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ABSTRACT. CH implies that every homeomorphism of nowhere dense closed P-sets in pw\w 
can be extended to an autohomeomorphism of pw\m. CH also implies that every closed P-set of 
weight at most c of a compact zero-dimensional F-space i s  a retract. 

1. RESULTS 

All spaces considered are Hausdorff Here w* denotes Pw\w. A subset P of a 
space X is called a P-set if n 2Y is a neighborhood of P whenever Z/ is a countable 
family of neighborhoods of P and a pointp is called a P-point if { p )  is aP-set. 

Our main result is the following theorem. 

THEOREM 1.1 (HOMEOMORPHISM EXTENSION THEOREM): The Continuum Hy- 
pothesis (CH) implies that every homeomorphism of one (nonempty) closed no- 
where dcnse P-set of w* to another can be extended to a homeomorphism of w*  onto 
itself. 

A corollary is W. Rudin’s Theorem that under CH for every two P-pointsp and q 
of W* there is a homeomorphism of a* onto itself that sendsp to q 171. 

A nontrivial corollary is also that under CH every nonempty closed nowhere 
dense P-set of o* is a retract of o*. We do not state this as a theorem since the 
following result is much more general. 

THEOREM 1.2 (RETRACTION THEOREM): CH implies that if X is a zero- 
dimensional compact F-space, and if P is a nonempty nowhere dense closed P-set in 
X with w(P) I c,  then P is a retract of X. 

2. PROOF OF THE RETRACTION THEOREM 

If X is a space, t h e n 9  (X) denotes the Boolean algebra of clopen (= open and 
closed) subsets of X. If A and B are sets, then A A B denotes their symmetric 
difference, that is, A A B = (A\B) U @\A). Also, “C” denotespruper inclusion. A 
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compact space is an F-space if disjoint open F,,-subsets have disjoint closures. Finally, 
a continuous function will be called a map. 

Let Y be a compact zero-dimensional F-space, and let P be a nowhere dense 
closed P-set of Ywith w(P) I wl. We will construct an (Boolean algebra) embedding 
f : 9  (P) -+9 (Y) such thatf(A) n P = A  for everyA €9 (P). Such an embedding 
we call a lifling. By Stone duality this implies that P is a retract of Y. 

Let 9 (P) = (x, : a < wl] and for a < 01 let d, be the subalgebra of 9 (P) 
generated by {Xe : 6 < a) (so do = (01). We construct a partial liftingf, :d, -9 (Y) 
for a < wl such that f, = fp r d, whenever a < p < wl. Then f = U,,,, fa is our 
lifting 9 (P) -+ 9 (Y). The definition of fh from {fa : a < A] for A < w1 a limit 
ordinal (including A = 0) is trivial. This reduces the proof to proving the following 

LEMMA 2.1: L e t d b e  a countable subalgebra o f 9  ( P ) .  LetA €28 (P) and let& ' 
be the subalgebra of 9 (P) generated by d U (A ). For each partial lifting f : L8 + 

9 ( Y )  there is a partial liftingf' : d' +S'(Y) that extendsf. 

Proof: We claim that there is B €B' (Y)  with B n P = A  such that 

(1) V X E d [ X C A  - f ( X ) c B ] ,  
( 2 )  V X E d [ X C P \ A  - f ( X )  C Y \ B ] .  

Given such a B,  one defines f' by 

f ' ( ( x n ' 4 )  u ( Z W ) )  = ( f ( X )  n B )  u ( f ( Z ) \ B )  ( X Z E J f ) .  

It follows from Sikorski's Theorem (see, e.g., Koppelberg [3, corollary 5.81) thatf' is 
a well-defined embedding ofd ' into.@ (Y). 

We now construct B .  Define 

= ( f ( X ) : X € d , X C A )  and 8= [ f ( X ) : X E d , X X Z ' P \ A ) .  

Pick any B'  €9 (Y) with B' r l  P = A. Then 8' = [E f l  B' : E  E B )  a n d B '  = 
{D\B ' : D E 9 ) are countable families of clopen subsets of Y that miss P. Since P is a 
P-set there consequently exists a clopen neighborhood U of P such that 

(3) UB' u u 8' c Y\U. 

Since U 9 and U 8 are trivially disjoint and Y is a zero-dimensional compact 
F-space, there exists a clopen subset S of Y such that S C y\U and 

(4) U B \ U C S  and U8\UCY\S. 

Therefore we can define B satisfying (1) and (2) by 

B = (B' n u )  us. 
As B'  f l  P = A  and S n P = 0 we have B n P = A .  

REMARK 2.2: CH is essential in Theorem 1.2 because under MA + c = o2 there 
exists a compact zero-dimensional F-space Y (of weight c )  with a P-set copy of p w  
that is not a retract, van Douwen and van Mill [ 2 ] .  



VAN DOUWEN & VAN MILL: EXTENSION THEOREM 347 

3. PROOF OF THE HOMEOMORPHISM EXTENSION THEOREM 

In the proof of the Homeomorphism Extension Theorem we will use two known 
results on constructing homeomorphisms. 

The first one is ParoviEenko's Theorem in [5 ]  that under CH all compact 
zero-dimensional F-spaces of weight c in which every nonempty GP, have infinite 
interior are homeomorphic (to o*) (see also [l, sec. 61, [4, corollary 1.2.41, and [9, p. 
811). This result can be proved as follows. Take two arbitrary compact zero- 
dimensional F-spaces of weight c in which nonempty Gs have infinite interior, say X 
and Y. It can be shown that if<%' is a countable subalgebra ofL%(X) and ifA E,O ( X )  
and i f f : . g  -+~% ( Y )  is an embedding (of Boolean algebras), then this embedding can 
be extended to an embedding from the subalgebra o f 2  ( X )  that is generated by28 U 
H) into.%(Y). Once this has been proved it is possible under CH to construct an 
isomorphism q : 9 ( X )  + 9 ( Y )  by a standard back-and-forth technique. As a 
consequence, X = Yby Stone duality. So the proof of ParoviEenko's Theorem shows 
that an arbitrary isomorphism between countable subalgebras o f 9  ( X )  and ~8 ( Y )  
can be extcnded to a full isomorphism from ( X )  to %'(Y). It is this form of 
ParoviEenko's Theorem that we will use in our proof. 

Thc second one is a result due to M. E. Rudin [6] (see also Walker 19, p. 1731). 
Let 2Z = {U,, : n < o] and Y= {V,, : n < o) be pairwise disjoint families of clopen 
subsets of o*. In addition, for every n < w let h, : o* + w* be a homeomorphism 
such that h,,[U,,] = V,,. Then, as was shown by M. E. Rudin, under CH there exists a 
homeomorphism h : W *  + o* such that for every n ,  h 1 U,, = h,. We use this result in 
the following form. Suppose that E and F are open F,  subsets of o* and that f :  E + F 
is a homeomorphism. We claim thatfcan be extended to a homeomorphismf: W *  -+ 

o*. There clearly exists a pairwise disjoint clopen family (En : n < w) in a* whose 
union is E (use that E is Lindelof). Then { f [En]  : n < o] is a pairwise disjoint clopen 
family in o* whose union is F. Since all nonempty clopen subsets of o* are 
homeomorphic it is possible for every n to extend the homeomorphismf r En + f [En] 
to a homeomorphismg,, of w* (let g, be the union offn and an arbitrary homeomor- 
phism from w*\E, + w*\f[E,,]). So M. E. Rudin's Theorem implies that under CH 
the desired extensionfcan be found. 

We now turn to the proof of the Homeomorphism Extension Theorem. To this 
end, let A and B be nowhere dense closed P-sets in o* and let h : A + B be a 
homeomorphism. As to be expected, we will extend h in an inductive process of 
length 01. 

By CH we can list (C E S ( w * )  : C n A  = 01, (C E%'(w*): C n B  = 01, and 
.%(A)  as (A, : a < q], [B, : a < wl}, and {X,  : a < w,], respectively. Without loss of 
generality, A" = 0 = Bo. The subalgebra o f 9  (A ) generated by [XP : (3 < a)  will be 
denoted by@,. By Theorem 1.2 there exist retractions r : W *  +A and p : o* -+ B. If 
X LA, then we let X, and X ,  denote .-'[XI and p-'[h[X]] ,  respectively. 

By transfinite induction on a < 01 we now construct clopen subsets E, and Fa of 
W* and a homeomorphism f, : E ,  4 F,  such that 

(1) A ,  C E, and B, G F,, 
(2) E,  G w*\A, Fa C o*\B, and if p < a, then EP C E, and F ,  C F,, 
(3) if p < a, thenf, E ,  = f p ,  
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(4) if p < a andX Ed,, then 

Assume that we defined E,, Fp ,  and fp for every p < 01, a < 01 (possibly 01 = 0). 
There are two cases to consider: 01 is a successor and a is a limit. We first show 

that the limit case can be reduced to a case similar to the successor case. 
So assume that CY is a limit and put E = U,.,Ep, F = Up<, F,, and f = Up<,fp. 

Observe that ( 2 )  implies that both E and F are noncompact open F,-subsets of W *  

and that f : E ---f F is a homeomorphism. By the preceding we can extend f to a 
homeomorphismJ': W *  + w*.  Pick an arbitrary element X E d ,  = U,,,d,, sayX E 
,d,. By (41, 

xr n (E\E,) = 7-l [Xpl n (E\E,). 

(Xr Af-"XpI)\Ep 

Consequently, 

is a clopen subset of o* that misses E .  Since U,,,dp is countable, andE is an open F,, 
in a*, and o* is an F-space, there is a clopen subset S of w*  such that 

(5) E L S, 
(6)  Vp < a V X E d p  [ ( X r A f - ' [ X P ] )  n (S\Ep) = 01. 

SinceA and B are P-sets, and E is an F,-subset of W *  that missesA U P 1  [ B ] ,  we can 
additionally assume that 

(7) S n (A Uf-'[B]) = 0. 

So by putting T = f [ S ]  we conclude that for the clopen sets S iZ o*w and T G w*\B 
and for the homeomorphism g = f r S : S +. T we have for every p < 01 and for every 
X E d p  that 

(8) g[Xr n (S\Ep)I = XP fl (T\F,)- 

So our task is now to enlarge S and T and to extend the homeomorphismg so that the 
new S contains A,, the new T contains B,, and the new g still satisfies (8) (with S 
replaced by the new S, etc.). In the case that CY is a successor, we also have to achieve 
this so that without loss of generality we can now restrict ourselves to the case that CY 

is a successor. 
Assume that CY = p + 1 (possibly, p = -1). We will construct nonempty clopen 

subsetsMand Nof o* such that M C o*\ (A U Ep) ,  N C w*\(B U F,) such that E,  U 
M 2 A,, F, U N 1 Ba, and a homeomorphism 5 : M -+. N such that for every X Edp: 

( [ X ,  fl MI = X ,  f l  N.  

Then we put E,  = E ,  U M ,  F, = Fp U N, and f, = fp U 5. Then E,, Fa, and fa are 
clearly as required. 

So in fact E,, Fp, and fp play no role of importance in the remaining part of the 
construction and for convenience we therefore assume that E ,  = 0 = F,. 



VAN D O W N  8i VAN MILL EXTENSION THEOREM 349 

We claim that there is a nonempty clopen subset M of o* disjoint from A such 
that the function dp + 93 (M) defined by 

x - x , n ~  ( X E M ~ )  

is an embedding of Boolean algebras. Indeed, for every nonempty X E dp pick a 
point inX,\A (here we use thatA is nowhere dense). The union of these points is a 
countable subset of o*\A. Since A is a P-set, there consequently exists a nonempty 
clopen set M in w* disjoint fromA such that VX E de\ ( 0 ) [ X I  fl M ;r 01. Then M is 
clearly as required. Observe that without loss of generality we may assume that A, C 
M. There similarly exists a nonempty clopen subset N of w* disjoint from B such that 
the function dB --f B ( N )  defined by 

x - x , n N  ( X E ~ ~ )  

is an embedding (here we use that h is a homeomorphism). We also assume without 
loss of generality that B, C_ N. The function 

17 :x, nM +, x,, n N ( X E  dp) 

is an isomorphism of countable subalgebras of @ (M) and .D ( N ) .  By the remarks at 
the beginning of this section it follows that this isomorphism can be extended to an 
isomorphism 

1 : S ( M )  -+ . O ( N ) .  

By Stone duality 
property that 

corresponds to a homemorphism 5 : M + N, which clearly has the 

V X E M ~ [ ~ X , ~ M ]  = x , , ~ N ]  

(use that fi extends -I). This completes the transfinite construction. 
The function f = Ua<o,fm: o*\A .+ o*\B is a homemorphism, and the 

function 7E = h U f is one-to-one. We claim that 6 is open at the points of A. By 
compactness of o* this then implies that 7; is a homeomorphism. To this end, pick an 
arbitrary clopen neighborhood C of an arbitrary point x E A. Pick p < w1 such that 
C n A E dp. Observe that the family B = ((C n A),\& : a < wl) is decreasing and 
that n8 = C n A. Since C is a neighborhood of C n A, by compactness of o* there 
consequently exists a < w1 such that p < (Y and P = (C n A),\E, is contained in C. 
Observe that P is a clopen neighborhood ofx. By (4) and the dcfinition of h it follows 
that 

h[P]  = (C n A),,\Fa 

and consequently& [PI, and hence [C], is a neighborhood of h (x). 

REMARK 3.1: CH is essential in Theorem 1.1. It is consistent with MA + - I C H  
that every autohomeomorphism of w* is trivial, Shelah and Steprans [S]. In this 
model there are c autohomeomorphisms but 2c P,-points. 
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4. REMARKS BY JAN VAN MILL 

Theorems 1.1 and 1.2 were proved in the Spring of 1980 (when Eric van Douwen 
visited me in Baton Rouge) by a complexification of W. Rudin’s method from [7]. 
These results were not published because we derived Theorem 1.2 for the special 
case X = W* from Theorem 1.1 and the proof of Theorem 1.1 was technically very 
complicated: we felt that it was not in its final form yet. The simple proof of Theorem 
1.2 presented here I found in Eric van Douwen’s unpublished manuscripts and the 
simple proof of Theorem 1.1 was found recently by me. It is interesting to note that 
Theorem 1.2 was used here in the proof of Theorem 1.1. In our original proof we did 
everything in opposite order. 

Remarks like these usually are not made in a mathematical paper. The reader is 
interested in the theorems only and not in their history. I felt, however, that I should 
offer the reader an explanation of why this joint paper was written four years after 
the death of the first-named author. 
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