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Summary. We will show that the space N u {p}, the subspace of SN N where p is a P-point of
BN N, has no supercompact compactification.

All topological spaces under discussion are assumed to be Tychonoff, A topo-
logical space X is called supercompact provided that it possesses an open subbase
% such that each covering of X by elements of % contains a subcover consisting
of two elements of % (De Groot [6]). A supercompact space is compact; super-
compactness is a topological invariant; it is productive and the class of all super-
compact spaces contains the compact metric spaces [10], compact orderable spaces
and compact tree-like spaces [4], [7]. Not all compact Hausdorff spaces are super-
compact, as was shown by Bell [1].

Let X be a supercompact space. The supercompactness of X can also be descri-
bed in terms of a closed subbase. A space is supercompact iff it possesses a closed
subbase # such that each linked subsystem .# <% has a nonvoid intersection
(A is called linked if every two of its members meet). Such a subbase is called
binary. £

- A point p of a topological space X is called a P-point-if the intersection of coun-
tably many neighborhoods of p is again a neighborhood of P.

If & is a closed subbase for the topological space X, then we will write- v.&
for the family of finite unions of elements of % and A& for the family of finite
intersections of elements of .. The family v.A.%=A.v.& is closed both under
finite intersections and finite unions; it is called the ring generated by &. If X is
compact, then for all open U, ¥ =X with ¢ly (U)< ¥ there exists: a T'e v.n.Y,
such that ¢l (U)c=T< ¥, as can easily be seen. If & is binary, then for all B< X
define

I(B):=n{Se¥|BcS).
Notice that Bccly (B)c/(B)= I(I(B)) for all B<X and that A< B implies that
I (A)c 1(B). _
- THEOREM. Let J/ be a P- pomr in ﬁN\N T hen the subspace N U {p} of ﬂN has
the property that no compactzﬁcatwn of it is supercompact.
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Proof. Define X=NuU {p}. Let «X be a compactification of X and let f: fX=
=fN—zX be the unique projection mapping which extends idy. Assume that
& is a binary closed subbase for o«X; define

A:={neN|I{p,n}) N (X \X)#3J}.

For all ne 4 choose an x,e I({p, n}) N (xX\X) and let B={x,|ne A}. As f~' (B)
is an F, and as p is a P-point in SN N it follows that

pécly ™ (B)

and consequently p ¢ f(clgy /" (B)), for if not, then f~' (p) consists of more than
one point, which is a contradiction. Now, as B f (clgy f ™" (B)) and as f is a closed
mapping, we conclude that p¢cl,y B. Choose open sets U, VcaX such that
pelUcclyy UcV and Vicl,y B=@. Let

Tr= U () Sy
i=1 j=1
be an element of A.v.&¥ (S;;€&,i,je{l,2,.., n}) such that Cloy Ul Vs
Then

pecly U=clyxy (UNN)=) clax(Ur\Nﬁ M S,-j),
i=1 i=1

and consequently there exists an ip € {1, 2, ..., n} such that

pec]ax(UnNr‘\ﬂS,-oj).

i=1

Define M=UNNN (") S, ;. Then M is infinite and
j=1

pecly McI(M)c () S, V.
i=1 ‘
Take me M. Then I({p, m})ci(M) and therefore I ({p, m}) N (xX\X)=9,
for if not, then x,, € I ({p, m}) "B<I(M)n BV nB=@. Consequently, I ({p, m})
if finite, since if I ({p, m}) is iqﬁnitc then 7 ({p, m}) N N is infinite and as (7 ({p, m}) N
NN)u {p} is not a convergent sequence ;

G #cly (I({p, m}) "N) N (X \X)c I ({p, m}) N (60X \X),

which is a contradiction.
For every k<, now define a finite subset 4 (x) of M such that
() Ifpecly ) 4w then 4 (x)=9.

B<K

(i) If pé¢cly! ) A(x) then 4 (x)#@ and I(A(x)U{p})=A4(c){p} and

R<K

AN 4 (n)=0.

n<K
Take a point me M and define 4 (0)=1({p, m}) " N. Then A (0) has all desired
properties. Suppose that all 4 (u) have been constructed for g<x<w; Assume
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that p ¢ cloy -] 4 (). Obwously, using the same technique as above, there exists
n<xK

an infinite N, M such that pecly N,cl(Ny) and T(No) el L) A (1) =0.

n<k

Take ne N, and define 4 ()= I({p.n)NN. Fhion. 25 T ()= T(RD) the st A (1)
has-all desired properties.

As there are only countably many finite subsets of Af there exists a x <@; such
that pecly | ) 4 (u). As [_) 4 (w)v {p} is not a convergent sequence there exists

L<K <K s
a geclyl J AN (xX\X); clearly p#¢g. Take an open neighborhood 0 of
H<K

g such that p¢0 and choose L= |_J 4 (1) such that

<K

gecly Lcl(l)<0.

Then L is infinite and consequently there exists two different x, x, less than x
such that LN A4 (x;)#9 (i=0, 1). Then the subsystem

M={SeF|A(K)\V{p}=S or Ak )uU{p}=S or Lc S}

of & is linked, but has a void intersection. This is a contradiction. ®

Consequently, the existence of P-points in NN, cf. [8], [3]; also [2] and [5],
implies that there is a countable space no compactification of which is supercompact.
Also, the scattered compactification of NU {p}, where p is a P-point in SN\N,
described by Ryll-Nardzewski and Telgarsky [9] is not supercompact. This compact-
ification provides for an interesting and presumably new example of a non-super-
compact space.

We do not have an example of a metrizable space no compactification of which
i$ supercompact.

Question Is there a metrizable space no compactification of which is super-
compact?

Added in proof. Recently, Shelah, has shown that it is consistent to assume
that there are no P-points in SN\ N. In addition, both van Douwen and Mills
have found elementary proofs of the fact that every compact metric space is su-
percompact.
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f. pan Mmnn, CueTnoe npocTPaBCTBO, HUKAKAA KOMNAKTAQGHKALMA KOTOPOro He mBJHETCH Cyuep-
KOMNAKTHOH

Conepxanme. TToka3sBaeTcs, 4TO NPOCTpaHcTRO N U {p}, noanpocTpancTse BN N, rae p ABns-
erca P-rouxoii SN™N He HMeeT CyNnepKOMNAKTHOH KOMONakTHhHKAUAH.



