

R(<2l2;2\>) < ? = 2"3 < 7

Yor  RGmmd) £ ¢ = o en

)

[BCLR]

Yor RKanny) & r = n &°r

)



[So?hc'inhaje]
k w
Vn;,r E(® <"‘;,ﬂi,wi§) cr = 2 n £r

3 e Wy
Yo, b c;r R(® <a;,lo;,c;§> £ 2 T @ec)® ar
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Surve\tj [Bldser]



R(<2:2:2\>> < ?
Y
R(<z2.2 282, 7 - , %927

£
%((9,2,2‘& = lim R(j(z,z,z}@ )/ﬁ - 9"

% - c0

Asdmp—ioiic ool R(T) ’Z_,“‘"" QCT“’G)W‘ ! inp R[TGG)/E
S0 k

Con\'\edu!‘e: W=2 e %(('z,z,z)) =Yy

ASJ mpotic Confe con d’ec{w‘P/

d.

d
VTeF @F@‘FO" concise E(—r)= o



Sé v|@v2@V3 3 Té\/\)\®w2®u3

Restrichion

ASdmeroJrio restniction
S£T &
= R(SHe R(T)
Theoremt,
2 e
. (I%( E?(a;,logC-,SB—ér = Z @bic;)

1=

SG»'l c _,_®[n+ o(n))

A

e e Wy
® a,bi, 6y £ 4 > Z @eicd) T o2

1=



1.2. Assmpbh'c Specfuw duQHU

AggwpterTe. behaviour “Agdmpbe;c Spectum”
g
,% <> X
Q& olua\nj

~

‘&IVM. Q(, T.®n)'/n

n=>



Astsvmﬁoﬁo specttuma of tensofs

X = § p: fremasy = R,, : VST

() PSeT) = F(S)(T),

()  $S®T) = FLO) + F(T),

(3) @UY =

(y ST > ¢(S) p(T) '}

Lowmo. - S 2T = @(S) € ¢(T)
C QT £ H(T) £ R(T)

BCT)Q r __=> QCT®") < rn+°(") > -I-— < H+O[H)>% ¢(T)n£ -

n+ o(n)

X



Lewmmo . S,\L_/_—r = ¢[S) < ¢[T)
CQETY) £ H(T) = R(T)
Theorem. (Stassen, 1988)
ST & VpeX, §(S) ¢ g(T)
R(TY = mwox ¢(T)

PEX
C{@(T>= min ¢(T’)
pe X

Question : Ae. R Q ¢ X7 fo!



ABebr one deow\e:h’\\j
Hilbert

proper
Tev'=() 1 wmaximal
2T .
deals
L
(x\_alj)(z"qzi--->

evaluation in £

I(2(1)) =T

on Z(T)

- g, el

"Aijmp‘bl c reol ﬁeovwe'ha

Steassen
" maxamal |

m

ADL .
L) preorders

75 e X:Tma, T ma,

« £ ¢
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. . n
-evaluation n ﬂ?;o

. on X(£)
S 4 . 2+ o(f)



13 Consequence
Dudity Hreorem. S 2 T & VgeX, 4(S) « ¢(T)

R(T) = max¢6x G(T)
Consgﬂ UENCLS :

Theorem. R is subaddifive and submultiphcative

2

Theorem ¥ST, R(SeT)= R(S)+ R(T) & E[S@T‘):E[S)B(T)

Theoremm
4 £ /3
S <0~i,‘vi,"—'.> é {r) = 2— (a;bic) £ r



’Dua\Hﬂ +heorem. E( T) = wmox #e X BACT)

Theorem R(S®T) £ R(SIRIT).

RIS©TY= g(S0T) = #(5)$(T)c RISHR(T). B

Theoren . ¥5,T, R(S®T)= R(S)+ R(T) & R(S@T)= R(S)R(T).

- Tge X, P(SOT) = R(SOT).
L BS) + BT = $(50TI2 RISOT) = R(S) + R(T)
© ¢(S) = R(S) and ¢(T)= R(T).
c RISYR(T)=@(s) (T )=(S®T V£ RISOT) 2 RS)R(T)

Swilar, Il



Theorem

@ b,y £ 40y = Z_' [q,blc,)

= B(L22.2)) = Plland) FPruzd) - FCLL2)

X X
2 272 23

¢ Claim; ¢(<°'i,lo.',ci)) = Q,-x' b‘-x"’ cix3 (exerise)
[ Then Zf:] q;xl binCix3 P2 r
e The Ot%jvvtpi'cﬁc Seectumwm 18 Sg—invarian’r: (123) b, [,23)2?5 e X

e soalso =t afuNo% £ ognd = aRpBen o r.
=1 [ I h =1 [ I i

x|+X2+x3
. [onm(}' Z‘_ (a, i ,) A ond. XitXat¥z = w



Asﬁmp’mﬁt “A%wpbtic
behanour spectum”

5 "
<~ X
CB: olua\ny

Cons—tmc’rin\cf cloments of X

2IN

s Stucture of X



Ohat s in 4ne aggmptotic spectium 7

’FlaHemn\T arkes R'»QQ»RZ e X

Quantwm funclionds  F, € X, B, 0,0, 70,
Z’ 9,' =

> mom evi+ pzswfope S

. 3uan+um inFormaiion

. represe.n\—oﬁ ioN -Hneog

e '{TQ : 9} = X, {hen Hhe a{jmpbﬁc rank
conecture hods (and =2)



What s 4he structure of he ogymptotic spectitun

« Theorem |
X s lop- convex’ A tentially very polerfn
onmnen © piatill gy po

unused ayomhwﬁr_
wethods . “error cottection”
* Theorem ~ T T S

« YFe X, F is semcontinuous
. R CT—,) cr = 9[<wmm‘;>ér
. % 15 semicontinuous o~ o~



2. Shannon CQPaCn'U ol Graf:hs

o (]

Inde.pendenl; sSet : ./\e .\e/
\_ ! i
Independence number  (G) - 2 3

S—‘rorﬂ product G = H : arapln whose ao(!jacenc\sj mattix is the
tensor product of Anose of G and H

CohoMoMO(PhiSWL G <« H: i{f there 15 a map V(G)-aV(H) pmscrw'ﬁ
independent sets

N>

! |
Shawnen caPaCi‘rj ®(GY = lUwm w (GE"Yh 2 sup «( Glm)/h



2.1 Astp+o-lic SP-eC-HM.M duah'{y and distance.
_ T &gn\ _ Kn qu
®(G)= b (G o= sup x(G™")

“Duality theoren (Strassen 1988, Zuiddom 208) ®(G) = min F(G)
T eX

’Ee;[l Asdvup+o+ic spectrum, X := Set of all -Pumc-ﬁons F: dfaplns - K,

Haok  ore X-mult, U-add., K,-nom. and monotone under COholMDMDfph;SWL

EX X contains: Aovdsz theto, Peactional Hoemers bound (’Euéh—&x)

{\mdional cl.gue Cover{rg nuwber,

et A&jwp’roﬁc sgeetm distonce: d(G,H) = wox | F(a) - FCH)|

Fe X



Def Afjwp’roh'c seectmm distance: d(G,H) = wox | F(a) - FCH)|
Fe X
Lemma G, —H = OG)— BO(H)

Let >0
There is N st. forall (>N and all Fe X, [F(G)-FH)l <6

Let T, FyeX 4t F (6)= OGr) and Fy () - OH) (ozuah'y)
OM) - Fy(M) > F(GY-¢ 2 BOG)-¢ (sowe with 1 and G Suapped) I

Lemma The {Zolloboing o0 equi\falem: 1) A(GH) ¢ —

2) (G W ...u&)lzm_é_ (Hu U W e _..)E('H—o(n))
o

and. G)H ,SL\Jappea{

F(n+ o[n))

@ (E, ® )" < ((, g HYLE,)

n



(}m‘ae\ lwit approach:
G,G,,... = Cy = OG), BG,), ... = B&)

Ruestions:
~ How to construck canverairg seguences?

- Where to loofe Loc 8(?:\(3?\8 ot are "easier to ana(dgc"?

We answer both | [o\{’, Beer, 'Btt\js, Pola&__}




2.2, Converainj sequences

Def [Zm,Hcll—Vlegth‘r’i\] Frocton Sfb?[n Ea'/b hag wertx set Z )7  and
an edge vu o iff |w-v[<b (woed a)

o /N
/ ] / o
EE = * \. E}_ = E8 = i \‘
2 \ / | . §- X /
'\o \ 9

Lemwa. [Hcll—ﬂe‘s'd\r/i\] Ea/b € Ec/d iff %’é Jc- (i Q)

Theorem A For any 8/ 2, i na. = Yo from above 4hen Eeyy — Ea/b.

Theorem ® For arlg irotional r22 1f Cn/g,—> ', Then EC"/d,, 1S Cauc/()y.




Lomma. 1 [Vona | G vertex tromsitive | ScV(G), Fe X | +hen

|G|

FIGLS]) 2 F(G) = o

FLGLSTY .

Lewwa 2 [Hell-Nedetfil] AnJ fraction (jf‘"‘FI" E—p/7 mnus o vertex

iS equivalent 4o Some Lraction Jmplq E p'/q, fer p<p, 9<q
With p-9'-9-p'=1.

Censequence: F( Epyq,) < '-F(Ep/q) £ P—fj’, —'FCEP'/Q,)



Theorew A For any 0y 2, if np. = Y from above then Eeny — Ea/b.

Let Q,b C'OP“IIWIE.
There are X,\L{ Wit X'b'fj'a‘: ).
Then ¢,-b-dya = for cp= x+an ond. oL,=J+ b-n

So:
F(Ey) £ F(E.,,) £ —

T[E%>

Cp- |

Let N>, then ¢, > O

Theorem ® For a"J rrochonal r22 WP Cn/g,—> T, +then E Cngy, S Caucéy.

__P2<_P3 oo <f‘( .-.ﬁ(ﬁ

90 92 . %

Continued fraction convergmfs:

SQ'\"SFJ Qn' Pn—-g - Pn' ?n—q = {"l)n. U



|V\Pini’re,
Srafzhs os |lmit Poinirs

E 8/3 o
E Er

Theorew,

) /bn ) Ea” ~

lheom
d(E;/ Eo om  elsin
, P = .
q /?\) o 'F'F a"/bn P/q 'F
- = Eq, — E
b Plg. -
n 4




2.2 New lower bound -ﬁ?’” Cis

. TFinde version” of 8fap’/| hmit OﬂQerA:

auxil»'a(j 8raf31’) H close 4o +a{791- jm,o/)

. Orbit mdependlent Sets :

@CC5)= ’\/;1 * @

Te.01,2). te 2.}

. ')
2 e 0 . e @&
o (. C’S 3 = & o o @ ° )
@ [ ] ') [) ®
G H orbit independent set in H®* reduction < O(G)
E5/2 E5/2 {t . (1, 2) it e Z5} H=G 2.23 [Sha56]
Ery  Essaos  {t-(1,7,72,73,7%)  t € Zggo} G<H 3.25 [PS19]
Eg/2 E9/2 {S : (1, O, 2) + t- (0, 1,4) 5 S,t c Zg} H = G 432 [B:\IR+71]
Eijs Eugor  {t-(1,11,11%) : t € Zyyg} H<G  5.28 [BMR'7]]
E13/2 E247/38 {t : (1, 19, 117) rte 2247} H S G 6.27 [BI\‘II{+71118
E15/2 E2873/381 {t ' (1, 15, 1073, 1125) 't e 22873} G < H 7.30 (Section 6.2)

( Shannon 1’_7sé )

Th Orbits are
optwmal for

@(Ep/a) when
P/q - 00



Ogen.  problemM S
o Agpoximation of watrix nulhplication in asdmph-fﬁc pectmm
digtance 7 Rele of sdvnmeh\\j7

Cawnpl!xik:j of £ 7 For gmphs: univesal for all countable orders
(Luchnifov)

Congdwuct spectral points

- Stouctuce (onnecied fonve)(),..) o-l: aejmpibh\e, \Sﬁf’CH‘o\

Lings With Smphons, sphere pac@fny, fropical 6eomeh:\j, efPective
Positivetellensatz .



Fucthes directions

*  tensos
ﬁmf)h g

. amorhized circnits
nonMJahW okt

dcpf& -2 Clituirs
LOCC enh:m\c]lemevhL transformations

Chrigtand), Vrana, dtup, Hoeberechts,
'BUS, Polak, Luchnitsy, Vrana,_,,m

Releere - Zuiddava
Chee-le-Ta
Alman- Li

Bujar ~ Vrana

SUNEU [W@demon——? 2025]



