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C,(X) is not Gg,: a Simple Proof
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Summary. It is known that if Cp(X) is a Gg,-subset of R¥ then X is discrete. We
present a simple proof of this.

1. Introduction. Let C,(X) be the set of continuous real-valued func-
tions on a Tychonov space X, and topologize Cp,(X ) as a subspace of the full
product R*. It is known by [5, 2] that unless X is discrete, C',(X) cannot
be a Gg-subset of R¥, or more generally a Gs,-subset, or an F,-subset. But
it can be an F,s-subset. The proofs of these results are simple, except the
proof in [2] of the result that C,(X) is not a Gs,-subset of R¥ unless X
is discrete. The aim of this note is to provide a simple proof of that fact,
inspired by the proof of [4, Lemma A.2.4] and well-known Baire category
type approximation methods from infinite-dimensional topology. Let us fi-
nally note that the Gs,-theorem was used in [1] to prove that if X is a
nondiscrete, countable space such that C,(X) is Borel then it is of exact
multiplicative class. In addition, all such function spaces C,(X) which are
absolute F,s’s are homeomorphic by [3]. The precise topological structure of
the function spaces Cp(X) of higher Borel complexity is a mystery despite
various interesting and complicated partial results (see e.g. [1]).

I am indebted to Henryk Michalewski for spotting an inaccuracy in an
earlier version of this note.

2. A reduction. All spaces under discussion are Tychonov. Let X be a
space and f € C,(X). Since C,(X) is a subspace of R¥ with the Tychonov
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product topology, it follows that basic neighbourhoods of f have the form
N(f,Fye)={g € R* : (Vo € F)(|f(z) — 9(2)| < £)},
where /7 C X is finite, and ¢ > 0.

LEMMA 2.1. Suppose that C,(X) contains a non-empty Gs-subset of RX.
Then X 1is the topological sum of a countable space and a discrete space.

Proof. Let S be a non-empty Gs-subset of R* which is contained
in Cp(X). Pick an arbitrary element f € S. Let {U, : » < w} be a sequence
of open subsets of R¥ such that Npcw Un = §. For every n < w there exists
a finite subset F,, C X such that every g € R¥ such that g [ F, = f | Fy,
belongs to U,. Put F' = |J, ., Fx- Then F is countable, and every g € RX
with g [ F' = f | F belongs to () Up=85CCyX). Nowifh: X\F — R

is an arbitrary function then

(+) (fTF)UA

belongs to S and hence is continuous on X. This implies that A is continuous
on X \ F and so, h being arbitrary, it follows that X \ F is discrete. It
also follows from () that F" and ¥ = X \ F' are closed. Striving for a
contradiction, assume that there exists an z € (F'\ F)U (Y \Y). Let A :
Y — R be the constant function with value f(z)+ 1. Since £ =(f [ F)Uh
is continuous on X, and ¢ [ F = f | F, it follows that £ and f agree
on F. Soif z € FF\ F then f(z) = &(z) = f(z) + 1, yields the desired
contradiction. On the other hand, if z € Y \'Y C F then since £ | YV
is the constant function with value f(z)+ 1 and z € F, it follows that
flx)+1 =€) = (€] F)(z) = f(z), which yields the same contradiction. O]

n<w

Now let X be an arbitrary space such that C},(X) is a Gs,-subset of R¥.
By Lemma 2.1 it follows that X = F'@ D, where F'is countable, D is discrete,
and @ means topological sum. Since C},(X) is canonically equivalent to the
subspace Cpp(F) X RP of RF x RP = RX, it follows that C,(F) is a G,-
subset of RY. We may therefore assume in the proof of the Gj,-theorem
that without loss of generality we deal with function spaces C),(X) with X
countable.

3. Proof of the Gs,-theorem. Let X be a space, and let Y C R. By
Cp(X,Y) we denote the set of continuous functions f : X — Y, topologized
as a subspace of the full product Y¥. Since YX is a subspace of R¥, it
follows that C,(X,Y’) is simply the subspace {f € Cp(X) : f[X] C Y}
of Cp(X).

Let X be a space and € > 0. We put

U(fie) ={g € Cp(X): (Vo € X)(|f(z) - g(z) < €)}.
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LEMMA 3.1. Let X be a countable space, let f € C,(X) and let € > 0.
Then

(1) U(f,¢) is a Gs-subset of Cp(X).

(2) U(f,e) and Cp(X) are homeomorphic.

(3) Upcsce U(f>8) is dense in U(f,e).

Proof. That U(f,¢) is a Gs-subset of Cp(X) is clear since for every

z € X the set
{g € Cp(X) : lg(z) - f(2)| < €}
is open in C'p(X) and X is countable.

To show that Cp,(X) & U(f,¢), first consider the translation £ : R¥ —R¥
defined by

&g9)=9-f (9€RY).
This function maps U(f,¢) onto U(0,¢), where 0 is the constant function
with value 0. So it suffices to show that this set and Cp(X ) are homeomor-
phic. But by observing that (—¢,¢) and R are homeomorphic, this follows
by the remark at the beginning of this section.

It remains to prove (3). It suffices to prove that [Jy s, U(0,6) is dense
in V= U(Q,¢). So let ¢ € V, FF C X be finite, and v > 0. It suffices
to show that N(g, F,v) N Ujcser U(S,6) # 0. But this is trivial. Simply
observe that max|g[F]| = ¢t < ¢ and the function h : X — R defined by
h(z) = min{g(z),t} + max{g(z), -t} — g(z) is continuous and belongs to
N(g,F,’y)ﬂ U(Qa 1/Qt—l_ 1/25>‘ u

A separable metrizable space X is complete if its topology is generated
by a complete metric. It is well-known that a subspace Y of a complete space
X is complete if and only if Y is a Gg-subset of X ([6, Theorem 4.7.4]).

If X is countable then R¥ is complete. So for a subspace A C R¥ the
statements ‘A is complete’ and ‘A is a G-subset of RX’ are equivalent.

THEOREM 3.2. If Cp(X) is a Gs,-subset of RX then X is discrete.

Proof. As observed in the previous section, we may assume without
loss of generality that X is countable. So let X be countable and nondiscrete
such that Cp,(X) = Useq Gi, where G; is complete for every ¢ and Go = 0.
We will derive a contradiction.

CramM 1. Cp(X) does not have a dense complete subspace.
This is [2, Theorem 1]. We repeat the proof for completeness sake. There

is a function g € R¥ \ Cp(X). Define & : RX — RX by &(f) = f +g.
Then & is a homeomorphism of R¥ onto itself and ®[C,(X)] is a dense
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subspace of R\ C,(X). Thus RX \ C,(X) also contains a dense complete
subspace, which violates the Baire Category Theorem since R¥ is complete.
This proves the claim.

To complete the proof of the Gg,-theorem, we shall by induction on i
define a sequence {f; : ¢ > 0} in C',(X ) and a decreasing sequence of positive
real numbers {g; : ¢ > 0} such that

(1) fo is the constant function with value 0, and g = 2°,

(2) U(fo, Yago) 2 U(fr,e1) 2 U(f1,Yae1) 2U(f2,€2) 2 -+,

(3) &; < 27¢ for every 1,

(4) e541 < 3771 - ¢; for every ¢,

(5) U(fi,ei) N G; = 0 for every .

Assume that we have proved the existence of such sequences. Then for
every i we have by (2) and (3) that

sup | fi(z) = fipr(e)| < Vs <2772

zeX
So we conclude that the sequence (f;); converges uniformly to a continuous
function f: X — R. It follows moreover from (4) that for € X, ¢ > 0 and
n > 2 we have

|fi(z) = frei(2)] < | fiz) = fiza ()]
+ | fir1(z) = fira@) + .o+ | fragiz1(z) = fryi())

|
< Yusi+ Z 377 ¢
i=1
This implies that

sup | fi(e) = f(2)| < Yaci+ Y 37 e = Yyei < g

zeX i=1
for every i, ie. f € NigoU(fiei) € Cp(X)\ Uiz, G; = 0, which is a
contradiction.

It remains to perform the induction. Assume that f; and &; have been
determined. By Lemma 3.1 it follows that U(f;, Y/4e;) is a Gs-subset of
C'p(X) which in addition is homeomorphic to C,(X ). This implies by Claim 1
that U(fi, Y/4ei) does not contain a dense complete subspace. Observe that
Gip1 NU(fi, Yye) is a Gs-subset of G417 and hence is complete. So G411 N
U(fi, Yae) is not dense in U(f;, Y4¢). So there are by Lemma 3.1(3) an
element fi11 € U(f;,6) for some 0 < § < Y,¢;, a finite set /' C X and a
v > 0 such that

N(fiy1, Fy,y)N (Gig1 N U(fi, 1/452')) =0.
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Now let €41 be a positive real number smaller than
min{')/a 1/452' - 67 2_(“_1))3_2.—& : 52'}'
It is clear that f;;; and £;41 satisfy the inductive hypotheses. O
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