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Strassen (1g6g)
· multiply nxn matrices in O (n28) operations

·
Since then

, many new ideas
, upper bounds , barriers : Schonhage,

Coppersmith , Winograd, ..., Stothers , Le Gall , DeepMind , V. -Williams , Alman,...

· Currently : = O(n2 . 37)
,
best exponent still open
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Strassen (1986-igg)

· Developed asymptotic spectrum duality , explaining , simplifying and

extending the many
ideas and techniques in matrix multiplication research

· While motivated by matrix multiplication , this theory is far more general

· leads to a broader framework that suits many other problems
and settings

- matrix multiplication - packing
- circuit complexity - cap set problem
- communication - entanglement...



What is the cost of a task

if we have to perform it many times ?

Direct-sum problems/

Economies of scale/

Savings

tim F(+n)
n->s



Calvin Laboratory Experiment

(A) (B)

double espresso 2 X espresso

Results : (A) and (B) take the same time

~ no economies of scale



Shannon (1956)
Shannon capacity problem

· motivated by zero-error communication , asks for determining the
rate of growth of the independence number under strong graph power

·Wide range of upper and lower bound methods : Shannon (1956),
Lorsz (1979) , Haemers , Alon , Schrijver, ..., DeepMind

· Despite this
,
even small instances have remained open,

e
.g. odd cycles of length = 7



fast matrix multiplication
>

Shannon capacity of graphs
[Strassen

, 196g] [Shannon
, 1956]

12(T) = tim RITy ⑦ (G) =lim a (Gy

[Christandl-Vrana-z
, 2010]
* [[z

, 2018]

Asymptotic spectrum quality Ide Boer
, Buys , Polak,

-

(Strassen
, 1987-1991) Luchnikov

,
Vrana, ... ]

· [Wigderson-z , 2025]
· [Trento lectures

,
2025]

more applications : [Robere-E, 2021] , ..., [Alman-Li, 2025]



Asymptotic spectrum duality
Economies of

m Asymptotic m Asymptotic m Asymptotic
scale problem behaviour relations spectrum

· matrix multiplication
· Shannon capacity him R(+Qn) In gen +*(n + o (n) X
· cap set problem n+c

· entanglement
· communication

· packing [

: Asymptotic spectrum duality

more knowledge of X gives stronger methods...
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1
.
Matrix multiplication 1

. 1 Asymptotic rank and restriction

[Strassen 196g]

R(42 ,
2
, 23) = 7 => 2017

Fnr R(ninin)) r => n = r

[BCLR]

Fr &ninn) = = =



[Schnhage]

Fri
,
r & (inichi))r

EFabiirabici)bic) r

Survey [Blaser]



R((2 ,
3
, 23) =7

②l'
R(42

,
2
,27 ( = F =

210927

R((2 ,
2
, 27) : = lime R((2 , 2,27

*B

,
/
=
2

k=

Asymptotic rante RCT) :=lim RGEYEnf RT

conjecture : W = 2 i
.
e. R((2 ,

2
,2)) = ↑

Asymptotic rank conjecture
VTC #* F* concise
,
(T) = d



SEKOVOVs ,
TEWWzQWs

Restriction

ST : JA : WieVi , S = (A,A2A3) .T

Asymptotic restriction

SET : () gQnz +Q(n+ o(n)

= R(S) = R(T)
Theorem

E

· abicil)=re [labici) r
i= 1

E E

·abicil (r) e [laibici) er
i= 1



1
.
2. Asymptotic spectrum duality

Asymptotic behaviour "Asymptotic Spectrum"

B

E # X

Q
~ duahity
-
eim Q( +Qn)m
n+0



Asymptotic spectrum of tensors

X = 20 : Stensors] -> Roo : VS
,
T WheIN

(1) p(S0T) = q(s) .p(T) ,
(2) q(SOT) = q(S) + q(T),

(3) P((n)) = n
,

(4)S = T = q(s) = q(T))

Lemma SET = q(s) = P(T)*

· q(T) = p(T) = &(T)
Proof.

R(T) = + = R(+
* ) = rato(n) = +* (yn

+o()) = f(T)" rh + o()
13



Lemma · SET = q(s) = q(T)
· q(T) = p(T) = &(T)

Theorem (Strassen
, 1988)

· SET ElfpeX , q(s) = P(T)

· R(T) = max p(T)
deX

· (T) = min (T)
PEX

Question : Are & ,QEX ? No !



Algebraic geometry "Asymptotic" real geometry
Hilbert Strassen

proper "maximal
H 1· IEVE= maximal ·-- Strassen

772[ G =1! ideals E preorders"

(x , - a ,, xz- 92 ....) peX : Tira,
, TeRaz, ...

evaluation in Ch evaluation in Ro

· I/Z(I)) =V · <(X(z)) =

· q = 0 on Z(I)
· q .

= 92 on X(z)
E

=> JE , qBEI => q , 1qk
+ 0(k)



1
. 3 Consequences

Duality theorems SET > FpEX , p(s) = P(T)
· &(T) = maxexP(T)

Consequences :

Theorem & is subadditive and submultiplicative

Theorem US
,T, R(SOT) = ((s)+ (T) < B(SOT) = RIS)&(T)

Theorem

f

abii) (r) => labic r



Duality theorem &(T) = maxgex $(T)

Theorem R(SQT) = B(S)R(T) ·

Proof R(SOT) = q(ST) = g(s)q(T) = &(S)((T) .

1

Theorem
.
ES
,T, &(SOT) = ((s)+ (T) ( B(SOT) = RIS)&(T) ·

Proof E · FPEX
,
P(SOT) = RISOT) ·

· d(s) + q(T) = q(SOT) = R(SOT) = &(S) + (T)
· P(S) = &(S) and p(T) = &(T) ·

· (S)&(T) = q(s)p(T) = q(SQT)= (SOT) = ((S)((T)

E Similar . B



Theorem

abiircabic

Proof. 20 ! (2 ,2 ,2) =)·.i2X 2x2

· claim: Kai ,bici) = a. b,23 (exercise)

· Then Zea,"b 0.

· The asymptotic spectrum is Sz-invariant : (123) % . (12330EX

· so alsob andbu
X , +x2+ x3

·Convexity : Za ;b) r and x1 +X2 +Xz = w A



(C

Asymptotic Asymptotic
behaviour spectrum"

Constructing elements of X
R ~N

L # X
N

Q
~ duahity us

Structure of X



What is in the asymptotic spectrum ?

Flattening ranks Ri
,
Rz

, Rz EX

Quantum functionals FoEX , 0
,
02

. ,0 , Bois
[
; Gi = 1

· quantum information
M F
& moment polytopes

· representation theory

If [ Fo : 07 = X ,
then the asymptotic rank

conjecture holds (and w = 2).



What is the structure of the asymptotic spectrum

·Theorem

*minin, new
is "log-convex" my potentially very powerful

unused algorithmic
methods

,
" error correction

"

· Theorem
we T

,
Tz
, ...
-ninin]

· FFEX
,
F is semicontinuous

R (Ti) er E &kninin)) Er
· R is semicontinuous



2. Shannon capacity of graphs

Independent set : *

, ·
A

I I
I

--
*

Independence number (G) : 2 3

Strong product GH : graph whose adjacency matrix is the

tensor product of those of G and H

Cohomomorphism GM : if there is a map VIG) - V(H) preserving
independent sets

!
Shannon capacity(G) : = Lim a )G

*)n -
sup

a (GEny/n
no



2 . 1 Asymptotic spectrum duality and distance

①(G)=lim a lGy -
sup a (Gy

Quality[heorem (Strassen 1988 , Zuiddam 2018) ①(G) = min F(G)
FEX

Ref
.
Asymptotic spectrum X := set of all functions F : graphs -> Roo

that are #mult
,
W-add

.,
K

,
-norm

.
and monotone under cohomomorphism

E. X contains : Lorasz theta
, fractional Haemers bound (Buth-Cox)

,

fractional clique covering number, ...

Ref
. Asymptotic spectrum distance : d(G, H) = max (F(G) - F(H)

FEX



Ref
. Asymptotic spectrum distance : d(G, H) = max (F(G) - F(H)

FEX

Lemma Gi + H = G(Gi)- G(H)

Proof Let 2 > o
-

There is N S
.
t

· for all is N and all FEX, (F(Gi) - F(U))2s

Let Fai , FuEX It. FG(Gi)= (Gi) and FH(M) = &(H) (duality)
⑦ (H) = Fu(n) > Fu(Gi) - E = @(Gi) - c (same with U and G ; swapped) 7

Lemma The following are equivalent : (1) d(G
,
U)=

(2) (GW ...** (MWH(n
+ on)

and G
,
H swapped--

b a

(n + o(n) 11

(3) (Es & G)
*

= ((Ey @ U)WFal



Graph limit approach :

G
,
Gz

,
... 2 = ①(G)

, 0 (G2)
.
...

- ((z)

Questions :

- How to construct converging sequences ?
-where to look for graphs that are "easier to analyse" ?
We answer both ! Ide Boer, Buys , Polake]



2
.
2. Converging sequences

Ref [Ehu
,
Hell= neetril] Fraction graph Easy has vertex set ElaI and

an edge nvr iff In-v/ < b (mod a)

·
-

-:-
Lemma [nell-nesetril] Easy = Ey iff (inQ)

TheoremA For any a/b 22 , ifcn/dn- > 9 from above, then Ecr/an-> Easy-

Theorem B For any irrational r22, if Cr/dn-r, then Eculdn is Cauchy.-



Ingredients
Lemma 1 [Vrana] G verte transitive

,
SEVIG)

,

FEX
,
then

-

F(GIS] = F(G) =LFGIST) .

Lemma2 [Hell-nesetril] Any fraction graph Ep/g minus a vertex

is equivalent to some fraction graph Ep/g for p'<p , qq
with p . q'-q . p.= 1.

Consequence : FLEpyq) = FLEpq)pF(Epiq)



TheoremA For any a/b 22 , ifcn/dn- > 9 from above, then Ecr/an-> Easy-
Proof Sketch : Let a

,
b coprime .

There are x
,y with x . b -y

. a = 1.

then cub-dna = 1 for cn = X + a . n and dn = y + b
. n

So :
F(Ea) = F(Ecan)= +(a)

Let n + 0
,
then Geo. I

TheoremB For any irrational r22, if Cr/dn-r, then Eculdn is Cauchy.

Proof Sketch : continued fraction convergents:...
Satisfy : AriPn1 - Priq = (1)"

.

[



Infinite graphs as limit points

i
- jet 5
·

L L

Edz Eg Er

Theorem
-

For any irrational r 2 , d(Er, Er = 0 and if an/ba-r , then Earlyn- EU

Theorem
-

d (EP1q . Epiq) = o iff an/brtPlq from below => Earyn -> Eplq



2
.

3 new lower bound for Ci5

· "Finite version" of graph limit approach :

auxiliary graph U close to target graph
· Orbit independent sets :

...

①((5) = 15 · 2t . (1
, 2) : + k5]

⑧ · D

a((
*
) = 5
· Da

(Shannon 956)
⑧ se ⑤

I Orbits are
optimal for
⑦(Ep(q) when

P1qdd



Open problems

· Approximation of matrix multiplication in asymptotic spectrum
distance ? Role of symmetry ?

·Complexity of E ? For graphs : universal for all countable orders

(Luchnikov)
·Construct spectral points

·Structure (connected
,
convex

,
... ) of asymptotic spectra

· links with graphons , sphere packing , tropical geometry , effective
Positivstellensatz...



Further directions

* tensors Christand
,
Vrana

,
Holtrup , Hoeberechts,

· graphs Buys , Polak , Luchnikov, Vrana, ...
"

· amortized circuits Robere-Zuiddam

· nonnegative rank Chee-Le-Ta

· depth-2 ciruits Alman-Li

· LOCC entanglement transformations Bugar-Vrana
-

Survey [Wigderson - E 2025]


