TOPOLOGICAL STRUCTURES II, MATHEMATICAL CENTRE TRACTS 115 (1979) 1le7-168

A SIMPLE OBSERVATION CONCERNING THE EXISTENCE
OF NON-LIMIT POINTS IN SMALL COMPACT F—SPACES

Jan van Mill

All spaces are completely regular and for all undefined terms we refer
to [CN].

FRANKIEWICZ [F] has shown that under MA (a consequence of CH) in each
compact extremally disconnected space X of weight 2% there is a point x € X
which is not a limit point of any countable discrete subset of X. For re-
lated results see [Kl], [Kz], [vM].

The aim of this note is to point out that under the stronger hypothesis
CH a stronger result can quite easily be derived; apparently, this proof has

been overlocked.

THEOREM (CH): Let X be a compact F-space of weight Zw. Then there is an

x € X such that x ¢ D for each countable discrete D = X - {x}.

PROOF. Striving for a contradiction, we assume that each point of X is a
limit point of some countable discrete set. Let {Un: n € w} be a family of
nonempty pairwise disjoint open Fq's of ¥. Define ¥ = nn{w §n and let B be
the collection of all nonempty open F_ 's of Y. The family

E = {3B: B ¢ B}

has clearly cardinality 2°. List E as {Ea: @ <w} (by CH) and let {Fu:

a < wl} list the boundaries of the nonempt? closed Ggz's of Y - Y. Since

each nonempty Gg inY =% - ¥ has nonempty interior ([FG, 3.1]) by a

straightforward induction ([R]) we can construct for each o < w, a nonempty
*

open set Va of ¥ such that

- if a < Kk then V< V ;
K o

- Va n (EuLJFa).= "]
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- * *
(observe that E  n Y is nowhere dense in Y , cf. [WO, 2.11]). Take

X € ﬂa Ga' By assumption x € D for some countable discrete D © X- {x}.

<
Since xwis a P-point of Y*, we may assume that D n Y* = . Moreover, since
X is an F-space and D is countable, we may assume that D n (X-¥) = @. List
D as {dn: n < w}., By assumption, each point of D is a limit point of scme
countable discrete set in X. Since D © Y and since Y contains a dense open
Fc of X, each point of D is a limit point of some countable discrete set in
Y. Hence, there exists a family U = {Uﬁ: n,m < w} of nonempty open Fc‘s of

¥ such that

- dn € lU{Uﬂ: m< w}l) - U{UE: m < wh;

- if k # n then U{UE: m < w} n U{Uﬁ: m< wl=4@g.

Put B = U U U". Then D < 3B, and hence, by construction, x ¢ D; a con-
n<w m<w n

tradiction. O
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