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Chapter 1

Introduction

Volker Strassen published in 1969 his famous algorithm for multiplying any
two n X n matrices using only O(n?*®) rather than O(n?) arithmetical opera-
tions [Str69]. His discovery marked the beginning of a still ongoing line of research
in the field of algebraic complexity theory; a line of research that by now touches
several fields of mathematics, including algebraic geometry, representation theory,
(quantum) information theory and combinatorics. This dissertation is inspired by
and contributes to this line of research.

No further progress followed for almost 10 years after Strassen’s discovery,
despite the fact that “many scientists understood that discovery as a signal to
attack the problem and to push the exponent further down” [Pan84]. Then in 1978
Pan improved the exponent from 2.81 to 2.79 [Pan78, Pan80]. One year later, Bini,
Capovani, Lotti and Romani improved the exponent to 2.78 by constructing fast
“approximative” algorithms for matrix multiplication and making these algorithms
exact via the method of interpolation [BCRL79, Bin80]. Cast in the language
of tensors, the result of Bini et al. corresponds to what we now call a “border
rank” upper bound. The idea of studying approximative complexity or border
complexity for algebraic problems has nowadays become an important theme in
algebraic complexity theory.

Schonhage then obtained the exponent 2.55 by constructing a fast algorithm
for computing many “disjoint” small matrix multiplications and transforming
this into an algorithm for one large matrix multiplication [Sch81]. The upper
bound was improved shortly after by works of Pan [Pan81], Romani [Rom82],
and Coppersmith and Winograd [CW82], resulting in the exponent 2.50. Then
in 1987 Strassen published the laser method with which he obtained the expo-
nent 2.48 [Str87]. The laser method was used in the same year by Coppersmith
and Winograd to obtain the exponent 2.38 [CW87]. To do this they invented a
method for constructing certain large combinatorial structures. This method, or
actually the extended version that Strassen published in [Str91], we now call the
Coppersmith—Winograd method. All further improvements on upper bounding
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4 Chapter 1. Introduction

the exponent essentially follow the framework of Coppersmith and Winograd,
and the improvements do not affect the first two digits after the decimal point
[CW90, Stol0, Will2, LG14].

Define w to be the smallest possible exponent of n in the cost of any matrix
multiplication algorithm. (The precise definition will be given in Section 1.1.) We
call w the exponent of matrix multiplication. To summarise the above historical
account on upper bounds: w < 2.38. On the other hand, the only lower bound we
currently have is the trivial lower bound 2 < w.

The history of upper bounds on the matrix multiplication exponent w, which
began with Strassen’s algorithm and ended with the Strassen laser method
and Coppersmith—Winograd method, is well-known and well-documented, see
e.g. [BCS97, Section 15.13]. However, there is remarkable work of Strassen on a
theory of lower bounds for w and similar types of exponents, and this work has
received almost no attention in the literature. This theory of lower bounds is the
theory of asymptotic spectra of tensors and is the topic of a series of papers by
Strassen [Str86, Str87, Str88, Stral, Str05].

In the foregoing, the word tensor has popped up twice—namely, when we
mentioned border rank and just now when we mentioned asymptotic spectra
of tensors—but we have not discussed at all why tensors should be relevant for
understanding the complexity of matrix multiplication. First, we give a mini course
on tensors. A k-tensor t = (. i, )i,....i,, 18 & k-dimensional array of numbers from
some field, say the complex numbers C. Thus, a 2-tensor is simply a matrix. A
k-tensor is called simple if there exist k vectors vy, ..., v, such that the entries of ¢
are given by the products ¢;, ;= (v1);, - - - (vg)s, for all indices i;. The tensor
rank of t is the smallest number r such that ¢ can be written as a sum of r simple
tensors. Thus the tensor rank of a 2-tensor is simply its matrix rank. Returning to
the problem of finding the complexity of matrix multiplication, there is a special
3-tensor, called the matrix multiplication tensor, that encodes the computational
problem of multiplying two 2 x 2 matrices. This 3-tensor is commonly denoted
by (2,2,2). It turns out that the matrix multiplication exponent w is exactly the
asymptotic rate of growth of the tensor rank of the “Kronecker powers” of the
tensor (2,2,2). This important observation follows from the fundamental fact that
the computational problem of multiplying matrices is “self-reducible”. Namely, we
can multiply two matrices by viewing them as block matrices and then performing
matrix multiplication at the level of the blocks.

We wrap up this introductory story. To understand the computational com-
plexity of matrix multiplication, one should understand the asymptotic rate of
growth of the tensor rank of a certain family of tensors, a family that is obtained
by taking powers of a fixed tensor. The theory of asymptotic spectra is the theory
of bounds on such asymptotic parameters of tensors.

The main story line of this dissertation concerns the theory of asymptotic
spectra. In Section 1.1 of this introduction we discuss in more detail the computa-
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tional problem of multiplying matrices. In Section 1.2 we discuss the asymptotic
spectrum of tensors and discuss a new result: an explicit description of infinitely
many elements in the asymptotic spectrum of tensors. In Section 1.3 we consider
a new higher-order Coppersmith—Winograd method.

The theory of asymptotic spectra of tensors is a special case of an abstract
theory of asymptotic spectra of preordered semirings, which we discuss in Sec-
tion 1.4. In Section 1.5 we apply this abstract theory to a new setting, namely
to graphs. By doing this we obtain a new dual characterisation of the Shannon
capacity of graphs.

The second story line of this dissertation is about degeneration, an algebraic
kind of approximation related to the concept of border rank of Bini et al. We discuss
degeneration in the context of tensors in Section 1.6. There is a combinatorial
version of tensor degeneration which we call combinatorial degeneration. We
discuss a new result regarding combinatorial degeneration in Section 1.7. Finally,
Section 1.8 is about a new result concerning degeneration for algebraic branching
programs, an algebraic model of computation.

We finish in Section 1.9 with a discussion of the organisation of this dissertation
into chapters.

1.1 Matrix multiplication

In this section we discuss in more detail the computational problem of multiplying
two matrices.

Algebraic complexity theory studies algebraic algorithms for algebraic problems.
Roughly speaking, algebraic algorithms are algorithms that use only the basic
arithmetical operations + and x over some field, say R or C. For an overview of the
field of algebraic complexity theory the reader should consult [BCS97] and [Sap16].
A fundamental example of an algebraic problem is matrix multiplication.

If we multiply two n x n matrices by computing the inner products between any
row of the first matrix and any column of the second matrix, one by one, we need
roughly 2 - n? arithmetical operations (+ and x). For example, we can multiply
two 2 x 2 matrices with 12 arithmetical operations, namely 8 multiplications and 4
additions:

a2 bir b2 _ airbir + aizbor  a11biz + arabao

Q21 G22 o1 Do a21011 + ag0bo1  ag1b1o + agbos |
Since matrix multiplication is a basic operation in linear algebra, it is worthwhile
to see if we can do better than 2 - n®. In 1969 Strassen [Str69] published a better

algorithm. The base routine of Strassen’s algorithm is an algorithm for multiplying
two 2 X 2 matrices with 7 multiplications, 18 additions and certain sign changes:

a1 b1 Do _ [Tt T — x5+ 2y T3+ Ts
21 Q22 ba1 Do Ty + Ty T1+ X3 — X2+ T
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with

x1 = (a11 + ag)(bi1 + ba2)
ry = (ag1 + ax)bn

T3 = (111(512 - b22)

Tq = ag(—b11 + ba1)

x5 = (a11 + a12)bg

xg = (—a11 + ag) (b1 + b12)
T7 = (a12 — a22)(ba1 + baa).

The general routine of Strassen’s algorithm multiplies two n X n matrices by
recursively dividing the matrices into four blocks and applying the base routine
to multiply the blocks (this is the self-reducibility of matrix multiplication that
we mentioned earlier). The base routine does not assume commutativity of the
variables for correctness, so indeed we can take the variables to be matrices. After
expanding the recurrence we see that Strassen’s algorithm uses 4.7-n'°827 s 4.7-n2?8!
arithmetical operations. Over the years, Strassen’s algorithm was improved by
many researchers. The best algorithm known today uses C - n?3® arithmetical
operations where C' is some constant [CW90, Sto10, Will2, LG14]. The exponent
of matriz multiplication w is defined as the infimum over all real numbers [
such that for some constant Cs we can multiply, for any n € N, any two n x n
matrices with at most Cj - n? arithmetical operations. From the above it follows
that w < 2.38. From a simple flattening argument it follows that 2 < w. We are
left with the following well-known open problem: what is the value of the matrix
multiplication exponent w?

The constant C' for the currently best algorithm is impractically large (for a
discussion of this issue see e.g. [Pan18]). For a practical fast algorithm one should
either improve C or find a balance between C' and the exponent of n. We will
ignore the size of C' in this dissertation and focus on the exponent w.

1.2 The asymptotic spectrum of tensors

We now discuss the theory of asymptotic spectra for tensors.

Let s and ¢ be k-tensors over a field F, s e F" ®-- - QF"* t e F™ ®. . - QF™*,
We say s restricts to t and write s > t if there are linear maps A; : F" — F™
such that (4; ® --- ® Ag)(s) = t. Let [n] = {1,...,n} for n € N. We define
the product s @t € F"'"™ @ -+ @ F™™ by (5 @ )5y ,j1),(ike) = Sityemsinbitrin
for i € [ny] X ---[ng] and j € [my] x -+ x [my]. This product generalizes the
well-known Kronecker product of matrices. We refer to this product as the tensor
(Kronecker) product. We define the direct sum s @ ¢t € F4™ @ ... @ Fretme
by (S D t)517~--,5k = Sty if €€ [nl] Xoeee X [nk]v (3 D t)n1+517--~7nk+€k = tfly-nlk if
0 e my] x - x[my] and (s @ t)g,.. ¢ = 0 for the remaining indices.
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The asymptotic restriction problem asks to compute the infimum of all real
numbers S > 0 such that for all n € N

8®Bn+o(n) > t®n )

We may think of the asymptotic restriction problem as having two directions,
namely to find

1. obstructions, “certificates” that prohibit s®#nte(n) > ¢@n op
2. constructions, linear maps that carry out s®n+om > ¢@n

Ideally, we would like to find matching obstructions and constructions so that we
indeed learn the value of f3.

What do obstructions look like? We set 8 equal to one; it turns out that it
is sufficient to understand this case. We say s restricts asymptotically to ¢t and
write s 2 ¢ if

S®n+o(n) > 1en.

What do obstructions look like for asymptotic restriction 2? More precisely: what
do obstructions look like for Z restricted to a subset S C {k-tensors over F}?
Let us assume S is closed under direct sum and tensor product and contains
the diagonal tensors (n) = >"" € ®---®e¢; for n € N, where ey, ..., e, is the

standard basis of . Let X(S) be the set of all maps ¢ : S — Rs( that are

a) monotone under restriction >,

(a)
(b) multiplicative under the tensor Kronecker product ®,
(c) additive under the direct sum @,

)

(d) normalised to ¢({n)) = n at the diagonal tensor (n).

The elements ¢ € X(S) are called spectral points of S. The set X(S) is called the
asymptotic spectrum of S.

Spectral points ¢ € X(S) are obstructions! Let s,t € S. If s 2 ¢, then
by definition we have a restriction s¥"° > ¢®* Then (a) and (b) imply the
inequality ¢(s)" T = ¢(s&m0M) > ¢(t®") = ¢(¢)". This implies ¢(s) = ¢(t).
We negate that statement: if ¢(s) < ¢(t) then not s 2 t. In that case ¢ is an
obstruction to s 2 t.

The remarkable fact is that X(S) is a complete set of obstructions for 2.
Namely, for s,¢ € S the asymptotic restriction s 2 ¢ holds if and only if we have
o(s) = ¢(t) for all spectral points ¢ € X(.S). This was proven by Volker Strassen
in [Str86, Str88]. His proof uses a theorem of Becker and Schwarz [BS83| which is
commonly referred to as the Kadison—Dubois theorem (for historical reasons) or
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the real representation theorem. (We will say more about this completeness result
in Section 1.4.)

Let us introduce tensor rank and subrank, and their asymptotic versions. The
tensor rank of ¢ is the size of the smallest diagonal tensor that restricts to t,
R(t) == min{r € N : ¢ < (r)}, and the subrank of ¢ is the size of the largest
diagonal tensor to which ¢ restricts, Q(t) = max{r € N : (r) < t}. Asymptotic
rank is defined as

R(t) = lim R(t®™)Y/"

n—oo

and asymptotic subrank is defined as
Q(t) = lim Q(¢*")"/".
-~ n—oo

From Fekete’s lemma it follows that Q(£) = sup,, Q(¢®")"/" and R(t) = inf,, R(t¥")!/".
One easily verifies that every spectral point ¢ € X(S) is an upper bound on asymp-
totic subrank and a lower bound on asymptotic rank for any tensor ¢t € S,

Q(t) < o(t) < R(1).

Strassen used the completeness of X(S) for S to prove Q(t) = mingex(s) #(t) and
R(t) = maxgex(s) ¢(t). One should think of these expressions as being dual to the
defining expressions for Q and R.

We mentioned that Strassen was motivated to study the asymptotic spectrum
of tensors by the study of the complexity of matrix multiplication. The precise
connection with matrix multiplication is as follows. The matrix multiplication
exponent w is characterised by the asymptotic rank R((2,2,2)) of the matrix
multiplication tensor

<2,2,2> = Z 6,‘j®6jk®6ki€F4®F4®F4

1,5,k€(2]

via R((2,2,2)) = 2“. We know the trivial lower bound 2 < w, see Section 4.3. We
know the (nontrivial) upper bound w < 2.3728639, which is by Coppersmith and
Winograd [CW90] and improvements by Stothers [Sto10], Williams [Wil12] and
Le Gall [LG14]. It may seem that for the study of matrix multiplication only the
asymptotic rank R is of interest, and that the asymptotic subrank Q is just a toy
parameter. Asymptotic subrank, however, plays an important role in the currently
best matrix multiplication algorithms. We will discuss this idea in the context of
the asymptotic subrank of so-called complete graph tensors in Section 5.5.

The important message is: once we understand the asymptotic spectrum of
tensors X (.9), we understand asymptotic restriction S, the asymptotic subrank Q
and the asymptotic rank R of tensors. Of course we should now find an explicit
description of X(5).
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Our main result regarding the asymptotic spectrum of tensors is the explicit
description of an infinite family of elements in the asymptotic spectrum of all
complex tensors X ({complex k-tensors}), which we call the quantum function-
als (Chapter 6). Finding such an infinite family has been an open problem
since the work of Strassen. Moment polytopes (studied under the name en-
tanglement polytopes in quantum information theory [WDGC13|) play a key
role here. To each tensor t is associated a convex polytope P(t) collecting
representation-theoretic information about ¢, called the moment polytope of t.
(See e.g. [Nes84, Bri87, WDGC13, SOK14].) The moment polytope has two
important equivalent descriptions.

Quantum marginal spectra description. We begin with the description
of P(t) in terms of quantum marginal spectra.

Let V' be a (finite-dimensional) Hilbert space. In quantum information theory,
a positive semidefinite hermitian operator p : V' — V with trace one is called
a density operator. The sequence of eigenvalues of a density operator p is a
probability vector. We let spec(p) = (p1, ..., pn) be the sequence of eigenvalues of p,
ordered non-increasingly, p; > --- > p,. Let V; and V5 be Hilbert spaces. Given a
density operator p on V; ® V5, the reduced density operator p; = try p is uniquely
defined by the property that tr(p; X;) = tr(p(X; ®Idy,)) for all operators X; on V;.
The operator p; is again a density operator. The operation try is called the partial
trace over V5. In an explicit form, p; is given by (e;, p1(e;)) = >, (e:® fr, p(e;® fo)),
where the e; form a basis of V; and the f; form an orthonormal basis of V5 (the
statement is independent of basis choice).

Let V; be a Hilbert space and consider the tensor product V; ® Vo, ® V3.
Associate with t € V} ® Vo ® V3 the dual element ¢* = (t,-) € (V; ® Vo ® V3)*.
Then p! := tt*/{t,t) = t(t,-)/(t,t) is a density operator on V; @ V5, ® V3. Viewing p’
as a density operator on the regrouped space V; ® (Vo ® V3) we may take the
partial trace of p* over Vo, ® V3 as described above. We denote the resulting density
operator by pl := trag p'. We similarly define pf and pf.

Let V =1V @V,® V3. Let G = GL(V}) x GL(V3) x GL(V3) act naturally on V.
Let t € V'\ 0. The moment polytope of ¢ is

P(t) :=P(G - t) = {(spec(p}), spec(py), spec(pf)) : u € G- ¢\ 0}.

Here G - t denotes the Zariski closure or, equivalently, the Euclidean closure in V/
of the orbit G-t ={g-t: g€ G}.

Representation-theoretic description. On the other hand, there is a de-
scription of P(t) in terms of non-vanishing of representation-theoretic multiplicities.
We do not state this description here, but stress that it is crucial for our proofs.

Quantum functionals. For any probability vector § € R* (i.e. Zle 0(i) =1
and (i) > 0 for all i € [k]) we define the quantum functional F? as an optimisation
over the moment polytope:

Fo(t) = max{QZf:l 66) H@) . (W, ..., 2®) ¢ P(t)}.
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Here H(y) denotes Shannon entropy of the probability vector y. We prove that £
satisfies properties (a), (b), (¢) and (d) for all complex k-tensors:

Theorem (Theorem 6.11). F? € X({complex k-tensors}).

To put our result into context: Strassen in [Str91] constructed elements in the
asymptotic spectrum of S = {oblique k-tensors over F} with the preorder <|g.
The set S is a strict and non-generic subset of all k-tensors over F. These elements
we call the (Strassen) support functionals. On oblique tensors over C, the quantum
functionals and the support functionals coincide. An advantage of the support
functionals over the quantum functionals is that they are defined over any field.
In fact, the support functionals are “powerful enough” to reprove the result of
Ellenberg and Gijswijt on cap sets [EG17]. We discuss the support functionals in
Section 4.4.

1.3 Higher-order CW method

Recall that in the asymptotic restriction problem we have an obstruction direction
and a construction direction. The quantum functionals and the support functionals
provide obstructions. Now we look at the construction direction. Constructions
are asymptotic transformations s®#"+(®) > & We restrict attention to the case
that ¢ is a diagonal tensor (r). Constructions in this case essentially correspond
to lower bounds on the asymptotic subrank Q(s). The goal is now to construct
good lower bounds on Q(s). -

Strassen solved the problem of computing the asymptotic subrank for so-called
tight 3-tensors with the Coppersmith-Winograd (CW) method and the support
functionals [CW90, Str91]. The CW method is combinatorial. Let us introduce the
combinatorial viewpoint. Let Iy, ..., I} be finite sets. We call aset D C I1 x---x I},
a diagonal if any two distinct elements a,b € D differ in all k coordinates. Let
O C I x -+ x Ip. Wecall adiagonal D C @ free if D = &N (Dy x -+ x Dy). Here
D; ={a; : a € D} is the projection of D onto the ith coordinate. The subrank Q(P)
of ® is the size of the largest free diagonal D C ®. For two sets ® C [} x - -+ X I},
and ¥ C J; X -+ X J we define the product ® x ¥ C (I} X Jy) X -++ X (I X Ji)
by ® x ¥ = {((a1,b1),...,(ar,br)) : @ € &, b € ¥}. The asymptotic subrank
is defined as Q(®) = lim,_ o Q(®*™)¥/". One may think of ® as a k-partite
hypergraph and of a free diagonal in ® as an induced k-partite matching.

How does this combinatorial version of subrank relate to the tensor version of
subrank that we defined earlier? Let t € F™" ®---®@F". Expand t in the standard
basis, t = Zie[nﬂx,,‘x[nk] tie, @ - ®e;. Let supp(t) be the support of ¢ in the
standard basis, supp(t) == {i € [n1] x -+ x [ng] : t; # 0}. Then Q(supp(t)) < Q(¢).

We want to construct large free diagonals. Let & C I x - - - x I,. We call ® tight
if there are injective maps «; : I; — Z such that: if a € ®, then Zle a;(a;) = 0.
For a set X let P(X) be the set of probability distributions on X. For 6 € P([k]) let
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Hy(®) == maxpep(a) Zle 0(i)H (P;), where H(P;) denotes the Shannon entropy
of the ith marginal distribution of P. In [Str91] Strassen used the CW method
and the support functionals to characterise the asymptotic subrank Q(®) for
tight ® C I; x I, x I3. He proved the following. Let ® C I; x Iy x I3 be tight.
Then

(®) = min 27® = max min 24", (1.1)
~ 0eP([3]) PcP(®) i€[3]

We study the higher-order regime ® C I} X - -+ X I, k > 4:

Theorem (Theorem 5.7). Let ® C I X --- x Iy be tight. Then Q(®) is lower
bounded by an expression that generalizes the right-hand side of (1.1).

Stating the lower bound requires a few definitions, so we do not state it here.
It is not known whether our new lower bound matches the upper bound given by
quantum or support functionals.

Using Theorem 5.7 we managed to exactly determine the asymptotic subranks
of several new examples. These results in turn we used to obtain upper bounds
on the asymptotic rank of so-called complete graph tensors, via a higher-order
Strassen laser method.

1.4 Abstract asymptotic spectra

Strassen mainly studied tensors, but he developed an abstract theory of asymptotic
spectra in a general setting. In the next section we apply this abstract theory to
graphs. We now introduce the abstract theory. One has a semiring S (think of a
semiring as a ring without additive inverses) that contains N and a preorder <
on S that (1) behaves well with respect to the semiring operations, (2) induces
the natural order on N, and (3) for any a,b € S,b # 0 thereisanr €¢ N C S
with a < r-b. We call such a preorder a Strassen preorder. The main theorem
is that the asymptotic version § of the Strassen preorder is characterised by the
monotone semiring homomorphisms S — Rsq. For a,b € S, let a S b if there is a

sequence z,, € NV with 9371/ " -1 when n — oo and a™ < b"x,, for all n € N. Let
X =X(5,<) = {¢ € Hom(S,R>¢) : Va,b € S a < b= ¢(a) < ¢(b)}.

The set X is called the asymptotic spectrum of (5, <).

Theorem (Strassen). a S b iff Vo € X ¢(a) < ¢(b).

Strassen applies this theorem to study rank and subrank of tensors. We
define an abstract notion of rank R(a) := min{n € N : a < n} and an abstract
notion of subrank Q(a) := max{m € N : m < a}. We then naturally have an
asymptotic rank R(a) := lim,, ., R(a™)*/™ and (under certain mild conditions) an
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asymptotic subrank Q(a) := limy, Q(a™)'/". In fact R(a) = inf, R(a™)"/™ and
Q(a) = sup,, Q(a™)*/™ by Fekete’s lemma. The theorem implies the following dual
characterisations.

Corollary (Section 2.8). If a € S with a* > 2 for some k € N, then

Q(a) = min ¢(a).

~ $peX
If a € S with ¢(a) > 1 for some ¢ € X, then

B(a) = max¢(a).

In Chapter 2 we will discuss the abstract theory of asymptotic spectra. We
will discuss a proof of the above theorem that is obtained by integrating the proofs
of Strassen in [Str88] and the proof of the Kadison-Dubois theorem of Becker
and Schwarz in [BS83]. We will also discuss some basic properties of general
asymptotic spectra.

1.5 The asymptotic spectrum of graphs

In the previous section we have seen the abstract theory of asymptotic spectra.
We now discuss a problem in graph theory where we can apply this abstract
theory. Consider a communication channel with input alphabet {a, b, c,d, e} and
output alphabet {1,2,3,4,5}. When the sender gives an input to the channel, the
receiver gets an output according to the following diagram, where an outgoing
arrow is picked randomly (say uniformly randomly):

ae—»> o ]|

be °2
Ce e 3
de 4

ce——» o5

Output 2 has an incoming arrow from a and an incoming arrow from b. We
say a and b are confusable, because the receiver cannot know whether a or b
was given as an input to the channel. In this channel the pairs of inputs
{a,b},{b,c},{c,d},{d,e},{e,a} are confusable. If we restrict the input set to
a subset of pairwise non-confusable letters, say {a, c}, then we can use the channel
to communicate two messages with zero error. It is clear that for this channel any
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non-confusable set of inputs has size at most two. Can we make better use of the
channel if we use the channel twice? Yes: now the input set is the set of two letter
words {aa, ab, ac, ad, ae, ba, bb, . ..}, and we have a set of pairwise non-confusable
words {aa, be, ce, db, ed}, which has size 5. Thus “per channel use” we can send at
least v/5 letters! What happens if we use the channel n times?

The situation is concisely described by drawing the confusability graph of the
channel, which has the input letters as vertices and the confusable pairs of input
letters as edges. For the above channel the confusability graph is the 5-cycle Cs:

a
6(?[)
d e

A subset of inputs that are pairwise non-confusable corresponds to a subset of
the vertices in the confusability graph that contains no edges, an independent set.
The independence number of any graph G is the size of the largest independent
set in G, and is denoted by a(G). If G is the confusability graph of some channel,
then the confusability graph for using the channel n times is denoted by G®" (the
graph product X is called the strong graph product). The question of how many
letters we can send asymptotically translates to computing the limit

O(G) = lim a(GEm/

which exists because « is supermultiplicative under X. The parameter ©(G) was
introduced by Shannon [Sha56] and is called the Shannon capacity of the graph G.
Computing the Shannon capacity is a nontrivial problem already for small graphs.
Lovész in 1979 [Lov79] computed the value ©(C5) = /5 by introducing and
evaluating a new graph parameter ¥ which is now known as the Lovasz theta
number. Already for the 7-cycle C7 the Shannon capacity is not known.

Duality theorem. We propose a new application of the abstract theory of
asymptotic spectra to graph theory. The main theorem that results from this is a
dual characterisation of the Shannon capacity of graphs. For graphs G and H we
say G < H if there is a graph homomorphism G — H, i.e. from the complement
of G to the complement of H. We show graphs are a semiring under the strong
graph product X and the disjoint union LI, and < is a Strassen preorder on
this semiring. The rank in this setting is the clique cover number X(-) = x(7),
i.e. the chromatic number of the complement. The subrank in this setting is the
independence number «a(-). Let X(G) be the set of semiring homomorphisms
from graphs to R>( that are monotone under <. From the abstract theory of
asymptotic spectra we derive the following duality theorem.
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Theorem (Theorem 3.1 (ii)). ©(G) = mingex gy ¢(G).

In Chapter 3 we will prove Theorem 3.1 and we will discuss the known elements
in X(G), which are the Lovész theta number and a family of parameters obtained
by “fractionalising”.

1.6 Tensor degeneration

We move to the second story line that we mentioned earlier: degeneration. Degen-
eration is a prominent theme in algebraic complexity theory. Roughly speaking,
degeneration is an algebraic notion of approximation defined via orbit closures.

For tensors, for example, degeneration is defined as follows. Let Vi, V5, V3
be finite-dimensional complex vector spaces and let V = V; ® Vo ® V3 be the
tensor product space. Let G = GL(V}) x GL(V3) x GL(V3) act naturally on V.
Let s,t € V. Let G-t ={g-t:g € G} be the orbit of t under G. We say t
degenerates to s, and write ¢ > s, if s is an element in the orbit closure G - t. Here
the closure is taken with respect to the Zariski topology, or equivalently with
respect to the Euclidean topology. One should think of this degeneration < as
a topologically closed version of the restriction preorder < for tensors that we
defined earlier. Degeneration is a “larger” preorder than restriction in the sense
that s <t implies s < t.

In several algebraic models of computation, approximative computations cor-
respond to certain degenerations. In some models such an approximative com-
putation can be turned into an exact computation at a small cost, for example
using the method of interpolation. The currently fastest matrix multiplication
algorithms are constructed in this way, for example.

On the other hand, it turns out that if a lower bound technique for an
algebraic measure of complexity is “continuous” then the lower bounds obtained
with this technique are already lower bounds on the approximative version of
the complexity measure. This observation turns approximative complexity and
degeneration into an interesting topic itself. A research program in this direction
is the geometric complexity theory program of Mulmuley and Sohoni towards
separating the algebraic complexity class VP (and related classes) from VNP
[MS01] (see also [Ikel3]).

In this section we briefly discuss three results related to degeneration of tensors
that are not discussed further in this dissertation. Then we will discuss results
on combinatorial degeneration in Section 1.7 and algebraic branching program
degeneration in Section 1.8.

Ratio of tensor rank and border rank. The approximative or degenera-
tion version of tensor rank is called border rank and is denoted by R. It has been
known since the work of Bini and Strassen that tensor rank R and border rank R
are different. How much can they be different? In [Zuil7] we showed the following
lower bound. Let k > 3. There is a sequence of k-tensors t, in (C*")®* such that
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R(t,)/R(t,) > k — o(1) when n — oo. This answers a question of Landsberg
and Michalek [LM16b] and disproves a conjecture of Rhodes [AJRS13|. Further
progress will most likely require the construction of explicit tensors with high
tensor rank, which has implications in formula complexity [Raz13].

Border support rank. Support rank is a variation on tensor rank, which
has its own approximative version called border support rank. A border support
rank upper bound for the matrix multiplication tensor yields an upper bound on
the asymptotic complexity. This was shown by Cohn and Umans in the context
of the group theoretic approach towards fast matrix multiplication [CU13]. They
asked: what is the border support rank of the smallest matrix multiplication
tensor (2,2,2)? In [BCZ17a] we showed that it equals seven. Our proof uses
the highest-weight vector technique (see also [HIL13]). Our original motivation
to study support rank is a connection that we found between support rank and
nondeterministic multiparty quantum communication complexity [BCZ17b].

Tensor rank under outer tensor product. We applied degeneration as
a tool to study an outer tensor product ® on tensors. For s € C" @ --- @ C"*
and t € C™ ®--- ® C™ let s ®t be the natural (k + ¢)-tensor in C" ® -+ ®
C" @ C™ @ ---® C™. The products ® and ® differ by a regrouping of the
tensor indices. It is well known that tensor rank is not multiplicative under ®.
In [CJZ18] we showed that tensor rank is already not multiplicative under ®, a
stronger result. Nonmultiplicativity occurs when taking a power of a tensor whose
border rank is strictly smaller than its tensor rank. This answers a question of

Draisma [Dral5] and Saptharishi et al. [CKSV16].

1.7 Combinatorial degeneration

In the previous section we introduced the general idea of degeneration and discussed
degeneration of tensors. Combinatorial degeneration is the combinatorial analogue
of tensor degeneration. Consider sets ® C W C [} x --- x [}, of k-tuples. We
say ® is a combinatorial degeneration of ¥ and write W > @ if there are maps
w; : I; — Z such that for all « € I; x -+ X I, if @« € U\ @, then Zle ui(ay) > 0,
and if o € @, then 3% wu;(ey) = 0. We prove that combinatorial asymptotic
subrank is nonincreasing under combinatorial degeneration:

Theorem (Theorem 5.21). If U B @, then Q(¥) > Q(P).

The analogous statement for subrank of tensors is trivially true. The crucial
point is that Theorem 5.21 is about combinatorial subrank. As an example, Theo-
rem 5.21 combined with the CW method yields an elegant optimal construction
of tri-colored sum-free sets, which are combinatorial objects related to cap sets.
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1.8 Algebraic branching program degeneration

We now consider degeneration in the context of algebraic branching programs. A
central theme in algebraic complexity theory is the study of the power of different
algebraic models of computation and the study of the corresponding complexity
classes. We have already (implicitly) used an algebraic model of computation
when we discussed matrix multiplication: circuits.

e A circuit is a directed acyclic graph G with one or more source vertices
and one sink vertex. Each source vertex is labelled by a variable z; or
a constant a € F. The other vertices are labelled by either + or x and
have in-degree 2 (that is, fan-in 2). Each vertex of G naturally computes
a polynomial. The value of GG is the element computed at the sink vertex.
The size of G is the number of vertices. (One may also allow multiple sink
vertices in order to compute multiple polynomials, e.g. to compute matrix
multiplication.) Here is an example of a circuit computing zy + 2z +y — 1.

iw source vertices

@ sink vertex

Consider the following two models.
e A formula is a circuit whose graph is a tree.

e An algebraic branching program (abp) is a directed acyclic graph G with
one source vertex s, one sink vertex ¢ and affine linear forms over the base
field F as edge labels. Moreover each vertex is labeled with an integer (its
layer) and the arrows in the abp point from vertices in layer ¢ to vertices in
layer 2 + 1. The cardinality of the largest layer we call the width of the abp.
The number of vertices we call the size of the abp. The value of an abp is
the sum of the values of all s—t-paths, where the value of an s—t-path is the
product of its edge labels. We say that an abp computes its value. Here is
an example of a width-3 abp computing xy + 22 +y — 1.
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The above models of computation give rise to complexity classes. A complexity
class consists of families of multivariate polynomials (f,,), = (f(z1,...,Zg, )n)nen
over some fixed field F. We say a family of polynomials (f,,), is a p-family if the
degree of f,, and the number of variables of f,, grow polynomially in n. Let VP
be the class of p-families with polynomially bounded circuit size. Let VP, be the
class of p-families with polynomially bounded formula size. For k € N, let VP, be
the class of families of polynomials computable by width-%£ abps of polynomially
bounded size. Let VP, be the class of p-families computable by skew circuits
of polynomial size. Skew circuits are a type of circuits between formulas and
general circuits. The class VPs coincides with the class of families of polynomials
computable by abps of polynomially bounded size (see e.g. [Sap16]). Ben-Or
and Cleve proved that VP3 = VP, = ... = VP, [BOC92|. Allender and Wang
proved VP, C VP3 [AW16]. Thus VP, C VP; = VP, = ... = VP, C VP..
The following separation problem is one of the many open problems regarding
algebraic complexity classes: Is the inclusion VP, C VP strict? Motivated by this
separation problem we study the approximation closure of VP,. We mentioned
that Ben-Or and Cleve proved that formula size is polynomially equivalent to
width-3 abp size [BOC92|. Regarding width-2, there are explicit polynomials that
cannot be computed by any width-2 abp of any size [AW16]. The abp model has
a natural notion of approximation. When we allow approximation in our abps,
the situation changes completely:

X

SN,
AN
o
l

Theorem (Theorem 7.8). Any polynomial can be approximated by a width-2 abp
of size polynomaial in the formula size.

In terms of complexity classes this means VP, = VP., where = denotes the
“approximation closure” of the complexity class. The theorem suggests an ap-
proach regarding the separation of VP, and VP;. Namely, superpolynomial lower
bounds on formula size may be obtained from superpolynomial lower bounds on
approximate width-2 abp size. We moreover study the nondeterminism closure of
complexity classes and prove a new characterisation of the complexity class VNP.
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1.9 Organisation

This dissertation is divided into chapters as follows. We will begin with the abstract
theory of asymptotic spectra in Chapter 2. Then we introduce the asymptotic
spectra of graphs and a new characterisation of the Shannon capacity in Chapter 3.
In Chapter 4 we introduce the asymptotic spectrum of tensors, discuss the support
functionals of Strassen for oblique tensors and a characterisation of asymptotic
slice rank of oblique tensors as the minimum over the support functionals. In
Chapter 5 we discuss tight tensors, the higher-order Coppersmith—Winograd
method, the combinatorial degeneration method and applications to the cap set
problem, type sets and graph tensors. In Chapter 6 we introduce an infinite family
of elements in the asymptotic spectrum of complex k-tensors and characterise the
asymptotic slice rank as the minimum over the quantum functionals. Finally, in
Chapter 7 we study algebraic branching programs, and approximation closure and
nondeterminism closure of algebraic complexity classes.



Chapter 2
The theory of asymptotic spectra

2.1 Introduction

This is an expository chapter about the abstract theory of asymptotic spectra of
Volker Strassen [Str88]. The theory studies semirings S that are endowed with a
preorder <. The main result Theorem 2.13 is that under certain conditions, the
asymptotic version S of this preorder is characterised by the semiring homomor-
phisms S — R that are monotone under <. These monotone homomorphisms
make up the “asymptotic spectrum” of (5, <). For the elements of S we have
natural notions of rank and subrank, generalising rank and subrank of tensors.
The asymptotic spectrum gives a dual characterisation of the asymptotic versions
of rank and subrank. This dual description may be thought of as a “lower bound”
method in the sense of computational complexity theory. In Chapter 3 and
Chapter 4 we will study two specific pairs (.5, <).

2.2 Semirings and preorders

A (commutative) semiring is a set S with a binary addition operation +, a binary
multiplication operation -, and elements 0,1 € S, such that for all a,b,c € S

+ is associative: (a+b)+c=a+ (b+¢)

+ is commutative: a +b=0b4+a

- is associative: (a-b)-c=a-(b-c)

- is commutative: a-b=1>b-a

19
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(7) - distributes over +: a- (b+¢) = (a-b) + (a-c)
(8) 0-a=0.

As usual we abbreviate a-b as ab. We denote the sum of n times the element 1 € S
by n € S. A preorder is a relation < on a set X such that for all a,b,c € X

(1) < is reflexive: a < a
(2) < is transitive: a < b and b < ¢ implies a < c.

As usual a < b is the same as b = a. Let N:= {0,1,2,...,} be the set of natural
numbers and let Ny := {1,2,.. } be the set of strictly- positive natural numbers.
We write < for the natural order 0 <1 <2<3<... on N.

2.3 Strassen preorders

Let S be a semiring. A preorder < on S is a Strassen preorder if
(1) VnomeNn<minNif n g m
(2) Va,b,c,de S ifa<band c 5 d, then a+c¢ < b+ d and ac < bd
(3) Ya, b€ S;0#0 IreN a < rb.

Recall that for any n € N we denote the sum of n times the element 1 € S
by n € S. Note that condition (1) implies that Vn,m € N we have n # m in N if
and only if n # m in S. We thus view N as a subset of S. Note that condition (2)
is equivalent to the condition: Va,b,s € S if a < b, then a+s < b+ s and as < bs.

Let < be a Strassen preorder on S. Then 0 < 1 by condition (1). For a € S,
we have a < a by reflexivity and thus 0 < a, by condition (2).

Examples

We give two examples of a semiring with a Strassen preorder. Proofs and formal
definitions are given later.

Graphs. Let S be the set of all (isomorphism classes of) finite simple graphs.
Let G,H € S. Let G LU H be the disjoint union of G and H. Let G X H be
the strong graph product of G and H (see Chapter 3). With addition U and
multiplication X the set S becomes a semiring. The 0 in S is the graph with no
vertices and the 1 in S is the graph with a single vertex. Let G be the complement
of G. Define a preorder < on S by G < H if there is a graph homomorphism
G — H. Then < is a Strassen preorder. We will investigate this semiring further
in Chapter 3.
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Tensors. Let F be a field. Let k € N. Let S be the set of all k-tensors over F
with arbitrary format, that is, S = U{F" @ --- @ F"™ : ny,...,n; € N}. For
sefM®---F*andt € F™ @ --- @ F" let s < t if there are linear maps
A; ™ — F™ with (A; ® - ® Ag)t = s. We identify any s, ¢ € S for which s < ¢
and t < s. Let @ be the direct sum of k-tensors and let ® be the tensor product
of k-tensors (see Chapter 4). With addition @ and multiplication ® the set S
becomes a semiring. The 0 in .S is the zero tensor and the 1 in S is the standard
basis element e; ® - - ®e; € F! ®--- @ F!. The preorder < is a Strassen preorder.
We will investigate this semiring further in Chapter 4, Chapter 5, and Chapter 6.

2.4 Asymptotic preorders
Definition 2.1. Let < be a relation on S. Define the relation 5 on S by
: . ¢ 1/N
as S ap if J(zn)n € NN (]brg\]:c]\{ =1 and (VN eN aév < a{va:N)). (2.1)

If < is a Strassen preorder, then we may in (2.1) replace the infimum inf y x}\{N

s N . .
by the limit limy_, . x]\; , since we may assume Ty < ryxy (if aév < a]lva
and @}’ < aMxy, then ad ™ < al¥ ™z yay,) and then apply Fekete’s lemma

(Lemma 2.2):

Lemma 2.2 (Fekete’s lemma, see [PS98, No. 98]). Let xy, z2, x5, ... € Rsq satisfy
Totm < Ty + T Then lim, o ©,,/n = inf, z, /n.

Proof. Let y = inf, z,,/n. Let ¢ > 0. Let m € Ny with x,,/m < y + . Any
n € N can be written in the form n = gm + r where r is an integer 0 < r < m — 1.
Set v = 0. Then z,, = 2gir < Ty + Ty + -+ + Ty + 2, = qp, + 2. Therefore

L, - xqm—i—'r < qTm +l’7« . Ty qam + Ty
n gm+r = gnt+r  magm+r n
Thus
Tn m Ty
y§—<(y+5)q—+—.
n noon
The claim follows because x,./n — 0 and gm/n — 1 when n — co. O

For ay,as € S, if a1 < ay then clearly a; < as.

~

Lemma 2.3. Let < be a Strassen preorder on S. Then X is a Strassen preorder

on S.

We call 5 the “asymptotic preorder” corresponding to <.
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Proof. Let a,b,c,d € S. We verify that 5 is a preorder.

First, reflexivity. We have a < a, so ¥ < a’¥ - 1,50 a 5 a.

Second, transitivity. Let a S b and b S ¢. This means o' < bVzy and
bN < Nyy with x%N — 1 and yJIV/N — 1. Then o < WVaoy < Nayyy. Since
(znyn)YN — 1, we conclude a X c.

We verify condition (1). Let n,m € N. If n < m, then n < m, son s m. If
n 5 m, then n?V g nMay, so n® < mMay, which implies n < m.

We verify condition (2). Let a S b and ¢ 5 d. This means a” < bVzy and
N < dVyy. Thus a¥e < WNdNzyyn, and so ac 5 bd. Assume zy and yy are
nondecreasing (otherwise set xy = max,<y x,). Then

N N
N N
(a+c)N = E (m) amcN T g E (m) VAN T L YN —m

m=0 m=0

N
N
< Z (m) brdN e nyn = (b+ d)Yenyn.
m=0

Thus a+c 3 b+d.
We verify (3). Let a,b € S;b # 0. Then there is an r € N with a < rb, and
thus a X rb. O

In the following lemma é denotes the asymptotic preorder associated to the
asymptotic preorder associated to <.

Lemma 2.4. Let < be a Strassen preorder on S. Let aj,as,b € S.
(i) Ifas +b < a1 + b, then as X a;.
(ii) If agb < a1b with b # 0, then as X a;.
(iii) If ag é ay, then ay S a;.
(iv) If 3s € S Vn € N nag < nay + s, then as S a;.

Proof. (ii) Let asb < a;b. By an inductive argument similar to the argument we
used to prove (2.4),

VNeN a)b<alb. (2.2)

Let m,r € N with 1 g mb < r. (We use b # 0.) From (2.2) follows
N

VN eN a) <almb=<al¥mb<alr.

Thus we conclude as < a.
) 1 1N -
(ili) Let az F a1. This means a} 5 afzy with xj\{ — 1. This in turn means

that (a) )M < (al¥zn)Myn . with VN € N y}\{]]\é — 1, that is,

NM NM .M
ay XA TNYNM-
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Choose a sequence N +— My such that (yy .z, )" <2, e.g. given N let My be
the smallest M for which (yn.a)"/™ < 2. Then ad™ < a2} yn ar and

(N Y )OI = 2N (g, )M < MOV

We conclude ay 5 a;.
(iv) Let s € S with Vn € N nas < na; +s. We may assume a; # 0. Let £k € N
with s < ka;. Then

Vn € N knay < knay + ka; = kay(n + 1). (2.3)
Apply (ii) to (2.3) to get

VneN an S ai(n+1).
By an inductive argument,

VNeN a alta25ad 2335 - aY (N +1).

Y

Since (N + 1) — 1, ay § a;. From (iii) follows as  a.
(i) Let as + b < ay + b. We first prove

Vqe N gqas+b<qa +0. (2.4)

By assumption the statement is true for ¢ = 1; suppose the statement is true
for ¢ — 1, then

qaz +b=(q—1)az + (as +b) < (¢ — 1)as + (a1 + b)
= ((g=1az +b) + a1 < ((¢ — Day +b) + a1 = qaz + b,

which proves the statement by induction. Then Vn € N nay < na; +b. From (iv)
follows ay < a;. O

2.5 Maximal Strassen preorders

Let P be the set of Strassen preorders on S. For <1, <y € P we write <5 C <4
if for all a,b € S: a <2 b implies a <1 b. (The notation <o C < is natural if we
think of the relations <; as sets of pairs (a,b) with a <; b.)

Lemma 2.5. Let < € P with < = S and as £ ay. Then there is an element

~

—\<a1a2 € P with < g —\<a1a2 and aq —\<a1a2 az.

Proof. For x1,x5 € S, let

1 Sagay T2 if Is €S x4+ say X 9+ sa5.
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The relation <4, is reflexive, since  + 0-as < © + 0 - a;. The relation <,,q,
is transitive: if o7 <40, T2 and o2 <44, T3, then z; + sas X 29 + sa; and
Tg + tag < x3 + tay for some s,t € S, and so x1 + (t + s)ag X Ty + tag + sa; <
x3 + tay + say = x3 + (t + s)a;. Thus 1 <44, r3. We conclude that <4, is a
preorder on S.

We prove that <,,q, is @ Strassen preorder. If 1 <40, T2 and y1 <aya, Y2,
then clearly 1 + y1 <0, T2 + Y2. If 1 4,0, T2 and y € 5, then 11y <4 4, T2Y-
From this follows: if 21 <4,a, T2 and y1 <44, Y2, then 1Yo <4 0, T21o.

Let n,m € N. If n <m, then n <X m, s0 n <40, M. fn £ m, thenn >m+1.
Suppose n <q,q, M. Let s € S with n 4+ say < m + sa;. Adding m 4+ 1 < n gives

m+1+n+sa gxn+m+ sa;.
Since < = 5 we may apply Lemma 2.4 (i) to obtain

1+ say < say. (2.5)
From (2.5) follows s # 0. From (2.5) also follows

say < saq. (2.6)
Since < = 5 we may apply Lemma 2.4 (ii) to (2.6) to obtain the contradiction

as X aj.

Therefore, n #£4,4, m. We conclude that <,,,, is a Strassen preorder, that
is, X € P.

Finally, we have a1 <4,4, @2, since a; +1-ay < az +1-ay. Also, if 21 < x9,
then 1 +0-as < 294+ 0- aq, that is, < C <4,a,- O

Let < be a Strassen preorder. Let Py be the set of Strassen preorders
containing < ordered by inclusion C. Let C C P be any chain. Then the
union of all preorders in C is an element of P4 and contains all elements of C.
Therefore, by Zorn’s lemma, P contains a maximal element (maximal with
respect to inclusion C).

Lemma 2.6. Let < be maximal in P. Then < ==S.

Proof. Trivially < C 5. From Lemma 2.3 we know X € P. From maximality
of X follows < = . O

A relation < on S is total if: for all a,b € S, a g bor b < a.
Lemma 2.7. Let < be mazimal in P. Then < is total.

Proof. Suppose < is not total, say a; & as and ay £ a;. By Lemma 2.5 there is an
element <,,4,€ P with < C <4,4, and a1 <4,4, @2. Then < is strictly contained
in <44y, Which contradicts the maximality of <. We conclude < is total. ]



2.6. The asymptotic spectrum X(S, <) 25

2.6 The asymptotic spectrum X(S5, <)

Definition 2.8. Let S be a semiring with N C S and let < be a Strassen preorder
on S. Let

X(S,<) ={¢ € Hom(S,Rx>¢) : a < b= ¢(a) < ¢(b)}.

We call X(S, <) the asymptotic spectrum of (S,<). We call the elements of
X(S, <) spectral points.

Lemma 2.9. Let x € P. Fora € S define

¢(a) :=inf{Z :r,s € N,sa < r},
Y(a) = sup{®:u,v € N,u < va}.

o(1) =1,
¢(0) =

and
Y(ab) > Y(a)(b),
U(a+b) > v(a) +P(b),
a<b= ) <Y(b),
(1) =1,
$(0) =0

and
¥(a) < ¢(a)

If < is total, then ¢ =1 and ¢ is the unique semiring homomorphism S — Rxq
that is monotone under <. If < is mazimal in P, then a < b < ¢(a) < ¢(b).

Proof. Let a,b € S. We prove ¢(a + b) < ¢(a) + ¢(b). Let sq,Sp,ra, 7 € N.
Suppose s,a < 1, and spb < 1p. Then s,s5pa <X sp7r, and s,5,b < s.7. By addition
Sasp(a+b) < spre+8arp. Thus ¢(a+b) < Z—Z—i—Z—Z We prove (a+b) > ¢(a)+1(b).
Suppose u, < v.a and up < vpb. Then vyu, < vavpa and v up <X vupb. By addition
Upllg + Vatp < VaUp(a 4+ b). Thus ¢(a + b) > b + Z—:
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We prove ¢(ab) < ¢(a)p(b). Suppose s,a < 7, and spb < 1. Then s,spab <
rary. Thus ¢(ab) < 2. We prove ¢(ab) = ¥(a)¥(b). Suppose u, < vea and
up < vpb. Then uy,up < vovpab. Thus Z—ZZ—Z < (ab).

We prove a < b = ¢(a) < ¢(b). Suppose spb < 1. From a < b follows
spa <X spb < 1. Thus ¢(a) < Z—Z The proof for v is similar.

One verifies directly that ¢(1) =1, ¥(1) =1, ¢(0) = 0 and ¥(0) = 0.

We prove 1(a) < ¢(a). Let r,s,u,v € N. Suppose u < va and sa < r. Then
follows su < vsa < vr. Thus u/v < r/s.

Assume that < is total.

We prove ¢(a) > ¢(a). Suppose ¢(a) < ¢(a). Let r,s € N with ¢(a) < r/s <
¢(a). Then sa £ r. From totality follows sa = r. Thus ¢(a) > r/s, which is a
contradiction. We conclude ¢ (a) = ¢(a).

We prove the uniqueness of ¢. Let ¢, ¢2 be semiring homomorphisms S — R
with a < b = ¢;(a) < ¢;(b). Suppose ¢1(a) < ¢o(a). Let u,v € N with
$1(a) < % < ¢o(a). Then va £ u, so by totality va = u. Thus ¢1(a) > ¥, which
is a contradiction. This proves uniqueness.

Assume < is maximal in P. Lemma 2.6 gives < = . Let a £ b. From
Lemma 2.4 (iv) follows In na £ nb+ 1. By totality na = nb+ 1. Apply ¢ to get
¢(a) > ¢(b) + L. In particular, ¢(a) > ¢(b). O

Remark 2.10. Regarding Lemma 2.9, if < is not total, then in general ¢ # .
For example, let S = C({1,2},R>) be the semiring of functions from {1,2} to
the nonnegative reals with pointwise addition and multiplication, and let < be
the pointwise preorder on S. Then for a € S we have that ¢(a) = min(a) and

B(a) = max(a) 50 ) # .
Lemma 2.11. The map

X (S, <) — {maximal elements in P<} : ¢ — <4
with <, defined by a <4 b iff p(a) < ¢(b), is a bijection.

Proof. Let ¢ € X(5,<). One verifies that <, is a Strassen preorder and < C § C
<¢. Let < be maximal in 73%. Lemma 2.7 says that < is total. By Lemma 2.9
there is a ¢ € X(5, <) with g C . Clearly <4 C <. The uniqueness statement
of Lemma 2.9 implies ¢ = 9. This means <4 = <, that is, <, is maximal. We
conclude that the map is well defined.

Let < maximal in P<. Then < is total. By Lemma 2.9 there is a ¢ € X(5, <)
with < C <4. We conclude the map is surjective.

Let ¢,7 € X(S5,<) with <4 = <y. From Lemma 2.9 follows ¢ = 9. We

conclude the map is injective. O]

Lemma 2.12. Let a,b € S. Then a Sb iff a < b for all mazimal < € Pe.
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Proof. Let < € P< be maximal. Then § C § = < by Lemma 2.6, so a S b
implies a < b.

Suppose a £ b. Let n € N>y with na € nb+1 (Lemma 2.4 (iv)). By Lemma 2.5
there is an element <441, € P with S C <nb+1,na ad We may assume <pp+1.nq
is maximal. Then nb + 1 <,p41,na 70 and SO @ Zpp+1,na b O

2.7 The representation theorem

The following theorem is the main theorem.

Theorem 2.13 ([Str88, Th. 2.4]). Let S be a commutative semiring with N C S
and let < be a Strassen preorder on S. Let X = X(S, <) be the set of <-monotone
semiring homomorphisms from S to R,

X = X(5,<) = {¢ € Hom(S,Rsg) : Va,b € S a < b= ¢(a) < ¢(b)}.

For a,b € S let a S b if there is a sequence (zvy) € NN with x%N — 1 when
N — oo such that VN € N oV < bNxy. Then

Va,be S a<b iff Vo e X ¢(a) < o(b).

Proof. Let a,b € S. Suppose a § b. Then clearly for all ¢ € X we have
o(a) < ¢(b). Suppose a € b. By Lemma 2.12 there is a maximal g€ P with
a £ b. By Lemma 2.11 there is a ¢ € X with ¢(a) > ¢(b). O

2.8 Abstract rank and subrank R, Q)

We generalise the notions of rank and subrank for tensors to arbitrary semirings
with a Strassen preorder. Let a € S. Define the rank

R(a) = min{r e N:a <r}
and the subrank
Q(a) = max{r e N:r < a}.
Then Q(a) < R(a). Define the asymptotic rank

R(a) == lim R(a™)"V.

N—oo

Define the asymptotic subrank

Q(a) = lim Q(a™)'".

~ N—oo
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By Fekete’s lemma (Lemma 2.2), asymptotic rank is an infimum and asymptotic
subrank is a supremum as follows,

R(a) = inf R(a")"/"

Q(a) = sup Q(a™)Y when a =0 or a > 1.
~ N

Theorem 2.13 implies that the asymptotic rank and asymptotic subrank have the
following dual characterisation in terms of the asymptotic spectrum. (This is a
straightforward generalisation of [Str88, Th. 3.8].)

Corollary 2.14 (cf. [Str88, Th. 3.8]). For any a € S for which there exists an
element ¢ € X such that ¢p(a) > 1, holds

R(a) = max ¢(a).

- peX

Proof. Let ¢ € X. For N € N, R(a") > ¢(a)¥. Therefore R(a) > ¢(a),
and so R(a) > maxgex ¢(a). It remains to prove R(a) < maxgex ¢(a). We
let z = maxgex ¢(a). By assumption x > 1. By definition of = we have

Vo € X ¢(a) < z.
Take the mth power on both sides,
Vo e X,m e N ¢(a™) < ™.
Take the ceiling on the right-hand side,
Vo e X,m e N ¢(a™) < [z™].
Apply Theorem 2.13 to get asymptotic preorders
Vm e Na™ § [2™].
Then by definition of asymptotic preorder
Vm, N € N a™ < [2™]V27m~  for some &, x € o(N).
Then
Vm, N € N R(a™V)Y/mN < [gm]l/moemn/mN

From x > 1 follows [2™]Y™ — z when m — oo. Choose m = m(N) with
m(N) — oo as N — 00 and g,,(x).n € o(N) to get R(a) = infy R(a™)YN <z. O

Corollary 2.15 (cf. [Str88, Th. 3.8]). For a € S with 3k € Na* > 2,

Q(a) = min é(a).
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Proof. Let ¢ € X. For N € N, Q(a") < ¢(a)™. Therefore Q(a) < é(a), so Q(a) <
mingex ¢(a). It remains to prove Q(a) > mingex ¢(a). Let y == mingex ¢(a).
From the assumption a* > 2 follows y > 1. By definition of y we have

Vo € X ¢(a) > y.
Take the mth power on both sides,
Vo e X,m e N ¢(a™) > y™.
Take the floor on the right-hand side,
Vo e X,m e N ¢(a™) > [y™].
Apply Theorem 2.13 to get asymptotic preorders
VmeNa™ 2 [y™].
Then by definition of asymptotic preorder
Vm, N € N a™V2em~ > |y™ |V for some &, 5 € o(N).
Now we use a® > 2 to get
Vm, N € N g™V themny > gm |V,

Then

1 N
Vm, N eN Q(amN+kem,N>mN+ksm,N > Lme mNJrkEm’N_'

Choose m = m(N) with m(N) — oo as N — 0o and &,,(n),n € 0(IV) to obtain
Q(a) = supy Q(a™)N > y. O

2.9 Topological aspects

Theorem 2.13 does not tell the full story. Namely, there is also a topological
component, which we will now discuss. Let S be a semiring with N C S. Let < be
a Strassen preorder on S. Let X = X(5, <) be the asymptotic spectrum of (.5, <).
For a € S, let

a: X — RZO : Qb — gzﬁ(a) (27)

The map a simply evaluates a given homomorphism ¢ at a. One may think of a
as the collection (¢(a))sex of all evaluations of the elements of X at a. Let R
have the Euclidean topology. Endow X with the weak topology with respect to
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the family of functions a, a € S. That is, endow X with the coarsest topology
such that each a becomes continuous.

Let C(X,R>) be the semiring of continuous functions X — Rs( with addition
and multiplication defined pointwise on X, that is, (f + g)(z) = f(z) + g(x)
and (f - g)(x) = f(x)g(x) for f,g € C(X,R5p) and = € X. Define the semiring
homomorphism

d:5— C(X,Rs) :a+>a,
which maps a to the evaluator a defined in (2.7).
Theorem 2.16 ([Str88, Th. 2.4]).
(i) X is a nonempty compact Hausdorff space.
(i) Va,b € S a S biff ®(a) < ®(b) pointwise on X.
(ili) ®(S) separates the points of X.

Proof. Statement (ii) follows from Theorem 2.13.

Statement (iii) is clear.

We prove statement (i). We have 2 € 1, so from Theorem 2.13 follows that X
cannot be empty.

For a € S, let n, € N with a < n,. Then for ¢ € X, ¢(a) < n,, and so
#(a) € [0,n,). Embed X C [],c4[0,n4] as a set via ¢ — (¢(a))ses. The set
[1,e5l0, na] with the product topology is compact by the theorem of Tychonoff.

To see that X is closed in [] . ¢[0,7,], we write X as an intersection of sets,

X = {¢ € [Jl0.n] : 6(0) =0} n {¢ € []I0,na] : 6(1) =1}

N () {¢ € []I0,nd : 6(b+c) = 6(b) — ¢(c) = 0}
N () {¢ € []10,nd] : ¢(bc) — 6(b)é(c) = 0}
N ) {ee JT0.ma) : 66) < ()},

b,ceS: a€sS

b<c

and we observe that the intersected sets are closed,

X =0 ({oy)ni~({1})
N ) ((b+e)—b—28)~ ({o})

b,ceS

N () ((be) = be) " ({0})

b,ceS
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N m c—b ([0, 00)).
b,ces:
bgc

This implies X is also compact.

Let ¢,9 € X be distinct. Let a € S with ¢(a) # ¥(a). Then a(¢) # a().
Let U 3 a(¢), V 2 a(v) be open and disjoint subsets of R>g. Then a~!(U) and
a~1(V) are open and disjoint subsets of X. We conclude that X is Hausdorff. [

2.10 Uniqueness

Let S be a semiring with N C S. Let < be a Strassen preorder on S. Let
X = X(5, <) be the asymptotic spectrum of (S, <). The object X is unique in
the following sense.

Theorem 2.17 ([Str88, Cor. 2.7]). Let Y be a compact Hausdorff space. Let
U: S — C(Y,Rxq) be a homomorphism of semirings such that

U(S) separates the points of Y (2.8)
and
Va,be S asSbe V(a) < ¥(b) pointwise on Y. (2.9)

Then there is a unique homeomorphism (continuous bijection with continuous
inverse) h 1 Y — X such that the diagram

/ \ (2.10)

C(X R>0 —> O Y R>0)

commutes, where h* : ¢ — ¢ o h. Namely, let h -y (a+— ¥(a)(y)).

Proof. We prove uniqueness. Suppose there are two such homeomorphisms
hl, hg Y — X

Suppose x # hy(hy*(z)) for some z € X. Since ®(S) separates the points of X,
there is an a € S W1th ®(a)(x) # ®(a)(ha(hi ())). Let y = hi'(x) € Y. Then
®(a)(n(y)) # (a) (ha(y)). Since (2.10) commutes, &(a)(n(y)) = ¥(a)(y) and
®(a)(hao(y)) = ¥(a)(y), a contradiction.

We prove existence. Let h: Y — X 1y +— (a — ¥(a)(y)). One verifies that h
is well-defined, continuous, injective and that the diagram in (2.10) commutes. It
remains to show that h is surjective. We know that Q - ®(5) is a Q-subalgebra
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of C(X,R) which separates points and which contains the nonzero constant
function ®(1), so by the Stone-Weierstrass theorem, Q - ®(S) is dense in C'(X,R)
under the sup-norm. Suppose h is not surjective. Then h(Y) C X is a proper
closed subset. Let o € X \ h(Y) be in the complement. Since X is a compact
Hausdorff space, there is a continuous function f : X — [—1, 1] with

f((Y)) =1
f(zo) = —1.

We know that f can be approximated by elements from Q - ®(.5), i.e. let € > 0,
then there are a;,as € S, N € N such that

( (a1)(z) — @(az)(x ))>1—6 for all x € h(Y)
¥ (®(a1) (o) — ®(a2)(20)) < —1+e.
U(

This means W¥(a;) > W(ay) pointwise on Y, so a; 2 ag, but also ®(a;) 7 ®(az)
pointwise on X, so a; % ao. This is a contradiction. ]

2.11 Subsemirings

Let (T,+,) be a semiring. A subset S C T is called a subsemiring if 0,1 € S
and moreover S is closed under + and -, i.e. for all a,b € S holds a +b € S
and a-beS.

Let S be a subsemiring of a semiring 7" and let < be a Strassen preorder on 7.
Of course, < also defines a preorder on S. Formally, we define the restriction <|g
by, for all a,b € S, a <|g b if and only if @« < b. Then <|s is a Strassen
preorder on S. How are the asymptotic spectra X (S5, <|s) and X(7, <) related?
Obviously, for ¢ € X(T,<) we have ¢|s € X(S5,<|s), where ¢|g denotes the
restriction of ¢ to S. In fact, the uniqueness theorem of Section 2.10 implies
that all elements of X(S,<|g) are restrictions of elements of X (7, <), as follows.
Let X(T, g)’S = {(ﬁ’s : ¢ S X(T, g)}

Corollary 2.18. Let S be a subsemiring of a semiring T. Let < be a Strassen
preorder on T'. Then

X(5, <ls) = X(T, )]s
Proof. Let

X =X(9,<]s),
¢:5 - C(X,Rxg):a—a

and let

Y =X(T,Q)ls = {ols : ¢ € X(T, <)},
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S — C(Y,Rxg) :a— (¢]s — ¢ls(a)).

Then Y is a compact Hausdorff space. Let ¢|s,1|s € Y be distinct. Then there is
an a € S with ¢|s(a) # ¥|s(a), so (2.8) holds. For a,b € S, a S b iff (a) < d(b)
iff U(a) < W(b), so (2.9) holds. Therefore,

h: X(T,<)|s = X(S, <[s) : ¢ls = (a = U(a)(gls)) = ¢ls

is a homeomorphism. O

2.12 Subsemirings generated by one element

Let S be a semiring and let < be a Strassen preorder on S. In this section we
specialise to the simplest type of subsemiring of S. Namely, let a € S and let

K
N[a] := {Zniai ckeN,n eNpCS

=0

be the subsemiring of S generated by a. We call X(N[a]) = X(Nla], <|np) the
asymptotic spectrum of a.

Corollary 2.19 (cf. [Str88]). If a* > 2 for some k € N, then
Q € X(Nfa]).

If p(a) > 1 for some ¢ € X, then
R € X(NJa]).

Proof. Let X = X(Nla]). Let nq,...,n,. By Corollary 2.15

n1 o« e g — 1 n1 .« e Ngq .
Qa™ + -+ +a™) =ming(a™ + -+ a™)
Since ¢ is a homomorphism, ¢(a™ + - -+ a™) = ¢(a)" + - - + ¢(a)™. Now we
observe that ™ 4 - .- 4 2™ is minimised by taking x minimal in the domain. We
conclude

The claim for asymptotic rank R similarly follows from Corollary 2.14. O]

Remark 2.20. In general, asymptotic subrank ) and asymptotic rank R are not
elements of the asymptotic spectrum. We will see an example in Chapter 4 related
to the matrix multiplication tensor.
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Remark 2.21. Corollary 2.19 is closely related to Schonhage’s “r-theorem” for
tensors, also called the “asymptotic sum inequality”, see e.g. [BCS97, Section 15.5]
and [Bla13a, Theorem 7.5]. The 7-theorem features in every recent fast matrix

multiplication algorithm (more precisely, every algorithm based on the “laser
method”).

Remark 2.22. Every element ¢ € X(NJa]) is uniquely determined by the value
of ¢(a). We may thus identify X(N[a]) with the set {¢(a) : ¢ € X(N[a])} C Rxy.
By Theorem 2.16(i), this set is compact, so it is a union of finitely many closed
intervals.

2.13 Universal spectral points

Having discussed the simplest type of subsemiring in the previous section, let
us discuss the most difficult type of supersemiring. When applying the theory
of asymptotic spectra to some setting, there is a natural largest semiring S in
which the objects of study live. For example, we may study the semiring S of all
(equivalence classes of) 3-tensors of arbitrary format over F. Or we may study
the semiring S of all (isomorphism classes of) finite simple graphs. We refer to
the elements of the asymptotic spectrum X(S) of the “ambient” semiring S by
the term universal spectral points (cf. [Str88, page 119]). The universal spectral
points are the most useful monotone homomorphisms.

2.14 Conclusion

To a semiring S with a Strassen preorder <, we associated an asymptotic pre-
order S. We proved that this asymptotic preorder is characterised by the
<-monotone semiring homomorphisms S — R, which make up the asymp-
totic spectrum X(S, <) of (S, <). For (5, <) we naturally have a rank function
R : § — N and a subrank function Q : S — N. Their asymptotic versions
R(a) = inf, R(a™)'/™ and Q(a) = sup, Q(a™)¥/™ coincide with maxsex(s <) ¢(a)
and mingex(s,<) #(a) respectively, assuming 3¢ € X ¢(a) > 1 and Ik € Na* > 2
respectively. Unfortunately, we have proved the existence of the asymptotic spec-
trum by nonconstructive means. Explicitly constructing spectral points for a given
pair (S, <) will be a challenging task!

Some remarks about our proof in this chapter. The proof in [Str88| uses the
Kadison-Dubois theorem from the paper of Becker and Schwartz [BS83] as a
black-box. Our presentation basically integrates the proof of Strassen with the
proof of Becker and Schwartz. The notions of rank and subrank were in [Str88] only
discussed for tensors. We considered the straightforward generalisation to arbitrary
semirings with a Strassen preorder. An evident feature of our presentation is that
we do not pass from the semiring to its Grothendieck ring, but instead stay in
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the semiring. In this way we stay close to the “real world” objects. I thank Jop
Briét and Lex Schrijver for this idea. There is a large body of literature on the
Kadison—Dubois theorem, for which we refer to the modern books by Prestel and
Delzell [PD01, Theorem 5.2.6] and Marshall [Mar08, Theorem 5.4.4].






Chapter 3

The asymptotic spectrum of graphs;
Shannon capacity

This chapter is based on the manuscript [Zuil8].

3.1 Introduction

This chapter is about the Shannon capacity of graphs, which was introduced by
Claude Shannon in the context of coding theory [Shab6]. More precisely, we will
apply the theory of asymptotic spectra of Chapter 2 to gain a better understanding
of Shannon capacity (and other asymptotic properties of graphs).

We first recall the definition of the Shannon capacity of a graph. Let G be a
(finite simple) graph with vertex set V(G) and edge set E(G). An independent set
or stable set in G is a subset of V(G) that contains no edges. The independence
number or stability number a(G) is the cardinality of the largest independent
set in G. For graphs G and H, the and-product G X H, also called strong graph
product, is defined by

VI(GKH)=V(G) x V(H)
E(GRH) = {{(g.h), (9" 1)} : ({9.9'} € E(G) or g = )
and ({h,h'} € E(H) or h =) and (g,h) # (¢, 1) }.
The Shannon capacity ©(G) is defined as the limit

O(G) = lim a(G®N)V/V, (3.1)

N—oo

This limit exists and equals the supremum sup,y a(G®V)N by Fekete’s lemma
(Lemma 2.2).

Computing the Shannon capacity is nontrivial already for small graphs. Lovasz
in [Lov79] computed the value ©(Cs) = v/5, where C} denotes the k-cycle graph,
by introducing and evaluating a new graph parameter ¥ which is now known as

37
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the Lovasz theta number. For example the value of ©(C7) is currently not known.
The Shannon capacity © is not known to be hard to compute in the sense of
computational complexity. On the other hand, deciding whether o(G) < k, given
a graph G and k € N, is NP-complete [Kar72].

New result: dual description of Shannon capacity

The new result of this chapter is a dual characterisation of the Shannon capacity
of graphs. This characterisation is obtained by applying Strassen’s theory of
asymptotic spectra of Chapter 2. Thus this chapter also serves as an illustration
of the theory of asymptotic spectra.

To state the theorem we need the standard notions graph homomorphism,
graph complement and graph disjoint union. Let G and H be graphs. A graph
homomorphism f : G — H is a map f : V(G) — V(H) such that for all
u,v € V(Q), if {u,v} € E(G), then {f(u), f(v)} € E(H). In other words, a graph

homomorphism maps edges to edges. The complement G of G is defined by

V(G) =V(G)
E(G) = {{u,v} : {u,v} & E(G),u # v}.

The disjoint union G U H is defined by

V(GUH)=V(G)UV(H)
E(GUH)=E(G)UE(H).

For n € N, the complete graph K, is the graph with V(K,,) = [n] = {1,2,...,n}
and E(K,) = {{i,j} : i,j € [n],i # j}. Thus Ky, = Kj is the empty graph
and K; = K is the graph consisting of a single vertex and no edges.

We define the cohomomorphism preorder < on graphs by G < H if and only
if there is a graph homomorphism G — H from the complement of G to the
complement of H. With this definition, the independence number «(G) equals
the maximum n such that (K;)"" < G.

Theorem 3.1. Let S C {graphs} be a collection of graphs which is closed under
the disjoint union L and the strong graph product X, and which contains the graph
with a single verter, K. Define the asymptotic spectrum X(S) as the set of all
maps ¢ : S — Rsq such that, for all G,H € S

(1) if G < H, then ¢(G) < ¢(H)
(2) ¢(GUH) = ¢(G) + o(H)
(3) o(GRH) = ¢(G)o(H)

(4) (K1) = 1.

2
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Let G S H if there is a sequence (zy) € NN with x%N — 1 when N — oo such
that for every N € N

GEN  (HEN)oy — BN . BN

~~
TN

Then
(i) G S H iff Vo € X(S5) ¢(G) < ¢(H)

Statement (ii) of Theorem 3.1 is nontrivial in the sense that © is not an element
of X({graphs}). Namely, © is not additive under U by a result of Alon [Alo98],
and © is not multiplicative under X by a result of Haemers [Hae79], see Ex-
ample 3.10. It turns out that the graph parameter G' +— maxgex({graphs}) ?(G)
is itself an element of X({graphs}), and is equal to the fractional clique cover
number Y, (see Section 3.3.2 and e.g. [Sch03, Eq. (67.112)]). Fritz in [Fril7]
proves (independently of Strassen’s line of work!) a statement that is weaker
than Theorem 3.1. Namely he proves the conclusion of Theorem 3.1 without
the additivity condition (2) and with the normalization condition (4) changed
to ¢(K,,) = n for all n € N.

In Section 3.2 we will prove Theorem 3.1 by applying the theory of asymptotic
spectra of Chapter 2 to the appropriate semiring and preorder. In Section 3.3 we
will discuss the elements in the asymptotic spectrum of graphs X({graphs}) that
are currently known to me: the Lovasz theta number, the fractional clique cover
number, the fractional orthogonal rank of the complement, and the fractional
Haemers bounds. We moreover prove a sufficient condition for the “fractionalisa-
tion” of a graph parameter to be in the asymptotic spectrum of graphs.

3.2 The asymptotic spectrum of graphs

In this section we prove Theorem 3.1 by applying the theory of asymptotic spectra
to the appropriate semiring.

3.2.1 The semiring of graph isomorphism classes ¢

A graph homomorphism f : G — H is a graph isomorphism if f is bijective as
a map V(G) — V(H) and bijective as a map E(G) — E(H). We write G = H
if there is a graph isomorphism f : G — H. The relation = is an equivalence
relation on {graphs}, which we call isomorphism. For example, the graphs G
and H given by

V(G) ={a,b,c,d}, E(G)={{a,b},{b,c},{c,d}, {a,d}}
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V(H)={1,2,3,4}, E(H)={{1,3},{2,3},{2,4},{1,4}}

are isomorphic. Let G = {graphs} /= be the set of equivalence classes in {graphs}
under =, i.e. the isomorphism classes. The relation < is a preorder on G. Recall
that K, is the complete graph on n vertices, and thus K, is the graph with n
vertices and no edges.

Lemma 3.2. Let A, B,C € {graphs}.

(iV o&A:KO
(v) KgUA=A

KUK, =Ko,
Proof. We leave the proof to the reader. O]

In other words, Lemma 3.2 says that (G,,®, Ky, K1) is a (commutative)
semiring in which the elements Ky, K1, K, ... behave like the natural numbers N.
We will denote this semiring simply by G.

3.2.2 Strassen preorder via graph homomorphisms

Let G be the semiring of graphs. Recall that G < H if there is a graph homomor-
phism f: G — H.

Lemma 3.3. The preorder < is a Strassen preorder on G. That is, for graphs
A, B,C,D € G we have the following.

(i) Forn,m €N, K,, < K, iff n <m.
(i) f A< B and C < D, then AUC < BUD and AKC < BXD.

(iii) For A,B € G, if B # Ky, then there is an r € N with A < K, X B.

Proof. Statement (i) is easy to verify.
We prove (ii). Let f: A — B and g : C'— D be graph homomorphisms. Let
the map flUg: V(A)UV(C)— V(B)LU V(D) be defined by

(F + 9)(@) = F(a) for a € V(A)
(f +9)(c) =g(c) for c € V(O).
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One verifies directly that f U g is a graph homomorphism AU C — B U D. Let
the map fXg: V(A) x V(C) — V(B) x V(D) be defined by

(f ®g)(a,c) = (f(a),g(c)).

One verifies directly that f X g is a graph homomorphism AX C' — B X D. This
proves (ii).

We prove (iii). Let r = |. Then A < K,. By assumption, B # K, so
K, < B. Therefore A < K, 2 K, X1 < K, ® B. This proves (iii). O

3.2.3 The asymptotic spectrum of graphs X(G)

We thus have a semiring G with a Strassen preorder <. We are therefore in the
position to apply the theory of asymptotic spectra (Chapter 2). Let us translate
the abstract terminology to this setting.

Let G S H if there is a sequence (zy) € NV with (z5)"N — 1 such that for
every N € N we have G¥N < H¥VX K, i.e. GV < (HBN) 2N,

Let S C G be a subsemiring. For example, one may take S = G, or one may
choose any set X C G and let S = N[X] be the subsemiring of G generated by X
under LI and K.

The asymptotic spectrum of S is the set X (.S) of <-monotone semiring homo-
morphisms S — R, i.e. all maps ¢ : S — R such that, forall G,H € S

1) if G < H, then ¢(G) < ¢(H)
2) ¢(GUH) = o(G) + o(H)
3) (GRH) = ¢(G)p(H)
) ¢

(K)) = 1.

(
(
(
(4

We call X(G) the asymptotic spectrum of graphs.

Theorem 3.4. Let G,H € S. Then G S H ift V¢ € X(5) ¢(G) < ¢(H).

Proof. By Lemma 3.2 we have a semigroup S and by Lemma 3.3 we have a
Strassen preorder <, so we may apply Theorem 2.13. O

We refer to Chapter 2 for a discussion of the topological properties of X(5).

3.2.4 Shannon capacity O

Let us discuss the (asymptotic) rank and (asymptotic) subrank for (G, <). Recall
that an independent set in G is a subset of V(G) that contains no edges, and
the independence number a(G) is the cardinality of the largest independent set
in G. A colouring of G is an assignment of colours to the elements of V(G) such
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that connected vertices get distinct colours. The chromatic number x(G) is the
smallest number of colours in any colouring of G. The clique cover number X (G)

is defined as the chromatic number of the complement, ¥(G) = x(G).

For the semiring G with preorder < the abstract definition of subrank of
Section 2.8 becomes Q(G) = max{m € N: K,, < G} and the abstract definition
of rank becomes R(G) = min{n € N: G < K,,}.

Lemma 3.5.
(i) a(G) =Q(G)
(ii) X(G) = R(G)
Proof. We leave the proof to the reader. O]
We see directly that the asymptotic rank is the asymptotic clique cover number,
R(G) = lim R(G@N)UN = lim Y(G&N)l/N = X(G)
N—o0 N—oo A
and that the asymptotic subrank is the Shannon capacity,
Q(G) = lim Q(GEMYN = lim o(G*M)YN = 0(q).
~ N—oo N—oo
Let S C G be a subsemiring. Let G € S.
Corollary 3.6. O(G) = mingex(s) ¢(G).

Proof. Let G be a graph. Either G = Kj or K; < G < K; or G contains at lea_st
one edge. In the first two cases the claim is clearly true. In the third case G > K>

and we may thus apply Corollary 2.14. [
Corollary 3.7. X(G) = maxgex(s) ¢(G).
Proof. This is Corollary 2.15. O

Remark 3.8. As mentioned earlier, it turns out that  is in fact itself an element
of X(G)! See Section 3.3.2. (This is a striking difference with the situation for
tensors, which we will discuss in Chapter 4; there, both asymptotic rank and
asymptotic subrank are not in the asymptotic spectrum, see Remark 4.4.)

Shannon capacity is not in the asymptotic spectrum
Lemma 3.9. GX 6 > KlV(G)|~

Proof. Let D = {(u,u) : v € V(G)}. Let (u,u),(v,v) € D. Then either
{u,v} € E(G) or {u,v} € E(G) (exclusive or), and so {(u, u), (v,v)} & E(GRG).
Therefore, the subgraph in G X G induced by D is isomorphic to Ky (qy). m

Example 3.10. Let G be the Schlafli graph. This is a graph with 27 vertices.
Thus ©(G W G) > [V(G)| = 27 by Lemma 3.9. On the other hand, Haemers

in [Hae79] showed that ©(G)©(G) < 21. This implies the map O is not in X(G),
since it is not multiplicative under X.
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3.3 Universal spectral points

The abstract theory of asymptotic spectra of Chapter 2 does not explicitly describe
the elements of X(G), i.e. the universal spectral points (cf. Section 2.13). However,
several graph parameters from the literature can be shown to be universal spectral
points. In fact, recently in [BC18] the first infinite family of universal spectral
points was found, the fractional Haemers bounds. We give a brief (and probably
incomplete) overview of currently known elements in X(G).

3.3.1 Lovasz theta number ¥

For any real symmetric matrix A let A(A) be the largest eigenvalue. The Lovéasz
theta number ¥(G) is defined as

(@) == min{A(A) : A € RVEVE symmetric, {u,v} ¢ E(G) = Ay, = 1}.

The parameter J(G) was introduced by Lovasz in [Lov79]. We refer to [Knu94|
and [Sch03] for a survey. It follows from well-known properties that 9 € X(G).

3.3.2 Fractional graph parameters

Besides the Lovész theta number there are several elements in X(G) that are
naturally obtained as fractional versions of X-submultiplicative, Ll-subadditive,
<-monotone maps G — Rso. For any map ¢ : G — R, we define a fractional
version ¢y by

(3.2)

We will discuss several fractional parameters from the literature and prove a
general theorem about fractional parameters.

Fractional clique cover number

We consider the fractional version of the clique cover number X(G) = x(G). It is
well-known that ¥, € X(G), see e.g. [Sch03]. The fractional clique cover number Y
in fact equals the asymptotic clique cover number X(G) = limpy_,o X(GZV)/N

which we introduced in the previous section, see [MP71] and also [Sch03, Th. 67.17].

Fractional Haemers bound

Let rank(A) denote the matrix rank of any matrix A. For any set C' of matrices
define rank(C') := min{rank(A) : A € C'}. For a field F and a graph G define the
set of matrices

MY (G) = {A e FVEOVE iy Ay, #0,{u,v} & E(G) = Ay, = 0}.
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Let R¥(G) := rank(MF(G)). The parameter R (G) was introduced by Haemers
in [Hae79] and is known as the Haemers bound. The fractional Haemers bound Rfc
was studied by Anna Blasiak in [Bla13b] and was recently shown to be K-multiplica-
tive by Bukh and Cox in [BC18]. From this it is not hard to prove that R? € X(G).
Bukh and Cox in [BC18] furthermore prove a separation result: for any field F of
nonzero characteristic and any € > 0, there is a graph G such that for any field F/
with char(F) # char(F') the inequality R}(G) < aRﬂ;/(G) holds. This separation
result implies that there are infinitely many elements in X(G)!

Fractional orthogonal rank

In [CMR*14] the orthogonal rank §(G) and its fractional version the projective
rank &7(G) are studied. It easily follows from results in [CMR™"14] that G — &;(G)
is in X(G).

General fractional parameters

We will prove something general about fractional parameters. Define the lexico-
graphic product G x H by

V(Gx H)=V(G) x V(H)
E(Gx H)={{(g,h), (g, )} : {g.9'} € E(G)
or (g=g¢ and {h,h'} € E(H))}.

The lexicographic product satisfies G x H = G x H. Also define the or-product
G x H by

V(G + H) = V(G) x V(H)
E(Gx+H)={{(g,h),(d, 1)} :{9.9'} € E(G) or {h,I'} € E(H)}.

The or-product and the strong graph product are related by G * H = G X H. The
strong graph product gives a subgraph of the lexicographic product, which gives a
subgraph of the or-product,

GXHCGxHCG=x*H.

Therefore, Gx H < G x H < GX H. Finally, G x K; = G x K , and of course
GX K, =G,

We will prove: if ¢ : G — Ry is X-submultiplicative, U-subadditive and
<-monotone, then the fractional parameter ¢, (defined in (3.2)) is again X-
submultiplicative, Ll-subadditive and <-monotone. Moreover, if ¢ : G — N is
<-monotone and satisfies

VG, H G ¢(Gx H)> oG x Ky
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then ¢ is x-supermultiplicative and, more importantly, ¢; is M-supermultiplica-
tive.

Lemma 3.11. Let ¢ : G — R>y.
(i) If ¢ is U-superadditive, then ¢y is U-superadditive.
11 18 <-monotone, then 18 <-monotone.
(ii) If ¢ i . then ¢y i
111 18 L-subadditive and <-monotone, then 15 LI-subadditive.
iii) 1 ‘ badditi d h Fl badditi
v n e _n:n,ten n e _n:n.
(iv) Ifvn e N ¢(K,) hen Vn € N ¢;(K,,)
v 18 M-submultiplicative and <-monotone, then 18 X-submultiplicative.
If ¢ is W-submultiplicati d hen ¢ is M-submultiplicati

Proof. Let G,H € G. Let d € N.
(i) The lexicographic product distributes over the disjoint union,

(GUH) x Ky = (G x Kz)U(H x Ky).
By superadditivity,

P((G x Kq) U (H x Kq)) > ¢(G x Kg) + ¢(H x Ky).
Therefore,

(G it ¢<<Gu1;i>»<m>

inf
" d d

> inf Qb(G X Kd1) inf ¢(H X Kd2)
dy 1 da d2

= 04(G) + ¢ (H).
(ii) Let G < H. Then G x Kg < H x Ky Thus ¢(G x Ky) < ¢(H x Ky).
Therefore ¢(G) < ¢s(H).
(iii) We have G x Ky < GRK,; = G“¢. Thus by monotonicity and subadditivity
O(G x Ky) < dg(G)
and, for d,e € N,

$(G x Ka) = ¢((G x Kq) x K.) < e(G x Kq).
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We use this inequality to get, for di,ds € N,

d(G x Kq,) N P(H x Kg,) o OG X Kagy) + 0(H X Kaya,)
dy do - dyds

From subadditivity follows

¢(G X Kdle) + ¢(H X KdldQ) > ¢((G X KdldQ) U (H X Kd1d2)>
d1d2 o d1d2
. ¢((G = H) X Kd1d2>
dydy
> gbf(G (] H)

We conclude ¢¢(G) + ¢f(H) > ¢s(GU H).
(iv) Let n € N. Then ¢;(K,) = infq ¢(K,, x Kg)/d = inf; ¢(Kq)/d = n.
(v) Let dy,ds € N. We claim

(GRH) x Kgq, < (G x Kg)) X (H x Kyg,).

This is the same as saying there is a graph homomorphism

(GRH) x Kgq, = (G x Kg)) X (H x Kyg,),
which is the same as saying there is a graph homomorphism
(E*F) X Kd1d2 — (6 X Kd1> * (ﬁ X Kdg),

where * denotes the or-product of graphs. One verifies that (g,h, (i,7)) —
((g,1), (h,7)) is such a graph homomorphism, proving the claim. The claim
together with monotonicity and submultiplicativity gives

(G R H) x Kaay) < 0((G x Ky B (H x Ko)) < $(G < Ky ) (H w Ko,

Therefore

S(GHH) x Kq)

¢f(G& H) = inf

d d

. ¢((GgH) X KdldQ)

= nf d1ds

< i G Fa) 6(H x T
dy,ds dy do

= ¢p(G)oy(H).

This concludes the proof of the lemma. n
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Lemma 3.12. Let ¢ : G — N satisfy
Then
(G H)
w=m . d
Proof. From (3.3) follows

O(Gx H) _ ¢(G = Kyar)
¢(H) o(H)
and so
JGwH) oG x Ky
o 2UTTa
We take the infimum over H to get
¢(G x H) ¢(G x Kaq)

g QG X ) e OLG X Ra)
1%f ol = 1rc}f g
The inequality in the other direction,
o(Gx H) < inf o(G x Kd)7
¢(H) d d
is trivially true. O

>

inf
H

Lemma 3.13. Let ¢ : G — N be <-monotone and satisfy
VG,H€G ¢(Gx H) > ¢(Gx Kym))-

Then ¢ 1s X - and XM-supermultiplicative.

Proof. Let A,B € G. We have AKX B > AX B, so
¢;(AR B) > ¢;(Ax B).

It remains to show ¢¢(A x B) > ¢r(A)ps(B). We have
P(Ax Bx H) ¢(Ax (Bx H))¢p(Bx H)

¢(H)  ¢(BxH) o(H)
which implies
¢(AKBKH) . (b(AD(H’) (b(BD(H”)_
o) - int S(H) inf S ¢1(A)or(B).
Take the infimum over H to obtain ¢¢(A X B) > ¢r(A)ps(B). 0

Theorem 3.14. Let ¢ : G — N be U-additive, K-submultiplicative, <-monotone
and K,-normalised and satisfy

VG, He G ¢(Gx H)> (G x Kymy)-
Then ¢ is in X(G).
Proof. This follows from Lemma 3.11, Lemma 3.12 and Lemma 3.13. O
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3.4 Conclusion

In this chapter we introduced a new connection between Strassen’s theory of
asymptotic spectra and the Shannon capacity of graphs. In particular, we charac-
terised the Shannon capacity (which is defined as a supremum) as a minimisation
over elements in the asymptotic spectrum of graphs. Known elements in the
asymptotic spectrum of graphs include the fractional clique cover number, the
Lovész theta number, the projective rank and the fractional Haemers bound. We
are left with a clear goal for future work: find all elements in the asymptotic
spectrum of graphs.



Chapter 4

The asymptotic spectrum of tensors;
exponent of matrix multiplication

This chapter is based on joint work with Matthias Christandl and Péter Vrana [CVZ18].

4.1 Introduction

This chapter is about tensors ¢ € "' @ - - - ® F™ and their asymptotic properties.
The theory of asymptotic spectra of Chapter 2 was developed by Strassen exactly
for the purpose of understanding the asymptotic properties of tensors. This
chapter is expository and provides the necessary background for understanding
Chapter 5 and Chapter 6.

Let us first define the asymptotic properties of interest and discuss some of
their applications. We need the concepts restriction, tensor Kronecker product
and diagonal tensor. Let s e F" @ --- @ F™ and t € F™ ® - - - ® ™ be tensors.
We say s restricts to t, and write s > t, if there are linear maps A; : "™ — F™:
such that t = (A; ® --- ® Ag) - s. The tensor Kronecker product of s and t is the
element s®@t € F"™ @ ... @F""™ with coordinates (s®t); ; = s;t;. We naturally
define the direct sum s @t € F1t™ @ ... @ F*t"  We define the diagonal
tensors (n) => ¢ 1 e; ®---Qe¢; for n € N, where ey, ..., e, is the standard basis
of F™. The tensor rank R(t) is the smallest number n € N such that ¢ can be
written as a sum of simple tensors; a simple tensor being a tensor of the form
U1 ® -+ - @ vg. Equivalently, R(t) = min{n € N : ¢ < (n)}. The asymptotic rank
is the regularisation R(t) = lim,,_,, R(t®")/". While tensor rank is known to be
hard to compute [Has90, Shil6], we do not know whether asymptotic rank is hard
to compute.

The exponent of matrix multiplication

The motivating example for studying asymptotic rank is the problem of finding
the exponent of matrix multiplication w. Recall from the introduction that w

49
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is the infimum over a € R such that any two n X n matrices can be multiplied
using O(n®) arithmetic operations (in the algebraic circuit model). It turns out
(see [BCSI7]) that w is characterised by the asymptotic rank R((2,2,2)) of the
matrix multiplication tensor

<2,2,2> = Z eij®€jk®€ki € F4®F4®F4.
i,j,kE[Q]

Namely R((2,2,2)) = 2¥. We know the trivial lower bound 2 < w, see Section 4.3.
We know the (non-trivial) upper bound w < 2.3728639, which is by Coppersmith
and Winograd [CW90] and improvements by Stothers, Williams and Le Gall
[Stol0, Will2, LG14].

Asymptotic subrank and asymptotic restriction

Besides (asymptotic) rank, we naturally define subrank Q(t) = max{m € N :
(m) < t} and the asymptotic subrank Q(t) = lim,, ., Q(t™)*/™. Moreover, we
say s restricts asymptotically to t, written s 2 t, if there is a sequence of natural
numbers a(n) € o(n) such that for all n € N

S®n ® <2>®a(n) > t®n‘
One can prove (see [Str91]) that
§5 @ (2)@0) > B jff  @nto(n) 5 yen

Our goal is to understand asymptotic restriction, asymptotic rank and asymptotic
subrank.

More connections: quantum information, combinatorics, algebraic prop-
erty testing

Besides matrix multiplication, other applications of asymptotic restriction of
tensors, asymptotic rank of tensors and asymptotic subrank of tensors include
deciding the feasibility of an asymptotic transformation between pure quantum
states via stochastic local operations and classical communication (slocc) in
quantum information theory [BPR*00, DVC00, VDDMV02, HHHH09], bounding
the size of combinatorial structures like cap sets and tri-colored sum-free sets in
additive combinatorics [Ede04, Tao08, ASU13, CLP17, EG17, Taol6, BCC*17,
KSS16, TS16|, see Chapter 5, and bounding the query complexity of certain
properties in algebraic property testing [KS08, BCSX10, Sha09, BX15, HX17,
FK14].

This chapter is organised as follows. In Section 4.2 we briefly discuss the
semiring of tensors, the asymptotic spectrum of tensors, and asymptotic rank and
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subrank. In Section 4.3 we discuss the gauge points, a simple construction of finitely
many elements in the asymptotic spectrum of tensors. In Section 4.4 we discuss
the Strassen support functionals: a family of elements in the asymptotic spectrum
of “oblique” tensors. This family is parametrised by probability distributions
on [k]. In Section 4.5 we discuss an extension of the support functionals, called
the Strassen upper support functionals, which have the potential to be universal.
Finally, in Section 4.6 we prove a new result: we show how asymptotic slice rank
is related to the support functionals.

4.2 The asymptotic spectrum of tensors

Let us properly set up the semiring of tensors and the asymptotic spectrum. For
the proofs we refer to [Str87, Str88, Str91].

4.2.1 The semiring of tensor equivalence classes 7T

We begin by putting an equivalence relation on tensors. For example, we want to
identify isomorphic tensors and also, for any tensor t € F™ ® - - - ® F™  we want
to identify ¢ with ¢ & 0, where 0 € F™ ® --- ® F™* is a zero tensor of any format.

We say s is isomorphic to t, and write s = t, if there are bijective linear maps
A; ™ — T such that t = (Ay,..., Ag) - s.

We say s and t are equivalent, and write s ~ ¢, if there are zero tensors
So=0€F" x - xF% and t;p = 0 € F” x --- x F% such that s ® sog =t P t,.
The equivalence relation ~ is in fact the equivalence relation generated by the
restriction preorder <.

Let T be the set of ~-equivalence classes of k-tensors over F, for some fixed k
and field F. The direct sum and the tensor product naturally carry over to 7,
and 7T becomes a semiring with additive unit (0) and multiplicative unit (1)
(more precisely, the equivalence classes of those tensors, but we will not make this
distinction).

4.2.2 Strassen preorder via restriction

Restriction < induces a partial order on 7, which behaves well with respect to
the semiring operations, and naturally n < m if and only if (n) < (m). Therefore,
restriction < is a Strassen preorder on T .

4.2.3 The asymptotic spectrum of tensors X(7)

Let S C T be a subsemiring. Let

X(S) = X(S,<) = {6 € Hom(S,Rso) : Va,b € S a < b= d(a) < ¢(b)}.
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We call X(S) the asymptotic spectrum of S and we call X(7") the asymptotic
spectrum of k-tensors over F.

Theorem 4.1 ([Str88]). Let s,t € S. Then s St iff Vo € X(S) ¢(s) < o(t).
Proof. This follows from Theorem 2.13. O]
We refer to Chapter 2 for a discussion of the topological properties of X(5).

Remark 4.2. We mention that X(S) may equivalently be defined with degenera-
tion > instead of restriction >. Over C, we say f degenerates to g, written, f > g,
if f = f'and g = ¢’ and ¢’ is in the Euclidean closure (or equivalently Zariski
closure) of the orbit GL,, x --- x GL,, - f. It is a nontrivial fact from algebraic
geometry (see [Kra84, Lemma II1.2.3.1] or [BCS97]) that there is a degeneration
f B g if and only if there are matrices A; with entries polynomial in € such that
(A, ..., Ay) - f =elg +eltlg + - + e?teg, for some elements g1, ...,g.. The
latter definition of degeneration is valid when C is replaced by an arbitrary field
F and that is how degeneration is defined for an arbitrary field. Degeneration
is weaker than restriction: f > ¢ implies f > g. Asymptotically, however, the
notions coincide: f > ¢ if and only if f®" ® (2)%°(™ > ¢®"  We mention that,
analogous to restriction, degeneration gives rise to border rank and border subrank,

R(f) = min{r € N: f < ()} and Q(f) = max{s € N: (s) < f} respectively.

4.2.4 Asymptotic rank and asymptotic subrank

The abstract theory of asymptotic spectra characterises asymptotic subrank and
asymptotic rank as follows.

Corollary 4.3. Let S C T be a subsemiring. Let a € S. Then

Q@) = min 6(a) (41)
R(o) = max o(a) (42)

Proof. Statement (4.2) follows from Corollary 2.14, since either a = 0 or a > 1.
For statement (4.1), if t®% > 2 for some k € N, then we apply Corollary 2.15.
Otherwise, one can show that Q(t) equals 0 or 1 using the gauge points of the
next section (see [Str88, Lemma 3.7]). O

Remark 4.4. One verifies that R and Q are <-monotones and have value n
on (n). They are not universal spectral points however. Namely, the asymptotic
rank of each of the three tensors

2,1,)=e®e1®1+eRea1 €¢ PRF eF
(1,1,2) =1 ®1Qe1 +e,01R®e, € FPRF @ F?
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(1,2,2) =1Qe;®e; +1Rey®ey € F' @ F? @ F?

equals 2, whereas their tensor product equals the matrix multiplication ten-
sor (2,2,2) whose tensor rank equals 7 and whose asymptotic rank is thus at
most 7, i.e. strictly smaller than 23. Therefore, asymptotic rank is not multiplica-
tive. On the other hand, the asymptotic subrank of each of the above three tensors
equals 1, whereas the asymptotic subrank of (2,2, 2) equals 4, see Chapter 5.
Therefore, asymptotic subrank is not multiplicative.

Goal 4.5. Our goal is now to explicitly describe elements in X(7), universal
spectral points, or more modestly, to describe elements in X(S) for interesting
subsemirings S C 7.

Strassen constructed a finite family of elements in X (7), the gauge points, and
an infinite family of elements in X({oblique tensors}), the support functionals.
The support functionals are powerful enough to determine the asymptotic subrank
of any “tight tensor”. Tight tensors are discussed in Chapter 5. In Chapter 6 we
construct an infinite family in X({k-tensors over C}), the quantum functionals.
In the rest of this chapter we discuss the gauge points and the support functionals.
We will focus on the case k = 3 for clarity of exposition.

4.3 Gauge points ()

Strassen in [Str88] introduced a finite family of elements in X(7), called the gauge
points. We focus on 3-tensors, but the construction generalises immediately to
k-tensors. Let V; = F". Lett € V1 ® Vo ® V3. Let i € [3]. Let flatten;(t) be
the image of ¢ under the grouping Vi @ V2 ® V3 = V; ® (&),; V;). We think
of flatten;(¢) as a matrix. Let () : T — N : ¢ > rank(flatten;(t)), with rank
denoting matrix rank. We call ¢, ¢® ¢®) the gauge points. From the properties
of matrix rank follows directly that ¢ is multiplicative under ®, additive under &,
monotone under restriction < (and under degeneration <) and normalised to 1
on (1) =e; ®e; R ey.

Theorem 4.6. ¢V, ¢? ¢®) ¢ X(T).

Recall, Q(t) < ¢(t) < R(t) for all ¢ € X(T). In particular, max; (7 (t) < R(t).
We do not know whether max;es ¢ equals R. To be precise: we do not know any ¢
for which max; ¢ () < R(t) and we do not know a proof that max; () (t) = R(t)
for all t. There are various families of tensors ¢ for which max; (¥ (t) = R(t) is
proven. We will see such a family in Section 5.4.2. For the matrix multiplication
tensor (2,2,2) we have 4 = max; ((?((2,2,2)) < 2¢, so max; () (¢) = R(t) would
imply that the matrix multiplication exponent w equals 2.

On the other hand, Q(t) < min, CO(t). There exist t for which Q(t) is
strictly smaller than min;eiz (¥ (t). To show this strict inequality we need another
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technique of Strassen: the support functionals. These are the topic of the next
section.

4.4 Support functionals (¢’

Strassen in [Str91] constructed an infinite family of elements in the asymptotic
spectrum of “oblique” k-tensors, called the support functionals. In this section
we explain the construction of the support functionals. The support functionals
provide the benchmark for our new quantum functionals (Chapter 6), and are
relevant in the context of combinatorial problems like the cap set problem (Sec-
tion 5.4.2). For clarity of exposition we focus on 3-tensors. The ideas extend
directly to k-tensors.

Oblique tensors are tensors for which in some basis the support has the
following special structure. Let t € F™" @ F" @ F". Let eq,...,e,, be the
standard basis of F™. Write t = Z”k tijk € @ e; ®ep. Let [n;] ={1,2,...,n;}.
Let supp(t) == {(4,4,k) : tijr # 0} C [n1] X [na] X [ns] be the support of ¢t with
respect to the standard basis. Let [n;] have the natural ordering 1 < 2 < --- < [n]
and let [nq] x [na] X [n3] have the product order, denoted by <. That is, z < y
if for all ¢ € [3] holds z; < y;. We call supp(t) oblique if supp(t) is an antichain
with respect to <, i.e. if any two elements in supp(t) are incomparable with
respect to <. We call a tensor ¢ oblique if supp(g - t) is oblique for some group
element g € G(t) = GL,, x GL,, x GL,,. The family of oblique tensors is a
semiring under ¢ and ®.

Not all tensors are oblique. Obliqueness is not a generic property (see Propo-
sition 6.21). However, many tensors that are of interest in algebraic complexity
theory are oblique, notably the matrix multiplication tensors

(a,b,c) = Z Z Z eij @ e @ ep; € F* @ F* @ Fe.

i€la] j€[b] ke[c]

For any finite set X let P(X) be the set of all probability distributions on X.
For any probability distribution P € P(X) the Shannon entropy of P is defined
as H(P) = =) ..y P(x)log, P(x) with 0log, 0 understood as 0. Given finite
sets X1,..., X} and a probability distribution P € P(X; X -+ x Xj) on the
product set X; x --- x X, we denote the marginal distribution of P on X; by P;,
that is, Pi(a) = P(z) for any a € X;.

TT;=a

Definition 4.7. Let 0 € © := P([3]). For t € F" @ "2 @ F"s \ 0 with supp(t)
oblique define

) = maX{QZleo(i)H(Pi) : P € P(supp(t))}.

We call the ¢? for § € © the support functionals.
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Theorem 4.8. (Y € X({oblique}) for 6 € ©.

We work towards the proof of Theorem 4.8. For p € [0,1] let h(p) be the
binary entropy function, h(p) := —plogyp — (1 — p)logy(1 — p), i.e. h(p) is the
Shannon entropy of the probability vector (p,1 — p). The following properties of
the Shannon entropy are well-known.

Lemma 4.9.

() HP®Q)=H(P)+ H(Q) for P € P(X1), Q € P(Xa).

(i) H(P) < H(P1) + H(P,) for P € P(X1 x X»).
) HpP®(1—p)Q) = pH(P)+(1—p)H(Q)+h(p) for P,Q € P(X), p € 0,1].
v)

27 4+ 2° = maxg<,<1 opat(1=p)b+h(®) for q b € R.

(iii

(i

For X C [nq] x [ng] x [ns] let X< = {y € [n1] x [no] X [ng] : v € X y <z} be
the downward closure of X. Let max(X) ={y e X Ve € Xy <z =y =z}
be the maximal points of X with respect to <. Let S,, be the symmetric group
of permutations of [n]. Then the product group S,, x S,, X Sy, acts naturally
on [n1] x [ng] X [ns).

Lemma 4.10. Let t € F" @ F" @ F"3. For every g € G(t) there is a triple of
permutations w € W (t) = S,, X S, X Sp, with w - max(supp(g - t)) C supp(t)<.

Proof. We prepare for the construction of w. Let n € N. Let ey,...,e, be
the standard basis of F". Let g € GL,. Let fi,..., f, with f; = g -e; be the
transformed basis of F". Let (E;);cf, and (Fj)jen) be the complete flags of F”
with

EZ' = Span{€i7 €itly- .- 7671}

Fy = Span{fj, fix1,- -, fu}-
Define the map
7 [n] = [n]:j— max{i € [n]: E;N(f; + Fj1) #0}. (4.3)

We prove 7 is injective. Let j,k € [n] with j < k and suppose i = 7(j) = 7(k).
Let F* :=TF\ 0. From (4.3) follows

(Fei + Eir1) O (fj + Fja) #0 (4.4)
Eipi N (fj + Fja) =0 :
(F*e; + Eip1) 0 (fr + Fia) # 0. (4.6)

Suppose j < k. Then from (4.4) and (4.6) we obtain a contradiction to (4.5). We
conclude that j = k. Thus 7 is injective.
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For each F™ define as above the standard complete flag (E]’) je[n) of T, the
complete flag (F]’) jelny) corresponding to the basis given by g;, and the permuta-
tion 7; : [n;] — [n;]. Let w = (my, ma, m3) € W(1).

We will prove w - max(supp(g - t)) C supp(t)<. Let y € max(supp(yg - t)).
Let z = w - y. By construction of 7; the intersection E. N (f;z + ng-+1) is not
empty. Choose

f_éi € E;z N (f;L + szz'-i—l)'

Let ¢t* be the multilinear map ™ x F"2 x F" — F with t*(e;, €;, ex) = t;;x for all
i € [n1],7 € [na], k € [n3]. Then

t*< l}l’ y227 53) :t*( 1}1’ ’52’ 53)+Zczt*( 2117 327 233) (47)
ZE[TLl]X[ng}X[ng}:
z>Yy
for some ¢, € F. Since y is maximal in supp(g-t), the sum over z > y in (4.7) equals
zero. We conclude t*(fL, f2, f3) = t*(f,,, [0, fo,) # 0. Thus t*(E, x E2, x E3 )
is not zero and thus x € supp(t)<. O

Proof of Theorem 4.8. We prove ¢? on oblique tensors is ®-multiplicative, @-
additive, <-monotone and normalised to 1 on (1) := e; ®e; ®e;. The normalisation
¢?((1)) = 1 is clear.

We prove (? is ®-supermultiplicative. Let s € F™ ® F" @ F™ and let
te FMF™ @F™. Let P € P(supp(t)) and @ € P(supp(s)). Then the product
P®Q € P(supp(s®t)) has marginals P, ® Q;. Since H(P,® Q;) = H(P;)+ H(Q;)
(Lemma 4.9(i)), we conclude ¢?(s)¢?(t) < (s ®t).

We prove (Y is ®-submultiplicative. For P € P(supp(t)) and § € © we use the
notation Hy(P) = >3 0(i)H(P;). We naturally identify supp(t) with a subset
of [nq] X [ng] X [ng] x [mq] x [my] x [mg]. Let P € P(supp(t)). Let Pg be the
marginal distribution of P on [n;] x [ny] x [n3] and let Psy[5 be the marginal
distribution of P on [mi] x [mg] x [mg]. Then Hy(P) < Hy(Pys)) + Ho(Ps1[3) by
Lemma 4.9(ii). We conclude ¢?(s @t) < (%(s)¢?(¢).

We prove (? is @-additive. By definition

C(s@t) = max{2®) . P e P(supp(s @ 1))}
= max{ max 2#@PUPQ . p e P(supp(s)), Q € P(supp(t))}.
0<p<1
From Lemma 4.9(iii) and (iv) follows
max{ max 270@P*0=PQ : p ¢ P(supp(s)), Q € P(supp(t))}
0<p<i

- max{orgagcl 2pHo(P)T(1=p)Ho(@)Th(e) - P e P(supp(s)), @ € P(supp(t))}
S

= max{2(") 1 2H0(Q) . P € P(supp(s)),Q € P(supp(t))}
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=("(s) + ().

We conclude ¢?(s @ t) = ¢?(s) + ¢?(1).

We prove ¢? is <-monotone. Let s < t with supp(s) and supp(t) oblique. Then
there are linear maps A; with s = (4] ® Ay ® A3) - t. If Ay, Ay, Ag are of the
form diag(1,...,1,0,...,0), then ¢?(s) < ¢%(t). Suppose g = (A, Ay, A3) € G(%).
Let P € P(supp(t)) maximise Hy on P(supp(t)). Let o € W such that o - P
has non-increasing marginals. Then Hy(o - P) = Hy(P) and o - P maximises Hyp
on P(supp(c - t)). Then o - P maximises Hy on P(supp(o - t)<) by Lemma 4.12
below. Let @ € P(supp(g -t)) maximise Hy on P(supp(g-t)). By Lemma 4.10
there is a w € W with w - supp(g - t) C supp(o - t)<. Then Hp(w - Q) = Hy(Q) <
Hy(o - P) = Hyp(P). Thus maxpepupp(gt) Ho(P) < MmaxXpesuppr) Ho(P). We
conclude ¢%(g - t) < ¢%(t) O

The following two lemmas finish the above proof of Theorem 4.8. Recall that
in the proof we defined Hp(P) == 3> (i)H(P;) for 6 € ©.

Lemma 4.11 ([Str91, Prop. 2.1]). Let ® C [n4] X [ng] X [n3]. Let P € P(P).
Let supp(P) be the support {x € ® : P(x) # 0}. For x € ® define hp(z) =
— 77 0(i)log, Pi(x;). Then P mazimises Hy on P(®) if and only if

Va € supp(P) hp(zr) = maxhp(y). (4.8)

yed

Proof. We write Hy(P) in terms of hp,

Hy(P) = Z Z P(x (4.9)

For Q € P(®)
i, 2 Ho((1 =P +<0Q)
d
:€]_i>%1+d—62((1—8) () +eQ(x )) (1— 5P+6Q( )

T

3

— Qi xz
- ¥ rw (z iy ) + (P + Q) et
— Pi(z;) In(2
= Z Q) he() = 3 P(2) bl
Therefore, since Hy is continuous and concave, P maximises Hy if and only if

VQ € P(® Z Q(z) hp(z) = Y P(x) hp(z) < 0. (4.10)
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We will prove (4.10) is equivalent to (4.8). Suppose ) Q(x)hp(z) <> P(x)hp(z)
for every @ € P(®). In particular hp(y) < > P(x)hp(x) for every y € ®, so
maxyeep hp(y) < > P(x)hp(z). Then maxyee hp(y) =D, P(x)hp(x). We con-
clude maxyecq hp(y) = hp(z) for every x € supp(P).

Suppose maxyeq hp(y) = hp(z) for every x € supp(P). Then hp(y) < hp(x
for every @ € P(®),y € supp(Q),z € supp(P). We conclude ) Q(z)hp(z) <
> . P(@)hp(x). O

Lemma 4.12 ([Str91, Cor. 2.2]). Let ® C [ny] X [ng] X [n3]. Let P maximise Hy
on P(®). Suppose P; is nonincreasing on [n;| for each i € [3]. Then P maz-
imises Hy on P(®<) where O< is the downward closure of ® with respect to <.

~—

Proof. We know P satisfies (4.8). We will prove P satisfies (4.8) with ® replaced
by ®<. Then we are done by Lemma 4.11. Let z € ®<. Then z < y for
some y € ¢. Then (Pi(z1), Pa(x2), Ps(x3)) = (Pi(y1), Pa(y2), P3(ys)) since each P
is nonincreasing. Then hp(z) < hp(y). We conclude maxe_ hp < maxg hp. On
the other hand, ® C ®.. Therefore maxe hp < maxg_ hp. - ]

Using the support functionals Strassen managed to fully compute the asymp-
totic spectrum of several semirings generated by oblique tensors. We will see an
example in Section 5.4.2.

4.5 Upper and lower support functionals ¢?, (y

In Section 4.4 we defined the support functionals ¢? : {oblique} — R, and
proved that ¢ € X({oblique}). From the general theory of asymptotic spectra
(Chapter 2) we know (Y is the restriction of some map ¢ : {tensors} — Rxg
in X (7). However, the proof of that fact was non-constructive. In other words,
we know that ¢’ can be extended to an element of X(7). In this short section
we discuss a candidate extension proposed by Strassen, called the upper support
functional. We also discuss a companion called the lower support functional.

For arbitrary ¢t € F™ ® ™2 @ " the upper support functional and the lower
support functional are defined as

() = grenég) max{27") . P ¢ P(supp(g - 1))}

Co(t) = grggé() max{27F) : P ¢ P(max(supp(g - t)))}
with G(t) :== GL,, x GL,, X GL,, and Hy(P) := Y>> , 0(i)H(P;). We summarise
the known properties of the upper and lower support functional.

Theorem 4.13 ([Str91]). Let s € F" @ F" @ F" and t € F™ @ F™ @ F™3.
Let 0 € © = P([3]).
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(i) ¢"({n)) =n forn € N.
(if) ¢"(s @ t) = ¢"(s) + (1)
i) (“(s@t) < ¢*(s)C° (1)
v) I

s> t, then C%(s) > (°(t).

(iii
(i

Theorem 4.14 ([Str91]). Let s € F" @ F" @ F™ and t € F™ @ F™ @ F™3.
Let 0 € ©.

(i) ¢p({n)) =n forn € N.
(ii) Co(s ®t) > Co(s) + Co(?)-
(iii) Co(s @ 1) = Co(s)Co(?)-
(iv) If s > t, then Go(s) > Co(t).
Theorem 4.15 ([Str91]). (’(s®t) > ¢?(s)¢e(t) and CO(t) > (o(t) for 6 € O.

Regarding statement (ii) in Theorem 4.14, Biirgisser [Biir90] shows that the
lower support functional (y is not in general additive under the direct sum
when 6; > 0 for all 7. See also [Str91, Comment (iii)]. In particular, this implies
that the upper support functional ¢?(¢) and the lower support functional (y(t)
are not equal in general, the upper support functional being additive. In fact,
to show that the lower support functional is not additive, Blirgisser first shows
that when F is algebraically closed the generic value of (4 on F" ® F" @ F"
equals 20—mini%)n+o(l) -~ On the other hand, Tobler [Tob91] shows that the generic
value of ¢? on F" ® IF” ® F™ equals n. So even generically ¢? and ¢y are different
on F" @ F" @ F™.

For § € © we say f is 0-robust if (?(t) = (y(t). We say t is robust if t is f-robust
for all # € ©. Let us try to understand what robust tensors look like. A tensor ¢
is f-robust if and only if

¢(t) < Golt). (4.11)
The set of f-robust tensors is closed under ¢ and ®, since
Cls@t)=C"(s) + (1) = Cols) + Glt) < Go(s D 1),

and

(s @t) < "(s)¢"(t) = Gols)Go(t) < Gols @ 1)

For X C [n4] x [na] x [ng] we use the notation Hy(X) = maxpepx) Ho(P).
Let t € F™ @ F"2 @ F" \ 0. Equation (4.11) means that there are g, h € G(t)
and P € P(maxsupp(h - t)) such that Hy(supp(g-t)) < Hp(P). In this case we
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have (y(t) = ¢(t) = 2H(") | In particular, ¢ is #-robust if there is a g € G(t) such
that the maximisation Hy(supp(g - t) is attained by a P € P(max(supp(g -1))).
This criterion is automatically satisfied for all § when supp(g-t) = max(supp(g-t))
for some g € G(t). Suppose t is oblique. Then supp(g - t) is an antichain
for some g € G(t) and thus supp(g - t) = maxsupp(g - t). Then ¢ is robust
and Cy(t) = ¢O(t) = 2Heluwr(gt))

4.6 Asymptotic slice rank

Slice rank is a variation on tensor rank that was introduced by Terence Tao
in [Taol6] to study cap sets. We will look at cap sets in Section 5.4. Here we
study the relationship between asymptotic slice rank and the support functionals.

Consider the following characterisation of tensor rank. Let a simple tensor be
any tensor of the form v; ® vy ® v3 € V1 ® Vo ® V3 with v; € V; for i € [k]. Then
the rank R(¢) of t € V1 ® V5 ® V3 is the smallest number r such that ¢ can be
written as a sum of r simple tensors.

Slice rank is defined similarly, but with simple tensors replaced by slices.
For S C [k], let Vs = @),c5 Vi. For j € [k], let j := {j}. A tensorin V; @ V2@ V;
is called a slice if it is of the form v ® w with v € Vj and w € V5 for some j € [K]
(under the natural reordering of the tensor legs). Let t € V; ® Vo ® V3. The slice
rank of t, denoted by SR(?), is the smallest number r such that ¢ can be written
as a sum of r slices. For example, the tensor

W=e®e®@eat+te@ea@et+e®e ®@e € FPQF QF (4.12)

has slice rank 2 since we can write W =e; ® (e; @ ea +e2 @ €1) + €2 ® €1 @ e3.
In fact, the slice rank of any element in V} ® V5 ® V3 is at most min; dim V;. The
tensor rank of W, on the other hand, is known to be 3.

Slice rank is clearly monotone under restriction. The slice rank of the diagonal
tensor (r) equals r [Taol6]. It follows that subrank is at most slice rank,

Q(t) < SR(t).

The motivation for the introduction of slice rank in [Taol6] was finding upper
bounds on subrank Q(¢) and asymptotic subrank Q(¢).

The main result of this section is the following theorem. Recall that a tensor ¢
is oblique if the support supp(g - t) is an antichain for some g € G(t).

Theorem 4.16. Let t be oblique. Then

lim SR(t*")™ = min ¢?(t).
lim SR(z*") , i ¢ (t)

Our proof of Theorem 4.16 is based on a proof of Tao and Sawin in [TS16]
and discussions of the author with Dion Gijswijt. The explicit connection between
asymptotic slice rank and the support functionals is new.
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We use Theorem 4.16, before giving its proof, to see that SR is not submulti-
plicative and not supermultiplicative under the tensor product ®. In particular we
cannot use Fekete’s lemma Lemma 2.2 to prove that the limit lim,, . SR(t®")1/ "
exists. Thus the existence of the limit is a non-trivial consequence of Theorem 4.16.

Let W as in (4.12). Then SR(W) = 2. We have ((1/31/31/3) (1)) = 2h(1/3) < 2,
From Theorem 4.16 follows SR(WW®n") < 27n(1/3)+0() We conclude SR(WE") < 27
for n large enough. We conclude SR is not supermultiplicative. Now it is also
clear that slice rank is not the same as (border) subrank, since (border) subrank
is supermultiplicative.

Next, the tensors Y " | e;®e;,®1, > " | e;®1®e;, > | 1Qe;®e; have slice rank
one, while their tensor product equals the matrix multiplication tensor (n,n,n)
which has slice rank n? by Theorem 4.16 and Theorem 5.3 in the next chapter
applied to the tight tensor (n,n,n). We conclude SR is not submultiplicative.

Slice rank and hitting set number

We study the hitting set number of the support of a tensor. Let ® C [ny] X [ng] X [n3].
A hitting set for ® is a 3-tuple of sets A; C [n1], A3 C [na], A3 C [n3] such that for
every a € ® there is an i € [3] with a; € A;. We may think of ® as a 3-partite
3-uniform hypergraph. Then the definition of hitting set says: every edge a € ® is
hit by an element of some A;. A hitting set is also called a vertex cover, every
edge being covered by some vertex, or a transversal. The size of the hitting
set (Ay, Ao, A3) is |A1] + |A2| 4 |As]. The hitting set number 7(®P) is the size of
the smallest hitting set for ®. Let t € F™ @ F™? @ F"s.

Lemma 4.17. Let g € G(t) .= GL,,, x GL,,, x GL,,,. Then SR(t) < 7(supp(g-t)).
Proof. This is clear. O
Lemma 4.18. Let g € G(t). Then SR(t) > 7(max(supp(g -1))).

Proof. 1t is sufficient to consider g = e. Let
1 T2 T3 B
t = Zv}®u3+va®uf+va’®u?
i=1 i=1 i=1

be a slice decomposition. We may assume U{, e ,vﬁj are linearly independent.
Let V; = Span{v{,...,vﬁj} C F™. Let W; C (F™)* be the elements in the
dual space that vanish on V;. Let B; C W, be a basis with the following
property: with respect to the standard basis, the matrix with the elements
of B; as columns is in reduced row echelon form, i.e. each column is of the
form (x---%10---0)7 and the pivot elements (the 1’s) are all in different rows.
Let S; C [n;] be the indices of the pivot element. Let S; := [n;] \ S; be the
complement. Then [S;| = r;. We claim (S}, S, S3) is a hitting set for max(supp(t)).
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Then ry + 79 + 15 = |S1| + |Sa| + [Ss] > 7(max(supp(t))). Let 2 € max(supp(t)).
Suppose x € Sy X Sy x S3. For every j € [3] let ¢; € B; have its pivot element at
index z;. Let ¢ = ¢1 ® o ® ¢3. Then ¢ € W7 @ W @ W3, so ¢(t) = 0. Since z is

maximal and each B; is in reduced row echelon form,

o(t) = Z ty ey, ® ey, ® ey,)

y<z

= Z ty Pley, ey, ®ey,) + trey ®eg, Qe

y<x

= E :3y6y1®ey2®ey3 + trer ey, @ ey

y<x

for some s, € F. From ¢(t) = 0 follows ¢, = 0. This contradicts x € supp(?), so
x & S1 X Sy x Ss, ie. there is a j € [3] with z; € 5;. O

Asymptotic hitting set number

We now study the asymptotic hitting set number 7(®) = lim,,_o, 7(®*™)1/,

We will use some basic facts of types and type classes. Let X be a finite
set. Let N € N. An N-type on X is a probability distribution P on X with
N-P(z) e Nforallz € X. Let P be an N-type on X. The type class TH C XV
is the set of sequences s = (sy,...,sy) with x occuring N - P(x) times in s for
every ¢ € X, i.e. |{i €[N]:s; =z} =N-P(x).

Lemma 4.19. The number of N-types on X equals (Nr;('fill_l) Let P be an

N-type. The size of the type class TH equals the multinomial coefficient (Iévp).
Proof. We leave the proof to the reader. m
Lemma 4.20. Let P be an N-type on X. Then

1

N
NH(P NH(P

Proof. See e.g. [CT12, Theorem 11.1.3]. O

Lemma 4.21. log, 7(®) < maxpep) mingeg) H(F;).

Proof. Let P maximise maxpep(e) min; H(F;). Let n € N. We construct a hitting
set (A1, Ay, A3) for ®" as follows. Let x € ®". Viewing x as an n-tuple of elements
in @, let @ € P,(P) be the type of = (i.e. the empirical distribution). Let j € [3]
with H(Q;) = min;es H(Q;). By our choice of P we have

H(Q;) = min H(Q;) < min H(F;).
1€(3] 1€[3]



4.6. Asymptotic slice rank 63

Viewing x as a 3-tuple (z1, 22, 23), add z; to A;. We repeat this for all z € ®".
The final (A, Ag, A3) is a hitting set for " by construction. For each j € [3],

Al < Y175, < ) 2
Qj Qj

where the sum is over Q; € P,(®;) with H(Q;) < min;eg H(F;). Then

A < [Pa()] 20 )  poly ()2 ),
We conclude |A;| + |As| + |As| < poly(n)2nmin H(F), O
Lemma 4.22. log, 7(®) > maxpepo) mingeg) H(F;).
Proof. Let P maximise maxpep(e) min; H(F;). Let n € N. Let (A4;, Ay, A3) be a
hitting set for ®". Let @ € P,(P) be an n-type with min; H(Q;) = min; H(P;) —
o(n). Let W =T} C ®" be the set of strings with type Q. Then (A;, As, A3) is a
hitting set for W. Let m; : U — &7 : (21, 29, x3) — 2. Then

U =7 (A) Umyt(Ay) Umyt(43).

Let 7 € [3] with |7T]-_1(Aj)| > 3 |¥|. The fiber 7rj_1(a) has constant size over a € V.
Let ¢; = |7 '(a)| be this size. Then

=Y Im @)l =Y e = ¥le
aE\IIj aE\I/j

And

AN = > I )] = 140l < (4

aeA]— ﬁ\I/j
Therefore

-1 1
7. (A = |
Cj Cj

We have |W;| > 2mH(@)=o() > gnmini H(Qi)=o(n) > gnmin; H(F)=o(n) We conclude
AL+ sl 415l 2 4] 2§15 2 Sammn ol =

Lemma 4.23. log, 7(®) = maxpep(o) mineg H(F;).

Proof. This follows directly from the above lemmas. O]
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Asymptotic slice rank

We now combine the above lemmas about slice rank and the asymptotic hitting
set number to prove Theorem 4.16. First we have the following basic lemma.

Lemma 4.24. mingce maxpep(a) Ho(P) = maxpep(e) minep H(F).

Proof. Since Hy(P) is convex in # and concave in P, von Neumann’s minimax

theorem gives ming maxpep(o) Ho(P) = maxpepo) ming Ho(P). Finally, we use

that ming Hy(P) = min; H(F;). O
Define f~(t) := limsup,_,., f(t®")/™ and f.(t) := liminf, o f(t%")/".

Lemma 4.25. Lett € ™ Q F™? Q@ F™. Then

max max min H(P;) < SR.(t) <SR™(t) < Inein o).

g€G(t) PEP(maxsupp(g-t)) ¢

Proof. By definition, SR (t) < SR™(¢). From Lemma 4.17 follows

SR™(t) < z(supp(g - t))
for any g € G(t). Lemma 4.23 gives 7(supp(g - t)) = maxpep(supp(g-)) min; 2747,
Thus with the help of Lemma 4.24

SR™(t) < min max  min 27 = min ¢?(¢).
g€G(t) PEP(supp(g-t)) @ 0

From Lemma 4.18 follows
7(max(supp(g - t))) < SR(2)
for any g € G(t). Lemma 4.23 gives

max max min 277 < SR, (¢).
g€G(t) PeP(max(supp(g-t))) ¢

This proves the lemma. O]

Proof of Theorem 4.16. We may assume & = supp(t) is oblique. Then, with
the help of Lemma 4.24 and Lemma 4.25

min ¢°(£) = min Gy(#)

— min max 27(F)
0€0 Pecmax(®P)

= max min 27
Pemax(®) i€[3]

< max max min 27 ()
g€G(t) PeP(max(supp(g-t))) i€[3]

< SR.(t)

< SR™(t)

< min ¢%(t).

< min¢’(t)

This proves the claim. [
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4.7 Conclusion

The study of asymptotic rank of tensors is motivated by the open problem of finding
the exponent of matrix multiplication. Asymptotic subrank has applications
in for example combinatorics and algebraic property testing. Via the theory
of asymptotic spectra Strassen characterised asymptotic rank and asymptotic
subrank in terms of the asymptotic spectrum of tensors. Strassen introduced the
gauge points in X(7) and the support functionals in X ({oblique}). More precisely,
there are the lower support functionals, and the upper support functionals. The
lower support functionals are not additive and can thus not be universal spectral
points. The upper support functionals may be universal spectral points, but this
can, however, not be shown with the help of the lower support functionals. Finally,
we showed that for oblique tensors the asymptotic slice rank exists and equals the
minimum value over the support functionals. In the next chapter we will see a
subfamily of the oblique 3-tensors for which the support functionals are powerful
enough to compute the asymptotic subrank.






Chapter 5

Tight tensors and combinatorial
subrank; cap sets

This chapter is based on joint work with Matthias Christandl and Péter Vrana [CVZ16,
CVZ1s].

5.1 Introduction

In the previous chapter we discussed the gauge points and the support function-
als ¢?. The gauge points are in the asymptotic spectrum of all tensors, while the
support functionals are in the asymptotic spectrum of oblique tensors.

How “powerful” are the support functionals? We know Q(t) < ¢?(t) < R(¢) for
oblique ¢ and for all 8. Thus maxp C?(¢) < R(¢). In fact, maxg ¢Y(t) is at most the
maximum over the gauge points maxg ((sy, and in turn maxg ((g) is at most R(%).
As remarked earlier, it is not known whether maxg ((s) equals R(¢) in general.

On the other hand, we have Q(t) < miny ¢?(#). Do we attain equality here
in general; Q(t) = ming ¢?(¢)? The answer is “yes” for the subsemiring of tight
3-tensors. In this chapter we study tight k-tensors.

Tight tensors
Let I, ..., I be finite sets. Let ® C I} x --- x I;. We say ® is tight if there are
injective maps w; : I; — Z for i € [k] such that

Vaoe ® wu(og) + -+ up(or) = 0.

We say t € F" @ --- @ F™ is tight if there is a g € G(t) == GL,, x --- x GL,,
such that the support supp(g - t) is tight.

Recall that a tensor is oblique if the support is an antichain in some basis.
Clearly, tight tensors are oblique. To summarise the families of tensors that we

67
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have defined up to now, we have
{tight} C {oblique} C {robust} C {#-robust}.

Recall that the families of oblique, robust and #-robust tensors each form a
semiring under ® and @. Tight tensors have the same property [Str91, Section 5].
Another property is that any subset of a tight set is tight.

Example 5.1. Let k£ > 3 be fixed. For any integer n > 1 and ¢ € [n] the set
d,(c)={ac{0,....n -1} a1+ -+ =c}

is tight. For any integer n > 2 and any c¢ € [n] the set
U,(c)={a€{0,....n—1}:a;+ - +a,=cmodn}

is not tight (cf. Exercise 15.20 in [BCS97]).

Example 5.2. When F contains a primitive nth root of unity (, the tensor

tn = Zeoq Q- Qeq, € (]Fn)®k7
ac¥,(0)

which has support U, (0), is tight. Namely, the elements v; = > | (Ye; for j € [n]
form a basis of F". Let g € G(t,) be the corresponding basis transformation.
Then we have t,, = 2?21 v;®---®v;, and we see that the support supp(g~'-t,) =
{a € [n]f:a; = - = ay} is tight. (See also [BCS97, Exercise 15.25].) When
the characteristic of F equals n, the tensor t, is also tight, as we will see in
Section 5.4.2.

Combinatorial subrank and the Coppersmith—Winograd method

We care about tight tensors because of a remarkable theorem for tight 3-tensors of
Strassen (Theorem 5.3 below). To understand the theorem we need the concept of
combinatorial asymptotic subrank (cf. [Str91, Section 5]). We say D C I} x -+ - x I
is a diagonal when any two distinct o, 8 € D are distinct in all k£ coordinates. In
other words, for elements in D, the value at one coordinate uniquely determines
the value at the other £ — 1 coordinates. Let ® C [} x --- x I,. We say a
diagonal D C I} X --- X I is free for ® or simply D C & is a free diagonal
if D =®nN(Dy X - x Dg), where D; = {x; : (x1,...,2,) € D}. Define the
(combinatorial) subrank Q(®P) as the size of the largest free diagonal D C .
For ® C Iy x --- x [, and ¥ C J; X --- X J, we naturally define the product
O x U C (I} xJp) X x (I, x Jp) by

O x U ={((a1,p1),-,(u,Bk)) s v €D, B €V}
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Define the (combinatorial) asymptotic subrank Q(®) = lim,_,. Q(®*™)/". Let
t e ®..-@F™ and let ® be the support of ¢ in the standard basis. Then
Q(P) < Q(t) and Q(P) < Q(t). The number Q(P) may be interpreted as the
largest number n such that (n) can be obtained from ¢ using a restriction that
consists of matrices that have at most one nonzero entry in each row and in
each column. (This is called M-restriction in [Str87, Section 6] which stands
for monomial restriction.) We may also interpret ® as a k-partite hypergraph.
Then Q(®) is the size of the largest induced k-partite matching in .

Let ® C [ng] x -+ x [ng] and let t € F" @ --- @ F™ be any tensor with support
equal to ®. Then the (asymptotic) subranks of ® and ¢ are related as follows:

Q@®) < Q(1), and Q(®) < Q1)

Strassen proved the following theorem using the method of Coppersmith and
Winograd [CW90]. Recall that for & C I} x Iy x I3 we let P(P) be the set of
probability distributions on ®. For P € P(®), let P, P,, P; be the marginal
distributions of P on the 3 components of I1 x Iy X I5.

Theorem 5.3 ([Str91, Lemma 5.1]). Let ® C I} x Iy X I3 be tight. Then

D) = in 27/(7), 5.1
Q)= oy el o

The consequence of Theorem 5.3 is that the support functionals are sufficiently
powerful to compute the asymptotic subrank of tight 3-tensors.

Corollary 5.4 ([Str91, Proposition 5.4]). Let t € F™ ® F"2 @ F"3 be tight. Then

Q(t) = eg)i(&)ée(t)-

Moreover, if ® = supp(g - t) is tight for some g € G(t), then Q(t) = Q(®).

Remark 5.5. Strassen conjectured in [Str94, Conjecture 5.3] that for the family
of tight 3-tensors the support functionals give all spectral points in the asymp-
totic spectrum X ({tight 3-tensors}). In [Str91] numerous examples are given of
subfamilies of tight 3-tensors for which this is the case.

Remark 5.6. Equation (5.1) becomes false when we let & C I} x -+ x I
with k& > 4 and we let the right-hand side of the equation be maxpep(a) min; 27 (59,
see [CVZ16, Example 1.1.38].

New results in this chapter

This chapter is an investigation of tight tensors, combinatorial asymptotic subrank
and applications. More precisely this chapter contains the following new results.
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Higher-order Coppersmith—Winograd method. In Section 5.2 we extend
Theorem 5.3 to obtain a lower bound for Q(®) for tight sets ® C I x --- X I}
with k& > 4. Our lower bound is not known to be optimal in general. We compute
examples for which the lower bound is optimal.

Combinatorial degeneration method. In Section 5.3 we further extend the
range of application of the Coppersmith-Winograd method via a partial order <
on supports of tensors called combinatorial degeneration. We prove that if & < W,
then Q(®) < Q(W). Suppose V is not tight, but ® is tight, then we may apply the
(higher-order) Coppersmith-Winograd method to obtain a lower bound on Q(®)
and thus on Q(W). -

Cap sets. In Section 5.4 we relate the theory of asymptotic spectra, the
Coppersmith-Winograd method and the combinatorial degeneration method
to the problem of upper bounding the maximum size of cap sets in F).

Graph tensors. Graph tensors are generalisations of the matrix multiplication
tensor (2,2,2) parametrised by graphs. In Section 5.5 we discuss how one can
apply the higher-order Coppersmith—Winograd method to obtain upper bounds
on the asymptotic rank of complete graph tensors. We also briefly discuss the
surgery method, which gives good upper bounds on the asymptotic rank of graph
tensors for sparse graphs like cycle graphs.

5.2 Higher-order CW method

In this section we extend Theorem 5.3 to tight & C [} x --- X [, with &k > 4.
We introduce some notation. Let P(®) be the set of probability distributions
on ®. For P € P(®), let Py,..., P, be the marginal distributions of P on the k
components of I; X --- x Iy. Let R(®) be the set of all subsets R C ®* such
that: R & {(z,z) : * € ®} and R C {(z,y) € ®? : x; = y;} for some ¢ € [k].
For P € P(®) and R € R(®), let Q(R, (Py,...,P)) be the set of probability
distributions @) on R whose marginal distributions on the 2k components of R
satisfy Q; = Qs = P; for i € [k].

Let I1, ..., I} be finite subsets of Z. The result of this section is a lower bound on
the asymptotic subrank of any & C I, x- - - x I, satisfying Va € ® Zle a; = 0. For
R C R(®), let r(R) be the rank over Q of the matrix with rows {x—vy : (z,y) € R}.

Theorem 5.7. Let ® C Z* be a finite set with Ya € ® Zle a; = 0. Then

. H(Q) — H(P)
log, Q(@) > maxmin H(P) - (k —2) ()

with P € P(®), R € R(®) and Q € Q(R, (P1,..., Py)).
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5.2.1 Construction

We prepare for the proof of Theorem 5.7 by discussing some basic facts.

Average-free sets

Lemma 5.8. Let k € N. Let M € N. We say a subset B C Z/MZ is (k —1)-

average-free if

Voey,..., 2 €B o1+ Faxp1=(k— 1Dz = 21="+ =14
There is a (k — 1)-average-free set B C Z/M7Z of size |B| = M=o,
Proof. There is a set A C {1,..., %=L} of size |A| = MM with

k-1
Vey,..., 20 €A o+ g =((—Dzy = 1= =y, (5.2)
see [VC15, Lemma 10]. Let B = {amod M :a € A} CZ/MZ. Then |B| = |A|.
Let z1,...,2 € B with &y + -+ + 2,1 = (k — 1)z). View xq, ...,z as elements
in {1,..., |35} Then @y +- -+ + 21 = (k — 1)z, still holds. From (5.2) follows
x1 =+ =xp in Z, and hence also in Z/MZ. O

Linear combinations of uniform variables

Lemma 5.9. Let M be a prime. Let uq,...,u, be independently uniformly dis-
tributed over Z/MZ. Let vy, ..., vy, be (Z/MZ)-linear combinations of uy, ..., uy.
Then the vector v = (vq,...,Uy) is uniformly distributed over the range of v in

(Z/MZ)™.

Proof. Let v; = Zj cijuj with ¢;; € Z/MZ. Then v = Cu with u = (uy, ..., u,)
and C' the matrix with entries Cj; = ¢;;. Let y in the image of C. Then the
cardinality of the preimage C'~'(y) equals the cardinality of the kernel of C'.
Indeed, if Cx =y, then C~'(y) = = + ker(C). Since u is uniform, we conclude
that v is uniform on the image of C. O

Free diagonals

Lemma 5.10. Let G be a graph with n vertices and m edges. Then G has at least
n —m connected components.

Proof. A graph without edges has n connected components. For every edge that
we add to the graph, we lose at most one connected component. [

Lemma 5.11. Let Iy,..., I} be finite sets. Let W C I} X --- X I},. Let
C={{a,b} CV:a+#b;3ie€ [kla; =0}

Then Q(¥) > |¥| — |C|. Obviously, the statement remains true if we replace C' by
the larger set {(a,b) € ¥? : a # b; i € [k]a; = b;}.
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Proof. Let G = (¥, () be the graph with vertex set ¥ and edge set C. Let ' C W
contain exactly one vertex per connected component of G. The vertices in ' are
pairwise not adjacent. So I' is a diagonal. Of course, I' C W N (I'y x - -+ x ['g). Let
ac VN[ x---xTy). Let z1,...,2, € T with

(351)1 = as, (1’2)2 =daz, ..., ($k>k: = Q.

Then zq,...,x; are all adjacent to a in G, i.e. they are all in the same connected
component. Then x; = --- = xj, since I' contains precisely one vertex per
connected component. So a = 1 = --- = x,. So a € I'. We conclude that
FDUN(Ty x---x ). Finally, [T'| > |¥|— |C| by Lemma 5.10. O

We now give the proof of Theorem 5.7. We repeat some notation from above.
Let k > 3. Let ® C Z* be a finite set. Let P(®) be the set of probability
distributions on ®. For P € P(®), let Py, ..., P, be the marginal distributions
of P on the k components of Z*. Let R(®) be the set of all subsets R C ®* such
that: R € {(z,z) : z € ®} and R C {(z,y) € ®* : x; = y;} for some i € [k].
For P € P(®) and R € R(P), let Q(R, (Py,...,P)) be the set of probability
distributions @) on R whose marginal distributions on the 2k components of R
satisty Q; = Qp4i = P; for i € [k]. For R C R(®), let (R) be the rank over Q of

the matrix with rows

{I—y : (I’,y) € R}
For any prime M, let rp/(R) be the rank over Z/MZ of the same matrix.
Theorem (Theorem 5.7). Let ® C Z* be a nonempty finite set such that for
all a € ® holds ¥ a; = 0. Then

. H(Q) — H(P)
log, Q(®) = maxmin H(F) — (k - 2) (B

with P € P(®), R € R(®) and Q € Q(R, (P, ..., ).

Proof. Let P be a rational probability distribution on ®, i.e. Va € ® P(a) € Q.

Choice of parameters

This proof involves a variable N that we will let go to infinity, and a prime
number M that depends on N. For the sake of rigor we first set the dependence
of M on N, and make sure that /N is large enough for M to have good properties.

Let n € N such that P is an n-type, i.e. Va € ® nP(a) € N. Let N = tn be a
multiple of n. Let

f(N) = log, <2I<I>|2 e (N ;:}E’ 1_ 1)) € o(N). (5.3)
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Let
g(N) = |®|logy(N + 1) € o(N).

By Lemma 4.20

o) <« (N
gNH(P)=g(N) < (NP ' (5.4)
Let
H — H(P 1 N N))L
H(N) = max (@) — H( >+T<(R+)g( )+ f(N)w (5.5)
with R € R(®) and Q € Q(R, (Py,...,P;)). Let M be a prime with
[20NINT < M < 220NN (5.6)

Such a prime exists by Bertrand’s postulate, see e.g. [AZ14]. We can make M
arbitrarily large by choosing N large enough. Choose N = tn large enough such
that

M>k—1
VR e R(®) ru(R) = r(R).

We will later let ¢t and thus N go to infinity.

Restrict to marginal type classes

The set ®®V is a finite subset of (ZV)*. Let a € ®®. Then we have that
a; = ((a;)1, ..., (a;)n) € ZN for i € [k]. We restrict to those a for which a; is in
the type class T/ for all ¢ € [k]. Thus, let

U =0%NN (T x -« xTH).

We prove a lower bound on the size of ¥. Let (s1,...,sy) € TH. Then s; € ® for
j € [N]and ((s1)i,--.,(sn)i) € TY fori e [k]. So

(((51)1,...,(5N)1), cey ((81)ky - v s (sN)k)) c o9V N (Tg X e X TPNk) = .

Thus |V| > ]T},V|. By Lemma 4.19, \TIJDV\ = (AJ,VP). By Lemma 4.20, (AJ,VP) >
oNH(P)=9(N) - Therefore,
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Hashing
Let uy,...,ug_1,01,...,08 € Z/MZ. For i € [k] let

hi: ZN — Z/MZ

N .
IH{umLZj:la:jvj for1<i<k-—1

ﬁ(“l +oe U — Zjvzl :Ejvj) for 1 = k.

Note that k—1 is invertible in Z/MZ by (5.7). Let a € . Then ((a1);, - - -

@ for j € [N]. So 325 (a;); = 0 for every j € [N]. Thus

k N N k
Z Z(ai)jvj = ZU]‘ Z(ai)j =0.
=1 j=1 j=1 =1
Therefore

hi(ar) + -+ + hg—1(ag—1) = (k — 1) hx(ag).
Restrict to average-free set
Let B C Z/MZ be a (k — 1)-average-free set of size
|B| > M with k(M) € o(1),
meaning
Voy,...,cp € Bry+- g1 =((k—Dry=>2 = =x4
(Lemma 5.8). Let W' C U be the subset
V' ={a € V:Vie k] hi(a;) € B}.
Let a € V. Then a € ¥, so
hi(ar) + -+ hy—1(ar—1) = (k — 1)hy(ar)
Since h;(a;) € B for every i € [k], (5.11) implies
hi(ay) = - - = hi(ag).
Probabilistic method
Clearly Q(@°V) > Q(¥) > Q(¥'). Let

C'={(a,b) € V?:a #b;3i € [k] a; = b;}.

,(ax);) €

(5.10)

(5.11)
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Let X = |V'| and Y = |C’|. By Lemma 5.11
Q(¥) > X Y.

Let uy,...,up_1,v1,...,vy be independent uniformly random variables over the
field Z/MZ. Then X and Y are random variables. Then

Q') > E[X - Y] = E[X] ~ E[Y]

where the expectation is over uq,...,ug_1,v1,...,UN.
We will prove

E[X] = |B| || M~ ¢+ (5.12)
E[Y] < |B| max 2N @+/V) pp=(k=1)=r(R) (5.13)
< |B| ma;

with f(V) as defined in (5.3), and R € R(®), @ € Q(R, (P,...,F)). Before
proving (5.12) and (5.13) we derive the final bound.

Derivation of final bound
From (5.12) and (5.13) follows

E[X] - E[Y] > |B||Y| Mk |B| I%%X oNH(Q)+F(N) py—(k=1)=r(R)
We factor out |B|, |¥| and M—*=1),

1
E[X] - E[Y] > |B||¥| M~ * V(1 - — max 2VH(@+IN) pr=r(B))
W] £Q

From our choice of p(N) from (5.5),

 H@Q-HP)+ (1 +g(N)+ f(N)x
p(N) = max ) :

follows

max 2V HQ—H(P)=r(Ru(N)+9(N)+f(N) <

. 14
mas (5.14)

N | —

Apply |B| > MM from (5.10) and |¥| > 2VHP)=9(N) from (5.9) to get

E[X] . E[Y] 2 Ml—N(M)zNH(P)—g(N)M—(k—l)

. (1 _ 9=NH(P)+g(N) 1110 oNH(Q)+/(N) M—r(R))
R,Q
> M—(k—2+n(M))2NH(P)—g(N)
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_ (1 — max 9NH(@-NH(P)+g(N)+f(N) M%R)).
R?Q

(Here we used (5.14) to see that the second factor is nonnegative.) Apply the
upper bound 2#MNN < M < 2#NN+2 from (5.6) to get

E[X] . ]E[Y] > (2u(N)N+2)7(k72+n(M))2NH(P)7g(N)
. (1 _ max QNH(Q)fNH(P)Jrg(NHf(N)(Qu(N)N)fT(R)>
R?Q

— 9N(H(P)=(k=2+r(M))u(N))=2(k=2+r(M))—g(N)

: (1 _ max QN(H(Q)—H(P)—T(R)M(N))+9(N)+f(N))'
R?Q

Using (5.14) we get

E[X] — E[Y] > 2V (P)~ (k=2 en(0)u(N)-2(k—2+x(0) o) (1 _ Ly

= 9
_ QN (H(P)~ (k=2 K(M))a(N)) ~2(k—2-r(M)) —g(N)—1
Then
L 1og, Q@®Y)
N

> %logg(E[X] —E[Y])

ZH(P)—(]{?—2+KJ(M))I%?QX )

2(k =24+ k(M) +g(N)+1
N .

We let t and thus N go to infinity, and obtain

H(Q) - H(P)
r(R)

log, Q(®) = H(P) — (k - 2) max

This lower bound holds for any rational probability distribution P on & and by
continuity for any real probability distribution P on ®.
It remains to prove (5.12) and (5.13). We do this in the lemmas below. [

Lemma 5.12. E[X] = |B| || M~*-D,

Proof. Let a € U. Then hy(ay) + -+ + hg—1(ar—1) = (k — 1)hg(ax). The following
four statements are equivalent:

ae W
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HbEBhl( ):---:hk(ak):b
dbe B h1< ) = = hk_1<(lk_1) =b.
Therefore,
CL S \I/ Z]P h1 CL1 = hk—l(ak—l) = b]
beB
For b € B,
]P’[hl(al) == hk_l(ak_l) = b] = (M_l)k_l.

We conclude

=> Plac ¥

acev

= Z Zp[hl(al) = =hy_1(ag_1) = 8]
acV beB

_ Z Z(Mfl k—1
a€¥ beB

= || |B| M~*-D,

This proves the lemma.
Lemma 5.13. E[Y] < |B| maxp g 2VH @+ (V) py—(k=1)—r(R),
Proof. Let

C={(a,a) €V :a#d;3iclk]a=ad}

Let (a,a’) € C. The following statements are equivalent:

(a,a") € C'

a,a € ¥

Vi € [k] hi(a;), hi(a}) € B

b€ B hi(ar) = = hy(ag) = hi(a}) = - - = hy(a}) = b.
Therefore,

Z
Z Z [h1(ar) = hy(ag) = hy(ay) = -+~
a')eC beB

7
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Let (a,a") € C. Then h;(a;) and h;(a}) are Z/MZ-linear combinations of
Ui, ..., Up_1,V1,...,0y5. The random variable

(hl(al), Cey hk(ak), hl(a'l), ey hk((l;c))

is uniformly distributed over the image subspace V C (Z/MZ)*. Let b € B.

Then (b,...,b) € V, since u; = --- =wu = b, v1,...,vy = 0 is a valid assignment.
Therefore,
Plhi(a) = -+ = hi(ag) = ha(ay) = -+ = hi(ag) =0 = [V| 7.

And |V| equals M to the power the rank of the matrix

1 1
1 0 0 k_fl 1 0 0 F
0 1 0 = 0 1 0 =
: (5.19)
0 0 1 = 0 0 1 =
k—1 k-1
a as o oape —7E oadyody oo ),

over Z/MZ, with ay, ..., ay,a},...,a) thought of as column vectors in (Z/MZ)N.
With column operations we transform (5.19) into

0 0 0 0 r 0 .- 0 0
0 0 0 0 0 1 0 0
: : 3 : : : 3 ;| (5:20)
0 0 0 0 0 0 1 0
ap—ay ag—ah -+ agi1—ay, a—a, a; ay --- a._,; 0

Matrix (5.20) has rank equal to & — 1 plus rp(a,a’) = rk(A(a,a’)), where
Aa,d') = <a1 —ay ay—ay - a —a%) :

We obtain

E[Y] < Z ZM—(k—lJrrM(a,a’))_

(a,a’)eC beB

Since the summands are independent of b, we get

EY]<[B| ), M-t
(a,a’)eC

Let (a,a’) € C. Consider the rows of A(a,a’). The N rows are of the
form z; — y; with (z;,y;) € ®2. Let s = ((z1,%1),..-,(@N§,yn)). Let R =
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{(z1,11),---,(xn,yn)}. We have ry(a,a’) = ry(R) and ry(R) = r(R) by (5.8).
Let @ be the N-type with supp(Q) = R and s € Tg. From a # d follows
REZA{(x,z) : x € ®}. From Fi € [k] a; = a] follows Ji € [k] R C {(z,y) : &; = y; }.
From a,a’ € Tj x --- x T} follows Q; = Qr4s = P for all i € [k]. We thus have

E[Y]<|B] ) 3 3 M),

RER(®) QEQR, (P, Pr)): seT)
supp(Q)=R
Q@ is N-type

The number of N-types @ with supp(@)) = R is at most the number of N-types

on R, which is at most (Nrgill_l) (Lemma 4.19). For any @ € Q(R, (P, ..., Px)),

7Y | < 2NH(@ (Lemma 4.19). Therefore,

E[Y] < |B| Z N + |R‘ —1 max 2NH(Q) M—(k—H—T(R)).
|R|—1 QEQ(R,(P1,....Py))
RER(®)

Also |[R(®)| < 217 Therefore,

E[Y] < |B| 21%% max N+ R -1 max oNH(Q) py—(k=1+r(R))
RER(2) Rl -1 QEQ(R,(P1,....P1))

We conclude that

E[Y] < ]B| max 2NVH@Q+F(N) pp—(k=1)—r(R)
= e

This proves the lemma. O]

5.2.2 Computational remarks

The following two lemmas are helpful when applying Theorem 5.7. We leave the
proof to the reader.

Lemma 5.14. Let P € P(®). Let R, R’ € R(®) with R C R' and r(R) = r(R).
Then

H(Q) — H(P) H(Q) — H(P)
max < max
QEQ(R,(Py,....Py)) r(R) QEQ(R,(P1,....Py)) r(R')

Lemma 5.15. Let R € R(®P). There is an equivalence relation R € R(P) with
RC R andr(R) =r(R).
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5.2.3 Examples: type sets

We discuss some examples. The first example we will use to get good upper
bounds on the asymptotic rank of complete graph tensors in Section 5.5. We focus
on one family of examples that is parametrised by partitions. Let A - k be an
integer partition of k with d parts. Let

¢, ={aec{0,1,...,d—1} : type(a) = A}
The set @, is tight.
Theorem 5.16. log, Q(®22)) = 1.

Proof. Let ® = ®(59). Clearly, Q(®) < 2. After relabelling, Va € ® Zle a; = 0.
We may thus apply Theorem 5.7. Let P be the uniform probability distribution
on ®. Then H(P) = log, 6.

Let R € R(®). We may assume that

RC {(1,1,0,0),(1,0,1,0),(1,0,0,1)}?
u{(0,0,1,1),(0,1,0,1),(0,1,1,0)}*

We may assume R is an equivalence relation (Lemma 5.15). Let (z,y) € R.
Let R = RU{((1,1,1,1) — z,(1,1,1,1) —y)} € R(®)}. Then R C R’ and
R € R(®) and r(R) = r(R). We may thus assume that if (z,y) € R, then also
((1,1,1,1) — 2,(1,1,1,1) — y) € R (Lemma 5.14).

Let S = {(1, 1,0,0),(1,0,1,0),(1,0,0,1)}. By the above observation, it suffices
to consider equivalence relations on S. There are three types of such equivalence
relations.

Type (3): all three elements of S are equivalent. Then |R| = 18 and r(R) = 2.

Type (2,1): two elements of S are equivalent and inequivalent to the third
element (which is equivalent to itself). Then |R| = 10 and r(R) = 1.

Type (1,1,1)): all elements of S are inequivalent. Then R C {(z,z) : x € ®}
which is a contradiction.

For type (3) and (2,1), the uniform probability distribution @ on R has
marginals Q; = Q4; = P, for i € [4]. The uniform @ is optimal. Then H(Q) =
log, |R|. Let Ry and R(2,1) be equivalence relations of type (3) and (2,1). Then

108, Q(®) = min{ H(P) — (1082 | Ry | = H(P)).

R 2 Ty o el = (7))

= min{ log, 6 — %(log2 18 — log, 6),
= min{1, log, 24} =1

H(P) -

This proves the theorem. [
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Theorem 5.17. log, Q(®r-1,1)) = h(1/k).
Proof. We refer to [CVZ16]. O

With Srinivasan Arunachalam and Péter Vrana we have the following unpub-
lished result.

Theorem 5.18. logy Q(Pgr/2 1k/2)) = 1.

5.3 Combinatorial degeneration method

In this section we extend the (higher-order) Coppersmith—Winograd method via a
preorder called combinatorial degeneration. Suppose ¥ C I X --- X [, is not tight,
but has a tight subset ® C W. In the rest of this section we focus on obtaining a
lower bound on Q(¥) via ®. This has an application in the context of tri-colored
sum-free sets (Section 5.4.2) for example.

Definition 5.19 ([BCS97]). Let ® C ¥ C [} x --- x I;. We say that ¢ is a
combinatorial degeneration of ¥, and write W > @, if there are maps u; : [; — Z
(i € [k]) such that for all @ € I} x --- X Iy, if @ € W\ &, then 3% ui(a;) > 0,
and if o € @, then Zle u;(a;) = 0. Note that the maps u; need not be injective.

Combinatorial degeneration gets its name from the following standard proposi-
tion, see e.g. [BCS97, Proposition 15.30].

Proposition 5.20. Let t € F" @ --- @ F". Let W = supp(t). Let & C ¥ such
that W > ®. Then t > t|e.

Proposition 5.20 brings us only slightly closer to our goal. Namely, given
teF" ®-- - @F" with U = supp(t), and given & C W such that ¥ > ®, it follows
directly from Proposition 5.20 that ¢ > t|¢ and thus Q(¢) > Q(t|e). This, however,
does not give us a lower bound on the combinatorial asymptotic subrank QD).
The following theorem does. Our theorem extends a result in [KSS16].

Theorem 5.21. Let ® C VUV C [} X -+ X I. If V> D, then

Q(¥) > Q(®).
Lemma 5.22. Let P CV C [} X -+ X I,. If U >, then 9(\11) > Q(P).
Proof. Pick maps u; : I; — Z such that

k
Z%’(Oﬁ) =0 foracd

=1

k
Zui(ai) >0 forae V).

i=1
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Let D be a free diagonal in ® with |D| = Q(®) and let
w; = Z u; ().
zeD;

Let n € N and define

n|D|

Wi = {(z1,...,2np)) € IZ-X"|D| : Zul(x]) = nw; }.

j=1
Then

TP (W) x o x W) = &XIP A () x - x ).

The inclusion D is clear. To show C, let (z1,...,z;) € WP A (W) x -+ x W),

Write @; = (21,242, - - -, Tipnp|) and consider the n|D| x k matrix of evaluations
Uy (I1,1) U2(I2,1) s Uk(l'kl)
(31 ($1,2) U2($2,2) ce uk(x“)
Ul(-’El,n|D\) U2($2,n|D\) T Uk($k,n|D|)

The sum of the ith column is nw; by definition of W;, and Zle nw; = 0. The
row sums are nonnegative by definition of the maps wuq,...,u;. We conclude that
the row sums are zero. Therefore (21, ..., ;) is an element of ®*"P,

Since D is a free diagonal in ®, D*™Pl is a free diagonal in ®*™P!, and also
D*"PIA (W x - -+ x W) is a free diagonal in ®*™PI N (W) x --- x W), which in
turn is equal to W*"PI A (W) x --- x Wy). Therefore D*™PI A (W x -+ x Wy) is
also a free diagonal in W>*™PI je,

Q) > [P (W e X W),

In the set D*"P| consider the strings with uniform type, i.e. where all |D|
elements of D occur exactly n times. These are clearly in W; x --- x W}, and
their number is (:‘DL). Therefore

.....

N,...,N

Q(\IJX"‘DU > < n| D > _ |D’n|D\70(n)’

which implies Q() = lim,, .. Q(¥*"?))701 > [D. O

Proof of Theorem 5.21. We have Q(¥) = lim,,, Q(\Ifxn)l/”. It follows from
Lemma 5.22 that

lim Q(U*™)Y/" > lim Q(®*™)Y/",

n—oo ~ n—oo

The right-hand side is Q(®). O
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5.4 Cap sets

A subset A C (Z/3Z)" is called a cap set if any line in A is a point, a line
being a triple of points of the form (u,u + v,u + 2v). Until recently it was
not known whether the maximal size of a cap set in (Z/3Z)" grows like 37—°(™
or like ¢®°™ for some ¢ < 3. Gijswijt and Ellenberg in [EG17], inspired by
the work of Croot, Lev and Pach in [CLP17], settled this question, showing that
¢ < 3(207+33v/33)'/3/8 ~ 2.755. Tao realised in [Taol6] that the cap set question
may naturally be phrased as the problem of computing the size of the largest
main diagonal in powers of the “cap set tensor” ) e, ® €4, ® €4, Where the
sum is over aq, as, a3 € F3 with a3 + as + a3 = 0. Here main diagonal refers
to a subset A of the basis elements such that restricting the cap set tensor to
A x A x A gives the tensor ) _, v ®v®v. We show that the cap set tensor is in
the GL3(IF3)*3 orbit of the “reduced polynomial multiplication tensor”, which was
studied in [Str91], and we show how recent results follow from this connection,
using Theorem 5.21.

5.4.1 Reduced polynomial multiplication

Let ¢, be the tensor ) eq, ® €4, @ €4, Where the sum is over (oq, o, a3) in
{0,1,...,n—1}? such that aj + ay = az. We call ¢,, the reduced polynomial multi-
plication tensor, since t,, is essentially the structure tensor of the algebra F|x]/(z")

of univariate polynomials modulo the ideal generated by z™. The support of ¢,
equals

{(Oél,Oég,Oég> € {0,...,71—1}3‘0414—052 :Oég}
which via a3z — n — 1 — a3 we may identify with the set
®, = {(a1,0,03) €{0,...,n =1} |ay + as + a3 =n — 1}. (5.21)

The support ®,, is tight (cf. Example 5.1). Strassen proves in [Str91, Theorem 6.7]
using Corollary 5.4 that Q(t,) = Q(®,) = z(n), where z(n) is defined as

vt =1 —2(n—1)/3
= 5.22
sn) =T (522)
. . oy . . . 1 n _ n—
with « equal to the unique positive real solution of the equation bt

The following table contains values of z(n) for small n. See also [Str91, Table 1].
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rounded exact

2 1.889838 3/2%/3 = 2h(1/3)

3 275510  3(207 + 33/33)'/3/8
4 3.61072

5 446158

6  5.30973
7

8

9

1

6.15620
7.00155
7.84612
0 8.69012

In fact, [Str91, Theorem 6.7] says that the asymptotic spectrum of ¢,, is completely
determined by the support functionals; and that the possible values that the
spectral points can take on ¢, form the closed interval [z(n), n] (cf. Remark 2.22),

X(N[ta]) = { vy - 0 € P(BD}, {e(t) 2 0 € X(N[ta])} = [2(n), n].

5.4.2 Cap sets
We turn to cap sets.

Definition 5.23. A three-term progression-free set is a set A C (Z/mZ)™ satisfy-
ing the following. For all (z1,z9,73) € A*3: there are u,v € (Z/mZ)™ such that
(21,22, 23) = (u,u + v,u + 2v) if and only if zy = x9 = x3. Let r3((Z/mZ)™) be
the size of the largest three-term progression-free set in (Z/mZ)™ and define the
regularisation rs3(Z/mZ) = lim, o r3((Z/mZ)")*/™.

A three-term progression-free set in (Z/37)" is called a cap or cap set. We
next discuss an asymmetric variation on three-term progression free sets, called
tri-colored sum-free sets, which are potentially larger. They are interesting since
all known upper bound techniques for the size of three-term progression-free sets
turn out to be upper bounds on the size of tri-colored sum-free sets.

Definition 5.24. Let G be an abelian group. Let ' C G x G x G. For i € [3] we
define the marginal sets I'; = {xr € G: Ja € T' : a; = x}. We say T is tricolored
sum-free if the following holds. The set I' is a diagonal, and for any o € I'y xI'y xI'3:
a1 + as + az = 0 if and only if @ € I". (Recall that I' C I} x I x I3 is a diagonal
when any two distinct «, 8 € ' are distinct in all coordinates.) Let s3(G) be the
size of the largest tricolored sum-free set in G x G x GG and define the regularisation
53(G) = lim,, 00 s3(G*™)1/.

Equivalently, I' C G x G x G is a tricolored sum-free set if and only if ' is a
free diagonal in {a € G x G x G : a1 + s + a3 = 0}.
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If the set A C G = (Z/mZ)" is three-term progression-free, then the set
I' ={(a,a,—2a) : a € A} C G x G x G is tri-colored sum-free. Therefore, we
have r3(Z/mZ) < ss(Z/mZ).

We summarise the recent history of results on cap sets. For clarity we focus
on m = 3; we refer the reader to the references for the general results. Edel in
[Ede04] proved the lower bound 2.21739 < r3(Z/37Z). In [EG17]| Ellenberg and
Gijswijt proved the upper bound

75(Z/37) < 3(207 + 33v/33)/3/8 ~ 2.755,
Blasiak et al. [BCCT17] proved that in fact

53(Z/3Z) < 3(207 + 33v/33)'/3/8.
This upper bound was shown to be an equality in [KSS16, Norl16, Peb16]:
Theorem 5.25. s5(7/37) = 3(207 + 331/33)'/3/8.

We reprove Theorem 5.25 by proving that s3(Z/mZ) equals the asymptotic
subrank z(m) of t¢,, discussed in Section 5.4.1, when m is a prime power. The
significance of our proof lies in the explicit connection to the framework of
asymptotic spectra and not in the obtained value, which also for prime powers m
was already computed in [BCC*17, KSS16, Norl6, Peb16].

Proof. We will prove s3(Z/mZ) = z(m) when m is a prime power. By defini-
tion, s3(Z/mZ) equals the asymptotic subrank of the set

{a€{0,...,m—1}:a; + ay+ as = 0 mod m}
which via az — az — (m — 1) we may identify with the set
U, ={ac{0,....m—1}:a; +ay+az=m—1mod m}

and so s3(Z/mZ) = Q(¥,,). Let

@, ={ac{0,.... m—1P: 01 +as+as=m—1}.

We know Q(®,,) = z(m) (Section 5.4.1). We will show that Q(®,,) = Q(V,,)
when m is a prime power. This proves the theorem. - -

We prove Q(®,,) < Q(¥,,). There is a combinatorial degeneration ®,, IV,,.
Indeed, let u; : {0,...,m — 1} = {0,...,m — 1} be the identity map. If o € ®,,,
then 327 w;i(a;) = m — 1, and if a € W, \ ®,,, then 3% u;() equals m — 1
plus a positive multiple of m. This means Theorem 5.21 applies, and we thus
obtain Q(®,,,) < Q(¥,,). This proves the claim.

We show Q(V,,) < Q(®,,) when m is a power of the prime p. Let F = F,.
Let f,, € F™ @ F™ @ F™ have support U,, with all nonzero coefficients equal
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to 1. Obviously, Q(¥,) < Q(fm). To compute Q(f,,) we show that there is a
basis in which the~support of f,, equals the tight set ®,,. Then Q( fm) = Q(Q)m)
(Corollary 5.4). This implies the claim. We prepare to give the “basis (Whlch is
the same basis as used in [BCCT17]). First observe that the rule z — (%) gives a

well-defined map Z/mZ — 7./pZ, since for a € {0,1,...,m — 1}, if z = y mod m
then () = (Y) mod p by Lucas’ theorem. Let (e,), be the standard basis of F™.
The elements (., . (z) €z)acz/mz form a basis of ™™ since the matrix ((z))mC
is upper triangular with ones on the diagonal. We will now rewrite f,, in the basis

(X, O)ew)a, >, ()ey)s, (O, (P)ez)e). Observe that ( ° ) equals 1 if and only

if x equals m — 1, and hence

r+y+=z
Z e Ve, e, = Z ( my—l )ex®ey®ez.

x,y,2€Z/m: x,Y,2€Z/mZ
z+y+z=m—1

The identity = with sum over a,b,c € {0,1,...,m — 1} such
x—l—i—l-z z\ (Y (2

a/ \b/ \¢c

that ¢ + b+ ¢ = w is true and thus

rT+y+=z
Z €: ¥ey®e,
m—1

,Y,2€L/mZ

-y S - (Z) (‘Z) (i) x®e, @ e, (5.23)

z,y,2€Z/mZ a,b,ce{0,1,...,
a+b+c=m—1

We may simply rewrite (5.23) as

> 3 (9”) ° Y (g) ° Y ()

a,b,ce{0,1,....m—1}: z€Z/mZ yEZ/mZ Z€Z/mZ
a+b+c=m—1

Therefore, with respect to the basis (3, (%)ex)a, >, Mey, 32, ()ez)e), the
support of f,, equals the tight set ®,,. (And even stronger, f,, is isomorphic to

the tensor F[z]/(2™) of Section 5.4.1.) O

Remark 5.26. Why did we reprove the cap set result Theorem 5.257 Our
motivation, being interested in the asymptotic spectrum of tensors, was to see
if the techniques in the cap set papers are stronger than the Strassen support
functionals, i.e. whether they give any new spectral points. Above we have seen
that the cap set result itself can be proven with the support functionals. In fact, we
show in Section 4.6 that for oblique tensors the asymptotic slice-rank, which was
introduced in [Taol6] to give a concise proof of [EG17], equals the minimum value
over the support functionals. In Section 6.11 we show that for all complex tensors
asymptotic slice-rank equals the minimum value of the quantum functionals.
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5.5 Graph tensors

In this section we briefly discuss the application that motivated us to prove
Theorem 5.7 in [CVZ16], namely upper bounding the asymptotic rank of so-called
graph tensors. Graph tensors are defined as follows.

Let G = (V,E) be a graph (or hypergraph) with vertex set V' and edge
set E. Let n € N. Let (bi)ie[n} be the standard basis of F". We define the graph
tensor T,,(G) as

(@) =) Q(Rw.)

i€[n]E veV e€kE:
vee
seen as a |V|-tensor. Given a vertex v € V let d(v) denote the degree of v, that
is, d(v) equals the number of edges e € E that contain v. Then T, (G) is naturally
in @,cy F4v), We write T(G) for Ty(G). For example, for the complete graph
on four vertices K4 the graph tensor is

() =T(3X])
2{f Y or(2) 07 () )
= Z(bi1®bi2®bi5) ® (b;,@bi,®bis) @ (bi;@b;,®biy) @ (b, ®b;,®big)

i€{0,1}6

living in (C®)®*. Let K}, be the complete graph on k vertices. The 2 x 2 matrix mul-
tiplication tensor (2,2, 2) equals the tensor T(K3). Define the exponent w(T(G)) =
log, R(T(G)). We study the exponent per edge 7(T(G)) = w(T(G))/ |E(G)|.

Our result is an upper bound on 7(T(K})) in terms of the combinatorial
asymptotic subrank Q(®(2z2)) which we studied in Theorem 5.16.

2
Theorem 5.27. For any ¢ > 1, 7(T(K4)) < log, (L>
Q(P(22))
Proof. We apply a generalisation of the laser method. See [CVZ16]. m

Corollary 5.28. Let k > 4. Then 7(T(K})) < 0.772943.

Proof. In the bound of Theorem 5.27 we plug in the value Q(®(2)) = 2 from
Theorem 5.16. Then we optimise over g to obtain the value 0.772943. By
a “covering argument” we can show that 7(T(K})) is non-increasing when k
increases. [

For k > 4 Corollary 5.28 improves the upper bound 7(T(K})) < 0.790955
that can be derived from the well-known upper bound of Le Gall [LG14] on the
exponent of matrix multiplication w = w(T(K3)).
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A standard “flattening argument” (i.e. using the gauge points from the asymp-
totic spectrum) yields the lower bound 7(T(K})) > 3k/(k — 1) if k is even and
T(T(Ky)) = 3(k+1)/k if k is odd. As a consequence, if the exponent of matrix
multiplication w equals 2, then 7(T(K,)) = 7(T(K3)) = 2. We raise the following
question: is there a k > 5 such that 7(T(K})) < 37

Tensor surgery; cycle graphs

For graph tensors given by sparse graphs, good upper bounds on the asymptotic
rank can be obtained with an entirely different method called tensor surgery, which
we introduced in [CZ18]. As an illustration let me mention the results we obtained
for cycle graphs with tensor surgery. Recall w = log, R((2,2,2)) = log, R(T(C3)).
Let wy = logy R(T(C%)). First observe that wy = k for even k. For odd k, trivially
k—1 < w; < k. We prove the following.

Theorem 5.29. For k., (¢ odd, wiir—1 < wy + wy.
Corollary 5.30. Let k > 5 odd. Then, w, < wi_o + w3 and thus w, < %w.
Corollary 5.31. Ifw =2, then wy =k — 1 for all odd k.

See [CZ18] for the proofs.

5.6 Conclusion

Tight tensors are a subfamily of the oblique tensors. For tight 3-tensors the
minimum over the support functionals equals the asymptotic subrank. This is
proven via the Coppersmith-Winograd method. The construction is in fact of a
very combinatorial nature. In this chapter we studied the combinatorial notion of
subrank. We proved that combinatorial subrank is monotone under combinatorial
degeneration. We studied the cap set problem via the support functionals. We
extended the Coppersmith-Winograd method to higher-order tensors, and applied
this method to study graph tensors.



Chapter 6

Universal points in the asymp-
totic spectrum of tensors; entanglement
polytopes, moment polytopes

This chapter is based on joint work with Matthias Christandl and Péter Vrana [CVZ18].

6.1 Introduction

In Chapter 4, following Strassen, we introduced the asymptotic spectrum of
tensors X(7) = X(7,<) for T the semiring of k-tensors over F for some fixed
integer k and field IF, with addition given by direct sum &, multiplication given
by tensor product ®, and preorder < given by restriction (or degeneration). The
asymptotic spectrum characterises the asymptotic rank R and the asymptotic
subrank ). We have seen that the asymptotic rank plays an important role in
algebraic complexity theory: the asymptotic rank of the matrix multiplication
tensor (2,2,2) = 3, 1o €ij @ €jr D epi € F* @ F*® F* characterises the exponent
of the arithmetic complexity of multiplying two n x n matrices over F, that
is R((2,2,2)) = 2¥. We have also seen in Chapter 5 how one may use the
asymptotic subrank to upper bound the size of combinatorial objects like for
example cap sets in F%.

New results in this chapter

So far, the only elements we have seen in X(7) (i.e. universal spectral points
cf. Section 2.13) are the gauge points (Section 4.3). Besides that we have seen
in Section 4.4 that the Strassen support functionals ¢? are in X({oblique}). In
this chapter we introduce for the first time an explicit infinite family of universal
spectral points (over the complex numbers), the quantum functionals. Our new
insight is to use the moment polytope. Given a tensor t € C™ @ C™ ® C"3, the
moment polytope P(t) is a convex polytope that carries representation-theoretic

89
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information about ¢. The quantum functionals are defined as maximisations over
moment polytopes.

Let us immediately put a disclaimer. The quantum functionals do not give a
new lower bound on the asymptotic rank of matrix multiplication (2,2, 2), namely
they give the same lower bound as the gauge points. Also, the quantum functionals
being defined for tensors over complex numbers only, we do not expect to get new
upper bounds on the size of combinatorial objects that are “like cap sets”.

So what have we gained? Arguably, we have found the “right” viewpoint on
how to construct universal spectral points for tensors. (In fact, after writing our
paper [CVZ18] we realised that Strassen had begun a study of moment polytopes
in the appendix of the German survey [Str05]! Strassen did not construct new
universal spectral points, however; not in that publication at least.) If there are
more universal spectral points, then our viewpoint may lead the way to finding
them. Moreover, whereas no efficient algorithm is known for evaluating the support
functionals, the moment polytope viewpoint may open the way to having efficient
algorithms for evaluating the quantum functionals.

In Sections 6.2-6.7 we work towards the construction of the quantum functionals
and we give a proof that they are universal spectral points. In Sections 6.8-6.10 we
compare the quantum functionals and the support functionals, and in Section 6.11
we relate asymptotic slice rank to the quantum functionals.

In this chapter we will focus on 3-tensors, but the theory naturally generalises
to k-tensors.

6.2 Schur—Weyl duality

For background on representation theory we refer to [Kra84], [Ful97] and [GW09].
Let S, be the symmetric group on n symbols. Let S, act on the tensor
space (C?)®" by permuting the tensor legs,

7T'Ul®"'®vn:UW71(1)®"‘®U71-*1(71)7 WGS»,L.

Let GLg be the general linear group of C¢. Let GLg act on (C%)®" via the diagonal
embedding GL; — GL;" : g — (g,...,9),

9'01®"'®Un:(901)®"'®(gvn), gEGLd.

The actions of S,, and GL4 commute, so we have a well-defined action of the product
group S, X GLg on (C4)®". Schur-Weyl duality describes the decomposition of
the space (C%)®™ into a direct sum of irreducible S,, x GL, representations. This
decomposition is

(CHe" = PN @ Sa(CY) (6.1)

AFgn
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with [A] an irreducible S, representation of type A and S)(C?) an irreducible
GLg-representation of type A when ¢(A) < d and 0 when ¢(\) > d. We use the
notation A k4 n for the partitions of n with at most d parts. Let

Py : (CHE" 5 (€

be the equivariant projector onto the isotypical component of type A, i.e. onto the
subspace of (C%)®" isomorphic to [A\] ® Sy(C?). The projector Py is given by the
action of the group algebra element

P = (dim[)\]>2 Z or € CIS,)

n!
T€Tab(\)

where Tab(A) is the set of Young tableaux of shape A filled with [n], and with cp
the Young symmetrizer

cr = Z sgn(o)o Z T
) )

ceC(T TeR(T

where C(T'), R(T') C S,, are the subgroups of permutations inside columns and
permutations inside rows respectively. The element P, is a minimal central
idempotent in C[S,], and >, P\ =e.

Back to the decomposition of (C4)®". We need a handle on the size of the
components in the direct sum decomposition (6.1). For our application it is good
to think of d as a constant and n as a large number. The number of summands in
the direct sum decomposition (6.1) is upper bounded by a polynomial in n,

[{AFan} < (n+1)7

i.e. there are only few summands compared to the total dimension d". There are
the following well-known bounds on the dimensions of the irreducible representa-
tions [\] and Sy(C?) that make up the summands,

| |
— < dim[\] € ——— (6.2)
[T- (M +d—10) [To—y M
dim S, (C?) < (n + 1)4@-1/2, (6.3)

Let p € R™ be a probability vector, i.e. Y . p; = 1 and p; > 0 for i € [n].
Let H(p) be the Shannon entropy of the probability vector p,

- 1
H(p) = Zpi log, —.
i=1 pi
For a € [0,1], let h(ar) = H((a, 1 — «)) be the binary entropy. For a partition

A= (A, ..., ) Fn et Xi=X/n=(\/n,...,\/n) be the probability vector
obtained by normalising .
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Let A F n. For N € N, let NA = (NA;, NXy, ..., N)\;) be the stretched
partition. We see that, asymptotically in the stretching factor N, the dimension
of the irreducible Sy,-representation [N ] behaves like a multinomial coefficient,
and

2NnH(X)—O(N) < dlm[NA] < 2NnH(X). (64)

6.3 Kronecker and Littlewood—Richardson coef-

A

ficients g, Ch

Let u,v F n. Let S, — S, xS, : ™ — (7, 7) be the diagonal embedding. Consider
the decomposition of the tensor product [u] ® [v] restricted along the diagonal
embedding,

(1] @[] L& 5= Q) Homs, ([], [1] @ []) @ [A].

AFn

Define the Kronecker coefficient
I = dim HOInSn([/\]a [:u] ® [VD7

i.e. gauw is the multiplicity of [A] in [p] ® [v].

Let A Foyp. Let GL, X GLy < GLgyyp : (A, B) — A @ B be the block-diagonal
embedding. Consider the decomposition of the representation Sy(C**?) restricted
along the block-diagonal embedding,

S)\<Ca+b \Lgia;b(}LbN @H)\ X S (Ca ® S ((Cb>
pha
l/"b
with
H/;\,u = Homgr, xar, (S, (C*) ® S, (C), S5 (C*™)).

Define the Littlewood—Richardson coefficient c =dim H l;\y.
For partitions A\, X F define A + X\ elementvvlse. The Kronecker and the
Littlewood—Richardson coefficients have the following semigroup property (see

e.g. [CHMOT7]).
Lemma 6.1. Let A\, u,v,a, 3, = be partitions.
(1) ]f 9w >0 and Japy > O; then Ir+a, pt+B, vty > 0.

(ii) If ¢y, > 0 and c§, > 0, then Cﬁig,uﬂ > 0.
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6.4 Entropy inequalities

The semigroup properties imply the following lemma. Of this lemma, the first
statement can be found in a paper by Christandl and Mitchison [CMO06], while we
do not know of any source that explicitly states the second statement. For the
convenience of the reader we give the proofs of both statements.

Lemma 6.2. Let \, u,v = be partitions.
(i) If g > 0, then H(N) < H() + H(7).

(ii) If ¢}, > 0, then H(N) < M H (@) + o H(@) + h(- ).

= |+ lpl+[v| |l +[v|

Proof. (i) Let gy, > 0. Suppose A\, p,v = n. Let N € N. Then Lemma 6.1
implies gna vy Ny > 0. This means Homg,  ([NA], [Nu] ® [Nv]) # 0, which implies
dim[NA] < dim[Npy]dim[Nv]. From (6.4) we have the dimension bounds

2NnH()\)fo(N) < dlm[N)\]
dim|[N p)

oNnH ()
dim[Nvy] < 2NnH

<
< @)

Thus NnH(A) — o(N) < NnH(u) + NnH (7). Divide by Nn and let N go to

infinity to get H(\) < H(f) + H(D).
(ii) We restrict the decomposition

((Ca+b)®n ~ @ [)\] ® S)\(Ca—i-b)

)\"a+bTL

along the block-diagonal embedding to get

(e L, = Q) N @ SA(C) Lar e,

AFqipn
> @ Wo@ot o5, 85,(0)
Mg pn Ha
vy
= @ (B cH) 5,0 05
M::a AFgqpn

On the other hand,
(Ca-i-b)@n i ~ ((Ca D Cb)@n ig ((Ca)@m D ((Ca)®n—1 ® Cb) QP ((Cb)®n \L

>~k o Pu@s.C) e B (v eS.(C?)

/J«Fak ll'*bTL—k
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> P (€W @ o) ©S.C) @S,(C).

k=0 pukq.k
vhpyn—~k

Suppose cﬁy > (0. Comparing the above expressions gives the inequality dim[\] <
(\ZI) dim[u] dim[v]. By the semigroup property Lemma 6.1, we have c%ﬁ Ny >0

for all N € N. Thus dim[N)] < (N| I) dim[Nu]dim[Nv] for all N € N. Then
from (6.4) follows

ONnHN)=o(N) < oNnh(h)gN|ulH (@) gNIvIH (@),

We conclude H()\) < h('—gl) + %H(ﬁ) + %‘H(ﬂ). O

Let o = (2, 2® 2®)) be a triple of probability vectors z() € R™. Let
0 € © :=P([3]). Let Hy(x) be the #-weighted average of the Shannon entropies of
the probability vectors (), 3 and z®)

Hy(z) = 0(1)H(2W) + 0(2)H(z®) 4+ 6(3)H ().

(Note that this notation is slightly different from the notation used in Chapter 4.)
We will use the notation A - n to say that ) is a triple of partitions of n, i.e. A
equals (AW, AX@ AG)) where each \() is a partition of n. We write A for the
component-wise normalised triple (W, A W)

Lemma 6.3. Let A\, i, v =2 be three triples of partitions.

(i) If ) iy >0 for all 1, then 2Hs(N) < QHo(E)QHo(7)

(i) If 3 m,v =3 n—m and () w > 0 for all i, then 2He®) < 2Hs(B) 4 9Ho(@),

Proof. (i) Suppose gy o, > 0 for all i. Then H()\(' ) < H(u®) + H(_) for
all i by Lemma 6.2. Thus 3=, 0(i)H(A®D) < 3. 0(i)H (D) + 32, 0(i)) H(v®). Then
Hy(N) < Hy(R) + Hp(w). We conclude 286X < oHo(@oHo (@)

(ii) Suppose cZZiMD > 0 for all i. Then H(A®) < %H(,u( )+ 2= H (v ’))+h(%)
by Lemma 6.2. We take the f-weighted average to get Hp(\) < “Hy(f1) +
n=m Iy (7) + h(2). We conclude 276 < 2Ho(® 4 2Ho® by Lemma 4.9(iv). O

6.5 Hilbert spaces and density operators

Endow the vector space C" with a hermitian inner product (one may take the
standard hermitian inner product (u,v) = >_" | uv; for u,v € C" where = denotes
taking the complex conjugate), so that it is a Hilbert space.
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Let (V4, (-,-)) and (V%, (-,)) be Hilbert spaces. On V; & V5 we define the inner
product by (uy @ ug,v1 ® v9) = (ug,v1) + (ugz,vs3). On Vi ® V4 we define the inner
product by (u; ® ug, v1 ® va) = (uq,v1){us, v2) and extending linearly.

Let V be a Hilbert space. A positive semidefinite hermitian operator p : V. — V
with trace one is called a density operator. The sequence of eigenvalues of a density
operator p is a probability vector. Let spec(p) = (p1,...,pn) be the sequence of
eigenvalues of p, ordered non-increasingly, p; > -+ > py.

Let V}; and V5 be Hilbert spaces. Given a density operator p on Vi ® Vs,
the reduced density operator p; = trs p is uniquely defined by the property that
tr(pX1) = tr(p(X; ®Idy,)) for all operators X; on V;. The operator p; is again a
density operator. The operation try is called the partial trace over V5. Explicitly, p;
is given by (e;, p1(e;)) = >, (e: ® fr, ple; ® fo)), where the e; are some basis of V;
and the f; are some basis of V5, (the statement is independent of basis choice).

Let V; be a Hilbert space and consider the tensor product Vi ®Vo® V3. Associate
with t € V; ® Vo ® V3 the dual element t* == (¢,-) € (V; ® Vo ® V3)*. Then

plo=tt"/(t.t) = t(t,)/{t. 1)

is a density operator on V; ® V5, ® V5. Viewing p' as a density operator on the
regrouped space Vi ® (Vo ® V3) we may take the partial trace of p' over V, ® V3 as
described above. We denote the resulting density operator by p! = troz p'. We
similarly define pl = tr3 p* and ph = tryp p'.

6.6 Moment polytopes P(t)

We give a brief introduction to moment polytopes. We refer to [Nes84, Bri87,
Fra02, Wall4| for more information. We begin with the general setting and then
specialise to orbit closures in tensor spaces.

6.6.1 General setting

Let G be a connected reductive algebraic group. (We refer to Kraft [Kra84] and
Humphreys [Hum75] for an introduction to algebraic groups.) Fix a maximal torus
T C G and a Borel subgroup 7' C B C G. We have the character group X(7'), the
Weyl group W, the root system ® C X (7") and the system of positive roots &, C .
For A\, € X(T), we set A < p if p — A is a sum of positive roots. Let V be
a rational G-representation. The restriction of the action of G to T gives a
decomposition

V=P Vi, ={veV:VteTt v=Atw}.
AEX(T)

This decomposition is called the weight decomposition of V. The A € X(T)
with V) # 0 are called the weights of V' with respect to T. The V) are the



96 Chapter 6. Universal points in the asymptotic spectrum of tensors

weight spaces of V. For v € V, let vy be the component of v in V). Let
supp(v) == {A: vy #0}.

Let E be the real vector space F = X(T) ® R. The Weyl group W acts
on X(7T') and thus on E. We enlarge < to a partial order on E as follows. For
x,y € Flet z < y if y — x is a nonnegative linear combination of positive roots.
Let D C E be the positive Weyl chamber. For every x € E the orbit W - x
intersects the positive Weyl chamber D in exactly one point, which we denote by
dom(z).

Let V' be a finite-dimensional rational G-module. Let x € X(T) N D be
a dominant character. We denote the x-isotypical component of V' with V{,,.
Let Z C V be a Zariski closed set. We denote the coordinate ring of Z with C[Z].
We denote the degree d part of C[Z] with C[Z],. If Z is G-stable, then C[Z]; is a
G-module.

Definition 6.4. Let V be a rational G-module and Z C V a nontrivial irreducible
closed G-stable cone. The moment polytope of Z, denoted by

P(Z),
is defined as the Euclidean closure in £ of the set

R(Z) = {x/d: (ClZ]a)x) # O}

of normalised characters y/d for which the x*-isotypical component (C[Z]4) (- is
not zero.

Theorem 6.5 (Mumford-Ness [Nes84], Brion [Bri87], Franz [Fra02]). The moment
polytope is indeed a convex polytope and it is equal to the image of the so-called
moment map intersected with the positive Weyl chamber,

P(Z) = u(Z\ 0) N D.

Let Z = G - v be the orbit closure (in the Zariski topology) of a vector v € V'\ 0
and suppose G - v is a cone.

Lemma 6.6 (Sce e.g. [Str05]). Suppose G - v is a cone. Then

R(G -v) = {x/d: (C[G - v]a) ) # 0}
= {x/d: (lin(G - v®d))(x) # 0}.

6.6.2 Tensor spaces

We specialise to 3-tensors. Let V =V, ® Vo ® V3 with V; = C™. Let

G = GL,, x GL,, x GL,,
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T:T1><T2XT3

with 7; the diagonal matrices in GL,,. The weight decomposition of V' is the
decomposition with respect to the standard basis elements e,, ® e,, ® e,, where
x € [n1] X [ns] X [n3]. The support supp(v) is the support of v with respect to the
standard basis.

In the current setting there is a beautiful rephrasing of Theorem 6.5 in terms
of ordered spectra of reduced density matrices. Recall from Section 6.5 that for
v € V'\ 0 we have a density matrix p¥, and reduced density matrices p?, of which
we may take the non-increasingly ordered spectra, spec(p?).

Theorem 6.7 (Walter-Doran—Gross—Christandl [WDGC13]). Let Z C V be a
nontrivial irreducible closed G-stable cone. Then

P(Z) = {(spec pi, spec p3, specp3) : z € Z \ 0}.

Let v € V'\ 0. We consider the moment polytope of the orbit closure Z = G - v.
In this setting Lemma 6.6 specialises to the following.

Lemma 6.8 (Sce e.g. [Str05]).
R(G-v) = {x/d: (C[G - v]a)() #0, d € N>1}
— {x/d: (in(G ) £ 0, d € Noy}
= {x/d: Pv® #0, d € N5, },

where Py = P,y @ P2 ® Py with P : Vi®d — V;®d the projector onto the
isotypical component of type X\ discussed in Section 6.2.

On the other hand, Theorem 6.7 immediately gives a description of the moment
polytope P(G - v) in terms of ordered spectra of reduced density matrices.

Theorem 6.9. Let v € V' \ 0. Then

P(G - v) = {(spec p}, spec p3, specpy) :u € G-v '\ 0}.

Summarising, we have two descriptions of the moment polytope, a represen-
tation-theoretic or invariant-theoretic description (Lemma 6.8) and a quantum
marginal spectra description (Theorem 6.9). These two descriptions are the key
to proving the properties of the quantum functionals that we need.

6.7 Quantum functionals F(t)

We will now define the quantum functionals and prove that they are universal
spectral points.
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Let p = (p1,...,pn) € R™ be a probability vector, ie. > ©  p; = 1 and
pi > 0 for all i € [n]. Recall that H(p) denotes the Shannon entropy of the
probability vector p, H(p) = Y1 pilogy, 1/pi. Let x = (2, 2@ ) be a
triple of probability vectors z(?) € R™. Let § € © := P([3]). Recall that Hy(z)
denotes the #-weighted average of the Shannon entropies of the three probability
vectors a:(l), :1:(2), x(3),

Hy(z) = 0(1)H(z™M) + 0(2) H(2®) + 0(3)H(z®).

Let V=C" @C" @C". Let G = GL,, x GL,, x GL,,. Let v € V'\ 0. We
use the notation P(v) := P(G - v) for the moment polytope of the orbit closure
of v.

Definition 6.10. For § € © and v € V' \ 0 let
FO(v) = max{2%@ . z ¢ P(v)}.

Let F?(0) = 0. We call the functions F’ the quantum functionals. The name
quantum functional comes from the fact that the moment polytope P(¢) consists
of triples of quantum marginal entropies.

Theorem 6.11. Let T be the semiring of 3-tensors over C. Let < be the restriction
preorder. For 6 € ©

F? e X(T,<).

In other words, F® is a semiring homomorphism T — Rsq which is monotone
under restriction <. In fact, F? is monotone under degeneration <.

Remark 6.12. The results in this chapter generalise to k-tensors over C. In our
paper [CVZ18| we discuss this general situation in detail and make a distinction
between upper quantum functionals and lower quantum functionals.

Let p € R™ and ¢ € R™ be vectors. We define the tensor product p®q € R™ by
p®q:=(pig;:i € [n],j € [m]).
We define the direct sum p @ ¢ € R"*™ by

p@q: (pla"'7pn7q17""qm)

Let dom(p) be the vector obtained from p by reordering the coefficients non-
increasingly.

Let 7 = (M, 2® 24)) and y = (y,y?, y®) be triples of vectors. We define
the tensor product x ® y elementwise,

TRY = (x(l) QyY, z? @ y?, 0 g y(?’)).
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We define the direct sum x @ y elementwise,
r@yi= (20 ®yD, 20 @ y® 26 @ y®).

For a triple of vectors x = (2, 2 2®)) let
dom(z) == (dom(z"), dom(z?), dom(z®))

be the triple of vectors obtained from z be reordering each component z¥ non-
increasing. For any set S of triples of vectors, let

dom(S) := {dom(x) : x € S}.

For v € C" @ C™ @ C" we will use the notation G(v) = GL,,, x GL,, x GL,,
to denote the product of general linear groups that naturally corresponds to the
space that v lives in. We will use the notation P(v) := P(G(v) - v) for the moment
polytope of the orbit closure of v.

Theorem 6.13. Let s € C @ C"2 @ C™ and t € C™ ® C™ ® C™.
(i) dom(P(s) ® P(t)) CP(s®1)
(ii) Vo € [0,1] dom(aP(s)® (1 — a)P(t)) CP(s® 1)
(iti) If s,t €C" @ C™ @C™ \ 0 and s € G(t) - t, then P(s) C P(t)
(iv) P(s®0) = P(s) &0
(v) P((1)) = {((1), (1), (1))} with (1) =e; ® e, ® e; € C' ® C! @ C.

Proof. To prove statements (i) and (ii), let z € P(s) and y € P(t). Then there

are elements a € G(s) - s and b € G(t) - t with ordered marginal spectra x and v,

(spec pf, spec ps, spec ps)

xr =
y = (specpl, spec ph, spec p3).

We prove statement (i). We have a ® b € G(s ® t) - s ® t. Thus
dom(z ® y) = (spec pi®°, spec p5©°, spec p5°°) € P(s @ 1).

We conclude dom(P(s) @ P(t)) C P(s®t). We prove statement (ii). Let o € [0, 1].
Define the tensor u(a) € C ™ @ Cr2tm2 @ C+ms by

u(a) = va a 1_ab.
(a) o5 ®
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Then u(c) € G(s®1t)-s®t. We have p*® = apt @ (1 — a)pt. From the
observation

spec(apf @ (1 — a)p;) = dom(azx @ (1 — a)y)

follows dom(az @ (1 — a)y) € P(G(s @ t) - s ® t). We conclude
dom(aP(s) ® (1 — a)P(t)) C P(s@t).

We have thus proven statement (i) and (ii).

We prove statement (iii). Let G = G(t) = G(s). Let s € G-t. Then
G -5 C G -t, so we have a G-equivariant restriction map C[G - s] «- C[G - t] on
the coordinate rings. Let x/d € R(G -s) with (C[G - s]4)(y) # 0. Then also
(CIG - tla)(y) # 0 by Schur’s lemma. Thus x/d € R(G-t) C P(G-t). We
conclude P(s) C P(t).

We prove statement (iv). Let y/d € R(G(s & 0) - (s © 0)) with P, (s®0)®? # 0.
Recall from Section 6.2 that P, is given by the action of an element in the group
algebra C[Sy] which we also denoted by P,. From this viewpoint we see that also
Ps®4 £ 0. So x/d € R(G(s) - ).

Statement (v) is a direct observation. O

Corollary 6.14.

(i) FO(s)F°(t) < FP(s ® 1)
(i) FO(s)+ FO(t) < F'(s & t)
(iii) If s <t, then F%(s) < FO(t)

v) F

(iv) F7((1)) =1

Proof. (i) Let x € P(s) and y € P(t) Then x®@y € P(s®t) by Theorem 6.13. It is
a basic fact that Hy(x)+Hy(y) = Hy(xz®y) (Lemma 4.9), so 2He@)2Hs(y) — gHo(ey),
We conclude FO(s)FO(t) < F(s®1).

(i) Let = € P(s) and y € P(¢). Then by Theorem 6.13 for all a € [0, 1]

dom(az @ (1 —a)y) € P(s D).

It is a basic fact that aHy(z) + (1 — a)Hp(y) + h(a) = Hp(azx & (1 — a)y)
(Lemma 4.9). Thus for any a € [0, 1] we have 20He@)+(=e)Hs(y)+ha) < [0(5 g ¢),
Using Lemma 4.9(iv) we conclude FU(s) + F?(t) < FO(s @ t).

(iii) This follows from statement (iii) and (iv) of Theorem 6.13, since, by
definition, degeneration s <t means s 0 € G(t @ 0) - (t®0).

(iv) This follows from statement (v) of Theorem 6.13. O
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Theorem 6.15.
(i) R(s®t) C{N/N:3u/N € R(s),v/N € R(t); GG ) > 0 for all 4}
(i) R(s@t) C{N/N: 3u/m € R(s),v/(N —m) € R(t); cX0),) > 0 for all i}

Proof. (i) Let s € Vi@ Vo ®@ V3 and let t € W, @ Wy ® Ws. Let A/N € R(s ® )
with Py(s ® t)®Y #£ 0. Let 7 be the natural regrouping map

T (Vi@ W) @ (Vo @ Wy) @ (Vs @ Ws))®Y
= (V1 @ V2@ V3)*N @ (W) @ Wy @ W3)®N.

Then

(s@t)®N =Y 7Y (P,@P)r(s®t)*".

Let pu,v F* N with Psm~ (P, ® P,)n(s @ t)®Y # 0. Then P,s®N # 0 and
P®N £ 0, i.e. u/N € R(s) and v/N € R(t). Moreover P\m (P, ® P,)7 # 0,
which means the Kronecker coefficients g, L(0y(i) Are NONZero.

(i) Let A/N € R(s @ t) with Py(s @ t)®N # 0. Let us expand (s ® ¢)®V as

set)®N =NV let)- - @tV

Then P, does not vanish on some summand, which we may assume to be of the
form s®™ ® t*N=™ Let 7 be the natural projection

T (VieW) @ (Vad W) @ (Vs ® W)Y
- Vi@V V)" e (W, @ Wy @ Wy)2N ™,
Let p1,v with Px7~ (P, ® P,)m(s ®1)®N # 0. Then P,s®™ # 0 and P,t®N=™ £ (.

Moreover P\~ (P, ® P,)m # 0. Therefore, the Littlewood-Richardson coeffi-
cients ngym are NONZero. O

Corollary 6.16.

(i) Fl(s®t) < FO(s)F%(t)

(i) Fl(sat) < FP(s)+ F(t)
Proof. (i) Let A/N € R(s®t). By Theorem 6.15 there is a u/N € R(s) and a
v/N € R(t) such that the Kronecker coefficient g, is nonzero for every i.
Then 2760 < F(s) and 27 < F(t) by definition of F’. The Kronecker

coefficients being nonzero implies

9Ho(N) < 9He(r)9He(7)
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by Lemma 6.3. We conclude F%(s @ t) < F%(s)F(t).

(ii) Let A/N € R(s @ t). Then by Theorem 6.15 there are u/m € R(s) and
v/(N —m) € R(t) such that the Littlewood—Richardson coefficient Cﬁgyu) is
nonzero for every i. This means

9Hp(X) < 2Ho(@) 4 9Hs(@)
by Lemma 6.3. We conclude F?(s @ t) < F%(s) + F°(t). O

Proof of Theorem 6.11. Corollary 6.14 and Corollary 6.16 together prove The-
orem 6.11. O

6.8 Outer approximation

In this section we discuss an outer approximation of P(¢). We will use this outer
approximation to show that the quantum functionals are at most the support
functionals.

Let < be the dominance order i.e. majorization order on triples of probability
vectors. For any set S C R™ x R™ x R™ of triples of probability vectors, let S=
denote the upward closure with respect to <,

SS={yeR" xR” xR™:3z €S, v <y}

Let conv(S) denote the convex hull of S in R™ x R™ x R". Recall that for x €
S we defined dom(z) as the triple of probability vectors obtained from z =
(xM, 22 £03)) by reordering the components =¥ such that they become non-
increasing, and dom(S) = {dom(z) : x € S}.

Theorem 6.17 (Strassen [Str05]). Let v € V' \ 0. Then
P(v) C (dom conv suppv)~. (6.5)

Proof. We give the proof for the convenience of the reader. Let y/d € R(G - v).
Then (lin(G - v9%))(y) # 0. Let M, C lin(G - v®%) be a simple G-submodule with
highest weight x. Let N C V®? be the G-module complement, N & M, = V&<
Then v®? is not in N. Let v = EB%SHPPU v, be the weight decomposition. Then v®4
is a sum of tensor products of the v,. At least one summand is not in N, say of
weight n == > d,y with 3 d, = d. The projection V@ — M, along N maps this
summand onto a nonzero weight vector of weight 7. So n is a weight of M,.. Then
also dom(n) is a weight of M,. Since x is the highest weight of M, , dom(n) < x.
Then dom(n/d) < x/d. We have n/d = %”y € convsuppv. We conclude

R(G - v) C (dom convsuppv)= and thus P(G - v) C (dom conv supp v)~. O
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6.9 Inner approximation for free tensors

In this section we discuss an inner approximation for the moment polytope of a
free tensor. We will use this inner approximation in the next section to prove that
the quantum functionals coincide with the support functionals when restricted to
free tensors. We will prove that not all tensors are free.

We say a set & C [ng] X [ng] X [ng] is free if every two different elements
of ® differ in at least two coordinates, in other words if the elements of & have
Hamming distance at least two. We say v € V = C™ @ C" @ C" is free if for
some g € G(v) = GL,, x GL,, x GL,, the support supp(g-v) C [n;] X [ng] X [ng]
is free. (Free is called “schlicht” in [Str05].)

Theorem 6.18 (Strassen [Str05]). Let v € V' \ 0 with supp(v) free. Then
dom conv suppv C P(v).

Proof. We refer to [Str05]. O

Corollary 6.19. Let v € V' \ 0 with supp(v) free. Then
P(v)~ = (dom conv supp v)ﬁ.

Proof. By Theorem 6.18 dom convsuppv C P(v). We take the upward closure
on both sides to get (domconvsuppv)S C P(v)S. On the other hand, from
Theorem 6.17 follows P(v)s C (dom conv supp v)=<. O

Remark 6.20. Recall that v € V is oblique if the support supp(g - v) is an
antichain for some g € G(v) (Section 4.4). Such antichains are free, so oblique
tensors are free. Thus {tight} C {oblique} C {free}. Like the tight tensors and
oblique tensors, free tensors from a semigroup under ® and @.

Proposition 6.21. Forn > 5 there exists a tensor that is not free in C"QC"®Q@C".

Proof. We upper bound the maximal size of a free support. Let ® C [n] x [n] X [n]
be free. Any two distinct elements in ® are still distinct if we forget the third
coefficient of each. Therefore, |®| = [{(ay, as) : a € ®}| < n?. (This is a special
case of the Singleton bound [Sin64] from coding theory. This upper bound is tight,
since ® = {(a,b,¢) : a,b,c € [n],c =a+bmod n} is free and has size n*.) Second
we apply the following observation of Biirgisser [Biir90, page 3|. Let

Z,={teC"®C"®C":3g € G(t) |supp(g - t)| < n® — 3n*}.

Let Y, = C"®@ C" ® C"\ Z,. Then the set Y, is Zariski open and nonempty.
Now let n > 5 and let ¢t € Y,,. Then Vg € G(t) |supp(g - t)| > n® — 3n* > n?. We
conclude ¢ is not free. O]
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6.10 Quantum functionals versus support func-
tionals

We discussed the support functionals ¢? € X({oblique 3-tensors over F}) in Chap-
ter 4. We recall its definition over C. Let V = C" @C™®C". For § € © = P([3])
and t € V '\ 0 with supp(t) oblique,

¢?(t) = max{2e") . P € P(supp(t))}.

We also discussed an extension of (? to all 3-tensors over C: the upper support
functional:

¢’(t) = min max{27®) : P € P(supp(g - t))}.
geG(t)
We know (?(s @ 1) < ¢°(s)¢°(t), (*(s @ t) = (°(s) +¢°(t), ¢"((1)) = 1 and
s<t=(s) < (Ot) for any s, t € V.
The set conv supp(g - t) is the set of marginals of probability distributions on
supp(g-t). Thus dom convsupp(g-t) is the set of ordered marginals of probability
distributions on supp(g - t). Therefore

¢’(t) = min max 270@
geG(t) z€S(g-t)

with S(w) = domconvsuppw. Let X C R™ x R" x R be a set of triples of
probability vectors. From Schur-convexity of the Shannon entropy function follows
max,cx 279 = max, ¢ x< 270®) . Also Hy(z) = Hy(dom ).

Theorem 6.22. ¢%(t) > FY(t).
Proof. Let g € G(t) such that

oHe(x) — 0t
max cl)

with S = dom convsupp(g - t). We have

max 2H0(®) — max 2He(@)
TES eSS

By Theorem 6.17, P(t) C S<. We conclude F?(t) < (%(t). O
Theorem 6.23. Lett € V be free. Then (O(t) = FO(t).

Proof. We know from Theorem 6.22 that ¢%(t) > F?(t). We prove (%(t) < FO(t).
Let g € G(t) such that supp(g - t) is free. Let S = dom convsupp(g - t). Then
C(t) < max,es 2™ = max,cg< 2@, By Theorem 6.18 we have S< = P(t)S.
We conclude ¢?(t) < FO(t). O
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We can show that the regularised upper support functional equals the quantum
support functional. As a consequence, the quantum functional is at least the lower
support functional which was discussed in Chapter 4.

Theorem 6.24. lim,_, 2¢?(t®")/" = FO(t).
Proof. We refer the reader to [CVZ18|. O
Corollary 6.25. F’(v) > (p(v).

Proof. By Theorem 6.24, FO(v) = lim,_,o, C?(v®™)/". We know ¢%(v) > (y(v)
by Theorem 4.15 and thus lim,,_. ¢?(v®)V/" > lim,_,o Co(v®")/". The lower
support functional (y is supermultiplicative under ® (Theorem 4.14), so

nh_{{)lo Co(v®™)M™ > (o ().

Combining these three inequalities proves the theorem. O]

6.11 Asymptotic slice rank

We proved in Section 4.6 that for oblique ¢t € F™ ® F"? @ F"3 the asymptotic slice
rank lim,, ., SR(t®")'/" exists and equals mingee ¢?(t) with © := P([3]). In this
section we prove the analogous statement for the quantum functionals.

Theorem 6.26. Lett € C" @ C"? @ C"3. Then

lim SR(t®")Y/" = min F?(t).

n—00 0cO

We work towards the proof of Theorem 6.26. Let t € C™ @ C™> @ C™ \ 0. Let
E’(t) := log, FO(t).

Lemma 6.27. For any € > 0 there is an ng € N such that for all n > ng there is
a A\/n € R(t) with min;es H(A®) > mingeg EY(t) — .

Proof. By definition

in £(t) = mi 0(j)H (z\).
s P =y s 2 PO
J

By Von Neumann’s minimax theorem, the right-hand side equals

max min Z 0(j)H (29)

which equals

max min H (z9).
z€P(t) j€[3]
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Let ¢ > 0. Let p/m € R(t) with minje5 H(p9)) > mingeg E%(t) — £/2. We will
use two facts. We have (Py ® P1y ® Pay)t =t # 0. The triples of partitions A
with Py\t®™ # 0 for some n form a semigroup. Let n € N. We can write n = gm+r
with ¢,7 € N, 0 <7 < m. Let AV = qu9 + (r). Then by the semigroup property
Pyt®" #£ 0, ie. A/n € R(t). We have L(qu) + (r)) = %W—I— %m By concavity
of Shannon entropy

H(kgn? + () = H(Zu0 + 5(7)

(AVARRAV
I X
TR
o=
=

When n is large enough (1 — 2)H () is at least H(pul9) — /2. Let ng € N such
that this is the case for all j € [3]. O

Lemma 6.28. Let A\/n € R(t). Then SR(t®") > min;cpz dim[A)].

Proof. We have the restriction t®" > Pyt®" # 0. Choose rank-one projections A;
in the vector spaces S, (C") with

S = (id[/\(l)] ®A1) & (id[)\@)] ®A2) X (id[/\(s)} ®A3>P)\t®n 75 0.

The tensor s is invariant under S,, acting diagonally on (C™)®"® (C"2)®" @ (C"s)®".
Thus the marginal spectra spec p; are uniform. This implies s is semistable.
From [BCC*17, Theorem 4.6] follows that SR(s) equals min,e[s) dim[A@]. O

Lemma 6.29. liminf,_,., SR(t®")"/™ > mingeg F9(t).

Proof. Let € > 0. For n large enough choose A\/n € R(t) as in Lemma 6.27. By
Lemma 6.28, SR(t®") > min,e[z dim[A®]. The right-hand side we lower bound by

min dlmp\(z)] > min 2nH()\(i>)2—o(n) > Qn(mingee Ee(t)—e)Q—o(n).
i€[3] T ig3) -

Then liminf,, ., SR(t®")Y/" > 2minsce E%(t)—¢ 0
Lemma 6.30. limsup,,,. SR(t®")'/" < FO(t).

Proof. Let n € N. Define sq, 59,53 € C" @ C" @ C™ by

51 = (Z P @1d® Id) §&n
Ai(l)kn:
HOW)<E(¢)
Sg = <Z Id (24 P)\(z) (24 Id) (t®n — 81)

AP
HO®@)<E (1)
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55 = (Z dold® Pw) (15" — 51 — 5,).

AB
HO®)<B (1)

Then t®™ = 51+ 85+ s3. The slice rank of an element in the image of P,y ® [d®1d
is at most dim[AM] ® Sy (C™), which is at most 27A)+e) (Section 6.2).
Similarly for Id ® Py ® Id and Id ® Id ® Pys). The tensor s; is in the image
of the sum >,y Pyoy @ Id ® Id over AV - n with at most n; parts. There are
at most (n + 1)™ such partitions. Thus SR(s;) < (n + 1)™ 205 ®+e(m) - Similarly
for s, and s3. Therefore

lim sup SR(t®n)1/n < lim sup (3(n F1)maiels) 2nE9(t)+0(n))l/n' (6.6)
The right-hand side of (6.6) equals FY(¢). O

Proof of Theorem 6.26. Lemma 6.29 and Lemma 6.30 together prove Theo-
rem 6.26. L

6.12 Conclusion

In this chapter we constructed the first infinite family of spectral points for 3-
tensors over C, the quantum functionals. For 30 years the only explicit spectral
points known were the gauge points. The constructions in this chapter naturally
generalise to higher-order tensors, for which we refer to our paper [CVZ18]. We
do not know whether the quantum functionals are all of the spectral points for
3-tensors over C. Finally, we showed that for complex tensors the asymptotic slice
rank exists and equals the minimum value over all the quantum functionals.






Chapter 7

Algebraic branching programs:;
approximation and nondeterminism

This chapter is based on joint work with Karl Bringmann and Christian
Ikenmeyer [BIZ17].

7.1 Introduction

The study of asymptotic tensor rank in previous chapters was originally motivated
by the study of the complexity of matrix multiplication in the algebraic circuit
model, an algebraic model of computation. In this chapter we will study several
other algebraic models of computation and algebraic complexity classes.

Formulas, the class VP. and the determinant

An (arithmetic) formula is a rooted binary tree whose leaves are each labeled
with a variable or a field constant, and whose root and intermediate vertices are
labeled with either + (addition) or x (multiplication). In the natural way, via
recursion over the tree structure, a formula computes a multivariate polynomial f.
The formula size of a multivariate polynomial f is the smallest number of vertices
required for any formula to compute f. Here is an example of a formula of size 7
computing the polynomial (3 4+ x)(3 + ).

O ©® 6@ @
]
Ny
\/
®

A sequence of multivariate polynomials (f,,)nen is called a family. Valiant in
his seminal paper [Val79] introduced the complexity class VP, that is defined as

109
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the set of all families whose formula size is polynomially bounded. (We say a
sequence (a,), € NY of natural numbers is polynomially bounded if there exists a
univariate polynomial ¢ such that a, < g(n) for all n.) For example, the family
((x)™ + (z)™ + -+ - + (x,)")y is in VP, because the formula size of this family
grows quadratically.

The smallest known formulas for the determinant family det,, have size n©(°&™).
This follows from Berkowitz’ algorithm [Ber84], which gives an algebraic cir-
cuit of depth O(log?n), and thus by expanding we get an algebraic formula of
depth O(log? n) whose size is then trivially bounded by 90(og?n) — pO(logn) Tt
is a major open question in algebraic complexity theory whether formulas of
polynomially bounded size exist for det,,. This question can be phrased in terms
of complexity classes as asking whether or not the inclusion VP, C VP, is strict.
(We will define VP, shortly.)

Motivated by this question we study the closure class VP. of families of
polynomials that can be approximated arbitrarily closely by families in VP,
(see Section 7.2.4 for the formal definition). Over the field R or C one can think
of VP, as the set of families whose border formula size is polynomially bounded.
The border formula size of a polynomial f is the smallest number ¢ such that there
exists a sequence g; of polynomials with formula size at most ¢ and lim;_,, g; = f.

Continuous lower bounds

In algebraic complexity theory, problem instances correspond to vectors v € F".
A complexity lower bound often takes the form of a function f : F* — F that is zero
on the vectors of “low complexity” and nonzero on v. We refer to Grochow [Grol3]
for a discussion of settings where complexity lower bounds are obtained in this
way (e.g. [NW97, Raz09, LO15, GKKS13, LMR13, BI13]). Over the complex
numbers we can in fact assume that these functions f are continuous [Grol3]
(and even so-called highest-weight vector polynomials). If C and D are algebraic
complexity classes with C C D (for example, C = VP, and D = VPF), then
a proof of separation D ¢ C in this continuous manner implies the stronger
separation D ¢ C. In our case, it is thus natural to aim for the separation VP, ¢
VP. instead of the slightly weaker VP, ¢ VP., which provides further motivation
for studying VP.. This is exactly analogous to the geometric complexity theory
approach of Mulmuley and Sohoni (see e.g. [MS01, MS08] and the exposition
[BLMWT11, Sec. 9]) which aims to prove the separation VNP ¢ VP, to attack
Valiant’s famous conjecture VP, # VNP [Val79]. (Here VNP is the class of
p-definable families, see Section 7.2.4.)

New results in this chapter

We prove two new results in this chapter
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Algebraic branching programs of width 2. An algebraic branching pro-
gram (abp) is a directed acyclic graph with a source vertex s and a sink vertex ¢
that has affine linear forms (in one or more variables) over the base field F as
edge labels. Moreover, we require that each vertex is labeled with an integer (its
layer) and that edges in the abp only point from vertices in layer i to vertices in
layer ¢ + 1. The width of an abp is the cardinality of its largest layer. The size of
an abp is the number of its vertices. The wvalue of an abp is the sum of the values
of all s—t-paths, where the value of an s—t-path is the product of its edge labels.
We say that an abp computes its value. The class VPs coincides with the class of
families of polynomials that can be computed by abps of polynomially bounded
size, see e.g. [Sapl6].

For k£ € N we introduce the class VP, as the class of families of polyno-
mials computable by width-k abps of polynomially bounded size. It is well-
known (see Lemma 7.2) that VP, C VP, for all £ > 1. In 1992, Ben-Or and
Cleve [BOC92| showed that VP, = VP, for all £ > 3. In 2011, Allender and
Wang [AW16] showed that width-2 abps cannot compute every polynomial, so in
particular we have a strict inclusion VPy C VPj.

We prove that the closure of VP, and the closure of VP, are equal,

VP, = VP., (7.1)

when char(FF) # 2. From (7.1) and the result of Allender and Wang follows directly
that the inclusion VPy C V Py is strict. We have thus separated a complexity
class from its approximation closure.

VNP via affine linear forms. Every algebraic complexity class has a nondeter-
ministic closure (see Section 7.2.5 for the definition). The nondeterministic closure
of VP is called VNP, and the nondeterministic closure of VP, is called VINP..
In 1980, Valiant [Val80] proved VNP, = VNP. The nondeterministic closure
of VP, and VP, we call VNP, and VNP,. Using interpolation techniques we
can deduce VNP, = VNP from (7.1), provided the field is infinite. Using more
sophisticated techniques we prove

VNP, = VNP. (7.2)

From (7.2) easily follows VP; C VNP;. Also, from [AW16] we get VPy C VNP,
We have thus separated complexity classes from their nondeterministic closures.

Further related work

An excellent exposition on the history of small-width computation can be found
in [AW16], along with an explicit polynomial that cannot be computed by width-2
abps, namely x1x9 + 2324 + - - - + x152716. Saha, Saptharishi and Saxena in [SSS09,
Cor. 14] showed that z1x9 + 314 + 2526 cannot be computed by width-2 abps
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that correspond to the iterated matrix multiplication of upper triangular matrices.
Biirgisser in [Biir04] studied approximations in the model of general algebraic
circuits, finding general upper bounds on the error degree. For most algebraic
complexity classes C the relation between C and C has not been an active
object of study. As pointed out recently by Forbes [For16], Nisan’s result [Nis91]
implies that C = C for C being the class of size-k algebraic branching programs
on noncommuting variables. A structured study of VP and VP, was started
in [GMQ16]. Much work in lower bounds for algebraic approximation algorithms
has been done in the area of bilinear complexity, dating back to [BCRL79, Str83,
Lic84] and more recently e.g. [Lan06, LO15, HIL13, Zuil7, LM16a].

This chapter is organised as follows. In Section 7.2 we discuss definitions and
basic results. In Section 7.3 we prove that the approximation closure of VP,
equals the approximation closure of VP,, i.e. VP, = VP.. In Section 7.4 we prove
that the nondeterminism closure of VP; equals VNP.

7.2 Definitions and basic results

We briefly recall the definition of circuits, formulas and branching programs and
we recall the definition of the corresponding complexity classes. Then we discuss
some straightforward relationships among these classes and review the proof of a
theorem by Ben-Or and Cleve, which inspired our work. Finally, we discuss the
approximation closure and the nondeterminism closure for algebraic complexity
classes.

7.2.1 Computational models

Let x1, 23, ... be formal variables. By F[x] we mean the ring of polynomials over F
with variables x1, xs, ..., 2, with k large enough.

A circuit is a directed acyclic graph GG with one or more source vertices and
one sink vertex. Each source vertex is labelled by a variable x; or a constant ¢ € F.
The other vertices are labelled by either + or x and have in-degree 2 (that is,
fan-in 2). Each vertex computes an element in F[x| by recursion over the graph.
The element computed by the sink is the element computed by the circuit. The
size of a circuit is the number of vertices.

A formula is a circuit whose graph is a tree.

An algebraic branching program (abp) is a directed acyclic graph with a source
vertex s and a sink vertex t that has affine linear forms ), cux; + 3, o, f € F as
edge labels. Moreover, we require that each vertex is labeled with an integer (its
layer) and that edges in the abp only point from vertices in layer i to vertices in
layer ¢ + 1. The width of an abp is the cardinality of its largest layer. The size of
an abp is the number of its vertices. The wvalue of an abp is the sum of the values
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of all s—t-paths, where the value of an s—t-path is the product of its edge labels.
We say that an abp computes its value.

For example, the following abp has depth 5, width 3 and computes the
polynomial xyx9 + 2o + 221 — 1.

An abp G corresponds naturally to an iterated product of matrices: for any two
consecutive layers L;, L;11 in G, let M; be the matrix (€yw)ver, wer, ., With €,
the label of the edge from v to w (or 0 if there is no edge from v to w). Then the
value of G equals the product My --- MyM;.

For example, the above abp corresponds to the following iterated matrix
product:

-1 0 0 1 00\ (1
(11 1)10 z 0 fax 1 0][12
0 0 2/ \0 0 2] \1

7.2.2 Complexity classes VP, VP.,, VP,

The circuit size of a polynomial f is the size of the smallest circuit computing f.
The formula size of a polynomial f is the size of the smallest formula computing f.

A family is a sequence ( f,)nen of multivariate polynomials over F. A class is a
set of families. The class VP consists of all families (f,,) with circuit size, degree
and number of variables in poly(n). The class VP, consists of all families (f,)
with formula size in poly(n). (The origin of the subscript e in VP, is the term
“arithmetic expression”.) Clearly, VP, C VP.

We introduce classes defined by abps. Let £ > 1. The class VP}, consists of all
families computed by polynomial-size width-k abps with edges labelled by affine
linear forms ), a;x; + B with coefficients o, 8 € F.

We note that the above classes depend on the choice of the ground field F.

In our paper [BIZ17] we make a distinction between three different types of
edge labels for abps. The class VP in this chapter corresponds to the class VP%
in [BIZ17].
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7.2.3 The theorem of Ben-Or and Cleve

This subsection is about the relations among VP, and VP..

Lemma 7.1. VP, C VP, when k < /.

Proof. This is clearly true. O
Lemma 7.2. VP, C VP, for any k.

Proof. For the simple proof we refer to [BIZ17]. O

Ben-Or and Cleve [BOC92] showed that for £ > 3, the classes VP and VP,
are in fact equal.

Theorem 7.3 (Ben-Or and Cleve [BOC92|). For k > 3, VP, = VP..

We will review the construction of Ben-Or and Cleve here, because we will use
it to prove Theorem 7.8 and Theorem 7.15. The following depth-reduction lemma
for formulas by Brent is a crucial ingredient.

Lemma 7.4 (Brent [Bre74]). Let f be an n-variate degree-d polynomial computed
by a formula of size s. Then f can also be computed by a formula of size poly(s,n, d)

and depth O(log s).
Proof. See the survey of Saptharishi [Sap16, Lemma 5.5] for a modern proof. [

Proof of Theorem 7.3. Lemma 7.2 says VP, C VP.. We will prove the
inlusion VP, C VPj3, from which follows VP, C VP, by Lemma 7.1 and
thus VP, = VP.. For a polynomial h, define the matrix

M(h) =

o =
O = O
_ o O

which, as part of an abp, looks like

We call the following matrices primitive:
e M(h) with h any variable or any constant in F
e the 3 x 3 permutation matrices, denoted by M, with © € S5

e the diagonal matrices M, ;. = diag(a,b,c) with a, b, c € F.
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The entries of the primitives are variables or constants in F, making them suitable
to use in the construction of a width-3 abp.

Let (f,) € VP.. Then f, can be computed by a formula of size s(n) € poly(n).
By Brent’s depth-reduction theorem for formulas (Lemma 7.4) f,, can be computed
by a formula of size poly(n) and depth d(n) € O(log s(n)).

We will construct a sequence of primitives Ay, ..., A,y such that

1 00
0 01

with m(n) € O(44™)) = poly(n). Then
Jal) = (111)M 041+ A (1),
so fn(x) can be computed by a width-3 abp of length poly(n), proving the theorem.

To explain the construction, let h be a polynomial and consider a formula
computing h of depth d. The goal is to construct (recursively on the formula

structure) primitives Ay, ..., A,, such that
1 00
A ---A,=1h 1 0
0 01

with m € O(49).
Suppose h is a variable or a constant. Then M (h) is itself a primitive matrix.
Suppose h = f + g is a sum of two polynomials f, g and suppose M(f) and
M(g) can be written as a product of primitives. Then M(f + g) equals a product
of primitives, because M (f + g) = M(f)M(g). This can easily be verified directly,
or by noting that in the corresponding partial abps the top-bottom paths (u;-v;
paths) have the same value:

o\ . . Uy Us us
f .\ [ ] [ ]
AN
. . . ~ f—|—g
N\ N
g ) ) °
N vr U2 U3
° ° .
U1 V2 (%]

Suppose h = fg is a product of two polynomials f, g and suppose M(f) and
M(g) can be written as a product of primitives. Then M (fg) equals a product of
primitives, because

2
M(f - g) = Masy(My 11 M123yM (9) M132) M (f)) " M2
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(here (23) € S5 denotes the transposition 1 +— 1,2 +— 3,3 — 2 and (123) € S3
denotes the cyclic shift 1+ 2,2+ 3,3 — 1) as can be verified either directly or
by checking that in the corresponding partial abps the top-bottom paths (u;-v;
paths) have the same value:

.\ f [ ] [ ]
[ ] \. [ ]
AN
g
[ ] [ ] \.
Uy U2 us
— 1 o\ ° °
.\ f [ ] [ ] ~Y f . g\
! \. I U1 V2 U3
AN
g
[ ] [ ] \.
—1
v vy Us

This completes the construction.

The length m of the construction is m(h) = 1 for h a variable or constant and
recursively m(f + g) = m(f) + m(g), m(f - g) = 2(m(f) +m(g)), so m € O(4%)
where d is the formula depth of h. [

The above result of Ben-Or and Cleve (Theorem 7.3) raises the intriguing
question whether the inclusion VPy C VP, is strict. Allender and Wang [AW16]
show that the inclusion is indeed strict; in fact, they show that some polynomials
cannot be computed by any width-2 abp.

Theorem 7.5 (Allender and Wang [AW16]). The polynomial
T1Ty + T3Tg + -+ + T15T16

cannot be computed by any width-2 abp. Therefore, we have the separation of
classes VP, C VP35 = VP..
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7.2.4 Approximation closure C

We define the norm of a complex multivariate polynomial as the sum of the
absolute values of its coefficients. This defines a topology on the polynomial ring
Clx1, ..., Ty Given a complexity measure L, say abp size or formula size, there
is a natural notion of approximate complexity that is called border complexity.
Namely, a polynomial f € C[x] has border complezity L' at most c if there is
a sequence of polynomials ¢, go, ... in C[x]| converging to f such that each g;
satisfies L(g;) < c. It turns out that for reasonable classes over the field of complex
numbers C, this topological notion of approximation is equivalent to what we call
algebraic approximation (see e.g. [Biir04]). Namely, a polynomial f € C|x] satisfies
L(f)™& < c iff there are polynomials fi, ..., f. € C[x] such that the polynomial

hi=f4+efi+efo+---+ef. € Cle x|

has complexity Lc()(h) < ¢, where ¢ is a formal variable and L¢()(h) denotes
the complexity of h over the field extension C(e). This algebraic notion of
approximation makes sense over any base field and we will use it in the statements
and proofs of this chapter.

Definition 7.6. Let C(F) be a class over the field F. We define the approzimation
closure C(IF) as follows: a family (f,,) over F is in C(F) if there are polynomials
fn:i(x) € F[x] and a function e : N — N such that the family (g,,) defined by

gn(X) = fn(x) + Efn;l(x) + €2fn;2<x) + e+ ge(n)fn;e(n) (X)

is in C(F(c)). We define the poly-approzimation closure C**¥(F) similarly, but
with the additional requirement that e(n) € poly(n). We call e(n) the error
degree.

7.2.5 Nondeterminism closure N(C)

We introduce the nondeterminism closure for algebraic complexity classes.

Definition 7.7. Let C be a class. The class N(C) consists of families (f,,) with
the following property: there is a family (g,) € C and p(n), gq(n) € poly(n) such
that

Fa(®) =Y g4ty (b, %),

be{0,1}P(")

where x and b denote sequences of variables x1,xo, ... and by, by, . .., byn). We say
that f,(x) is a hypercube sum over g and that by, b, ..., by are the hypercube
variables. For any subscript x, we will use the notation VNP, to denote N(VP,).
We remark that the map C +— N(C) trivially satisfies all properties of being a
Kuratowski closure operator, i.e., N(0)) = (§, C C N(C), N(CUD) = N(C)UN(D),
and N(N(C)) = N(C).
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7.3 Approximation closure of VP,

We show that every polynomial can be approximated by a width-2 abp. Even
better we show that every polynomial can be approximated by a width-2 abp
of size polynomial in the formula size, and with error degree polynomial in the
formula size. This is the main result of the current chapter.

Theorem 7.8. VP. C VP,**" when char(F) # 2.

Proof. For a polynomial h define the matrix M (h) = (}L (1)) We call the following
matrices primitives:

e VM(h) with h any variable or constant in F

GG D6

The entries of the primitives are variables or constants in the base field F(e),
making them suitable to use in a width-2 abp over the base field F(¢).

Let (fn) € VP, so f,(x) can be computed by a formula of size s(n) € poly(n).
By Brent’s depth reduction theorem for formulas (Lemma 7.4) f,, can be computed
by a formula of size poly(n) and depth d(n) € O(log s(n)).

We will construct a sequence of primitives Ay, ..., Ay, such that

10 Joan fonne o a2 o212
Ay Ay = ; ; ; ;
' ) (fn 1) +€(fn;121 fn;122> T (fn;221 fn;222
. e fn;ell fn;el?)
+ te (fn;eZl fn;622
for some f,..;x € F[x], with m(n),e(n) € O(8%™) = poly(n). Then
(1) (0 D) A Any (1) = fulx) + O(e),

so fn(x) can be approximated by a width-2 abp of length poly(n) and with error
degree poly(n), proving the theorem.

We begin with the construction. Let h be a polynomial and consider a formula
computing h of depth d. The goal is to construct, recursively on the tree structure
of the formula, a sequence of primitives Ay, ..., A, such that for some h;;;, € F[x]

10 0 O hoi1 hoia
A Ay = + +¢? +
1 (h 1) €<h121 0) : (h221 h222>
e hell h’612
Tt 7.3
c (h621 h622> ( )

with m, e € O(8%). Notice the particular first-degree error pattern in (7.3), which
our recursion will rely on.
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Suppose h is a variable or a constant. Then M (h) is itself a primitive satisfy-

ing (7.3).
Suppose h = f + g is a sum of two polynomials f, g and suppose that
(1 0 0 0 9
F_(f 1>+€<f, 0)+(’)(5) (7.4)
(10 0 0 9
G= (g 1> + 5(g, O) + O(e%) (7.5)

are products of primitives for some f’, ¢’ € F[x]|. Then

1 0 0 0
G-F:<f+gl>+s<f+d 044%3)

is a product of primitives satisfying (7.3).

Suppose h = fg is a product of two polynomials and suppose that F' and G
are of the form (7.4) and (7.5) and are products of primitives. We will construct
M((f +9)?), M(—f?), M(—g?) approximately in such a way that when we use
the identity (f + g)* — f? — g*> = 2fg, the error terms cancel properly. Here we
will use that char(IF) # 2. Define the expressions sq (A) and sq_(A) by

s (A) = <—05 (1)) A (—01 ila) A - (% (i))

lFef 0 2
s%u”:(iﬂ+%@)1iq)+o@)

We have

sq_(F) -sq_(G) -sq, (G- F)

- I+eg 0
T \—¢*+0() 1—¢gg

' (—flziaa - 6f>
| (( 1—c(f +9) 0 )) o)

f+9)?+0() 1+e(f+g
which simplifies to

(7)) 50,6 F) = (o, Lo 1)+ 0,
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We conclude
(3 ?) +sq_(G) -sq_(F) -sq, (G- F)- (é (1)>
(e ) ) ()
G er @ er (Y
— (fg +1(’)(5) (1)) +0(e?).

This completes the construction.

The length m of the construction is m(h) = 1 for h a variable or constant
and recursively m(f + g) = m(f) + m(g), m(f - g) = 4(m(f) +m(g)) + 7. We
conclude m € O(8%). The error degree e of the construction satisfies the same
recursion, so e € O(8%). O

Remark 7.9. The construction in the above proof of Theorem 7.8 is different
from the construction in our paper [BIZ17]. The recursion in the above proof is
simpler, while the construction in [BIZ17] has a better error degree and has a
special form which relates it to a family of polynomials called continuants.

Corollary 7.10. VP, = VP, and VP,**" = VP.** when char(F) # 2.

Proof. We have VP, C VP, by Lemma 7.2. Taking closures on both sides, we
obtain VPy C VP, and VP,Y C VPPV

When char(F) # 2, VP, C VP,**” (Theorem 7.8). By taking closures follows
VP, C VP, and VP.” C VP, 0

Corollary 7.11. VP,*Y = VP, when char(F) # 2 and F is infinite.

Proof. By Corollary 7.10 VP,*Y = VPY. We prove VB."Y = VP, in
Lemma 7.12 below. O

Lemma 7.12. VP.”*Y = VP, when char(F) # 2 and F is infinite.
Proof. The inclusion VP, C VPepOly is trivially true. We prove the other direction.

Let (f,) € VP."°Y. Then there are polynomials f,.;(x) € F[x] and e(n) € poly(n)
such that

Fa(x) + e fuia (%) + € faz(x) + -+ frepuy (%)

is computed by a poly-size formula I' over F(e). Let ag, a1, ..., tewm) be distinct
elements in F such that replacing € by «; in I' is a valid substitution, i.e. not



7.4. Nondeterminism closure of VP 121

causing division by zero. These «; exist since our field is infinite by assumption.
View

gn(g) = fn(x) + 5fn;1<x> + 52fn;2(x> + -+ 66(n)fn;e(n) (X)

as a polynomial in €. The polynomial g,(g) has degree at most e(n) so we can
write g,(¢) as follows (Lagrange interpolation on e(n) + 1 points)

e(n) i
@) =Y guley) [ —m (7.6)

QO — Q-
J=0 0<m<e(n): 7 m

m#j

Clearly, f,(x) = gn(0). However, replacing € by 0 in I' is not a valid substitution
in general. From (7.6) we see directly how to write g,,(0) as a linear combination
of the values g,(a;), namely

e(n)
gm0 =) gl [ —
— A m
j=0 0<m<e(n):
m#j
that is,

e(n)
. A
7=0 0O<m<e(n): =" I
m#j

The value g,(c;) is computed by the formula I' with e replaced by «;, which we

We conclude (f,,) € VP.. O

denote by I'|.—,. Thus f,(x) is computed by the poly-size formula Zi(”g B Ile=a,-

Remark 7.13. The statement of Lemma 7.12 also holds with VP, replaced with
VP, or with VP by a similar proof.

7.4 Nondeterminism closure of VP,

Recall the definition of VNP, = N(VP,) from Definition 7.7. Valiant proved the
following characterisation of VNP in his seminal work [Val80]. See also [BCS97,
Thm. 21.26], [Biir00, Thm. 2.13] and [MP0S, Thm. 2].

Theorem 7.14 (Valiant [Val80]). VNP, = VNP.
We strengthen Valiant’s characterisation of VNP from VNP, to VNP;.

Theorem 7.15. VNP; = VNP when char(F) # 2.
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The idea of the proof is “to simulate in VINP;” the primitives that we used in
the proof of VP, C VP; (Theorem 7.3).

Proof of Theorem 7.15. Clearly, VNP; C VNP by Lemma 7.2 and taking
the nondeterminism closure N. We will prove that VNP C VNP;. Recall that
in the proof of VP, C VP;3 (Theorem 7.3), we defined for any polynomial h the
matrix

M(h) =

o =
O = O
_ o O

and we called the following matrices primitives:
e M(h) with h any variable or any constant in F
e the 3 x 3 permutation matrices, denoted by M, for m € S5
e the diagonal matrices M, . = diag(a,b,c) with a,b,c € F.

In the proof of VP, C VP53 we constructed, for any family (f,,) € VP,, a sequence
of primitive matrices An1,..., Ay ) with t(n) € poly(n) such that

fo(x) = (111)M_110A01 - Anin) < i ) (7.7)
We will show VP, C VNP, by constructing a hypercube sum over a width-1
abp that evaluates the right-hand side of (7.7). This implies VNP, C VNP, by
taking the N-closure. Then by Valiant’s Theorem 7.14, VNP C VNP;.
Let f(x) be a polynomial and let Aj,..., Ay be primitive matrices such
that f(x) is computed as

f(x):(111)Ak---A1<%>.

View this expression as a width-3 abp G, with vertex layers labeled as shown in
the left-hand diagram in Fig. 7.1. Assume for simplicity that all edges between
layers are present, possibly with label 0. The sum of the values of every s—t path
in G equals f(x),

F&) = Axljes dia] - - Aala, ). (7.8)

jeB”

We introduce some hypercube variables. To every vertex of GG, except s and t,
we associate a bit; the bits in the ith layer we call b;[i], by[i], b3[i]. To an s—t
path in G’ we associate an assignment of the b;[i] by setting the bits of vertices
visited by the path to 1 and the others to 0. For example, in the right-hand
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N N

Pt
1 ° ° ° [ L4 010

’ >§%< : R
e DA
N% NE

Figure 7.1: Illustration of the layer labelling and the path labelling used in the
proof of Theorem 7.15.

diagram in Fig. 7.1 we show an s—t path with the corresponding assignment of the
bits b;[i]. The assignments of the b;[i] corresponding to s—t paths are precisely
the assignments such that for every i € [k] exactly one of by[i], bai], bs[i] equals 1.
Let

V(by, by, bs) = [ [ (bali] + bali] + bs[d]) [ (1 — bslilbuld])- (7.9)
i€[k] s,tel3]:
s#t

Then the assignments of the b;[i] corresponding to s—¢ paths are precisely the
assignments such that V' (b, bg, b3) = 1. Otherwise, V (by, be, b3) = 0.

We will write f(x) as a hypercube sum by replacing each A;[j;, ji—1] in (7.8)
by a product of affine linear forms S;(A4;) with variables b and x,

> V(b by, 03) Sk(Ar) - Si(A).

Define the expression Eq(«, ) == (1 — a — f)(1 — a — () for a, f € {0,1}. The
expression Eq(a, ) evaluates to 1 if a equals 5 and evaluates to 0 otherwise.

e For any variable or constant = define

Si(M(x)) = (1+ (z = )(bili] = bili—1]))
(1= (1 = bafd])boli—1])
- Eq(bsli—1], bsi]).
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e For any permutation m € S5 define

Si(My) = Eq(bi[i—1], brn)li])
- Eq(ba[i—1], bra)[i])
- Eq(bs[i—1], b [i]).

e For any constants a, b, ¢ € F define

~bifi—1]
Eq(ba[i—1], bali])
Eq(bali—1], bai])
ECI(bs[Z—l]ab?)[i])-

One verifies that

F(x) = V(b1 ba, b3)Sk(Ar) - - S1(Ay).

Some of the factors in the expressions for the S;(A;) are not affine linear. As a
final step we apply the equality 1 + zy = %ZCE{O,I} (r+1—-2c)(y+1—2c) to
write these factors as products of affine linear forms, introducing new hypercube
variables. O]

7.5 Conclusion

We finish with an overview of inclusions, equalities and separations among the
classes VP, VP., VP and their approximation and nondeterminism closures
(when char(F) # 2), see Fig. 7.2. The figure relies on the following two simple
lemmas, proofs of which can be found in our paper [BIZ17].

Lemma 7.16 ([BIZ17, Prop. 5.10]). VP, = VP;.

Lemma 7.17 ([BIZ17, Prop. 5.11]). VP; C VNP, when char(F) # 2.
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. 710 -
VP, - VP, = VP, C VP
7.16 || Ut Ul Ul
[AW16] [Val79]
VP, C VP, C VP. C VP
71740 N IN IN
7.15 [Val80]
VNP, = VNP, = VNP = VNP

Figure 7.2: Overview of relations among the algebraic complexity classes VP,
VP., VP and their approximation and nondeterminism closures (when char(F) is
not 2). The relations without reference are either by definition or follow directly
from the other relations.
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Summary

Algebraic complexity, asymptotic spectra and entanglement
polytopes

Matrix rank is well-known to be multiplicative under the Kronecker product,
additive under the direct sum, normalised on identity matrices and non-increasing
under multiplying from the left and from the right by any matrices. In fact, matrix
rank is the only real matrix parameter with these four properties. In 1986 Strassen
proposed to study the extension to tensors: find all maps from k-tensors to the
reals that are multiplicative under the tensor Kronecker product, additive under
the direct sum, normalised on “identity tensors”, and non-increasing under acting
with linear maps on the k tensor factors. Strassen called the collection of these
maps the “asymptotic spectrum of k-tensors”. He proved that understanding
the asymptotic spectrum implies understanding the asymptotic relations among
tensors, including the asymptotic subrank and the asymptotic rank. In particular,
knowing the asymptotic spectrum means knowing the arithmetic complexity of
matrix multiplication, a central problem in algebraic complexity theory.

One of the main results in this dissertation is the first explicit construction of
an infinite family of elements in the asymptotic spectrum of complex k-tensors,
called the quantum functionals. Our construction is based on information theory
and moment polytopes i.e. entanglement polytopes. Moreover, among other
things, we study the relation of the recently introduced slice rank to the quantum
functionals and find that “asymptotic” slice rank equals the minimum over the
quantum functionals. Besides studying the above tensor parameters, we extend
the Coppersmith-Winograd method (for obtaining asymptotic combinatorial
subrank lower bounds) to higher-order tensors, i.e. order at least 4. We apply
this generalisation to obtain new upper bounds on the asymptotic tensor rank
of complete graph tensors via the laser method. (Joint work with Christandl
and Vrana; QIP 2018, STOC 2018.)

In graph theory, as a new instantiation of the abstract theory of asymptotic
spectra we introduce the asymptotic spectrum of graphs. Analogous to the
situation for tensors, understanding the asymptotic spectrum of graphs means
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understanding the Shannon capacity, a graph parameter capturing the zero-error
communication complexity of communication channels. In different words: we
prove a new duality theorem for Shannon capacity. Some known elements in the
asymptotic spectrum of graphs are the Lovasz theta number and the fractional
Haemers bounds.

Finally, we study an algebraic model of computation called algebraic branching
programs. An algebraic branching program (abp) is the trace of a product of
matrices with affine linear forms as matrix entries. The maximum size of the
matrices is called the width of the abp. In 1992 Ben-Or and Cleve proved
that width-3 abps can compute any polynomial efficiently in the formula size.
On the other hand, in 2011 Allender and Wang proved that some polynomials
cannot be computed by any width-2 abp. We prove that any polynomial can be
efficiently approximated by a width-2 abp, where approximation is defined in the
sense of degeneration. (Joint work with Ikenmeyer and Bringmann; CCC 2017,
JACM 2018.)
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