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Hilbert cube Q-matrix function space

Introduction

Let X be a space. Consider the spaces
C*(X)={feR™|fis continuous and bounded}
and
C,(X)={feR™|f is continuous}

as subspaces of R~.
In [6] van Mill showed that for a countable metric space which is not locally
compact, C¥(X)~ o, where

o,=()* and [}={xe?|x;=0forall but finitely many i}

(I* denotes Hilbert space).
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In his paper van Mill used results on Q-matrices and results of [8, 9]. The aim
of this paper is to prove that C,(X) = o,,, by the same methods, and to give examples
of countable metric spaces X and Y which are not locally compact such that C,(X)
and C,(Y) are not linearly homeomorphic.

Observe that C¥(X)= C,(X) for X as above whereas these two spaces are not
even uniformly isomorphic provided X is not compact.

Section 1 contains some definitions and theorems that we need in Section 2, where
we will prove that C,(X) = o,. In Section 2 we also sketch an alternative proof that
C,(X)=o0,. In Section 3 we give examples of spaces X and Y such that C,(X)
and C,(Y) are not linearly homeomorphic.

1. Preliminaries

Consider the Hilbert cube Q =1] _, [~1, 1], with the metric

d(x’ y) = Z 271“)‘.’_)’1' .
i1

A space which is homeomorphic to Q is called a Hilbert cube. If two spaces X and
Y are homeomorphic we will use the symbol X = Y.

Let X and Y be compact spaces (by a space we mean a separable metric space).
Put

C(X, Y)={f:X~ Y|fis continuous}
and
#(Y)={f:Y - Y|fisahomeomorphism}.
The topology on both spaces is derived from the metric

d(f, g)=sup{d(f(x), g(x))|xe X},

where d is an admissible metric on Y.

Let A be a closed subspace of X. A is a Z-set in X iff for every f& C(Q, X) and
for every £ >0, there is a g€ C(Q, X)) such that

(1) d(f,g)<e,

(2) g(Q)nA=0.
Notation: Ae Z(X).

1.1. Lemma. Let Ac Q with m;(A)#[—1,1] for infinitely many j, then Ac
Z(Q) (m;: Q—>[—1,1] is the projection on the jth coordinate).

Let {A,},.n be an increasing family of Z-sets in X. Then {A,}, €N is a skeleton
in X iff for every £ > 0, for every neN and for every Z € Z(X), there are h e #(X)
and m €N such that

(1) d(h,1)<e,
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(2) hlA, =1,

(3) h(Z)< A,.

The above definitions and the lemma can be found in [3]. The next three definitions
are due to van Mill [6].

A Z-matrix in X is a collection ﬂ:{Afnln, meN} of Z-sets in X such that for
every m, n €N,

(1) AT=9,

(2) AL C AL,

(3) ALV c AL
Define the kernel of of by ker of =(\,_, . _, An.

Let of ={An|n, meN} be a %-matrix in Q. Then & is a Q-matrix iff o has the
following properties:

(1) VneN: {A,},.-, is a skeleton in Q,
and Vn,<---<n,eNand Vi,,..., i, cN\{1}:

(2) N, Ap=Q,

(3) VpeN: {,_, Alx~ A»""},_, is a skeleton in (), _, Alx,

(4) VneNand VmeN\{1}: M_, Al ¢ AT ), Ak A e Z(MNio) Al).

In [6] van Mill proved the following theorem.

1.2. Theorem. If o is a Q-matrix, then ker o = o,,.

Van Mill used this theorem to prove that if X is a countable metric space which
is not locally compact, then C¥(X) = o,. The strategy of the proof is the following:
First a nice subspace T of X is constructed and a Q-matrix % is found such that
ker B = C¥(T). So by Theorem 1.2 it follows that C;(T)=o,. Then by applying
strong results of [8, 9] he uses this result to derive that C}(X)=~o,. By the same
strategy we will prove that C,(X)=a,,.

Let o/ ={A},|n, meN} be a #-matrix and let Ay, and A}z be in & such that
n,<n, and m;=m,. Then A2 < A}l so A A =A% Soforn <---<n,eN
and iy, ..., i, e N\{1} we may assume i, < - - - < i, if we are interested in (), _, Aj*.

The next theorem can be found in [3]. It will be used in Section 2.

1.3. Theorem. If {A;},.n is an increasing family of Z-sets in Q such that
(1) VieN: A;e Z(Ai,)),
(2) VieN: A, is convex and infinite-dimensional,
(3) U7, A is dense in Q,

then {A;};.n is a skeleton in Q.

2. Homeomorphic function spaces

In this section we will prove that for a countable metric space X which is not
locally compact the function space C,(X) is homeomorphic to o,,. First we define
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a test space T in the following way: T =N?u {0}, where each point of N? is isolated
and {({n, n+1,...} xN)u{0}}, .y is an open base at .

Let C,o(T)={fe C,(T) | f(c0) =0}. We shall identify C,(T) with its subspace
{f: T>(—1,1)|f is continuous}. Let P=T[[ ., Q;, where Q,=Q for every ieN.
Notice that P is a Hilbert cube. We can embed C,,(T) into P by the embedding
¢:C,o(T)~ P defined by

()i =fHi}xN.
Let I=[-1,1}, L,=[-1+1/m,1—-1/m] for every m €N and
B(e)=]I[_,[—¢& ¢]; forevery &> 0.
For every n, meN define A7 =0 and
An =TI ()" < Ix Ix - ) X[, B2 )< ], Q=P.
Let o ={A7,|n, meN}.

2.1. Lemma. ker o/ = C,,(T).

Proof. Let feker s/ and (i, j)eN’ By f(i,j) we mean the jth coordinate of Q,.
Since fe |, _, A}, there is meN with fe Al,. If i<m, then f(i,j)e I, <(~1,1)
and if i>m, then f(i,j)e[-277,271<= (=1, 1). So f is well defined.

Now we prove that f: T - (—1, 1) is continuous. Therefore we only have to prove
that f is continuous at 0. Let £ > 0 and n € N such that 27" < . Let m €N such that
feAp. Then |f(i,j)|<27"<e for i>m and jeN. So f is continuous at . Con-
versely let f€ C,o(T) and neN. There is m, €N with |f(i,j)| <27 for i>m, and
jeN. There is m, € N such that for every i < m, and j < n we have |f(i,j)|<1—1/m,.

Let m =max(m,, m,). Then fc A},. 0O
2.2. Lemma. & is a &-matrix in P.

Proof. By Lemma 1.1 we have for every n, meN that A; € Z(P). It is clear that
for every n,meN, AL < A%, and A% ' A%, O

2.3. Lemma. & is a Q-matrix in P.

Proof. By Lemma 1.1 we have for every £ >0 and 8 < ¢ that B(8)e Z(B(¢)).

Claim 1. YneN: {A}},.-, is a skeleton in P.

By Lemma 1.1 we have for every n, meN that A,, € Z(P) and A, € Z(A}.,).
Because each A}, (m>2) is a product of nondegenerate intervals, it is convex and
infinite-dimensional. It is easy to verify that for every neN, |, _, An, is dense in
P. By Theorem 1.3 we have for every neN that {A},},.., is a skeleton in P.

Now let n;<---<n,eNand i,...,i,cN\{1}. We may assume i, <- - - <i,,.
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Claim 2. (\;_, Alx=P.

Because A< [(y_, Alx,(),_, A is a product of intervals and A} =~ P we have
(Vi1 Alx=P.

Claim 3. VpeN: {(,_, Al*nA}»""},., is a skeleton in ()., Af*.

Let peN and i eN\{1}. Let k be greater than max(i, i,,). The kth factor space of
(Mr., A% is B(27"») and the kth factor space of (),_, Aj*~ A/»*" is B2 "),
so by Lemma 2.1 we have [ ,_, Al A" "e Z((i., Al*). If i=1i,, then the
(i+1)th factor space of ();_, Aj* n A" P is B(2 ™) and the (i + 1)th factor space
of (]_, Al A" is B(27"). If there is an I < m such that i,_, <i+1=<1i (iy=1),
then the (i+ 1)th factor space of [),_, Aj*~ A" " is a Z-set in the (i +1)th factor
space of (),_, Al*n Ay, We conclude that for every ieN\{1},();_, At
AP e F((V]_, Al Alp'T). The rest of the claim can be proved as in Claim 1.

Claim 4. VseN and VteN\{1}:
(N APz A= ) Aﬂ*mAfeQ’(ﬂ AZk).
k=1 k=1 k=1

If s>n,, then(\,_, AlxnAje Z((}., Ai*) by Claim 3. If s < n,,,, there is k<m
such that n,_, <s=n, (let no=0). This implies t <i,. So there is /€N such that
ii_;<t+1<i (iy=0). The (t+1)th factor space of ()., Aj* is B(2 "-1) and the
(¢£+1)th factor space of [ 17_, Al* N A} is B(27"), because s>n,_,. So [ Vr_, Al
Are Z(M,_, AY).

By Claims 1-4 we have that & is a Q-matrix. [
2.4. Corollary. C,(T)=o0,,.
Proof. This follows immediately from the Lemmas 2.1, 2.3 and Theorem 1.2. []

2.5. Theorem. Let X be a countable metric space which is not locally compact. Then
Cp(X) = Ty-

Proof. In [6] van Mill proved that C¥(T)=o,,, where

Cro(T)={fe C}(T)|f(0)=0}.
By using results of [8, 9], he derived from this fact that C*(X) = o,,. By using the
same technique it follows from Corollary 2.4 that C,(X)=~o¢,. O
Remark. Let X be a countable metric space which is not locally compact at x,. It
is possible to find a Q-matrix & such that ker of = C,,(X), where

Coo(X) ={fe C,(X)|f(x,) =0}.

From this it follows that C,(X)= C,o(X) xR =0, XR=0,. The same can be done
for C¥(X). These results can be found in [2].



272 J. Baars et al. /| Topological and linear homeomorphisms

Remark. We are indebted to the referee for providing us with the Q-matrix for
C,o(T) presented in this section. This Q-matrix is much simpler than the one
originally constructed in [2].

3. Function spaces that are not linearly homeomorphic

In Section 2 we proved that for countable metric spaces X and Y which are both
not locally compact, the spaces C,(X) and C,(Y) are homeomorphic. In the present
section we shall construct countable metric spaces X,;, X, and X; which are not
locally compact, such that C,(X;) and C,(Xj;) are not linearly homeomorphic for
i # j. First we derive the following theorem.

3.1. Theorem. Let M be a countable metric space which is not locally compact. If M
contains an infinite closed discrete set of non isolated points, then C,(T) and C,(M)
are not linearly homeomorphic.

Proof. Let A={x,, x,,...} be a closed discrete set of non isolated points in M. For
every neN, let {U}|j €N} be a clopen base for x,, such that Uj'n Uz =@ if n, # n,
and j,, j»€ N (this is possible since A is closed discrete and M is zero-dimensional).

Now suppose that ¢ : C,(M) > C,,(T) is a linear homeomorphism. Let g be the
characteristic function of U} on M. Since U} is clopen, g; < C,(M). Furthermore
let hi = ¢(gi) e C,o(T).

Claim 1. For every neN and for every t € T, the set {h](1)|j €N} is bounded.

Suppose the contrary. Without loss of generality we may assume that ] (¢)=0
for every jeN. Then for every k€N, there is j, € N such that h} (t) = 2% Notice that
f=Y5_,27%gl e C,(M). But then ¢(f)=Y;_,27"h} € C,o(T). Since ¢(f)(1)=
Ya-1 2 %h} (1) is divergent, we have a contradiction.

Claim 2. For every t € T there are only finitely many n € N such that there is j, €N
with hj (1) #0.

Suppose there is t € T such that there are infinitely many n eN, say n;, n,, ... with
the property that for every i €N, there is j, €N such that h}(7) # 0. Without loss of
generality we may assume that h(¢) >0 for every ieN. Let A; = (h}:'(t))'l. Notice
that  f=37, Agjie C,(M),50 ¢(f) =Y. , Aihjre Coo(T).  Since  $(f)(1)=
Yoo ARI() =Y, 1is divergent, we have a contradiction.

Now let neN. Then g} - x;,,; (the characteristic function of {x,}) pointwise
(j->00). Observe that x;.,; is not continuous, since x,, is a non isolated point. For
every n €N we define a sequence (f})yen in C,o( T) as follows: Since T is countable,
we can enumerate the elements of T\{0} as {¢,, 1>, ...}. Inductively for every /€N,
we find converging sequences (h}i(1)).n as follows: Since {h} (1) |j e N} is bounded
(Claim 1), there is a converging subsequence (h}1(1,))xcn-. Suppose the sequence is
found for i=1,...,1 Since {h}i(f,,) |keN} is bounded (Claim 1), there is a

n
A

converging subsequence (h7- (11} ken.
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Now let fi=h}x(keN). By construction, for every tc T, o,(f)=lim;_ . fi(t)
exists. So g, : T~ Ris well defined. Observe that ¢,,(20) = 0. Suppose o,, is continuous.
Then f} > o, in C,(T). Since ¢ "' is continuous, ¢ '(f1)=glk—> ¢ '(0,)in C,(M),
SO Xix,; = lim,_, g/* is continuous; a contradiction.

Since o, is well defined and T\ {0} is discrete, o, is discontinuous at 0. It follows
that there is a sequence (y}),.n in T, converging to o such that |o,(y})
some &,>0 and for every /eN. Since ¢ is linear we may assume that g, =1 for
every neN.

We now inductively construct sequences (n;);.n, (k;)ien In N and (t;);c in T such
that

(i) ny<mp,<<---

(ii) >0,

(iii) |fr(#:)]>1foreveryieN,

(iv) fx(;)=0foreveryieNandj<i

(v) [fi(r)|<1/(2(i— 1)) forevery ieNand j <i,
as follows:

Let ny=1. Since lim, .. |fi(yi)|=lo, (¥7)]>1, there is k, &N such that
[fa(yi> 1. Let 1, = yi.

Suppose ny,...,n, ky,...,k and t,,..., t; are found. By Claim 2, for every j =<1
there are only finitely many neN such that f7,.(¢,) # 0 for some meN. 1t follows
that there is n;; > n; such that for every j<iand meN, f (1) =0, so (i) and (iv)
are satisfied. Since y;i+' >0 (I>0) and fiie C,o(T) for j=<i, there is l,eN such
that for f,,,= y;""' we have

fola)l<1/@i) (=),
and the first coordinate of ¢, is greater than the first coordinates of t,, ..., t;,. With
this #;,, (v) is satisfied.
Finally, since limy_. |f5*'(t;s))| =0 (£i+))]> 1, there is k;,, €N such that
[fisn0l=>1,
so (iii) is satisfied and the induction is completed. By construction (ii) is also satisfied.

Notice that by (i), f=Y", ¢ ()€ C,(M). So ¢(f) =Y, fir€ C,,(T). Since
by (ii) £, >0, ¢(f)(1;)>0. But

> ¢, for

B

00 =| X fi)
(by (iv)

= || fe)] - f:zl.fz;(ri> (

>1—-(i—1)/(2(i—1)) (by (iii) and (v))

1

= gfﬂg(ti)ﬁﬁ:(h)

11
—1_2#_2

A contradiction.
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Since C,,(T) and C,(T) are linearly homeomorphic, we proved the theorem. [

Now let @ be the set of rationals and y, T=Y;_, T, the topological sum of infinitely
many copies of T. For convenience let c0; be the non isolated point in T;. Notice
that Q and ) T are countable metric spaces which are not locally compact. By
Theorem 3.1 we have the following corollary.

3.2. Corollary. (a) C,(Q) and C,(T) are not linearly homeomorphic.
(b) C,(X T) and C,(T) are not linearly homeomorphic.

However Theorem 3.1 does not decide whether C,(Q) and C,(}. T) are linearly
homeomorphic. In the sequel we will show that this is not the case. First we need
some results from [1].

For every space X let C(X)={f:X ->R|f is continuous}. If we endow C(X)
with the compact-open topology we write Cy( X ). A subbase for Cy(X) is

{Ax (K, U)| K © X compact and U <R open},
where Ax(K, U)={fe C(X)|f(K)< U}.

3.3. Theorem (Arhangelskii [1]). If 6: C,(X)~> C,(Y) is a linear homeomorphism,
then 6 considered as a function from Co(X)—> Co(Y) is also a linear homeomorphism.

Let X and Y be spaces and 6: C(X )~ C(Y) a linear mapping.

3.4. Definition. Forevery y € Y, the support of y in X is defined to be the set supp( y)
of all x e X satisfying the condition that for every neighborhood U of x € X there
is an fe C(X) such that f(X\U)< {0} and 8(f)(y) 0.

Notice that for every y€ Y, supp(y) is closed.

3.5. Definition. 6 is said to be effective if for every f, ge C(X) and y € Y, such that
f and g coincide on a neighborhood of supp(y), 6(f)(y)=0(g)(y).

3.6. Proposition (Arhangelskii [1]). Let 6:Co(X)—> Cy(Y) be a linear homeo-
morphism. Then

(a) 8 is effective,

(b) for every compact K = Y we have that U),eK supp(y) is compact.

Remark. In fact Arhangelskii proved that for every bounded set K = Y (that means
for every continuous real-valued f on Y, f(K) is bounded in R), Uch supp(y)
is bounded in X. For metric spaces we then have the formulation in Proposition
3.6(b).

We shall prove that C, (3. T) and C,(Q) are not linearly homeomorphic. To derive
a contradiction we assume a linear homeomorphism 0:Cy(Y, T)—> Cy(Q). For the
proof we need a property which can be found in [4].
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3.7. Definition. Let E be a Banach space and (x,),.n a sequence in E. We say that
x, = x weakly iff f(x,) - f(x) for every (norm) continuous linear functional f on E.

3.8. Definition. A Banach space E has the weak Banach-Saks property ift for every
sequence (X, ),en in E such that x, > 0 weakly, there exists a subsequence (x,, )rcn
of (xy)nen With X _, x,, /j]l > 0.

It is easy to see that the weak Banach-Saks property is a property which is
preserved by linear homeomorphisms and which is hereditary.

For a space X we denote X' the set of accumulation points of X. Inductively
we can define X =(X"" )" for every neNand X' =(M"_ X"

n=1

3.9. Theorem [4, p.85]). Let X be a compact space. Then Cy(X) has the weak
Banach-Saks property iff X'’ =¢.

Let K be a copy of o +1inQ and L=, supp(y). Notice that K is compact
and therefore by Proposition 3.6(b), L is cémpact. This means that there is peN
such that L< Y | T,. Furthermore by Theorem 3.9, C,(L) has and Cy(K) does
not have the weak Banach-Saks property.

3.10. Lemma. For every f, g€ Co(Q) with f| K # g| K it follows that

07 ()| L=6 "(g)|L.

Proof. Let ye K be such that f(y)# g(y) and let R, and R, be disjoint open
neighborhoods of f(y) and g(y), respectively. Then Ag({y}, R;) and Ag({y}, R,)
are disjoint open neighborhoods of f and g in C,(@). So 8 '(Ag({y}, Ry)) and
0~ '(Ag({y}, R))) are disjoint open neighborhoods of 6'(f) and 8~ '(g) in Cy(X. T).
There consequently exist compact K,,...,K,,L,,...,L,<)> T and open
U,..., U, V..., V,, 2R such that

0\ (f)e m Ay 1(Ky, U< 67 (Ag({y), Ro)),

and

67 (g)e (M As (L, V))<= 07 (AQ({y}, R))).
j=1
We claim there is a z€supp(y)< L such that 8 '(f)(z)# 8 '(g)(z) (and then we
are done). Striving for a contradiction, assume the contrary.
For every s<p let I, ={i<n|oo,g K}, J,={j<m|co, ¢ L;} and
P.\' = U (Klm T\)U U (L,ﬂ Ti)

iel jedy
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Then P, is compact in T, and oo, ¢ P,, so P, is finite. Let P=_J
finite and P ~{o0,,...,0,}=0.
Define f":Y T—>R by

P,. Then P is

s=p 13

i) = 0 (f)x) ifxePu i:%i] T,

07 '(f)(0,) ifxe T,\P, fors=<p.
Define g":y T—>R by

, 0 (g)(x ifxe Pu 5 T,
g'(x)= (g)( ) i:§+l
9 '(g)(0,) ifxe T\P, fors<p.

Then f" and g’ are continuous because T;\ P, is a neighborhood of o,.

Claim 1. " and g’ coincide on a neighborhood of supp(y).

Let M ={s=p|oo, e supp(y)}. Then by assumption we have that for every sc¢ M
07 (f)(0,)=8""(g)(0,). Let U=Y _,, T\P,u supp(y). Then U is a neighbor-
hood of supp(y) on which f” and g’ coincide.

Now by Claim 1 and the fact that 8 is effective we have 6(f')(y)=6(g")(y).

Claim 2. '€ (}_, As r(K;, U;) and g'€ (.| Ay +(L;, V).

Let i=n and xeK;. If xe Pu Zipﬂ T., then f(x)=6'(f)(x)e U, because
0 (e, Asr(K;, U;), and if x¢ PUZT;p+1 T. we have xe T,\ P, for some
s<p. Because x€ K, T, and x & P, we have oo € K;, so f'(x)=0""'(f)(o,)e U,.
The remaining part of the claim can be proved similarly.

Now we have 6(f')e Ag({y}, Ry) and 6(g')e Ax({y}, R,). But this means
8(f)(y) # 6(g)(v); a contradiction. O

Because K < Qis compactand L< Y. T is compact we can find retractions r: Q » K
and s:Y T- L (see [5]). Define

d:Co(K)> Co(L) byy(f)=0""(for)|L,

and
$:Co(L)> Co(K) by ¢(g)=0(ges)| K.

3.11. Lemma. ¢ is a linear embedding.

Proof. It is easy to see that  and ¢ are well-defined continuous functions. We
claim that for every he Co(K) we have ¢(y(h))=h. To the contrary suppose
8(y(h)os)|K #h=(hor)|K. By Lemma 3.10 we have (¢(h)°s)|L# 68 '(her)|L.
But this implies ¢(h)# ¢(h); a contradiction. It easily follows that ¢ is a linear
embedding. O
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3.12. Proposition. C,(3. T) and C,(Q) are not linearly homeomorphic.

Proof. Suppose C,(} T) and C,(Q) are linearly homeomorphic. By Theorem 3.3
Co(X T) and Cy(Q) are linearly homeomorphic. Then by Lemma 3.11 we have a
linear embedding o : Co(K) > Co(L). Cy(L) has the weak Banach-Saks property
which Cy,(K ) does not have; a contradiction. [

Remark. In [7] Pelant proved that the function spaces C}(T) and C}(Q) are not
linearly homeomorphic. His proof does not seem to generalize to get our result that
C,(T) and C,(Q) are not linearly homeomorphic.

Note added in proof

Dobrowolski, Gulko and Mogilski recently proved that C,(X)= o, provided X
is a countable nondiscrete metric space. This result generalizes Theorem 2.5 of the
present paper.
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