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TYPES OF WEAK P-POINTS IN few-w
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*
Abstract: There are Zi types of *-DK points in w . We also construct 27 types

of weak P-points in w which are not wi-DK points.
AMS Subject classification: 54D35.
0. Introduction.

[} *
ALl spaces are Tychonoff, ¢ denotes 2, and X = BX-X.
Let K 2 w be & cardinal. A point x of a space X is called kK-0OK provided that
for each sequence {Un: n < w} of neighborhoods of x, there is a seguence

{Va: o < K} of neighborhoods of x such that for all n = 1 and 0, <0, <0 e e <0 <K,

n1sisn Uai £ n

Observe that the property of being k-0OK gets stronger as kK gets bigger.

It is easily seen that if x is ml-DK. then x is not a limit point of any
subset A © X-{x} which satisfies the countable chain condition, [K]. In
particular, if x € X is w,-O0K, then x is a weak P-point of X, i.e. if F c X-{x}
is countable, then x ¢ F., Weak P-points and k-OK points were introduced
by Kunen [K], who showed that #-DK points in w* exist. Subsequently, the author
showed in [UNT] that there is also a weak P-point % ¢ m* which is not mi-DK.
since x is a 1imit point of some subset A c w -{x} which satisfies the countable
chain condition. Consequently, there are at least two types of weak P-points in
w*. The aim of this note is to show that there are 27 types of ¢-GK points
in w”* and also that there are 27 types of weak P-points which are not mi-UK. We
use a nonhomogeneity trick due to Comfort and Negrepontis [CN, 16.18], which was
inspired by ideas of Frolfk [F].
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1. Types of ¢-OK points.
Let X be a space. If x € X, define
T(x,X) = {y € X: 3 autohomeomorphism h: X =+ X with h(x) = y}.
In addition, let FO(XJ = {U € X: U is a nonempty open Fc}. Define
CXY = {<Cn= n<w>: C e FG(X] for all n, and if n#m then CnnCm=ﬂ}.

If x € X, put

E =
Tlx,X) = {pew:3 <C_: n<w> e C(X) such that x € nF‘ep[UneP c,)
Observe that if x € T(y,X) then T(x,X) = T(y.X).
Since IC[w*)1 = ¢, and since disjoint open Fc‘subsets of w* have disjoint
#
closures, it is easily seen that |T{x,w*][ < ¢ for all x e w (see [CN, 16.18]).
Let X be the topological sum of countably many compact spaces, say ann < w).

A closed filter F on X is called mice provided that

(1) if F ¢ F then |[{n < w: ann-ﬁ}[ < w,
(2) nF = 4.

Whenever we write X = Encm Xn then, for convenience, we assume that the Xn's
are pairwise disjoint.

In [VNS; 4.5.1), I showed that there is a finite-to-one surjection 7: w + w
such that for all x ¢ w* there is a point y ¢ Bw_ﬁ[{x}] which is a $-OK point
of w*. Observe that if T = Bm ¢+ m*, then T is open and maps w* onto w”. For
later use, let us formulate a generalization of this result, which can be proved

by an easy modification of [vMa, 4.5.1] and [vN1. 2.4].

1.1. THEOREM: Let X = En(m Xn, where each Xn 18 compaect and of weight at most

t and suppose that F is a nice filter on X. There is a finite-to-one surjection
T ow > w such that if f: X + w is defined by f(x) = n Zff x ¢ Xﬂ_l[n] s then
for all p ¢ w* there is a point x ¢ BF"1[{p}] NN p ::1Bx F which is a ¢-OK

point of Xx*.
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Take a point x € m* which is not a P-point and let {Fn= n < w}be a

*
sequence of pairwise disjoint nonempty clopen subsets of w such that

X € [Un<w Fn] = Un<w Fn.
Let T: w + W be as above. By transfinite induction, for every & < 2¢ we will
construct a point qE € w*. a point xE e (U F ]_ = U F , and a ¢-DK

--1 n<w n n<w n
point Vg € m E{XE}) such that

qE € T[yg,m*} -u T[yn.m*]

n<g
Suppose that this has been done for a1l n < £ < 2¢. Pick a point

* *
-u Tly_,w ), and define = g, In addition, take a point
gew n<g T 9 = a

X € nGEq [Uneﬂ Fn]
arbltr‘arily. and define XE; = x. Lst yg be an arbitrarily chosen nf; OK point from
({xg}l Since T is open, qE € TfyE m )s

If n < & < 27 then, by construction, g, € T(yg.m 1 - T[y ,w*). We therefore

3

can conclude that yg £ T(yn.m ).

2. Types of weak P-points.
It should be clear what we mean by a K-0OK set.

2.1. LEMMA: Let X < o be a closed w,-OK set which satisfies the countable
chain condition. If x € %, them T(x,w' ) n X © T(x,X].

PROOF: Take y € T[x.w*] n X and let h: m* + m* be an autohomeomorphism of m*
such that h(x) = y. Since h(X) is ml-UK and since X-h(X) satisfies the countable
chain condition, we conclude that X-h(X) n h(X) = @, This implies that X n h(X)
is clopen in X. By the same argument, X n h-ﬂ[x) is clopen in X. Censequently,

x and y have homeomorphic clopen neighborhoods in X. Since X is zero-dimensional,
this easily implies that y € T(x,X). 00

By a result of Bell [B], there is a compact, nowhere separable space Y which
satisfies the countable chain condition, and which is a continuous image of m*.
Applying [VN1. 2.4], yields the existence of a compact ccc nowhere separable
space X such that Blw x X) can be embedded in w* as a ¢—BK set.
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It is easy to construct a nice filter F on wx X such that for any countable
subset D ¢ w x X there is an element F € F such that D n F = @, [vﬂ1. 3.5]. Let
7 and f be as in Theorem 1.1 and for every p ¢ w* choose a point
y(p) € Sf-1[{p}] N Necr Slgrux) F which is a ¢;0K point of (w x X)*. Routine
arguments show that the collection {y[pl: pew } consists of weak P-points
of Blw x X). Using the same technique as in section 1, it can be shown that

there is a subset {pE: E < 24;} c w* such that for all n < £ < 27 we have that

pE € T[y[pEI.B(m x X1) - Un<£ T(y[pn].B[w x X))

(observe that f is open). Consequently, if n < E < 2¢, then
’ XY
y(pgl I3 T(y[pn] Blw x X))

As remarked above, we may assume that Blwx X) is a ¢-OK set in w*. Tt is clear
that any point of RBlwx X) which is a weak P-point of Blw x X) is also a weak
P-point of u)*. Therefore, the collection {y[p£]= E= 2*} consists of weak
P-points of m*. It 1s also clear that no y[pgl is w,-0OK. By Lemma 2.1 we may
conclude that if n < € < 2¢, then y(pg) £ TIy(pn).w 1%

2.2. Remark: Using the same technique as in this note, it can be shown that of
all the "special” points constructed in [vmq] and [VNZ]; there are at least
27 different types.
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