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0. Introduction

If X is a space then C*(X') denotes the set of continuous bounded real-
valued functions on X endowed with the topology of uniform convergence.
There are classification results for these spaces. For details see [18] and [6].
There is another topology on function spaces that is of interest in abstract
functional analysis, namely the topology of point-wise convergence. For any
space X, the set of continuous real-valued bounded functions on X endowed
with the topology of point-wise convergence shall be denoted by Cy(X). For
a recent survey on point-wise convergence function spaces, see [16]. So far,
no classification results have been obtained for the spaces Cy(X). Results in
[3], [4] and [17] indicate that a classification result for the spaces Cy(X)
in the linear world promises to be extremely complicated. Trying to get a
topological classification result for the spaces C}(X) seems to be more
promising since no obstacles for obtaining topological homeomorphisms
are known. The aim of this paper is to prove that if X is any countable,
metric space which fails to be locally compact at some point then CY(X) is
homeomorphic to the countable infinite product

[fleflefzx...,

where I} = {x € I: x, = 0 for almost all i} and /> denotes the separable
Hilbert space of course. It is clear that “countable” is essential in this result.
In addition, “metric” is essential by results in [14]. I conjecture that “fails
to be locally compact at some point” can be replaced by ‘““is not discrete”.
I am indebted to the referee for many valuable comments.
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1. Preliminaries

Unless otherwise stated, all spaces under discussion are separable metric. All
mappings are continuous functions. Let X and Y be spaces. A homotopy
from Xto Yisamap F: X x I —» Y (I denotes the interval [0, 1] of course)
and for t e Iwe define F;: X - Yby F(x) = F(x,t). f - X x I > Yis
a homotopy and % is an open cover of Y, then we say that F is /imited by
9 provided that for each x € X there exists an element U € % containing
F({x} x I).Now let % be a collection of open subsets of Y. Mappings f, g:
X — Y are called %-close if for each x € X with f(x) # g(x) there exists a
U € % containing both f(x) and g(x) (note that we did not require % to
cover Y). Observe that if f: Y — Y is %-close to the identity then f is
supported on \)%, i.e. f restricts to the identity mapping on Y\#. The
identity mapping on X shall be denoted by 1, or, if no confusion seems
likely, simply by 1. We shall frequently use the following result due to
Anderson [1].

1.1. INDUCTIVE CONVERGENCE CRITERION. Suppose that a sequence {h,} of
homeomorphisms of a compact space X is chosen inductively so that each h,
is sufficiently close to the identity. Then lim,_  h,o- - -oh, exists and is a
homeomorphism of X.

We consider the Hilbert cube Q = II[— 1, 1];, with metric d (x, y) =
X 27'x; — y;|- A Hilbert cube is a space homeomorphic to Q. We shall now
define several notions in Q which are all stated in purely topological terms.
For this reason we assume that we defined these concepts simultaneously for
spaces homeomorphic to Q.

A closed subset F of a space X is a Z-set in X if every map f: Q@ — X can
be approximated by maps g: 0 — X with g(Q) n F = . Note that every
endface of Q (a subset of the form ;' ({—1}) or n; ' ({1}), where =,;: Q —
[— 1, 1];is the projection) is a Z-set in Q. We let Z(X ') denote the collection
of all Z-sets in X. A countable union of Z-sets is called a g-Z-set. We let
Z,(X) denote the collection of ¢-Z-sets in X. An imbedding 4: X — Y is
a Z-imbedding if h(X) is a Z-set. A z-o-pair in X is a pair (4, B) with
Ae Z(X),Be Z,(X)and B < A. If (4, B) and (E, F) are two z-o-pairs
then we write (4, B) < (E, F) whenever 4 < Eand Fn A = B.

Observe that “<” is a partial order on the family of all z-g-pairs in
X. For a discussion of Z-sets see [6] and [9]. We shall now define two
important concepts. A skeleton in (a topological copy of) Q is an increasing
sequence A, < A4, = ... of Z-sets in Q having the following absorption

property:
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For every ¢ > 0 and ne N and for every Z € Z(Q) there exist a
homeomorphism h: Q — Q and an m € N such that d(h, 1) < ¢, hl4, = 1,
and h(Z) < A4,,.

The idea of a skeleton for a given class of compacta is due independently
to Anderson [2] and Bessaga-Pelczynski [5].

1.2. THEOREM. For everyne N let A, = II2, [—1 + 1/n, 1 — 1/n],. The::
the sequence {A,}T is a skeleton in Q.

For a proof of this basic result due to Anderson and Bessaga-Pelczynski, see
[9], chapter 5.

If the sequence {4,}{ is a skeleton in Q then 4 = {J{° 4, is called a
skeletoid.

1.3. THEOREM. If A and B are skeletoids in Q and K € Z,(Q) then for every
collection U of open subsets of Q there is a homeomorphism h: Q — Q that
is U-close to 1 while moreover h(A v K) n U%) = B n Y.

For details see e.g. [6], pp. 124, 129 and 131.

Let X be a compact space. An isotopy on X is a homotopy H: X x [ - X
such that for each ¢ € I the mapping H,: X — X is a homeomorphism. We
shall also need the following consequence of a result due to Anderson-
Chapman. For details see [9], §19.

1.4. THEOREM. Let X be a compact space and let H: X x I - Q be a
homotopy such that H, and H, are %-imbeddings. Then for every open
covering U of Q such that H is limited by U there is an isotopy F: Q x I - Q
having the following properties:

1. F is limited by U,

2. Fy=1and FlcHy, = H,.

Finally, we shall need the following result, [9], 11.2.

1.5. THEOREM. If (A, A,) is a compact pair and - A — Q is a map such that
flA, is a Z-imbedding, then there is a Z-imbedding g: A — Q which agrees
with fon A,. Moreover, g can be constructed arbitrarily close to f and such that
g(A\A,) misses a pre-given o-Z-set in Q.

2. N-skeletons

In this section we shall define the concept of an N-skeleton, which is
roughly speaking a decreasing sequence of skeletons with some absorption
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property. In addition, we prove that N-skeletons are “unique” up to
homeomorphism.
Let X be a compact space. 4 Z-matrix in X is a collection & = {4:
n, m € N} of Z-sets in X having the following properties:
1. A7 = 0 for every n e N,
2. 45, < A4, foralln,me N, and
3. A"t < A" forallm, me N.
If o = {A}: n, me N} isa Z-matrix then for each n € N the union of the

nth row of </ shall be denoted by ./ (n), i.e.

A(n) = A

1

n
me

ﬁC8

Also, for all n, m € N put

A= AL nAm + 1)

m

Observe that (4], <7) is a z-o-pair. A decreasing collection

Z,28224,252---22Z2

n

28,
of subsets of X is called an n-sieve if
1. Z,e Z(X) fori < n, and
2. S;e Z (X) fori < n.
We are now in a position to define the concept of an N-skeleton. An
N-skeleton in X is a Z-matrix o = {4),: n, m € N} having the following
absorption property:

For every ¢ > 0, for every ne N, for every decreasing sequence
iy = -+ - = i, of natural numbers and for every n-sieve Z, 2 §; 2 - - - 2
Z, 2 S, in X such that for every k < n,

(A{;! ‘dlf) < (Zk’ Sk)’

there exist a homeomorphism h: X - X and a decreasing sequence
Ji = -+ = j, of natural numbers such that

1. d(h, 1) < ¢,

2. Yk < nVIl < i h(4Y) = A,

3. Vk < n: (WZ,), i(Sy)) < (4, o%).

Observe that by 2 many elements of the N-skeleton are kept invariant under
h, but that & is nowhere required to be the identity.
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2.1. LEMMA. Let X be a compact space and let o = {A],: n, me N} be an
N-skeleton in X. If h: X - X is homeomorphism then h(«) = {h(4}):
n, m € N} is also an N-skeleton.

Proof. Use that A is uniformly continuous and that 2 (X) is invariant under
homeomorphisms of X. O

We now come to the main result in this section which we prove be a
complexification of a standard back and forth technique, cf. [6], chapter 4.

2.2. THEOREM. Let X be a compact space and let o/ = {A},: n, m € N} and
B = {B: n m e N} be N-skeletons in X. Then for every ¢ > 0 there is a
homeomorphism h: X — X having the following properties:

1. dh, 1) < ¢,

2. Vn e N: (o4 (n)) = B(n).

Proof. The homeomorphism 4 will have the form lim,, ., A,°- - -oh, for
some inductively constructed sequence {4,,}>_, of homeomorphisms of X.
From the construction it will be clear that each 4,, can be chosen arbitrarily
close to the identity. So without further mentioning it is understood that
each A, is chosen in accordance with the Inductive convergence criterion 1.1.
If in addition we also make sure that °_, d(h,,, 1) < &, then in will follow
that d(h, 1) < e.
We shall prove that there exist
a) for each k € N a strictly increasing function £,: N — N having the
following properties:

A) & (1) = land §,(2) = 2,
B) Vme N: ¢,(m) = & (m — 1) = - -+ = (D),

b) for each k € N a strictly increasing function n,: N\{1} — N having the
following properties:

A) m() = 1,
B) Vm > 2: n,(m) = n,(m — 1) = - -+ = n,,(2),

c) a sequence {A,}° of homeomorphisms of X with 4, = 1 such that for
every m € N if we put f,, = h, o -0 h, then

d) Vk<mV2<lI<m-— (k-2 fm(Ack(z 1)) = nk(l) = fm(Afk(I))

e) Vk < m: (B,,k(m_(k_z)), '@nk(m (k— 2))) < (fm( Exlm—(k — 2))) S, Ek(m (k— 2)))
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Suppose for a moment that we proved statements a) through e). Put £ =
lim,, ,, A, - -°h,. By the above remarks, /4 is a homeomorphism of X onto
itself such thatd(h, 1) < e. Fixk > landk > 2.Byd), foreverym > [ +
(k — 2) we have

Iudbav) S By S fuldia)-
The continuity of 4 and the compactness of X now easily imply that
h(A4s0-) S By S h(dgq)

(notice that £ and / are fixed). Since £ and # are strictly increasing, from this
it now directly follows that

h(L(k)) = ABk) forevery keN,

i.e. h is as required.
It remains to give a proof of the statements a) through e¢). We already
know that

M =1, £§@)=2, n2 =1 and h = 1.
Since A} = B| = 0, we also have

h(4gm) S Byo S hi(dy0);
and

(Br0> Brie) < ((Ay0)s I (y))-

So now it is clear how to proceed inductively. Suppose that for certain

m € N we defined

f) Vk < m the function &, on the set {1, 2, ..., m — (k — 2)} such that
for every i < m + 1 we have

G =2 6LGE—-1 =240,

g) Vk < m the function #, on the set {2, 3, ..., m — (k — 2)} such that
forevery 2 < i < m + 1 we have

m@=zniE—-102=2-2=2n.02),

h) the homeomorphisms {4, ..., h,} such that if f, = h,o---oh,
then d) and e) hold.
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Some remarks seem necessary. Among other things, we wish to construct a
strictly increasing function &,: N — N. By the statement “(, on the set
{1,2,...,m + 1}” we mean that we already know the values of the
function we are constructing on the set {1,2,...,m + 1}. So in fact
we are dealing with a partial function, the domain of which is {1, 2, . . .,
m + 1}, which, for convenience, we shall also denote by &,. At stagem + 1
of the construction we shall enlarge the domain of the partial function &, .
So if we discuss &, later on, the domain of &, should be taken into consider-
ation. The same remark applies to all of the functions £, and 7,.
By f) we have

Sm+ 1) 2 &Hm) 2 -0 2 4,0)
which implies, by the definition of an N-skeleton, that
Agnin 2 Sy 2 2 Af o) 2 A
Consequently,

fm(Aél(m—Fl)) = fm(dcll(mﬂ)) 2 2 f(A70) 2 ()

is an m-sieve. From h) it follows that this m-sieve and the natural numbers
m@m + 1), ...,n,(2) are “admissible” as input for the N-skeleton %#. So
by the definition of an N-skeleton there is a (small) homeomorphism a:
X — X and a sequence i, > i, > - - - > i, of natural numbers such that
i) Vk < mVI < nu(m — (k — 2)): a(Bf) = Bf,

) Yk < m: (f (A on— - 2))> o Lyon—k—2)) < (Bill((a ,@{;)

It is clear that we may assume that for every k < m we have

m(m — (k — 2)) < i.

We are now in a position to define for each £ < m + 1 the function 5, in
the point (m + 1) — (k — 2), namely, we put

m(m+ 1) —(k—=2) = i (k<m,

r’m+1(2) = l
Now consider the natural numbers &, (m + 1) > - - - > £,(2) and the
m-sieve

1 1 . m m
By 2 Bymsr 2 2 By o 2 %)
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By j), these are admissible as input for the N-skeleton
ofu() = {af,(4)): i, j € N}

(LemmA 2.1). Consequently, there exist a (small) homeomorphism
B: X —» X and a sequence of natural numberse, > ¢, > - - - > ¢, such that
K) Vk < mVI < &Gm — (k — 2)): Bafyu(A)) = o, (4D),

) Vk < m: (ﬁ(Br];k(m—(k—D))’ B(grl;k(m——(k—n))) < (“fm(Afk)a “fm(%t))

It is clear that for every k& < m we may assume that

E(m — (k — 2)) < &.

We are now in a position to define for each k& < m + 1 the function £, in
the point m + 1) — (k — 2), namely, we put

Gm+ 1) —(k—12) = & (k<m),
Cm1(2) = 2.
S (1) = L
Also, define A, ., = B~ 'oa. We claim that our choices are as required.

Claim L. Ye<m+4+1V2<I<m+1)—(k—2): f,,1(45, ) S
'lk(l) = fm+l(Ar1k([))

Indeed, fixk <m+ land2 </ < (m + 1) — (k — 2), arbitrarily.
Case . k <mand2 < I <m— (k — 2).

If/ = 2thenf, (4% ,_,) = By = &, so then there is nothing to prove.
So assume that / > 2. Then

(k) (
fm+1(A§k(1—l)) = ﬂ_lafm(A’Eka_n) = afm(Algk(l~l)) a(Bnk(I)) nk(l)’

and

@) (h) (k)
Brllck(l) = “(B,],ck(l)) < afm(Algk(l)) = B 'af,, (Agk(l)) = fm+1(A§k(l))'
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Case 2.k = m + 1.

Then! = 2.Since A7) = A7"' = Fand B]'*!,) = (&, there is nothing
to prove.

Case3. k<mand!/=m+ 1) —-(k—-2)=m—k + 3.

(k) (0]
Thenfm+1(A§k(m—k+2)) = ﬂ_lafm(A,Ek(m—kn)) = “fm(A’gk(m—kn)) = Bylfk(m—k+3),
and by (/), B:,‘k(m—k+3) = ﬁ_]“fm(A’gk(m-kH)) = fm+1(A§k(m-k+3))-

Claim 2. Yk <m+ 10 B iy Bronisn) < Unii(Em ki)
fm+1('ﬂ{li(m—k+3)))~

Indeed, if k = m + 1then B}, _,.s = 0, soassume that k < m. Now the
claim follows directly from (/).

This completes the inductive construction and therefore also the proof of
the theorem. O

Let & = {AL: n, m € N} be a Z-matrix in the compact space X. Define the
kernel, ker (), of &/ by

ker (&) = ﬁ O A

n=1 m=1

2.3. COROLLARY. Let X be a compact space and let o/ and B be N-skeletons
in X. Then for each ¢ > 0 there is a homeomorphism h: X — X such that
1) d(h, 1) < ¢,

2) h (ker («/)) = ker (£). O

Observe that nowhere in this section we used specific properties of Z-sets,
except that & (X) is a topological class of compacta, i.e. if 12 X — X is any
homeomorphism then A(Z' (X)) = Z(X). So we could have stated our
results in a more general form.

3. 2-matrices
In this section we shall define the comcept of a 2-matrix in Q and we shall

prove that each 2-matrix is an N-skeleton.
Let o = {A4]:n,me N} be a Z-matrix in some compact space X.
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By a T-set for o/ we shall mean a Z-set B =< X having the following
property:

Vn, <n, <---<mn,eNVi,i,...,i €N wehave
() 4} ¢ B= () A;’:mBefX<0 A;‘;).
k=1 k=1 k=1

Let 7 (</) denote the collection of all T-sets for 7.
The proof of the following lemma is straightforward and is left to the
reader.

3.1. LEMMA. Let X be a compact space and let of = {A%: n, m e N} be a
& -matrix in X. Then J € I (/) and

l. if E, Fe 7 () then En Fe 7 (),

2.ifE,Fe I () then ELu Fe I ().

A 2-matrix in Q is a ¥ -matrix &/ = {4},: n, m € N} having the following

properties:

1. Vne N: {4.},.., is a skeleton,

2.Yn < - <n, e NVi, ..., 0, eN\{1}; N7 4 = Q,

3.Yn <+ <m,eNVi,. .., i,eN\{1} Vpe N: {7 4} A"},
is a skeleton in ({_, 4},

4. Vn,me N: 4, € T ().

In the remaining part of this section we shall prove that every 2-matrix is

an N-skeleton. This result is our main tool in recognizing N-skeletons.

3.2. LEMMA. Let o = {A},;: n, m € N} be a 2-matrix in Q. Then

l.Vny<---<n,eN Vi,...i,e N\{1} & = {4} A" |
je N} is a 2-matrix in (\{_, A}

2.VYp = 0: {4;": n, m € N} is a 2-matrix.

Proof. Observe that 2 is a triviality and 1 follows from the definitions and
lemma 3.1. O

3.3. LeMMA. Let of = {A}: n,me N} be a 2-matrix in Q. Then Ve > 0
V1-sieve Z, = S, VT € & (Q) Vm € N such that

1. 3p € N such that A, n T € Z(A4,) for every q > p,
22.Z,nT,8nT)< (4, L),

there exist a homeomorphism h: Q — Q and an element m € N such that
3.dh, 1) < gand h|T = 1,

4. (W(Z)), h(S)) < (45, 3).
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Proof. Since {4,: p € N} is a skeleton in Q there exist ¢t > m + p and an
imbedding u: Z, — A! such that u|Z, n A4}, = 1 and d(u, 1) < ¢/3. Since
A U (T A) is a 6-Z-set in A] we may use Theorem 1.5 to get an
imbedding v: Z, — A} such thatd(v, u) < ¢/3,9|T N Z, = u|T n Z,(=1)
and v(Z,\T) < A}\«'\T. By Theorem 1.4 we may extend v U 1, to a
homeomorphism % of Q such that d(3, 1) < 2¢/3. Since </ is a skeletoid in
A! there exists a homeomorphism w of 4! such that wj4! n T = 1 and
w((' U v(S))\T) = '\T, we may require w to be so close to 1 as to
assure the existence of a homeomorphism w of Q that extends w U 1, and
satisfies d(w, 1) < ¢/3, see Theorems 1.3 and 1.4. We put & = wo 3; then by
abuse of notation,

dh, 1) < & (W(Z,\T), h(S\\T)) < (4], ') and AT = 1.
Thus 2 and ¢ > m show that 4 and = = t have the desired properties. []
This Lemma has some nontrivial consequences.

3.4. LEMMA. Let o/ = {A}: n,me N} be a 2-matrix in Q. Then Ve > 0
Vme N 36 > 0 Vl-sieve Z, = S, with

(A ) < (2, 8)), ()

VT € I () Yhomeomorphism h: T — T ¥p € N such that

Vi<mh(AnT)=A'nT and h(A'nT) =4 n T, )
dh, 1) < 4, 3)
(WZ, A T), h(S, N T)) < (4,, A,), “

there exist a homeomorphism H: Q — Q and an m € N such that

Vi< m: H(A) = A and H(A') = o}, ®)
dH, 1) < ¢, (6)
(H(Z)), H(S))) < (45, A), (M

H|T = h ®)



170 J. van Mill

Proof. Let ¢ > 0. f m=1put d=¢. If m>11let 0 <d=9,<

03 < '+ < 0,,; = ¢be so small that

(x) V2 <i<m VZ,Z' € Z(A)) VYhomeomorphism f: Z — Z' with
d(f, 1) < 9§, there exists a homeomorphism f: 4! — A! extending f
with d(f, 1) < 15,,,.

That these d’s exist follows directly from Theorem 1.4. We claim that ¢ is as

required. Let Z, = S, be a 1-sieve and choose an element T € J (&), a

homeomorphism 4: T — T and a natural number p satisfying (1) through

(4). By induction we shall prove that for every i < m there exists a homeo-

morphism A;: A} U T — A! U T such that

d(h;, 1) < 04y, )
Vi < ith(A4}) = A and k(') = o}, (10)
h|T = h and h(x) = h_,(x) for xe A4_,. an

Puth, = h(ifm = 1 we are done already). Suppose thatfori — 1 < m the
homeomorphism 4,_, has been constructed. If 4] = T U A}_, then define
hy=h_,.IfA] &€ Tu A_, then A] n (T U A!_)) e Z(A!) (Lemma 3.1)

from which follows that
E = A A nT)eZz4).

By (2) and (10) we have h;_,(E) = E and since d(h;_,, 1) < J,, by (*) we
can extend A,_,|E to a homeomorphism a: 4] — A} with d(a, 1) < 15,,,.
Since a(2/') and .o are both skeletoids for 4!, by Theorem 1.3 there is a
homeomorphism B: 4] — A} such that

d(ﬂa 1) < %5i+l’ (12)
BIE = 1, (13)
Pu(AN\E = s'\E. (14)

Define h;: A! U T - Al U T by

h(x) = h(x) (xeT),
hi(x) = Ba(x) (x € 4;).
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Then A, is a homeomorphism such that

dh, 1) < ;45 (15)
Nj<ih(4) = A and k(o)) = o, (16)
hIT = h. (17)

It is clear that for this we only need to verify that ,(<7') = /. By (14) this
follows from h,(/! N E) = o' n E, which is a consequence of (10), (2)
and (11).

Let F = h,,; Then d(F, 1) < ¢ and by Theorem 1.4 we may extend F to
a homeomorphism F: Q — Q with d(F, 1) < ¢ (the straight-line homotopy
in Q between 1, , and Fis “e-small”, so the existence of F follows directly
from Theorem 1.4).

Let Z, = F(Z)) and S, = F(S,), respectively. Then

(4),, o) < (Z,, 8), (18)
and
Z A T.5, 1 T) < (4}, ). (19)

Observe that (18) follows directly from (1) and (16),,. Since F extends F and
by (17),, F extends A, (19) follows from (4). Now put T = T u A!,. We shall
prove that for ¢ = max (p, m) we have

Z,nT, 5 nT)< 4, ). (20)

This is a triviality since by (18) and (19), Z " T = Z, n (T U 4}) =
(Z,nT) U A,, = A},. Moreover,

AynZnT = (L n(Z,nT) U (L N A,
- S nT)u A
— S AT UG N4
= 8§ nT

By Lemma 3.3, there are a homeomorphism a: Q — @ and an element
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m e N such that

do, 1) < ¢ —d(F 1) and oT = 1, Q1)
A(Z), «S))) < (45> ). (22)
It is easy to see that H = «o F is as required. O

Let us now consider the following statement, where </ is a 2-matrix.

S, i, =2 =21i,,€:30 > 0Vn-sieve Z, 2 S, 2 -2 2Z, 2 S, such

that

1. Yk < n: (AL, ) < (2, $), VT € T () Yhomeomorphism h: T — T
Ve, ..., & eN with

2. d(h, 1) < .

3Vk < nVI<igh(AfnT)=AnTad (A} " T) = A} N T,

4. Yk < n: (W(Z, 0 T), h(S, 0 T)) < (A%, L), there exist a homeomor-
phism H: Q — Q and elements £, . . ., &, € N with

5. d(H, 1) < ¢ and HT = h,

L Vk < nVI< iy H(AY) = A and H(st¥) = <A,

7. Vk < n: (H(Z,), H(S,) < (A, o).

(=)}

The number ¢ shall also be denoted by é(, i,. . . i, €).

3.5. LEMMA. V2-matrix o/ Ve > 0 Vn € N Vdecreasing sequence i, = - - - >
i S, 0= =0, e).

Proof. For n =1, simply apply Lemma 3.4. Suppose therefore that
S(L, k, = -+ = k;, ¢) is true for every 2-matrix ./, for every ¢ > 0, for
everyi < n — 1 (n = 2) and for every decreasing sequence k, = - - - = k;
of natural numbers.

Let o = {A4}: n,me N} be a 2-matrix, ¢ > 0,4 > --- > i, Z 2
$52---22,28,TeT(A),h:T—>Tand¢,, ..., eN beasin the
definition of S(«/, i, = - - - > i,, ¢) (we shall specify d later of course). For
every2 < k < ijlet B, = {4, N A,": n, m € N}. Then %, is a 2-matrix
in the Hilbert cube 4;, Lemma 3.2. In addition, put & = {4A%"':n, m e N}.
Then & is a 2-matrix, Lemma 3.2. Lety = 6(&, 4, = - - - > i,, ¢). Applying
our induction hypothesis, by downward induction it is easy to find for every
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2 < k < i;ad(k) > 0such that

0(i) = (B, b, = =21,7), 6))

if k<i then 6(k) < 0B, =" =1i,6k + 1)), )

if k</<i then d(k) < d(). 3)
It will be convenient to write 6(j; + 1) = y. We have to find a 6 > 0
witnessing S(«, i, = - - - = i,, ¢). We put

0 = 06(2)

and we shall show that ¢ is as required.
For every k < i, we shall construct a homeomorphism 4,: 4, — A} such
that

hl(4i 0 T) = hi(4, 0 T), )
dh, 1) < 6k + 1), (5
if I/ <k then A, extends A, (6),

Vx < nVy < i h(4 0 Al) = A5 A}

and
hk(dyx N Allc) = ‘Sjyx N Alln (7)k
there are natural numbers #,, . . ., 5, € N such that forevery2 < / < n
we have ((Z, 0 A}), h(S; 0 4)) < (4}, ). (8

Since A} = 0 we let A, be the empty function. Then obviously (4), through
(8), are satisfied. Suppose therefore that for some k£ < i;(k > 1) the homeo-
morphism 4, _, has been defined properly.

Put E = A, , U (T n A}) and define ¢p: E > Eby ¢ = h U h,_,; by
(4),_, ¢ is a well-defined homeomorphism.

Claim 1. d(p, 1) < 6(k) and if ] < k — 1 then ¢ extends 4,.
This follows directly from (3), (5),_, and (6),_;.

Claim2. V2 < x<nVy <i: @A, NnE)=A4AnE and o NnE)=
oy N E.
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This follows from (7),_, and (3) in the definition of S(&Z, i, = - - - = i, &).

Claim 3. There existy,, . . . , y, € N such that forevery 2 < x < nwehave
(@(Z, N E), (S, 0 E)) < (4, N A, S 0 A).

This follows from (8), _, and (4) in the definition of S(<Z, i, = - - - = i,, €).
Claim 4. o(B, (1) n E) = B,(1) n E.

First observe that #,(1) = o/ and #,(1) N E = o U (L n T).
Consequently, the claim follows from (7),_, and (3) in the definition of
S, iy = =i, e).

Case 1. A, = T u A} _,.

Then A, = A, n (T u 4. ) = (AL " T)u A,_, = E. Define h, = o.
The easy proof that 4, and the numbers v,, . . ., 7, € N found in Claim 3
are as required, is left to the reader.

Case 2. A, ¢ Tu A} _,.
Claim 5. E € T (%,).
By Lemma 3.1, E € (&) so the claim follows from our definitions.

Claim6.Z,n A, 2 S, n A, 2 --- 2 8§, A} is an (n — 1) sieve in the
Hilbert cube A} such that

a) V2 < x < m: (4f N Ay, FF 0 AL) < (2,0 A4, S, 0 A,

b) Z, N AL < B(1) = o).

Notice that b) implies that Z, n A} € 2 (A}) since o7} is a skeletoid in 4;.
In addition, a) follows directly from (1) in the definition of
S, i, = = i,e¢). Since Z, < S, we also have by (1) in the definition
of S(#,i =2 - =1,5¢),

Z,nA, S SinA nd = o A= = B().
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By Claims 1,2, 3, Sand 6 and by S(%,, i, = - - - > i,, 6(k + 1)) there exist
a homeomorphism f: 4, — A} and elements 7},, . . . , 7, € N such that

d(f,1) < é(k + 1) and fIE = o, ©)
V2 < x<nVy <igif(dyn 4)) = Ay 0 4

and
fly 0 o) = A 0 A, (10)
V2 < x < n: (f(Z, 0 A, f(S, 0 AY) < (4, 0 Ay, E 4. (10)

Let F = f(Z, n A}) v E. Since both </ and f (<) are skeletoids for A4}
there exists by Theorem 1.3 a homeomorphism a: 4; — A; such that

da, 1) < ok + 1) — d(f, 1), (12)
alF = 1, (13)
of (L\F = oL \F. (14)
Put s, = aof. We claim that 4, and the elements #,, . . . , 7, are as required.

That (4),, (5); (6), and (8), hold is a triviality (use that E = (T n 4;) U
A} _; and (9)«13)). Take 2 < x < nad y < i, arbitrarily. By (10), f(4; N
A}) = Ay n A5 and f(4, N ) = A, 0 ;. Since

Ay € A, = Z, and alf(Z,n 4) = 1
we conclude that
h(dy 0 Ay) = Ay 0 A5 and b (4 0 ) = Ay 0 )

Now take / < i, arbitrarily. If / < k then h, (4] N A;) = h(4)) = A} =
A} n A} since h, extends h,. If kK < [ then h (A} N A}) = h(4)) = A} =
A} n A.. Again, assume that [/ < k. Then h (/' N A)) = h (') =
h(ol) = o' = o] 0 A by (6). If k < [ then h (o' N A}) = h(s4)) 2

& = o' N A} in case (x) holds. This is shown in the following:

Claim 7. hy(of}) = 4.
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Indeed, by (14) and (13) we have

h(ti 0 F) = f() 0 (f(Z, 0 A) U E)
= f() " E) v (f( 0 Z, 0 4) (by (9)
= oA NE)u(f(H "Z,nA}) (byClaims4and 6(b))
= (A NE)Uf(Z,n A
By (11), f(Z, n 4;) < Ai n A, = /. From this we conclude that
h(dl " F) = (L nE)u (A nf(Zy,n A)) = ' " F.
Thus the claim follows from (14) and (13).

Nowletf = h, Uhand T = 4} U T.By(4),.f: T » Tisahomeomor-
phism. Moreover, f has clearly the following properties:

d(f, 1) <y and f|T = h, (15)
Vx < nVy <i:f(4) = 4 and f(&) = o, (16)
there are natural numbers #,, . . . , #, € N such that forevery2 </ < n
we have (f(Z,n T), f(S,n T)) < (4., o}). (17)

(For (17) observe that if (4, B) < (E, F) and (C, D) < (E, F)then (4 n C,
B n D) < (E, F)). Now consider the 2-matrix & = {4,"': n, me N}.

Clearly Te 7 (). By S(&, i, < - - - < i, ¢) there exist a homeomorphism
f: O - Q and elements &,, . . ., &, € N such that
df,1) <e and fIT = f, (18)
V2 < k < n:(f(Z), f(S)) < (45, ). (19)

Now put T* = T U f(Z,).
Claim 8. 3p € N such that T* n 4, € Z (4,) for every g > p.

This follows from (19) and Lemma 3.1 (notice that T U A4,, € Z(Q), hence
is nowhere dense, and |J{° 4}, is dense in Q).
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Claim 9. 3m € N such that (f(Z,) n T*, f(S,) 0 T*) < (4},, }).

Indeed, let m = max (&,, ,, i;). Then

f@Z)ynT* = (fZ)nT) v f(Z)

= (f(Z) 0 4) v (f(Z)nT)u f(Z)

S AU A, U4 <A,

In addition,

oy O f(Z)) N T

Also,

i(Sl) NnT*

which proves the claim.
By Lemma 3.4 there exist a homeomorphism a: Q — Q and an element

&, € N such that

(p 0 F(Z) 0 A) U (A A f(Z) N T)

U (4, 0 f(Z))  (by (16) and (15))

(Ao N (Zy 0 A}) U (y 0 W(Z A T)) U F(Zy)
(Lp 0 F(AD) VRS, N T) U f(Zy)  (by (16)

O h(S, 0 T) v f(Z)).

(f(S) 0 4) v (F(S) 0 T) v (f(S)
nf(zy))  (by (16))

(f(Sin 4D v (f(S) N T) v (f(S n Z)
f) v h(S, nT)u f(Z)  (by (16)

&Z} v h(S, N T) v f(Z,),

d, 1) <e—d(f,1) and oT* = 1, (20)

@f(Z)), of (S))) < (43, 4,). @1
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Now put H = aof. We claim that H is as required. Clearly, d(H, 1) < ¢
and since a|T* = 1 we have H|T = h by (18) and (15). That condition (6)
of the definition holds and that

V2 < k < n: (H(Z), H(S,)) < (4%, %)
follows from (16), (19) and (20) since A} U f(Z,) < A} v f(Z,) = T*and
ofT* = 1.

Finally, that (H(Z,), H(S))) < (4;,, o) follows directly from (21). (J

We now come to the main result in this section.

3.6. THEOREM. Let of = {A},: n, m € N} be a 2-matrix in Q. Then o is an
N-skeleton.

Proof. Take T = & in S(, i, = -+ - = i, ¢) and apply Lemma 3.5. O

4. Some N-skeletons

In this section we shall prove that 2-matrices exist. Compared to all the
work we did so far this turns out to be surprisingly simple.
Let us fix some notation. For every n € N, let 4, be as in Theorem 1.2, i.e.

A4, = H[—1+%,1—1].

i=1 n_|;

Let O = II?Q,, where Q, = Q for every i. Clearly, 0 ~ Q. For every
n, m € N define 47, = Q as follows:

A4 =9 for every n e N,
A=A, XA, X XA, xQOxQxQx.... forneNandm > 2.
n

4.1. THEOREM. o = {A’: n, m e N} is a 2-matrix in Q.
Proof. To see that
Vne N: {Anm}m>l (1)

is a skeleton, use Theorem 1.2 and Chapman [8].
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That
Vn, < -+ <mn,eNVi,...i,e N\{1}: () 4 = Q )
k=1
is easy since choose indices n; < - -+ < n, €N, ij, ..., 0, € N\{1} and
define natural numbers p; < p, < - - - <p,, by
pe = min {iy,...,0,} (1 <k<m.
Then

Ik Pm Pm Pm—1 Pm—1
k=1 ~ —_— - ~ —— -

n n, —m
><Amx---xAplexQx---xQx... (%)
—_

n, — Ay

is a product of Hilbert cubes and hence is a Hilbert cube itself. That

Vn < -+ < nmeNVil,...,imeN\{l}VpeN:{ﬂ A Aie N}
k=1

3

is a skeleton in (7, A;* follows easily from Chapman [8] and the formula

(%)
We shall prove that

Vn,me N: AL, € T (). 4
So take n, < - - - < n,e N and i, ..., i, €N arbitrarily and suppose
that

() 4k & 4.
k=1
By the above formulas we can write

ﬁ A¥ =] E, and ﬁ AF 4, =[1F,
k=1 1 k=1 1
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where all but finitely many E,’s (resp. F,’s) are equal to Q and the remaining
finitely many E,’s) are elements of {4,},.,. Since I F, is a proper subset
of II? E, we have

F, < E, for every k and there exists a k € N such that F, is a proper subset
of E,. &)

Then clearly F, € Z (E,) from which easily follows that I1{° F, € Z (II° E,).
U

4.2. COROLLARY. Let o/ be an N-skeleton in Q. Then ker () is homeomor-
phic to o,,.

Proof. Let £ = (J{ A,, where A, is defined as above. The 2-matrix </
constructed in Theorem 4.1 is an N-skeleton by Theorem 3.6 and ker (/)
obviously equals £®. It is known that Z is homeomorphic to

I} x Q.
For details see [6]. Consequently,
6 = B~ G xD*~ B x 0~ @)
x Q% =~ (I} x Q)* =~ T*.
So the desired result now follows from Corollary 2.3. O

We shall now give a different example of an N-skeleton in Q. This example

will be of importance in the announced “applications” to function spaces.
It will be convenient to fix some notation. For x € Q write || x| = sup,|x;|-

Denote points of 0 by x = (x(i)), where x(i) € Q for all i. In addition, write

Bl = {xeQ:|x()] <1 — 1/mifi < mand ||x(@)| < 2" otherwise}.
It is clear that # = {B.: n, m € N} is a & -matrix in Q.

4.3. LEMMA. Yn € N: {B},.., is a skeleton
Proof. The standard proof that {4,} is a skeleton, where each 4, is as in
Theorem 1.2, can easily be adapted to show that {B},},,., is a skeleton. For

details, see [6], Proposition 3.1 on page 156. O

44.LEMMA. Vn, < -+ - < m,eNVi, ..., i, eN\{1}: N\, B ~ 0. O
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4.5. LEMMA. Vp, g € N: BY € T ().

Proof. Take n; < -+ < n,eN and p,q,i,...,i, €N and write B =
Nr-1 B*. With A(e) = {x € Q: |lx|| < &} there are sequences (g;) and (J,) of
positive numbers such that B = I1;4(g;), B n B! = I1,A(J,). Observe that
0 < ¢ implies that A(6) € Z (A(¢)). Therefore, if B n B) ¢ % (B) then

0; > ¢ foreach i,ie, B S Bn B.. O

4.6. LEMMA. Vn, < - - - < n,eNVi, ..., i,eN\{1} Vpe N: {7, B n
B"*"},., is a skeleton in (\7_, Bj¥.

Proof. Write B = (\_, B;*. By lemma 4.5, B n B"*" € & (B) for each i.

A straightforward adaptation of the standard proof that {4, }" is a skeleton,

where each 4, is as in Theorem 1.2, now also shows that {";_, B} n
Bi"*"},., is a skeleton in N}_, Bj*. O
4.7. COROLLARY. # = {B.: n, m € N} is an N-skeleton in Q.

proof. Apply Lemmas 4.3—4.6 and Theorem 3.6. O

We shall now try to find a description of ker (£) in terms of function spaces.
To this end we shall first introduce a test space 7. The underlying set of T
is(N x N) u {e0}.

The points of N x N are isolated and a basic neighborhood of oo has the
form

(n,n+1,...} x N)u{w} (meN).

Clearly, T is a countable metric space. Define

Go(T) = {fe G(T):f(0) = 0}

4.8. LEMMA.
CHT) =~ CH(T) x R, €))

C¥(T) ~ ker (B) ~ o,. )
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Proof. For (1), simply observe that the function ¢: CY(T) - Cf(T) x R
defined by

o(f) = (f = f(e0), f())

is a homeomorphism.
Define

B = {xeQ: sup [x(k)] < 1},

and

V4

{x € B: ’Eim Ix(k)|| = 0},

respectively. Define a function ¥: Cf(T) - Z by
2
Y(f), = p (arctan f(1, n), arctan f(2, n), . . ., arctan f(m, n), . . . ).

it is easy to see that ¥ is a homeomorphism. So in order to prove the first
part of (2), it suffices to show that Z = ker (#). This follows from the
following observation:

z-NU

n=1

{xe O: |xk)] <1 — % and |x(k)|| < 27" for k > m}

1

ker (%). O

5. The space o,

In this section we shall derive some topological properties of the space o,
which are probably known already since they follow easily and rather
mechanically from known results.

As noticed in the proof of Corollary 4.2, ¢, is homeomorphic to £* =
I12, X,, where each X, is a copy of the space

1
z = {er:EIneNVieN:]xi|< 1 —;}.
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5.1. LEMMA. Let X be a o-compact space. Then X admits a closed imbedding
in the space .

Proof. Let yX be a compactification of X. Without loss of generality,
yX < Qand yX € Z(Q) (apply for example Theorem 1.7; easier proofs are
known of course). By Theorems 1.2 and 1.3 it follows that X is an absorber
in Q. By Lemma 3.3 there exists a homeomorphism a: Q — Q such that
a(yX) n £ = a(X). Consequently, a(X) is a closed copy of X in £. [J

5.2. COROLLARY. Let X be an absolute F,;. Then X admits a closed imbedding
nX® x o

"

Proof. Assume that X = Q and let F, = Q be o-compact for every i € N
such that X = ()2, F.. By Lemma 5.1 there exists for every i € N a closed
imbedding f;: F; - X. Now define f: X —» X by

fx) = (L), /(x), ... ).
It is well-known, and easy to prove, that fis a closed imbedding. O

By a linear space we mean a topological vector space over the reals. Let £
be a linear space and put

YE = {xeE*:x, = 0 for all but finitely many i}.

In [23], Torunczyk proved that for every locally convex (metric) linear space
E we have

ZE* ~ IR x E* ~ [} x E*.
Consequently, if we take E = ¢, we obtain
%0, & Z(0,)” ® I} x (06,)° = g,,.

This consequence of Torunczyk’s result can also be derived by the apparatus
developed in this paper since it is easy to represent £o,, as the kernel of some
2-matrix, see §4.

For information on absolute (neighborhood) retracts (abbreviated:
A(N)R’s), see Borsuk [7].

5.3. THEOREM. Let X be a space. The following statements are equivalent:
1. X x 0, = 0,
2. X is an absolute F,; and an AR.
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Proof. 1 = 2isa triviality since g, is an AR by Dugundji’s Theorem [7, 7.1],
and g, is clearly an absolute F,;. For 2 = 1, let X be an AR and an absolute
F,;. By Corollary 5.2, X admits a closed imbedding in ¢,,. By Torunczyk [20]
we may conclude that X x o, ~ Zo,. Since, as was observed above,
Yo, = o, the desired conclusion follows. O

Let X be a space Y is called an X-manifold if Y admits an open covering by
sets homeomorphic to open subsets of X. The above theorem generalizes
without much difficulty to the following result: For any space X the follow-
ing statements are equivalent: 1) X x ¢, is a ¢,-manifold, and 2) X is an
absolute F,; and an ANR. Let us also mention that by results of Henderson,
o,-manifolds are characterized by homotopy type, i.e. if X and Y are
g,,-manifolds then X is homeomorphic to Y if and only if X and Y have the
same homotopy type. For details see [6], chapter 9.

6. Function spaces

If X is a space then, as noted in the introduction, C*(X') denotes the set of
continuous bounded real-valued functions on X endowed with the topology
of uniform convergence. It is known that if X and Y are uncountable
compact (metric) spaces then C*(C) and C*(Y) are linearly homeomorphic
([18], 21.5.10). If X and Y are countably infinite compact (metric) spaces
then C*(X) and C*(Y) need not be linearly homeomorphic, ([18],
21.5.13(A)). In fact, there are uncountably many types among the spaces
C*(X), where X is countable and compact (metric) [5].

The Anderson-Kadec Theorem that all separable infinite-dimensional
Fréchet spaces are homeomorphic (in the topological sense), see [6],
chapter 6, for background information, shows that all function spaces of the
form C*(X), where X is any infinite compact space, are homeomorphic. In
fact, a more general result can be formulated by applying results from [22].

There is another topology on function spaces that is of interest in abstract
functional analysis, namely the topology of point-wise convergence. To
avoid confusion, for any space X the set of continuous real-valued bounded
functions on X endowed with the topology of point-wise convergence shall
be denoted by C¥(X). By [3], if X and Y are compact Hausdorff and C) (X)
is linearly homeomorphic to C¥(Y) then X and Y have the same dimension
(for X and Y compact metric this was first proved in [16]). From this we see
that for example the function spaces C¥([0, 1]) and C¥([0, 1]*) are not
linearly homeomorphic. There even exist countable infinite compact metric
spaces X and Y for which Cf (X') and C(Y) are not linearly homeomorphic.
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This can be seen by combining [18], 21.5.13(A), and the result due to
Pavlowskii (see [4] for details) that for compact Hausdorff spaces X and Y
each linear homeomorphism f: Cy(X) — C¥(Y) is also a linear homeo-
morphism from C*(X) onto C*(Y). These results indicate that a classi-
fication result for the spaces Cf(X) in the linear world promises to be
extremely complicated.

Trying to get a topological classification result for the spaces Cy (X') seems
to be more promising since no “obstacles” such as in [3] and [16] for
topological homeomorphism are known. On the other hand, recent results
in [11] show that Cy(X) for non-trivial X is always a rather complex
subspace of R* which indicates that topological homeomorphisms may be
hard to get.

In this section we shall consider spaces CF (X) for spaces X of the simplest
possible non-trivial form, namely countable infinite (metric) spaces. It is
easy to show that if X is discrete then CY(X) ~ Z, where X is the space
defined in the proof of Corollary 4.2. We conjecture the following:

6.1. CONJECTURE. If X is countable infinite and not discrete then Cf(X) is
homeomorphic to o,

The aim of this section is to verify this conjecture under the extra assumption
that X is not locally compact. Our main result is:

6.2. THEOREM. If X is countable infinite (metric) and fails to be locally compact
then Cf (X) = o,,.

6.3. COROLLARY. Let D denote the space of rational numbers. Then
Q@ =~ a,.

That X is required to be metric in Theorem 6.2 is essential. In [14] it was
shown that C¥(X) need not be a Borel subset of R¥, even for countable
non-metric X. Let T be the test space introduced in §4.

6.4. LEMMA. Let X be a (metric) space. The following statements are
equivalent:

1. X is not locally compact,

2. X contains a closed homeomorph of T.

Proof. Observe that 2 = 1 is a triviality. For 1 = 2, let x € X be a point at
which X fails to be locally compact.
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We can find a family {U,: n € N} of open subsets of X such that
1. VneN: xe U,
2. Vne N: diam U, < 27",
Fix n'e N arbitrarily. Since U, is not compact, it contains an infinite closed
discrete subset, say D,. Without loss of generality, x ¢ D, . It is clear that we
can moreover choose the D,’s to be disjoint. Put

2

S = {x}ulD,.

1

Obviously, S is closed in X and homeomorphic to 7. O
6.5. LEMMA. Let X be a countable space. Then C¥(X) is an F,;-subset of R*.
Proof. Let

C,(X) = {feR¥:fis continuous}
and

B = {fe R":fis bounded}.
Clearly, B = JF[—n, n]* is an F,-subset of R*. In [11] it was shown that
C,(X) is an F;-subset of R*. Since clearly C¥(X) = C,(X) n B, it follows
that C¥(X) is also an F,;-subset of R*. O
6.6. Proof of Theorem 6.2. We may assume that 7 = X and that T is closed,
Lemma 6.4. Define ¢: Cf(X) — CF(T) by o(f) = f|T. Then g is clearly a
continuous linear operator. By [13], there exists a retraction r: X — T.

Define ¢: CF(T) — CY(X) by &(f) = for. Then £ is clearly well-defined
and continuous. Obviously,

0°¢ = IC;(T)'

As in the proof of the Bartle and Graves Theorem, define a function 4:
Cr(X) - ker ¢ x CH(T) by

h(f) = (f = &e(f), e(f)).

A straightforward check shows that 4 is a homeomorphism.
Since ker ¢ is a linear subspace of the locally convex space C¥(X) we
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conclude that ker ¢ is locally convex. From Dugundji’s Theorem, [7],
7.1, we infer that ker ¢ is an AR. Since ker g is closed in Cy(X) and C} (X)
is an absolute F,; by Lemma 6.5, ker ¢ is an absolute F,; as well. Now
observe that by Lemma 4.9 we have

CGTMY~CHhxRxo,xR=xo

w

from which, by the above and Theorem 5.3, follows that

Cf(X) =~ kerg x CX(T) = kerg x o, = 0,. O

7. Remarks

There are beautiful topological characterizations of Hilbert space and
Hilbert cube manifolds due to Torunczyk [21], [22]. In the proofs of these
results the topological completeness of the spaces involved is used in an
essential way. Due to this, finding topological characterizations of certain
incomplete interesting spaces, such as o, seems complicated. Mogilski [15]
has recently found a characterization of all lf—manifolds. Of course, lf2 is not
complete. However, being o-compact, it is the union of countably many sets
of ““smaller complexity” and this was used essentially in Mogilski’s proof.
Since o, is not a Gj,, it is not a countable union of “‘nice” sets which makes
convergence procedures delicate. We were able to pass by these complica-
tions by approximating ¢, from the outside. In this way we did not charac-
terize g, topologically but we characterized the way canonical copies of o,
are placed in Q. This is interesting in its own right but will probably not be
of help in solving the problem of finding good usable topological charac-
terizations of o,. Recently, Bestvina and Mogilski in their paper “Charac-
terizing certain incomplete infinite-dimensional Absolute Retracts” found an
interesting topological characterization of ¢, (and many other spaces). This
characterization, however, is in terms of a difficult to verify mapping
replacement condition. It seems not clear how to get our results from theirs
in a direct way. I can only verify their condition in the function spaces CAX)
by going through similar constructions as in this paper. Results from Steel
[19] can be used to show that Q, the product of countably many copies
of the space of rational numbers, is (topologically) the unique zero-
dimensional F,; which is nowhere a G;,. Recently, van Engelen [12] inde-
pendently found a more elementary proof of this particularly consequence

of Steel’s result. A step in van Engelen’s proof more or less motivated us to
consider & -matrices and to formulate the concept of an N-skeleton.
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Remarks added in December 1986

J. Pelant has shown that the spaces C¥(T') and C}(Q) are not linearly
homeomorphic. J. Baars, J. de Groot and J. van Mill have shown that if X
is any countable, metric space which is not locally compact then the function
space C,(X) is homeomorphic to o,,.
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