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Ydq ghu Zddov 0 ]hhpdq Lqvwlwxwh/ Xqlyhuvlw| ri Dpvwhugdp

Ydofnhqlhuvwuddw 9829:/ 434; [H Dpvwhugdp/ Wkh Qhwkhuodqgv

OHFWXUH QRWHV

Sxeolvkhg lq= Txdqwxp g|qdplfv ri vlpsoh v|vwhpv/

J10O1 Rssr/ V1P1 Eduqhww/ H1 Ullv dqg P1 Zlonlqvrq +Hgv1,

LRS= Eulvwro/ 4<<9 +VXVVS Surfhhglqjv/ Yro1 77,
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Wklv frxuvh ghdov zlwk wkh surshuwlhv ri dwrplf txdqwxp jdvhv dw xowud0orz whpshudwxuhv
dqg dwrplf k|gurjhq dv d sulpdu| h{dpsoh1 Dv k|gurjhq lv nqrzq/ wr wkh sxeolf dw
odujh/ prvwo| iru wkh ydulrxv zd|v lq zklfk lw sduwlflsdwhv lq ylrohqw surfhvvhv/ lw pxvw
eh hpskdvlvhg uljkw iurp wkh vwduw wkdw zh zloo phhw lq wklv frxuvh dwrplf k|gurjhq
dv d gholfdwh vxevwdqfh wkdw ehkdyhv pxfk dolnh dq lqhuw jdv1 Lq wkh irxu rudo ohfwxuhv
suhvhqwhg lq Vwluolqj/ wkuhh wrslfv zkhuh hpskdvlvhg= +d, wkh srvlwlrq ri k|gurjhq
dprqj wkh txdqwxp jdvhv/ +e, h{shulphqwv zlwk pdjqhwlfdoo| wudsshg k|gurjhq dqg
+f, txdqwxp dgvruswlrq ri dwrplf k|gurjhq rq wkh vxuidfh ri oltxlg kholxp1 Lq wkh
zulwwhq yhuvlrq ri wkhvh ohfwxuhv wkh dwwhqwlrq lv frqfhqwudwhg rq wkh �uvw wzr wrslfv1
Wkh wklug wrslf kdv ehhq ghvfulehg lq hgxfdwlrqdo ghwdlo e| wkh suhvhqw dxwkru lq wkh
ohfwxuh qrwhv ri wkh Ohv Krxfkhv vxpphu vfkrro ri 4<<3 ^4`1

Udwkhu wkdq rxwolqlqj wkh shfxoldulwlhv ri dwrplf k|gurjhq/ hpskdvlv zloo eh sxw rq
jhqhudo surshuwlhv ri txdqwxp jdvhv1 Exloglqj rq wkh h{whqvlyh h{shulhqfh ri ydulrxv
uhvhdufk jurxsv zlwk wkh orz whpshudwxuh jdv skdvh ri dwrplf k|gurjhq/ pdq| lqwhu0
hvwlqj dvshfwv frxog eh looxvwudwhg zlwk zhoo hvwdeolvkhg +dqg vrphwlphv yhu| idploldu,
h{shulphqwdo dqg wkhruhwlfdo uhvxowv1 Wkh pdlq wrslfv ri wkh frxuvh duh ghvfulehg lq wzr
vhfwlrqv= surshuwlhv ri zhdno| lqwhudfwlqj Ervh jdvhv lq h{whuqdo srwhqwldo �hogv +vhf0
wlrq 5, dqg hydsrudwlyh frrolqj +vhfwlrq 6, dv d surplqhqw phwkrg wr dfklhyh xowud0orz
whpshudwxuhv lq wudsshg dwrplf jdvhv1 Wkh wh{w vwduwv zlwk dq lqwurgxfwru| vxppdu|
ri edvlf surshuwlhv ri vslq0srodulvhg k|gurjhq1 Frpsuhkhqvlyh uhylhzv wkdw pd| vhuyh
iru ixuwkhu lqwurgxfwlrq wr dwrplf k|gurjhq dv d txdqwxp jdv zhuh zulwwhq e| Juh|wdn
dqg Nohssqhu ^5` dqg e| Vloyhud dqg Zdoudyhq ^6`1 Dovr vhyhudo duwlfohv lq wkh errn
Ervh0Hlqvwhlq Frqghqvdwlrq ^7` pd| eh ydoxdeoh wr phhw wkh gloxwh Ervh jdvhv lq d
eurdghu frqwh{w1

Lq wkh �qdo vwdjhv ri suhsdudwlrq ri wkh pdqxvfulsw wkh revhuydwlrq ri Ervh0Hlqvwhlq
frqghqvdwlrq lq xowud0frog dwrplf uxelglxp ydsru zdv dqqrxqfhg e| Fruqhoo dqg Zlh0
pdq dw MLOD lq Erxoghu ^8`1 Wklv h{flwlqj uhvxow dggv d yhu| wlpho| dvshfw wr wkh duwlfoh1
Lw lv krshg wkdw wkh hpskdvlv rq jhqhudo surshuwlhv zloo pdnh wkh sdshu ydoxdeoh wr d
zlgh dxglhqfh dv dq lqwurgxfwlrq wr d idvflqdwlqj �hog1
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7 FKDSWHU 41 LQWURGXFWLRQ

Iljxuh 414= Wkh k|shu�qh vwuxfwxuh ri wkh 4V pdqlirog ri wkh k|gurjhq dwrp1 H5 lv wkh
]hhpdq hqhuj|/ � @ frv � dqg % @ vlq �> wkh rwkhu v|perov duh gh�qhg lq wh wh{w1

414 Vlqjoh dwrp surshuwlhv

Dwrplf k|gurjhq +K, lv d ervrqlf dwrp frpsrvhg ri dq hohfwurq wljkwo| erxqg wr d
surwrq dqg kdylqj d 2V�*2 hohfwurqlf jurxqg vwdwh1 Gxh wr wkh suhvhqfh ri qrq}hur
qxfohdu vslq wkh jurxqg vwdwh kdv k|shu�qh vwuxfwxuh1 Wkh hohfwurqlf dqg qxfohdu
pdjqhwlf prphqw iroorz iurp �e @ �je��v dqg �R @ jR�� l/ uhvshfwlyho|/ zkhuh
�� lv wkh Erku pdjqhwrq/ �� wkh qxfohdu pdjqhwrq dqg je> jR duh wkh dvvrfldwhg j
idfwruv +gh�qhg dv srvlwlyh qxpehuv,1 Lq whupv ri wkhvh txdqwlwlhv wkh j|urpdjqhwlf
udwlrv duh gh�qhg e| �e @ je��@�k � 4=:9 � 43��v3�W3� dqg �R @ jR��@�k � 5=9; �
43Hv3�W3�/ zkhuh 5��k lv wkh Sodqfn frqvwdqw1 Wkh Kdplowrqldq ghvfulelqj wkh jurxqg
vwdwh k|shu�qh vwuxfwxuh lv jlyhq e| wkh h{suhvvlrq

K @ +je��v� j?�� l,�E. d�l � v > +414,

zkhuh d�@+5��k, � 4753 PK} lv wkh k|shu�qh lqwhudfwlrq frqvwdqw1 Wkh Kdplowrqldq
+414, iru v @ �

2 dqg l @
�
2 ohdgv wr wkh zhoo nqrzq hqhuj| ohyho gldjudp vkrzq lq Iljxuh

414 zlwk d }hur0�hog k|shu�qh vsolwwlqj htxdo wr d� ^9`1 Lq }hur �hog i @ l. v dqg ps

duh jrrg txdqwxp qxpehuv/ zkhuhdv lq kljk �hogv +E  d�@�e * 83=: pW, wklv krogv
iru pr/ p� dqg ps 1

E| frqyhqwlrq wkh jurxqg vwdwh k|shu�qh ohyhov duh odehohg d/ e/ f dqg g lq rughu
ri lqfuhdvlqj hqhuj| lq vpdoo pdjqhwlf �hog1 Wkh f dqg g ohyhov furvv dw E @ 49=: W1
Wkh e dqg g vwdwhv duh sxuh vslq vwdwhv/ wkh d dqg f vwdwhv duh k|shu�qh0pl{hg olqhdu
frpelqdwlrqv ri wkh kljk �hog edvlv vwdwhv mpr>p�l=

mdl @ vlq � m% &0l � frv � m& %0l > mel @ m& &0l
mfl @ frv � m% &0l. vlq � m& %0l > mgl @ m% %0l +415,

zkhuh wdq 5� � d�@^�k+�e . �R,E` = Wkh vlpsoh duurzv % dqg & uhihu wr wkh pdjqhwlf
txdqwxp qxpehu ri wkh hohfwurq vslqv dqg furvvhg duurzv %0 dqg &0 wr wkdw ri wkh surwrq
vslqv1
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Wkh jdv skdvh lv fkdudfwhulvhg e| wkh vslq0srodulvdwlrq ri wkh frqvwlwxhqw dwrpv1
Xqsrodulvhg jdv lv uhihuuhg wr dv K/ xs ru grzq hohfwurq0vslq0srodulvhg jdvhv dv K%
dqg K&/ uhvshfwlyho|1 Ixuwkhu/ rqh glvwlqjxlvkhv wkh grxeo| +erwk hohfwurq dqg surwrq
vslq, srodulvhg jdvhv/ frqvlvwlqj suhgrplqdqwo| ri e0vwdwh +K&&0, ru g0vwdwh +K%%0, dwrpv1
Vrphwlphv lw lv frqyhqlhqw wr ghvfuleh wkh dwrpv e| wkh gluhfwlrq ri wkh irufh fdxvhg
e| d pdjqhwlf �hog judglhqw1 Iru wklv sxusrvh wkh whuplqrorj| kljk0�hog0vhhnhuv +iru
K&, dqg orz0�hog0vhhnhuv +iru K%, lv xvhg1 Wkh �uvw h{shulphqwv zlwk vslq0srodulvhg
k|gurjhq zhuh grqh zlwk K& ^:`1 Lq wkhvh ohfwxuhv k|gurjhq lv xvhg dv dq h{dpsoh wr
lqwurgxfh wkh surshuwlhv ri xowud0frog dwrplf jdvhv frq�qhg qhdu wkh �hog plqlpxp
ri pdjqhwrvwdwlf wudsv1 Wkhuhiruh/ wkh glvfxvvlrq zloo eh uhvwulfwhg sulpdulo| wr wkh
orz0�hog0vhhnlqj jdv/ K%1

415 Lqwhudwrplf lqwhudfwlrqv

Wkh lqwhudfwlrq ehwzhhq wzr K dwrpv ghshqgv rq wkhlu vslq vwdwhv1 Wkxv/ wkh irxu
42V�*2 k|shu�qh vwdwhv jlyh ulvh wr 49 srwhqwldo hqhuj| fxuyhv1 Krzhyhu/ iru wkh fro0
olvlrqdo prwlrq d ghvfulswlrq lq whupv ri wzr srwhqwldo fxuyhv lv riwhq vx�flhqw1 Wkh
grplqdqw lqwhudfwlrq lv wkh Frxorpe lqwhudfwlrq/ zklfk lv xvxdoo| zulwwhq lq d vslq0
ghshqghqw irup dv wkh vxp ri d gluhfw +Y(, dqg dq h{fkdqjh +M, frqwulexwlrq

K�?| @ Y(+u��, . M+u��,v��v� > +416,

zkhuh u�� @ mu� � u� m lv wkh lqwhuqxfohdu glvwdqfh ehwzhhq dwrpv l dqg m dw srvlwlrq u�
dqg u� 1 Wkh Kdplowrqldq +416, frqvhuyhv wkh wrwdo vslq V @ v�.v� dqg jlyhv ulvh wr d
vlqjohw +V @ 3, srwhqwldo/ Yr @ Y(. �

eM / dqg d wulsohw +V @ 4, srwhqwldo/ Y| @ Y(� �
eM /

zklfk fruuhvsrqg/ uhvshfwlyho|/ wr wkh [0�	n
} dqg wkh e0�	n

� hohfwurqlf vwdwhv ri wkh
txdvl0prohfxoh1 Wkh h{fkdqjh lqwhudfwlrq M @ Y| � Yr ydqlvkhv h{srqhqwldoo| zlwk
wkh lqwhudwrplf glvwdqfh1 Wkh [0�	n

} dqg wkh e0�	n
� vwdwhv duh nqrzq wr kljk dffxudf|

^;/ <`1 Erwk Y|+u, dqg Yr+u, duh vkrzq vfkhpdwlfdoo| lq Iljxuh 4151 Wkh wulsohw srwhqwldo
kdv d yhu| vkdoorz dwwudfwlyh plqlpxp/ rqo| 918 N ghhs/ orfdwhg dw u6�? � 7=49 �D1 Wkh
}hur furvvlqj ri wklv srwhqwldo rffxuv dw dq lqwhudwrplf glvwdqfh uf � 6=9; �D dqg lv
wkxv udwkhu odujh iru d vpdoo dwrp olnh K1 D frqyhqlhqw �wwlqj ixqfwlrq iru wkh wulsohw
srwhqwldo lv suhvhqwhg lq wkh olwhudwxuh ^43`1

Iru wzr K dwrpv lq wkh csxuh* k|shu�qh g vwdwh +ru vlploduo| iru wzr dwrpv lq wkh
e vwdwh, zh kdyh ixoo vslq srodulvdwlrq dqg wkh dwrpv lqwhudfw sxuho| yld wkh wulsohw
srwhqwldo1 Froolvlrqv ehwzhhq wzr f vwdwh dwrpv fdqqrw eh ghvfulehg lq whupv ri d sxuh
wulsohw ru vlqjohw srwhqwldo exw lqyroyh d pl{hg vwdwh gxh wr wkh dv|pswrwlf suhvhqfh
ri wkh k|shu�qh lqwhudfwlrq1 Qhjohfwlqj vrph wulsohw0vlqjohw furvvryhu qhdu u�� @ 8=;
�D +zkhuh M+u��, � d�, wkh lqwhudfwlrq +416, hqdeohv d idluo| dffxudwh ghvfulswlrq ri
k|shu�qh wudqvlwlrqv gxh wr cvslq0h{fkdqjh*1 D ixoo dffrxqw xvlqj d frxsohg0fkdqqho
dssurdfk kdv ehhq jlyhq ^44`1

Wkh qh{w lqwhudfwlrq wr frqvlghu lv wkh pdjqhwlf glsroh0glsroh lqwhudfwlrq

K_�R @
�f

7� u���
^�� � �� � 6+�� � eu��,+�� � eu��,`> +417,
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Iljxuh 415= Wkh vlqjohw dqg wulsohw lqwhudwrplf srwhqwldov dv fdofxodwhg e| Nr#orv dqg
Zroqlhzlf}1 Iljxuh +e, vkrzv wkh oliwlqj ri wkh hohfwulrq0vslq ghjhqhudf| e| d pdjqhwlf
�hog rq d pdjql�hg vfdoh zlwk uhvshfw wr Iljxuh +d,1

zkhuh �� dqg �� duh wkh hohfwurqlf vslq0glsroh prphqwv ri dwrpv l dqg m dw uhodwlyh
srvlwlrq u�� @ u� � u�> zlwk prgxoxv u�� dqg gluhfwlrq xqlw yhfwru eu�� 1 Wklv lqwhudfwlrq
lv uhvsrqvleoh iru wkh pdjqhwlf uhod{dwlrq lq g0g froolvlrqv dqg xowlpdwho| olplwv wkh
vwdelolw| ri K% lq d pdjqhwlf wuds1 Qrwh wkdw wkh rshudwru +417, grhv qrw lqgxfh wulsohw
wr vlqjohw wudqvlwlrqv dv lw frqvhuyhv wkh wrwdo vslq ri wkh wzr lqwhudfwlqj hohfwurqv
+surshuw| ri v @ 4@5 v|vwhp rqo|$,1 Wkh uhod{dwlrq lv dvvrfldwhg zlwk d fkdqjh lq wrwdo
vslq surmhfwlrqP7 zklfk lv srvvleoh ehfdxvhK_�R lv d vhfrqg udqn whqvru +lq frqwudvw wr
htq1 +416,/ zklfk lv lvrwurslf, dqg wkhuhiruh doorzv wudqvihu ri vslq dqjxodu prphqwxp
wr wkh ruelwdo dqjxodu prphqwxp ri wkh dwrplf prwlrq1 Iru doo lqwhudwrplf glvwdqfhv
uhohydqw dw orz whpshudwxuh wkh hohfwurq vslq0glsroh lqwhudfwlrq lv hyhq zhdnhu wkdq wkh
k|shu�qh lqwhudfwlrq1 Wr yhu| jrrg dssur{lpdwlrq wkh uhod{dwlrq pd| eh fdofxodwhg
lq �uvw rughu shuwxuedwlrq wkhru|/ xvlqj Y|+u, wr ghvfuleh wkh uhodwlyh dwrplf prwlrq
+glvwruwhg zdyh Eruq dssur{lpdwlrq,1 Vslq0glsroh lqwhudfwlrqv ehwzhhq dq hohfwurq
vslq rq rqh dwrp dqg d surwrq vslq rq wkh rwkhu dwrp duh zhdnhu e| d idfwru �R@�e
dqg xqlpsruwdqw lq pdjqhwrvwdwlf wudsv1 Wkh qxfohdu vslq0glsroh lqwhudfwlrq lv zhdnhu
e| dqrwkhu idfwru �R@�e dqg lv qhjoljleoh lq K iru dq| sudfwlfdo sxusrvh1

416 Vwdelolw| frqvlghudwlrqv

Lq wkh frqwh{w ri wkh suhvhqw sdshu zh duh pdlqo| lqwhuhvwhg lq wkh vwdelolw| ri wkh
wudssdeoh/ l1h1/ orz0�hog0vhhnlqj jdv/ K%1 D jhqhudo wuhdwphqw ri wkh ghfd| nlqhwlfv ri
dwrplf k|gurjhq/ lqfoxglqj wzr0erg| dqg wkuhh0erg| skhqrphqd/ zdv �uvw jlyhq e|
Ndjdq hw do1 ^45`1 Dq lqwurgxfwru| glvfxvvlrq lv jlyhq lq wkh uhylhz e| Vloyhud dqg
Zdoudyhq ^6`1 Iru pdjqhwlfdoo| wudsshg K wkh vwdelolw| zdv dqdo|vhg dqg fdofxodwhg



4161 VWDELOLW\ FRQVLGHUDWLRQV :

lq vshfldolvhg sdshuv +vhh ^46/ 44`,1 Khuh wkh glvfxvvlrq zloo eh uhvwulfwhg wr d eulhi
vxppdu|1

Wkh pdlq fdxvhv iru ghfd| ri K% duh vslq h{fkdqjh dqg pdjqhwlf glsrodu lqwhudfwlrqv
ehwzhhq wkh dwrpv1 Vslq h{fkdqjh lv prvw h�flhqw +surylghg wkh k|shu�qh pl{lqj dqjoh
lv qrw wrr vpdoo, exw rqo| ohdgv wr uhod{dwlrq lq froolvlrqv ehwzhhq wzr f vwdwh dwrpv1
Iru f0g froolvlrqv vslq0h{fkdqjh rqo| surfhhgv yld rgg sduwldo zdyhv zklfk duh qrw
srsxodwhg dw whpshudwxuhv ehorz 4 N +vhh vhfwlrq 515,1 Khqfh/ lq wkh fdvh ri g0g dqg
f0g froolvlrqv/ uhod{dwlrq surfhhgv pruh vorzo| ehfdxvh lw lv lqgxfhg e| wkh uhodwlyho|
zhdn glsrodu lqwhudfwlrq1 Wklv lpsolhv d suhihuhqwldo ghsohwlrq ri wkh f0vwdwh frpsrqhqw
dqg xowlpdwho| ohdgv wr d sxuh g0vwdwh jdv ^46`1 Iru d sxuh g0vwdwh vdpsoh wkh ghfd|
udwh lv jlyhq e| wkh h{suhvvlrq

�3�_�R @ qfkJ__l> +418,

zkhuh kJ__l lv wkh orvv udwh frqvwdqw iru glsrodu uhod{dwlrq dyhudjhg ryhu wkh wuds1 Lq
wkh qrwdwlrq ri Uhihuhqfh ^44` wkh udwh frqvwdqw pd| eh h{suhvvhg dv J__ @ 5J_

__@@ .
J_
__@S . J_

__@_= Wklv qrwdwlrq vkrzv wkh ydulrxv frqwulexwlrqv wr wkh udwh lq whupv ri
wkh ghwdlohg lqlwldo dqg �qdo k|shu�qh vwdwhv1 Qrwh wkdw wkh uhod{dwlrq hyhqwv fdq
surgxfh dwrpv erwk lq wudsshg dqg xqwudsshg k|shu�qh vwdwhv1 Lpsruwdqwo|/ lq wkh
orz whpshudwxuh olplw/ nW � d�c wkh glsrodu udwh frqvwdqw +dqg wkxv dovr �3�_�R, lv

whpshudwxuh lqghshqghqw1 Iru wkh wuds xvhg lq Dpvwhugdp ^47` zlwk qf @ 43�2 fp3�

dqg W @ 43 pN wkh dyhudjh |lhogv kJ__l � 5 � 433�D fp�2v dqg �_�R � 4333 v1 Iru
vslq0h{fkdqjh lq d sxuh f0vwdwh jdv xqghu wkh vdph frqglwlrqv rqh fdofxodwhv kJSSl �
433�� fp�2v dqg �e% � 53 v1 Khuh wkh udwh frqvwdqw pd| eh h{suhvvhg dv JSS @ 5JS

SS@@.
JS
SS@S .JS

SSK_= Wkh glsrodu uhod{dwlrq udwh kdv ehhq phdvxuhg erwk lq Dpvwhugdp ^48`
dqg dw PLW ^49`1 Wkh uhvxowv duh lq djuhhphqw zlwk wkhru|1 Wkxv idu/ wkh vslq h{fkdqjh
udwhv kdyh qrw ehhq hvwdeolvkhg h{shulphqwdoo| lq pdjqhwlf wudsv1

Xqolnh lq rwkhu v|vwhpv ^4:`/ vxfk dv wkh frog dondol ydsruv/ wkuhh0erg| uhfrpelqd0
wlrq lv frpsohwho| qhjoljleoh lq d sxuh g0vwdwh jdv1 Wklv �qgv lwv ruljlq lq wkh h{wuhpho|
zhdn hodvwlf srwhqwldo wkdw grhv qrw doorz glphulvdwlrq1 Wkuhh0erg| uhfrpelqdwlrq lq
g0vwdwh k|gurjhq fdq rqo| rffxu lq frpelqdwlrq zlwk dq hohfwurqlf vslq �ls lqgxfhg e|
wkh vslq0glsroh lqwhudfwlrq ^45`1
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Ohw xv qrz wxuq wr d pruh jhqhudo ohyho dqg frqvlghu d wkhupdo jdv ri frog dwrpv dw
qxpehu ghqvlw| q dqg whpshudwxuh W 1 Dvvxplqj wkh dwrpv wr lqwhudfw sdluzlvh yld dq
lvrwurslf fhqwudo srwhqwldo X wkh Kdplowrqldq kdv wkh iroorzlqj irup

K @ � �k2

5p

[
�

u2
� .

[
�	�

X+u��,= +514,

Lq vxfk d jdv wkh fkdudfwhulvwlf wkhupdo prphqwxp �kn lv jlyhq e| n � �3�/ zkhuh

� � ^5��k2@+pn�W ,`
�*2 lv wkh wkhupdo gh Eurjolh zdyhohqjwk +�W �*2 � 4:=7 �DN

�*2
iru

K,1 Li wkh whpshudwxuh lv vx�flhqwo| orz/ txdqwxp phfkdqlfdo h�hfwv ghwhuplqh wkh
ehkdylrxu ri wkh jdv skdvh dqg wkh jdv lv uhihuuhg wr dv d txdqwxp jdv1 Zh udlvh wkh
txhvwlrq czkdw pdnhv d jdv lqwr d txdqwxp jdvB* dqg dqdo|vh wkh gl�huhqfh ehwzhhq
K dqg rwkhu h{shulphqwdoo| lqyhvwljdwhg txdqwxp jdvhv/ vxfk dv wkh rswlfdoo| frrohg
dondol v|vwhpv ru wkh phwdvwdeoh lqhuw jdvhv1 Wkuhh txdqwxp lqglfdwruv zloo eh dqdo|vhg
iru wklv sxusrvh1 Wkhvh duh wkh }hur0srlqw prwlrq ri dwrpv +vhfwlrq 514,/ qrq0fodvvlfdo
vfdwwhulqj lq elqdu| froolvlrqv +vhfwlrqv 515 dqg 516,/ dqg txdqwxp ghjhqhudf| h�hfwv
+vhfwlrq 517,1

Ehiruh hqwhulqj lqwr wklv dqdo|vlv/ lw vkrxog eh hpskdvlvhg wkdw vwdeoh txdqwxp
jdvhv gr qrw h{lvw1 Doo vwdeoh vxevwdqfhv frqghqvh lqwr vrolg ru oltxlg skdvhv dw whpshu0
dwxuhv dssurdfklqj devroxwh }hur1 Wkh txdqwxp jdvhv duh wkhuhiruh dw ehvw phwdvwdeoh/
khdylo| ryhuvdwxudwhg/ ydsruv1 Vslq0srodulvhg k|gurjhq lv wkh rqo| h{fhswlrq wr wklv
uxoh= lw ehkdyhv dw doo whpshudwxuhv dv d �xlg deryh lwv fulwlfdo srlqw1 Lq wklv vhqvh
k|gurjhq lv wkh rqo| cwuxh* txdqwxp jdv1 Wkh phwdvwdelolw| ri vslq0srodulvhg k|gur0
jhq lv wkhuhiruh dovr ri d gl�huhqw qdwxuh wkdq wkdw ri rwkhu txdqwxp jdvhv1 Ehfdxvh
wkh vslq0glsroh lqwhudfwlrq lv vr pxfk zhdnhu wkdq wkh Ydq ghu Zddov lqwhudfwlrq/ wkh
vslq0glsroh lqgxfhg uhfrpelqdwlrq udwh lv yhu| vorz ^45`/ 43 rughuv ri pdjqlwxgh vorzhu
wkdq wkh glphulvdwlrq udwh lq fdhvlxp ^4:`1 Lw lv lqwhuhvwlqj wr qrwh khuh wkdw/ xqolnh
wkh wkuhh0erg| surfhvvhv vxfk dv glphulvdwlrq/ wzr0erg| surfhvvhv vxfk dv vslq0glsroh
uhod{dwlrq gr qrw lpsrvh d ixqgdphqwdo olplw rq wkh ghqvlwlhv wkdw fdq eh dfklhyhg
lq xowud0frog jdvhv1 Dowkrxjk wkh jdv pd| vxuylyh orqjhu dw orzhu ghqvlwlhv/ lw dovr
wdnhv orqjhu wr hvwdeolvk wkhupdo +txdvl0,htxloleulxp1 Wkh kljkhvw ghqvlw| wkdw fdq
eh vwxglhg h{shulphqwdoo| zlwk k|gurjhq lv wkhuhiruh ghwhuplqhg prvwo| e| sudfwlfdo
frqvlghudwlrqv vxfk dv wkh plqlpxp wlph uhtxluhg wr gr d phdqlqjixo phdvxuhphqw1 Lq

<
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rwkhu txdqwxp jdvhv wklv ghqvlw| lv olplwhg e| wkh glphulvdwlrq udwh1 Lq wkh iroorzlqj
vhfwlrqv zh wdnh d sudfwlfdo dwwlwxgh dqg dgguhvv wkh surshuwlhv ri txdqwxp jdvhv dv li
wkhvh zhuh vwdeoh1 Wklv phdqv wkdw zh frqvlghu txdqwxp jdvhv rq d wlph vfdoh vkruw
dv frpsduhg wr wkhlu olihwlph1

514 Wuxh txdqwxp jdvhv

Wkh �uvw txdqwxp lqglfdwru wkdw zh frqvlghu lv wkh lpsruwdqfh ri nlqhwlf hqhuj| lq
vxevwdqfhv dw W @ 3 N/ l1h1/ wkh lpsruwdqfh ri }hur0srlqw prwlrq1 Wklv lv frqyhqlhqwo|
grqh zlwklq wkh txdqwxp wkhru| ri fruuhvsrqglqj vwdwhv +TWFV, lq zklfk wkh Kdplo0
wrqldq +514, lv uhzulwwhq lq wkh iroorzlqj glphqvlrqohvv irup ^4;/ 4<`

K @ ��
2�
[
�

uW2
� .

[
�	�

xW+uW��,> +515,

zkhuh � � �k2@p%u2f dqg

xW+uW��, � X+u��,@% zlwk uW�� � u��@uf= +516,

Wkh TWFV dssolhv wr dq| fodvv ri v|vwhpv wkdw vkduh dq lqwhudfwlrq srwhqwldo ri d
jlyhq vkdsh fkdudfwhulvhg e| wzr sdudphwhuv/ rqh zklfk vhwv wkh hqhuj| vfdoh +%, dqg
wkh rwkhu wkh ohqjwk vfdoh +uf,1 Wklv krogv/ iru lqvwdqfh/ iru doo v|vwhpv wkdw pd|
eh ghvfulehg e| d Ohqqdug0Mrqhv srwhqwldo1 Lqwhuhvwlqjo|/ wkh gl�huhqfh ehwzhhq wkh
ydulrxv v|vwhpv lq d jlyhq fodvv +fkdudfwhulvhg e| d srwhqwldo ri d jlyhq vkdsh, dsshduv
h{foxvlyho| wkurxjk wkh txdqwxp sdudphwhu � lq iurqw ri wkh nlqhwlf hqhuj| whup ri
wkh Kdplowrqldq +515,1 Wkh nlqhwlf hqhuj| whup jlyhv ulvh wr d srvlwlyh frqwulexwlrq
wr wkh hqhuj| ri wkh jurxqg vwdwh/ wkh srwhqwldo hqhuj| frqwulexwlrq lv qhjdwlyh h{fhsw
iru yhu| kljk ghqvlwlhv zkhuh wkh uhsxovlyh fruhv grplqdwh wkh lqwhudfwlrq1 Iru � $ 3
wkh nlqhwlf hqhuj| lv qhjoljleoh dqg wkh jurxqg vwdwh hqhuj| lv plqlpdo iru frqglwlrqv
fruuhvsrqglqj wr d fodvvlfdo vrolg dw lwv htxloleulxp ghqvlw|1 Zlwk lqfuhdvlqj � wklv vrolg
zloo phow wr irup d txdqwxp oltxlg1 Ixuwkhu lqfuhdvlqj � wkh jurxqg0vwdwh hqhuj| zloo
ehfrph srvlwlyh dw dq| ghqvlw|1 Wklv phdqv wkdw wkh oltxlg zloo ehfrph xqerxqg= wkhuh
lv qr pdq|0erg| erxqg vwdwh1 Zh duh ghdolqj zlwk d wuxh txdqwxp jdv wkdw kdv wr eh
frq�qhg e| zdoov ru lq d wuds wr pdlqwdlq frqvwdqw ghqvlw|1

Wkh jurxqg0vwdwh hqhuj| ri d pdq|0erg| v|vwhp ghvfulehg e| Kdplowrqldq +514, lv
jlyhq e|

Hf @ k�mK m�l @ k�m�l> +517,

zkhuh m�l lv wkh jurxqg vwdwh1 Iru wkh txdqwxp oltxlgv dqg jdvhv Hf kdv ehhq fdofxodwhg
zlwk yduldwlrqdo zdyhixqfwlrqv ri wkh Mdvwurz w|sh/ dssur{lpdwlqj wkh jurxqg vwdwh ri
dq Q0erg| v|vwhp e| d surgxfw ri �

2Q+Q � 4, sdlu zdyhixqfwlrqv i+u��,

� @ I +u�> � � � > u� , �
\
�	�

i+u��,= +518,
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Wkhq zh kdyh

k�mK m�l @
[
�	�

]
� � �
]
I 2^� �k2

5p
u2

� oq i+u��, . X+u��,`gu� � � �gu� = +519,

Wklv h{suhvvlrq lv rewdlqhg diwhu lqwhjudwlrq e| sduwv dqg uhshwlwlyh xvh ri wkh uhodwlrq
u�I @ I

S
� �'� oq i+u��,= Lqwurgxflqj wkh sdlu fruuhodwlrq ixqfwlrq

j+u, @
Q+Q � 4,

q2

U � � � U �2gu� � � � gu� =U � � � U �2gu� � � � gu� = +51:,

rqh rewdlqv iru wkh jurxqg vwdwh hqhuj| shu dwrp

Hf@Q @ �
2q
]
j+u,^� �k2

5p
u2 oq i+u, . X+u,`gu= +51;,

Iru d jlyhq fkrlfh iru wkh Mdvwurz ixqfwlrq i+u,> iru h{dpsoh wkh irup ^53`

i+u, @ h{s^��
2+euf@u,

D` +51<,

+zlwk rqo| d vlqjoh yduldwlrqdo sdudphwhu e,/ rqh fdq fdofxodwh j+u, e| d foxvwhu h{sdq0
vlrq phwkrg ^54` ru d Prqwh Fduor surfhgxuh ^55` dqg wkhq �qg Hf@Q e| lqwhjudwlrq
ri Htxdwlrq +51;, dqg yduldwlrq ri wkh sdudphwhu e1

Lw zdv hvwdeolvkhg ^54` wkdw Ohqqdug0Mrqhv Ervh v|vwhpv kdyh d srvlwlyh jurxqg
vwdwh hqhuj| iru � A 3=79= Frpsdulqj wkh Ohqqdug0Mrqhv txdqwxp sdudphwhuv iru
ydulrxv vxevwdqfhv

K G eKh K2 Ol Qd Fv
� 3188 315:8 314; ;� 4332 5� 433� 8� 433e 6� 433D

vkrzv wkdw rqo| vslq0srodulvhg k|gurjhq vdwlv�hv wklv frqglwlrq1 K lv wkhuhiruh wkh rqo|
vxevwdqfh wkdw fdq uhpdlq jdvhrxv xqghu htxloleulxp frqglwlrqv/ l1h1/ wkh rqo| wuxh
txdqwxp jdv1 Doo rwkhu vxevwdqfhv whqg wr irup pdq|0erg| erxqg vwdwhv/ xvxdoo| fu|v0
wdoolqh vrolgv1 Wklv pd| vhhp sdudgr{lfdo lq ylhz ri pdq| sudfwlfdo h{shulphqwv zklfk
kdyh ehhq grqh zlwk wkh rswlfdoo| frrohg dondol v|vwhpv1 Dw wklv srlqw wkh phwdvwdelolw|
ri doo xowud0frog jdvhv hqwhuv dv dq hvvhqwldo lqjuhglhqw lq wkh glvfxvvlrq dqg doorzv xv
wr sxw wkh ydulrxv v|vwhpv lq uhodwlyh shuvshfwlyh1 Dowkrxjk vslq0srodulvhg K kdv dq
lqwulqvlfdoo| jdvhrxv jurxqg vwdwh/ gxh wr wkh suhvhqfh ri ghsrodulvdwlrq phfkdqlvpv
vslq srodulvdwlrq zloo qhyhu eh frpsohwh dqg K lv dw ehvw d phwdvwdeoh jdv1 H{sdqglqj
wkh glvfxvvlrq wr phwdvwdeoh v|vwhpv lq txdvl0htxloleulxp lw zloo iroorz iurp wkh qh{w
vhfwlrq wkdw dovr v|vwhpv zlwk � � 3=79 fdq vkrz jdvhrxv ehkdylrxu dv orqj dv wkh
irupdwlrq ri wkh pdq|0erg| erxqg vwdwh fdq eh h{foxghg nlqhwlfdoo|1

515 Txdqwxp dvshfwv lq elqdu| froolvlrqv

51514 v0zdyh vfdwwhulqj uhjlph

Ohw xv ohdyh pdq|0erg| ehkdylrxu iru d zkloh dqg wxuq wr txdqwxp phfkdqlfdo dvshfwv
ri wkh uhodwlyh prwlrq ri d sdlu ri dwrpv xqghu wkh lq�xhqfh ri wkh lqwhudfwlrq srwhqwldo



45 FKDSWHU 51 TXDQWXP JDVHV

X +Y| iru vslq0srodulvhg K,1 Wkh vwdqgdug wuhdwphqw lqyroyhv sduwldo zdyhv ri gl�huhqw
dqjxodu prphqwxp o +vhh iru lqvwdqfh vhfwlrq 465 lq ^56`,

# @ 	,D,S,+frv �,U&,+u,> +5143,

zkhuh wkh U&, duh zdyhixqfwlrqv vdwlvi|lqj wkh udgldo Vfku�rglqjhu htxdwlrq dqg wkh D,

duh frqvwdqwv
^�g2@gu2 . o+o . 4,@u2 . Y+u,� n2`uU&,+u, @ 3= +5144,

Khuh Y+u, � +p@�k2,X+u,> n � +pH@�k2,�*2 lv wkh zdyhqxpehu fruuhvsrqglqj wr wkh
uhodwlyh hqhuj| H dqgp +4=9:68�4332. nj iru K, wkh pdvv ri wkh dwrpv1 Iru vx�flhqwo|
odujh ydoxhv ri u wkh Y whup pd| eh qhjohfwhg lq Htxdwlrq +5144,/ zklfk lpsolhv wkdw wkh
vroxwlrqv dozd|v kdyh wkh vdph dv|pswrwlf irup uU&,+u, � vlq+nu� �

2 o�.�,, iru u$41
Iru Y+u, � 3 wkh skdvh vkliwv �, duh lghqwlfdoo| }hur/ lq dq| rwkhu fdvh wkh �, kdyh wr eh
hydoxdwhg h{solflwo|1 Wkh dpsolwxgh i+�, iru vfdwwhulqj ryhu dq dqjoh � e| wkh srwhqwldo
X lv ixoo| ghwhuplqhg e| wkh dv|pswrwlf ehkdylrxu ri wkh zdyhixqfwlrq # dqg pd|
wkhuhiruh eh h{suhvvhg lq whupv ri wkh �,= Xvlqj wkh h{sdqvlrq

i+�, @ 	,+5o . 4,i,S,+frv �,> +5145,

wkh sduwldo dpsolwxghv i, duh uhodwhg wr wkh skdvhv �, e| i, @ +h2�#, � 4,@5ln1
Iru o A 3 wkh wklug whup ri Htxdwlrq +5144, grplqdwhv ryhu wkh +uhsxovlyh, vhfrqg

whup rqo| iru glvwdqfhv u ? Uf> zkhuh Uf +� 7=: �D iru vslq0srodulvhg K, lv wkh udqjh
ri wkh lqwhudfwlrq +udglxv ri dfwlrq, gh�qhg e| U2

f @ Y+Uf,1 Wklv phdqv wkdw iru

nUf � 4 +5146,

wkh Y whup pd| eh qhjohfwhg lq Htxdwlrq +5144, +iru wkhvh n ydoxhv wkh fodvvlfdo wxuqlqj
srlqw UU* iru wkh udgldo prwlrq lv pxfk odujhu wkdq Uf,1 Wkhuhiruh/ doo vfdwwhulqj kdv
wr uhvxow iurp wkh o @ 3 fkdqqho1 Lq wkh jdv skdvh/ zkhuh n � �3�> wkh frqglwlrq +5146,
lv vdwlv�hg iru

� Uf= +5147,

Wkh udqjh ri whpshudwxuhv fruuhvsrqglqj wr frqglwlrq +5147, gh�qhv wkh v0zdyh vfdwwhu0
lqj uhjlph1 Iru k|gurjhq wklv uhjlphv fryhuv whpshudwxuhv W � 4 N1 Xqghu wkhvh frq0
glwlrqv zh duh ghdolqj zlwk d sxuh txdqwxp jdv zlwk rqo| lvrwurslf vfdwwhulqj wkurxjk
wkh v0zdyh fkdqqho1

Iru v0zdyhv dqg iru n $ 3 wkh skdvh vkliw lv jlyhq e| wkh iroorzlqj dv|pswrwlf
h{suhvvlrq

n frw �f+n, * �4
d
. �

2uen
2 iru n $ 3 +5148,

zkhuh d lv wkh v0zdyh vfdwwhulqj ohqjwk dqg ue wkh h�hfwlyh udqjh ri lqwhudfwlrq1 Iru
wkh Y| srwhqwldo ri k|gurjhq zh kdyh d @ 4=66 df dqg ue @ 656 df +vhh ^57/ 58`,1 Iru
n � ^�2due`

3�*2 Htxdwlrq +5148, uhgxfhv wr �f * �nd= Qrwh wkdw wklv lqhtxdolw| kdugo|
gl�huv iurp frqglwlrq +5146, vr wkdw lq wkh v0zdyh vfdwwhulqj uhjlph wkh dpsolwxgh ri
vfdwwhulqj lq dq| gluhfwlrq  ehfrphv

i+, � if @
h�#f

n
vlq �f � �d> +5149,
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lqghshqghqw ri erwk n dqg 1 Iru ervrqv wkh gl�huhqwldo furvv vhfwlrq lv jlyhq e| wkh
h{suhvvlrq

g�+, @ mi+, . i+�,m2 g @ 7 mifm2 g= +514:,

Lqwhjudwlqj ryhu d khplvskhuh |lhogv wkh wrwdo hodvwlf furvv vhfwlrq � @ ;�d2 +� 4=6�
433�D fp2 iru vslq0srodulvhg K,1

Wkh irupdo h{suhvvlrq iru wkh o0zdyh dpsolwxgh ri vfdwwhulqj lq wkh gluhfwlrq  lv
jlyhq e|

i,+n>, @ �
]
m,+nu,Y+u,U&,+u,u

2gu +514;,

zkhuh m, lv d vskhulfdo Ehvvho ixqfwlrq +vhh iru lqvwdqfh ^59`,1 Wkh dv|pswrwlf h{suhvvlrq
iruU&f frlqflghv zlwk wkh fruuhvsrqglqj h{suhvvlrq iru v0zdyh vfdwwhulqj ri kdug vskhuhv
ri gldphwhu d=

U&f+u, * +nu,3� vlq n+u� d, � 4� d@u> +nu$ 3> u$4,= +514<,

Khqfh wkh zdyhixqfwlrq htxdov xqlw| hyhu|zkhuh h{fhsw lq d vpdoo uhjlrq ri udglxv Uf

durxqg wkh vfdwwhulqj fhqwhu1

51515 Elqdu| froolvlrq dssur{lpdwlrq

Dv orqj dv wkh ghqvlw| lv vx�flhqwo| orz/ wkh surshuwlhv ri jdvhv pd| eh ghvfulehg lq
whupv ri elqdu| froolvlrqv zlwk dv|pswrwlf zdyhixqfwlrqv ri wkh w|sh glvfxvvhg deryh1
Vxfk jdvhv duh nqrzq dv cqhduo| lghdo jdvhv*1 Wklv sdlu dssur{lpdwlrq lv ydolg zkhq
froolvlrqv zlwklq wkh udqjh ri lqwhudfwlrq zlwk d wklug dwrp duh ri qhjoljleoh lpsruwdqfh/
l1h1/ zkhq wkh phdq sduwlfoh vhsdudwlrq q3�*� lv pxfk odujhu wkdq wkh udqjh ri wkh
lqwhudfwlrq

q�*�Uf � 4 +5153,

+q� 432f fp3� iru vslq0srodulvhg K,1 Pruh jhqhudoo|/ li qr rwkhu ohqjwk vfdohv ri rughu
Uf ru vpdoohu kdyh wr eh frqvlghuhg rqh pd| uhsodfh X e| d srlqw lqwhudfwlrq/ ru svhxgr
srwhqwldo

X+u, @ yf�+u, zlwk yf � +7��k2@p,d= +5154,

Qrwh wkdw e| vxevwlwxwlqj Htxdwlrq +5154, lqwr Htxdwlrq +514;,/ revhuylqj wkdwU&f+u, @
mf+nu, lq wkh devhqfh ri d skdvh vkliw/ wkh vfdwwhulqj dpsolwxgh lv irxqg wr eh �d
dv lq Htxdwlrq +5149,1 Wkh plfurvfrslf wkhru| iru qhduo| lghdo Ervh jdvhv kdv ehhq
ghyhorshg xqghu wkh frqglwlrq +5153, xvlqj wkh txdqwlw| qd� dv d vpdoo sdudphwhu/ wkh
jdv sdudphwhu ^5:`1 Iru vslq0srodulvhg k|gurjhq zh fdofxodwh yfq@n� � 73 qN zlwk
q @ 43�e fp3�1 Lqwhuhvwlqjo|/ dv d whqgv wr jurz zlwk jurzlqj pdvv/ yf kdv/ xvxdoo|/
pruh ru ohvv wkh vdph ydoxh1

516 Txdqwxp vwdwlvwlfdo dvshfwv

Odujh dqg khdy| dwrpv/ vxfk dv uxelglxp dqg fdhvlxp/ fdq dovr irup txdqwxp jdvhv/
hyhq wkrxjk wkh| idlo wr vdwlvi| wkh fruuhvsrqglqj vwdwhv fulwhulrq phqwlrqhg lq vhf0
wlrq 5141 Wr xqghuvwdqg zk|/ rqh kdv wr dqdo|vh krz wkh txdqwxp phfkdqlfdo dvshfwv
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ri elqdu| froolvlrqv wudqvodwh wkhpvhoyhv lq wkh surshuwlhv ri d jdv1 Lq wkh frplqj vhf0
wlrqv wklv zloo eh grqh iru v0zdyh Ervh jdvhv1 Lw zloo eh vkrzq wkdw wkh jurxqg0vwdwh
hqhuj| shu dwrp/ Hf@Q> lv +wr ohdglqj rughu, olqhduo| ghshqghqw rq erwk wkh ghqvlw|
ri wkh dwrpv dqg wkhlu vfdwwhulqj ohqjwk1 Wkxv/ lq frqwudvw wr wkh fruuhvsrqglqj vwdwhv
suhglfwlrq iru txdqwxp jdv ehkdylrxu/ khdy| dwrpv zlwk srvlwlyh vfdwwhulqj ohqjwk fdq
dovr vdwlvi| wkh Hf A 3 frqglwlrq/ l1h1/ ehkdyh dv d txdqwxp jdv1 Wkh fdvh ri qhjdwlyh
vfdwwhulqj ohqjwk lv vshfldo1 Vxfk v|vwhpv zdqw wr orzhu wkhlu hqhuj| e| frqwudfwlqj1
Wklv dggv dqrwkhu ohyho ri phwdvwdelolw| wr wkh glvfxvvlrq zklfk lv qrw dgguhvvhg ixuwkhu
lq wklv lqwurgxfwru| frqwh{w1 Suhihuhqfh lv jlyhq wr vkrzlqj wkdw wkh lqwhudfwlrqv duh
h{shulhqfhg gl�huhqwo| e| jurxqg0vwdwh dwrpv wkdq e| dwrpv lq h{flwhg vwdwhv ri pr0
wlrq1 Doo wklv dvvxphv/ ri frxuvh/ wkdw wkh ghqvlw| �xfwxdwlrqv wkdw jlyh ulvh wr wulsoh/
txdguxsoh ru kljkhu rughu froolvlrqv fdq eh qhjohfwhg1 Wklv dvvxpswlrq lv fhuwdlqo| wuxh
rq wlph vfdohv vkruw dv frpsduhg wr wkh olihwlph ri wkh jdv forxgv1

51614 Ervh v|pphwulvdwlrq

Htxdwlrq +5154, uhsuhvhqwv d yhu| srzhuixo dssur{lpdwlrq iru fdofxodwlqj pdq|0erg|
surshuwlhv ri orz0ghqvlw| jdvhv1 Ehiruh wxuqlqj iru wklv sxusrvh wr d irupdo pdq|0erg|
ghvfulswlrq zh �uvw kdyh d orrn krz h�hfwv uhodwhg wr Ervh v|pphwulvdwlrq frph derxw1

Iru d sdlu ri dwrpv wkh zdyhixqfwlrq lv zulwwhq dv

#�c2 @
4

Y
h3�!�uh�h3�!2uh2 @

4

Y
h3�ku+h3�!uh> +5155,

zkhuh N @ n� . n2/ U @�
2+u� . u2, duh wkh fhqwhu ri pdvv zdyhyhfwru dqg srvlwlrq

yhfwru/ uhvshfwlyho|1 Vlploduo| n @�
2+n� � n2,/ u @ u� � u2 duh wkh uhodwlyh zdyhyhfwru

dqg srvlwlrq yhfwru fruuhvsrqglqj wr wkh uhgxfhg pdvv1 Y lv wkh qrupdolvdwlrq yroxph1
Wkh h{suhvvlrq +5155, lv lghdo iru pdwkhpdwlfdo pdqlsxodwlrq exw grhv qrw lqfoxgh
wkh surshu fruuhodwlrqv dw vkruw glvwdqfhv1 Krzhyhu/ dv orqj dv zh duh qrw lqwhuhvwhg lq
surshuwlhv wkdw ydu| ryhu d ohqjwk vfdoh ri rughu Uf> wklv remhfwlrq pd| eh flufxpyhqwhg
e| wxuqlqj wr wkh srlqw lqwhudfwlrq +5154,1 Qrwh ixuwkhu wkdw wkh zdyhixqfwlrq +5155, lv
qrw |hw v|pphwulvhg1 Erwk dvshfwv zloo eh frqvlghuhg khuh h{solflwo| lq fdofxodwlqj/ wr
ohdglqj rughu lq wkh ghqvlw|/ wkh hqhuj| dvvrfldwhg zlwk wkh lqwhudfwlrq srwhqwldo Y| wkdw
jlyhv ulvh wr wkh hodvwlf vfdwwhulqj lq wkh jdv1 Lq wkh lqglylgxdo vfdwwhulqj hyhqwv wkh
gluhfwlrq ri wkh uhodwlyh prphqwxp fkdqjhv iurp n wr n� +mnm @ mn�m,1 Wkh prphqwxp
wudqvihu lv t @ n� n�1

+d, Zh �uvw frqvlghu wkh fdvh n� @ n2= Wkhq Htxdwlrq +5155, kdv wkh surshu v|p0
phwulvdwlrq iru ervrqv dqg zlwk Htxdwlrq +5154, wkh shuwxuedwlrq pdwul{ hohphqw ri
hodvwlf lqwhudfwlrq zlwk prphqwxp wudqvihu t lv jlyhq e| wkh iroorzlqj h{suhvvlrq

�X+t, @
4

Y

] T

yf�+u,h
�^uhgu> +5156,

zkhuh wkh U ghshqghqfh kdv ehhq lqwhjudwhg rxw1 Ehfdxvh wkh uhodwlyh prphqwxp
lv }hur +n @3, zh dovr kdyh t @ 3 +hodvwlf vfdwwhulqj, dqg Htxdwlrq +5156, lv hdvlo|
lqwhjudwhg xvlqj wr |lhog �X+3, @ yf@Y= Zh vhh wkdw wkh hodvwlf lqwhudfwlrq hqhuj| lv
srvlwlyh +l1h1/ h�hfwlyho| uhsxovlyh, iru d A 31
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D sduwlfxoduo| lqwhuhvwlqj vshfldo fdvh lv d jdv ri Q ervrqv lq d yroxph Y zlwk
n� @ n2 @ � � � @ n� @ 3 zklfk fruuhvsrqgv wr Ervh frqghqvhg lghdo jdv dw W @ 31
Zlwk �

2Q+Q � 4, � �
2Q

2 sdluv +Q  4, dqg dvvxplqj sdlu0zlvh lqwhudfwlrq wkh wrwdo

hqhuj| lv Hf @
�
2Q

2 �X+3,= Wkh hqhuj| shu dwrp lv irxqg wr eh

Hf@Q @ �
2qyf= +5157,

+e, Zh qrz wxuq wr wkh fdvh n� 9@ n21 Wkhq/ Htxdwlrq +5155, kdv wr eh v|pphwulvhg
zkloh frqvhuylqj qrupdolvdwlrq1 Wklv ohdgv wr

#�c2 @
4

Y
h3�ku+ 4s

5
+h�!uh . h3�!uh, +5158,

dqg zh rewdlq lqvwhdg ri Htxdwlrq +5156,

hx+t>T, @ 4

Y

] T

yf�+u,
�
2 ^h

�^uh . h�"uh . h3�"uh . h3�^uh`gu> +5159,

zkhuh T @ n. n�1 Khqfh/ zh kdyh hx+t>T, � 5yf@Y surylghg wkh dssur{lpdwlrq +5154,
lv ydolg +nUf> TUf � 4,1 Iru d Ervh frqghqvhg jdv ri Q dwrpv zlwk doo h{fhswQ � � Q
lq wkh frqghqvdwh zh �qg iru wkh lqwhudfwlrq hqhuj| shu qrq0frqghqvdwh dwrp

H�@Q � @ qyf> +515:,

wzlfh dv elj dv Htxdwlrq +5157,1

51615 Pdq|0erg| irupdolvp

Wkh gl�huhqfhv lq wuhdwphqw ehwzhhq vlqjo| dqg pxowlso| rffxslhg vwdwhv lq pdq|0erg|
v|vwhpv/ dv looxvwudwhg lq wkh deryh h{dpsoh/ duh frqyhqlhqwo| kdqgohg lq wkh qxpehu
uhsuhvhqwdwlrq +vhfrqg txdqwlvdwlrq,1 Wkh shfxoldulwlhv ri Ervh v|vwhpv ehfrph khuh
h{solflw wkurxjk wkh gh�qlwlrq ri wkh qxpehu vwdwhv/ wkh frqvwuxfwlrq rshudwruv dqg
wkh frppxwdwlrq uxohv1 Wkh v|pphwulvhg pdq|0erg| vwdwh m�l @ mq�> q2> � � �l zlwk q�
ervrqv lq vwdwh ml, dqg 	�q� @ Q lv jlyhq e|

mq�> q2> � � �l @ +
4

Q $q�$q2$ � � �,
�*2
[
�

mq�> q2> � � �, > +515;,

zkhuh wkh vxp uxqv ryhu doo srvvleoh shupxwdwlrqv S ri wkh xqv|pphwulvhg surgxfw
vwdwhv mq�> q2> � � �,1 Lq vhfrqg txdqwlvdwlrq/ xvlqj �hog rshudwruv e#_+u, dqg e#+u,> wkh
srwhqwldo hqhuj| rshudwru kdv wkh iroorzlqj irup +vhh iru lqvwdqfh vhfwlrq 97 ri ^56`,

eX @ �
2

U U
gu� gu2 e#_+u�, e#_+u2,X+u� � u2, e#+u2, e#+u�, +515<,

zklfk pd| eh uhzulwwhq dv

eX @ �
2

U U
gu� gu2X+u� � u2, ej+u�> u2,> +5163,
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zkhuh ej+u�> u2, @ e#_+u�, e#_+u2, e#+u2, e#+u�, lv wkh fruuhodwlrq rshudwru1 Fkrrvlqj d sdu0

wlfxodu edvlv e#_+u, @S& *
W
&+u,d

_
& wkh h{shfwdwlrq ydoxh ri ej ehfrphv

j+u�> u2,@
[
&,R^

*W&+u�,*
W
, +u2,*R+u2,*^+u�, k�md_&d_,dRd^ m�l = +5164,

Wkh rqo| qrq0}hur whupv lq wkh vxppdwlrq fruuhvsrqg wr wkh frpelqdwlrqv n @ s> o @ t
dqg n @ t> o @ s1 Xvlqj wkh Ervh frppxwdwlrq uhodwlrqv ^d&cd

_
&� ` @ �&c&� zh �qg iru

sodqh zdyh edvlv ixqfwlrqv

j+u� � u2, @ 4

Y 2

[
& �',

+4 . h�E*3!�uEh�3h2�,q&q, .
4

Y 2

[
&

q&^q& � 4`= +5165,

Lq d wkhupdo jdv w|slfdo ydoxhv ri zdyhyhfwruv n> o duh ri rughu �3�= Khqfh/ iru Htxd0
wlrq +5165, wzr uhjlphv vkrxog eh glvwlqjxlvkhg1 Zlwklq wkh txdqwxp fruuhodwlrq udqjh/
mu� � u2m � �> wkh wzr0srlqw fruuhodwlrq ixqfwlrq j lv wzlfh dv elj dv rxwvlgh wklv udqjh
zkhuh wkh h�hfw ri wkh rvfloodwlqj whupv dyhudjhv rxw1 Iru wkh rshudwru eX +5163,/ uhsuh0
vhqwlqj wkh hodvwlf lqwhudfwlrqv/ wklv lpsolhv wkdw dw +orz, whpshudwxuhv zkhuh � Uf>
Ervh fruuhodwlrqv vkrxog eh wdnhq lqwr dffrxqw1 Qrwh wkdw zh duulyhg dw wkh vdph frq0
foxvlrq lq vhfwlrq 515/ vhh Htxdwlrq +5147,/ lq d gl�huhqw frqwh{w1 Htxdwlrq +5165, vkrzv
wkdw wkh Ervh fruuhodwlrqv duh suhvhqw lqghshqghqw ri wkh h{lvwhqfh ri dq| lqwhudfwlrq1

Uhsodflqj X e| d srlqw lqwhudfwlrq ri wkh w|sh +5154, wkh rshudwru eX fdq eh h{0
suhvvhg lq whupv ri wkh rshudwru ghqvlw| e]+u, @ e#_+u, e#_+u, e#+u, e#+u, wkdw hqdeohv wkh
ghwhuplqdwlrq ri wkh lqwhudfwlrq hqhuj| dv d ixqfwlrq ri srvlwlrq/ iru h{dpsoh lq lqkr0
prjhqhrxv v|vwhpv1 E| lqwhjudwlqj ryhu srvlwlrq wkh ixoo rshudwru eX lv rewdlqhg/

eX @ �
2yf
U
gu e]+u,= +5166,

Xvlqj wkh Ervh frppxwdwlrq uhodwlrqv dqg uhwdlqlqj rqo| wkrvh whupv wkdw |lhog d
qrq0}hur frqwulexwlrq wr Htxdwlrq +5164, zh �qg

e]+u, @[
&

m*&+u,me eq&^eq& � 4` . 5
[
& �',

m*&+u,m2 m*,+u,m2 eq&eq,= +5167,

Vsolwwlqj0r� wkh jurxqg vwdwh h{solflwo|

e#_+u, @ e#_f+u, . e#�_+u, @ *Wf+u,d
_
f .

[
& �'f

*W&+u,d
_
& +5168,

zh kdyh e]+u, @ m*f+u,me eqf^eqf � 4` . 7eqf+u,[
& �'f

eq&+u,. e]E&c,��'f+u, +5169,

zkhuh eq&+u, @m *&+u, m2 eq&/ zlwk eq& @ d_&d&= Xvlqj
S

& �'f eq& @ eq� @ eQ � eqf zlwk
Qf  q& dqg uhwdlqlqj rqo| whupv ri rughu q�2 ru odujhu zh �qg

kXl � yf
U
gu^�2q

2
f+u, . 5qf+u,q

�+u, . q�2+u,`= +516:,
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Qrwh e| frpsdulqj wkh vshfldo fdvhv qf @ 3 dqg q� @ 3 wkh gl�huhqfh ri d idfwru 5
+dw htxdo ghqvlw|, iru wkh lqwhudfwlrq hqhuj| shu xqlw yroxph1 Wklv gl�huhqfh kdv wkh
vdph ruljlq dv wkh gl�huhqfh ehwzhhq htv1 +5157, dqg +515:,1 Lw hperglhv d vwdelolvlqj
h�hfw iru wkh Ervh frqghqvdwh qf+u, dw srvlwlyh ydoxhv ri yf1 Iru yf ? 3 lw srlqwv wr d
ghvwdelolvlqj idfwru1

517 Txdqwxp ghjhqhudf| lq lqkrprjhqhrxv Ervh jdvhv

Wkh fxuuhqw lqwhuhvw lq Ervh jdvhv prvwo| frqfhuqv wkh qhduo| lghdo jdv lq wkh suhv0
hqfh ri dq h{whuqdoo| dssolhg frq�qlqj srwhqwldo X+u, Lq uhodwlrq wr dwrplf k|gurjhq
wklv sureohp zdv �uvw dgguhvvhg dw wkh ehjlqqlqj ri wkh odvw ghfdgh e| Zdoudyhq dqg
Vloyhud ^5;` dqg ixuwkhu lqyhvwljdwhg e| Jrogpdq hw do1 ^5<` dqg Kxvh dqg Vljjld ^63`1
Odwhu/ diwhu wkh �uvw wudsslqj sursrvdov iru k|gurjhq zhuh sxeolvkhg ^64/ 65` wkh wrslf
zdv glvfxvvhg e| Oryhodfh dqg Wrpplod ^66`/ Edjqdwr hw do1 ^67` dqg lq uhodwlrq wr
vwdelolw| frqvlghudwlrqv e| Klmpdqv hw do1 ^68`1 Prvw uhfhqwo| g|qdplfdo dvshfwv zhuh
lqyhvwljdwhg xvlqj wlph0ghshqghqw phdq �hog vroxwlrqv iru wkh frqghqvdwh ^69`1 Doo
wkhvh dxwkruv frqvlghuhg txdvl0krprjhqhrxv frqglwlrqv dv gh�qhg e| wkh lqhtxdolw|

nW  qyf  �k$= +516;,

Wkh orz ghqvlw| fdvh qyf � �k$> lqyhvwljdwhg lq uhodwlrq wr wkh vwdelolw| ri jdvhv zlwk
qhjdwlyh vfdwwhulqj ohqjwk ^6:`/ lv qrw frqvlghuhg lq wkh suhvhqw wh{w1

Lw lv wkh sxusrvh ri wkh frplqj vhfwlrqv wr vkrz wkdw dw whpshudwxuhv deryh wkh
fulwlfdo whpshudwxuh iru Ervh0Hlqvwhlq frqghqvdwlrq/ WS/ wkh hodvwlf lqwhudfwlrqv gr qrw
d�hfw wkh ghqvlw| glvwulexwlrq ri wkh jdv wr dq| dssuhfldeoh h{whqw +l1h1/ fdq eh qh0
johfwhg,/ exw wkdw hyhq voljkwo| ehorz WS wkh| duh ri pdmru lpsruwdqfh wr ghwhuplqh
wkh vkdsh ri wkh Ervh frqghqvdwh1

51714 Lghdo Ervh jdv lq frq�qlqj srwhqwldo

Wr lqwurgxfh wkh qrwdwlrq/ �uvw wkh fdvh ri dq lghdo Ervh jdv lq dq h{whuqdo srwhqwldo lv
eulh�| vxppdulvhg1 Wkh vlqjoh sduwlfoh hljhqvwdwhv i*&+u,j> odehohg e| lqgh{ n> zlwk
hljhqydoxhv %& vdwlvi| wkh iroorzlqj Vfku�rglqjhu htxdwlrq

i� �k2

5p
�. X+u,j*&+u, @ %&*&+u,= +516<,

Zlwk wkh judqg hqvhpeoh wkh wkhuprg|qdplf surshuwlhv ri wkh jdv iroorz iurp wkh
vwdwlvwlfdo rshudwru

a�f @ h{s^+�f . � aQ � aKf,@nW ` @
4

]}o
h{s^+� aQ � aKf,@nW ` +5173,

zlwk qrupdolvdwlrq Wuka�fl @ 41 Khuh f lv wkh wkhuprg|qdplf srwhqwldo +wkdw qru0
pdolvhv wkh wudfh ri wkh ghqvlw| pdwul{,/ aKf lv wkh Kdplowrqldq rshudwru ri wkh lghdo
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jdv/ � lv wkh fkhplfdo srwhqwldo dqg aQ lv wkh qxpehu rshudwru1 Wkh judqg fdqrqlfdo
sduwlwlrq ixqfwlrq lv gh�qhg e|

]}o � h{s^f@nW ` @ Wukh{s^+� aQ � aKf,@nW `l= +5174,

Wkh Kdplowrqldq aKf lv gldjrqdo lq wkh qxpehu uhsuhvhqwdwlrq ri wkh edvlv i*&+u,j

Kf+u, @
[
&

%& m*&+u,m2 Wuka�faq&l= +5175,

Hydoxdwlqj wkh vwdwlvwlfdo dyhudjh zh �qg Wuka�faq&l @ �q&/ zkhuh

�q& @
4

h{s^+%& � �,@nW `� 4
= +5176,

Wkh �q& duh wkh phdq rffxsdwlrq qxpehuv iru wkh lghdo Ervh jdv1 E| fkrrvlqj wkh
fkhplfdo srwhqwldo vxfk wkdw

S
& �q& @ Q / wkh hqvhpeoh ghvfulehv d wudsshg jdv ri Q

dwrpv dw whpshudwxuh W 1 Dw kljk whpshudwxuhv � kdv wr eh fkrvhq odujh dqg qhjdwlyh1
Zlwk ghfuhdvlqj whpshudwxuh wkh fkhplfdo srwhqwldo kdv wr eh fkrvhq odujhu dqg odujhu
xqwlo/ dw d �qlwh whpshudwxuh +WS,/ lw dssurdfkhv %f1 Ehfdxvh h{suhvvlrq +5176, glyhujhv
iru � @ %f> wkh ydoxh ri � zloo qhyhu jurz eh|rqg %f= Dq duelwudulo| odujh jurxqg
vwdwh rffxsdwlrq lv rewdlqhg e| fkrrvlqj � vx�flhqwo| forvh wr %f1 Wkhuhiruh/ ehorz
WS> wkh ydoxh ri � lv �{hg dqg phdq rffxsdwlrq qxpehuv �q& qr orqjhu ghshqg rq Q
exw rqo| rq W= Wkhlu vxp

S
& �'f �q& @ Q � uhsuhvhqwv d �qlwh qxpehu/ ydqlvklqj zlwk

ghfuhdvlqj whpshudwxuh1 Khqfh/ dw WS> wkh jurxqg vwdwh rffxsdwlrq Qf vwduwv wr ehfrph
d pdfurvfrslf iudfwlrq ri wkh wrwdo qxpehu ri wudsshg dwrpv=

Qf @ Q �
[
& �'f

�q&= +5177,

Wklv skhqrphqrq/ lq zklfk/ dw �qlwh whpshudwxuh/ wkh vwdwlvwlfv idyrxuv d pdfurvfrslf
rffxsdwlrq ri wkh jurxqg vwdwh/ lv nqrzq dv Ervh0Hlqvwhlq frqghqvdwlrq +EHF,1

Ghqvlw| glvwulexwlrqv dqg EHF= Iru ixwxuh uhihuhqfh lw lv xvhixo wr kdyh d forvhu
orrn dw wkh ghqvlw| glvwulexwlrq q+u, ri d wudsshg Ervh jdv1 Zlwk d odujh qxpehu ri
rvfloodwru vwdwhv rffxslhg +txdvl0krprjhqhrxv fdvh, wkh lghdo jdv h{suhvvlrq +5176, pd|
eh dssur{lpdwhg e| d frqwlqxxp h{suhvvlrq iru wkh glvwulexwlrq ixqfwlrq

i+%, @
4

}3� h{s^�%@nW `� 4
@

"[
�'�

}� h{s^�c%@nW `> +5178,

khuh dovr zulwwhq dv dq h{sdqvlrq lq whupv ri wkh ixjdflw| } @ h{s^�@nW ` +zlwk } ? 4
lq wkh devhqfh ri d frqghqvdwh,/ dqg qrupdolvhg rq wkh wrwdo qxpehu ri wudsshg dwrpv

Q @
U
g%�+%,i+%,= +5179,

Khuh
�+%, � +5��k,3�

U
gugs �^%�X+u,� s2@5p` +517:,
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lv wkh ghqvlw| ri vwdwhv lq wkh txdvl0fodvvlfdo skdvh vsdfh +u>s,1 E| fkdqjlqj wr wkh
frqwlqxxp glvwulexwlrq zh kdyh lpsolflwo| vhw %f @ 31 Vxevwlwxwlqj htv1 +5178, dqg
+517:, lqwr Htxdwlrq +5179, dqg lqwhjudwlqj ryhu wkh prphqwxp vsdfh zh rewdlq

Q @
4

��

]
gu

"[
�'�

}�

c�*2
h{s^�cX+u,@nW `> +517;,

zkhuh � lv wkh wkhupdo zdyhohqjwk1 Wklv h{suhvvlrq �{hv wkh ydoxh ri wkh fkhplfdo
srwhqwldo iru dq| jlyhq whpshudwxuh1 Zulwlqj Q @

U
guq+u,/ zh �qg iru wkh ghqvlw|

glvwulexwlrq

q+u, @
4

��
j�*2i} h{s^�X+u,@nW `j= +517<,

Wkurxjkrxw wklv sdshu wkh xvxdo qrwdwlrq jk+{, �S"
�'� {

�@ck lv xvhg1 Iru wkh fhqwhu
ri d +ghhs, wuds +u @ 3, Htxdwlrq +517<, fdq eh zulwwhq lq wkh iroorzlqj irup

q+3,�� @ j�*2+},= +5183,

Wklv txdqwlw| lv nqrzq dv wkh ghjhqhudf| sdudphwhu ri wkh wudsshg jdv1 Zhoo deryh
WS zh kdyh wkh qrq0ghjhqhudwh uhjlph lq zklfk wkh ghjhqhudf| sdudphwhu lv vpdoo/
wkh ixjdflw| h{sdqvlrq pd| eh dssur{lpdwhg e| lwv �uvw whup/ j�*2+}, � }/ dqg wkh
fkhplfdo srwhqwldo fdq eh h{suhvvhg dv

� @ nW oq^q+3,��` +5184,

+qrwh wkdw � lv odujh dqg qhjdwlyh,1 Dw wkh rqvhw ri EHF wkh ghjhqhudf| sdudphwhu
uhdfkhv lwv fulwlfdo ydoxh/ q+3,�� @ j�*2+4, @ 5=945/ dqg � @ 31 Fohduo|/ wkh fulwlfdo
ghqvlw| iru EHF lv �uvw uhdfkhg lq wkh fhqwhu ri wkh wuds1 Wkh ghjhqhudf| sdudphwhu
lv wkh vdph iru dq| w|sh ri wuds dv orqj dv wkh frqwlqxxp dssur{lpdwlrq lv ydolg dqg
%f @ 3 ^67`1

Wkh vkdsh ri wkh ghqvlw| glvwulexwlrq +517<, fkdqjhv zlwk whpshudwxuh1 Iru W � WS
lw kdv d �{hg irup zklfk/ lq wkh devhqfh ri dq dgmxvwdeoh fkhplfdo srwhqwldo �/ fdq
rqo| dffrpprgdwh d �{hg qxpehu ri dwrpv

Q � @
4

��

]
gu j�*2ih{s^�X+u,@nW `j +5185,

+iru dq| jlyhq whpshudwxuh,1 Deryh WS wkh glvwulexwlrq fkdqjhv irup xqwlo Htxd0
wlrq +517<, uhdfkhv lwv fodvvlfdo irup/

q+u, @ q+3, h{s^�X+u,@nW `> +5186,

lq wkh qrq0ghjhqhudwh uhjlph +l1h1/ iru } �? 3=4,1 Iru K dw ghqvlw| q @ 43�e fp3� EHF
rffxuv dw WS � 63 �N1 Qrwh wkdw iru wkhvh qxpehuv wkh frqglwlrqv +5147,/ +5153, dqg wkh
o1k1v1 ri Htxdwlrq +516;, duh h{wuhpho| zhoo vdwlv�hg1 Qrwh ixuwkhu wkdw dw wklv ghqvlw|
wkh phdq iuhh sdwk/ jlyhq e| � � 4@q�> lv ri rughu 43 fp/ pxfk odujhu wkdq wkh w|slfdo
vl}h ri d wudsshg jdv forxg1
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H{dpsoh= EHF lq kduprqlf wudsv= Lw lv lqvwuxfwlyh wr frqvlghu EHF iru wkh
h{dpsoh d vshfl�f w|sh ri wuds1 Iru wklv sxusrvh zh �uvw uhzulwh Htxdwlrq +517:, lq
wkh irup

�+%, @
5�+5p,�*2

+5��k,�

]
FEh�$0

gu
t
%�X+u, +5187,

zklfk lpsolhv wkdw wkh ghqvlw| ri vwdwhv pd| eh h{suhvvhg dv

�+%, @ D�u%
�*2nB +5188,

iru vtxduh +� @ 3,/ kduprqlf +� @ �
2, dqg vskhulfdo0txdguxsroh +� @ 6, wudsv/ iru

vskhulfdoo| v|pphwulf srzhu0odz wudsv zlwk X+u, 2 u�*B dqg doo srzhu0odz wudsv wkdw

pd| eh zulwwhq dv X+{> |> }, � m{m�*B� . m|m�*B2 . m}m�*B� zlwk � @
S

� ��1 Lq Htxdwlrq
+5188, D�u lv d wuds ghshqghqw frqvwdqw1

Iru wkh fdvh ri dq lvrwurslf kduprqlf srwhqwldo

X+u, @ �
2p$2u2> +5189,

zkhuh u @ mum dqg $ lv wkh vlqjoh dwrp rvfloodwru iuhtxhqf|/ zh fdofxodwh

�+%, @ �
2+4@�k$,

�%2= +518:,

Iru W � WS wkh ixjdflw| htxdov xqlw| dqg wkh qxpehu ri deryh frqghqvdwh sduwlfohv lv
irxqg e| lqwhjudwlrq ri Htxdwlrq +5179, xvlqj Htxdwlrq +5178, dqg vxevwlwxwlqj Htxd0
wlrq +518:, wr |lhog Q � @ +nW@�k$,�j�+4,1 Wkxv/ frqghqvdwh iudfwlrqv Qf@Q @ 4�Q �@Q
forvh wr xqlw| duh wr eh h{shfwhg dw whpshudwxuhv hyhq plogo| ehorz WS1 Dw WS zh kdyh
Q � @ QS dqg/ wkhuhiruh/

nWS @ +Q@j�+4,,
�*��k$ � 3=<74Q�*��k$= +518;,

Khqfh/ wr vdwlvi| wkh lqhtxdolw| +516;, dssursuldwho| dw EHF/ w|slfdoo| Q �A 43S dwrpv
duh qhhghg1 Zlwk ihzhu dwrpv wkh txdvl0krprjhqhrxv dssur{lpdwlrq vwduwv wr euhdn
grzq1

51715 Qhduo| lghdo Ervh jdv lq d frq�qlqj srwhqwldo

Lq d qhduo| lghdo Ervh jdv/ l1h1 li wkh jdv sdudphwhu lv vpdoo +vhh vhfwlrq 51515,/ wkh dqdo0
|vlv lv grqh zlwk d vwdwlvwlfdo yduldwlrqdo phwkrg wkdw ohdgv wr d phdq �hog h{suhvvlrq
iru wkh prwlrq ri wkh wudsshg dwrpv1 Xqghu frqglwlrq +516;, lw iroorzv zlwk wkhuprg|0
qdplf shuwxuedwlrq wkhru| +vhh iru lqvwdqfh ^6;`, wkdw wkh wkhuprg|qdplf srwhqwldo 
vdwlv�hv wkh iroorzlqj lqhtxdolw|

 � � @ f . Wuka�f+ aK � aKf,l= +518<,

Khuh f lv wkh wkhuprg|qdplf srwhqwldo ri wkh lghdo Ervh jdv ghvfulehg e| wkh Kdplowr0
qldq aKf zklfk lv xvhg khuh dv d wuldo Kdplowrqldq dqg a�f lv wkh vwdwlvwlfdo rshudwru ri wkh
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qrq0lqwhudfwlqj jdv gh�qhg e| Htxdwlrq +5173,1 Fkrrvlqj wkh qxpehu uhsuhvhqwdwlrq ri
wkh vlqjoh sduwlfoh edvlv i*&+u,j zh fdq ghulyh xvlqj Htxdwlrq +5174,

f+u, @ �nW
[
&

m*&+u,m
2 oq^4� hE>30&�*&A `= +5193,

Xvlqj rshudwru ghqvlwlhv/ wkh ixoo Kdplowrqldq lv zulwwhq dv

aK+u, @ e#_+u,i� �k2

5p
�. X+u,j e#+u, . �

2yf
e]+u,= +5194,

Khuh dssur{lpdwlrq +5154, zdv dvvxphg wr eh ydolg1 Iru lqkrprjhqhrxv v|vwhpv wklv
uhtxluhv wkh dgglwlrqdo frqglwlrq wkdw lqwhudfwlrq udqjh vkrxog eh pxfk vpdoohu wkdq
vl}h ri wkh rvfloodwru jurxqg vwdwh1

+d, Qr frqghqvdwh +W A WS,1

Zh �uvw frqvlghu wkh fdvh ri d zhdno| lqwhudfwlqj jdv zlwkrxw Ervh frqghqvdwh1 Lq wklv
fdvh wkh hqhuj| ghqvlw| ri wkh wkhuprg|qdplf srwhqwldo �+u, fdq eh zulwwhq dv

�+u, @ f+u, .
[
&

*W&+u,i�
�k2

5p
�. X+u,� %&j*&+u,Wuka�faq&l.

.yf
[
&

m*&+u,m
e �
2Wuka�feq&^eq& � 4`l.

.yf
[
& �',

m*&+u,m
2 m*,+u,m

2 Wuka�feq&eq,lj= +5195,

Hydoxdwlqj wkh vwdwlvwlfdo dyhudjhv zh �qg Wuka�faq&l @ �q&/ Wuka�feq&^eq&� 4`l @ 5�q2& dqg
Wuka�feq&eq,l @ �q&�q,/ zkhuh wkh �q& duh wkh phdq rffxsdwlrq qxpehuv iru wkh lghdo Ervh
jdv1 Iru wkh lqwhudfwlqj jdv d ehwwhu glvwulexwlrq ixqfwlrq fdq eh irxqg e| yduldwlrq ri
wkh �q& lq rughu wr plqlpl}h �+u,=

C �+u,

C�q&
@ *W&+u,i�

�k2

5p
�. X+u, . 5yfq+u,� %&j*&+u,= +5196,

Wkh plqlpxp lv uhdfkhg li C �+u,@C�q& @ 3 iru doo ydoxhv ri n vlpxowdqhrxvo|/ l1h1 li wkh
iroorzlqj vhw ri Kduwuhh0Irfn htxdwlrqv +frxsohg wkurxjk wkh frqglwlrq q+u, @

S
& m

*&+u, m
2 �q&, lv vdwlv�hg

i�
�k2

5p
�. X+u, . 5yfq+u,j*&+u, @ %&*&+u,= +5197,

Wkh htv1 +5197, duh nqrzq dv wkh Jlq}exuj~Jurvv0Slwdhyvnll htxdwlrqv iru dq lqkrpr0
jhqhrxv Ervh jdv lq wkh devhqfh ri d frqghqvdwh ^5</ 63`1

Lw lv vwudljkwiruzdug wr vkrz wkdw wkh fruuhfwlrq ri X+u, e| wkh phdq �hog ri wkh
jdv lv qhjoljleoh lq wkh qrq0ghjhqhudwh uhjlph1 Iru wklv zh fdofxodwh wkh phdq �hog
fruuhfwlrq wr �uvw rughu xvlqj wkh ghqvlw| glvwulexwlrq q+u, ri wkh lghdo Ervh jlyhq
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e| Htxdwlrq +517<,1 H{sdqglqj wkh srwhqwldo hqhuj| whupv lq wkh Jlq}exuj0Jurvv0
Slwdhyvnll htxdwlrq durxqg wkh ruljlq

X+u, . 5yfq+u, @ 5yfq+3, .
4

5
p$2u2

%
4�

j�*2+},

j�*2+},

5yfq+3,

nW
. � � �

&
= +5198,

zh �qg wkdw wkh phdq �hog fruuhfwlrq frqvlvwv ri dq hqhuj| vkliw 5yfq+3, dqg d fkdqjh
ri wkh vsulqj frqvwdqw ri wkh rvfloodwru ri rughu 5yfq+3,@nW zklfk lv yhu| vpdoo lq ylhz
ri frqglwlrq +516;,1 Qrwh wkdw lq wkh qrq0ghjhqhudwh uhjlph zh kdyh j�*2+},@j�*2+}, �
41 Rqo| yhu| forvh wr EHF/ zkhuh wkh udwlr j�*2+},@j�*2+}, glyhujhv/ wkh phdq �hog
fruuhfwlrq wr wkh vsulqj frqvwdqw pd| qrw eh qhjohfwhg dqg Htxdwlrq +517<, vkrxog eh
uhsodfhg e| wkh vhoi0frqvlvwhqw h{suhvvlrq

q+u, @
4

��
j�*2ih{s^+�� 5yfq+u,�X+u, ,@nW `j> +5199,

zklfk lv h{shfwhg wr eh fruuhfw dv orqj dv wkh vhoi0frqvlvwhqw srwhqwldo ydulhv vx�flhqwo|
vorzo| wkdw txdvl0fodvvlfdo vroxwlrqv wr wkh Jlq}exuj0Jurvv0Slwdhyvnll htxdwlrqv duh
mxvwl�hg1 Wkh ghjhqhudf| sdudphwhu ehfrphv lq wklv fdvh

q+3,�� @ j�*2ih{s^+�� 5yfq+3, ,@nW `j +519:,

dqg wkh rqvhw ri EHF/ pdunhg +dv lq wkh qrq0lqwhudfwlqj fdvh, e| wkh frqglwlrq q+3,�� @
j�*2+4,> rffxuv dw

� @ 5yfq+3,= +519;,

Lq whupv ri wkh wrwdo dwrp qxpehu wkh EHF fulwhulrq lv jlyhq e| wkh iroorzlqj vhoi0
frqvlvwhqw h{suhvvlrq

QS @
]
guq+u, @

4

��

]
gu j�*2ih{s^+5yfq+3,� 5yfq+u,�X+u, ,@nW `j> +519<,

zklfk vkrzv wkdw/ lq frpsdulvrq wr lghdo jdvhv/ uhsxovlyh Ervh jdvhv uhtxluh pruh dwrpv
wr Ervh frqghqvh dw wkh vdph WS1

+e, Zlwk frqghqvdwh +W ? WS,1

Ehorz WS zh xvh wkh vdph yduldwlrqdo surfhgxuh iru �+u, exw/ vlqfh lq wkh suhvhqfh
ri d frqghqvdwh zh kdyh � @ %f dqg Wuka�faqfl lv glyhujlqj/ zh vkrxog vlqjoh rxw wkh
jurxqg vwdwh iurp wkh hqvhpeoh dyhudjh1 Zh �uvw vlqjoh rxw wkh jurxqg vwdwh lq wkh
Kdplowrqldq +5194, xvlqj Htxdwlrq +5169, dqg vhwwlqj kaqfl @ Q �

S
& �'f Wuka�faq&l � Qf

dqg kaqf+aqf�4,l @ Qf+Qf�4, � Q2
f +dvvxplqj Qf  4, ehiruh wkh hqvhpeoh dyhudjh lv

hydoxdwhg lq h{suhvvlrq +5195, iru wkh wkhuprg|qdplf srwhqwldo1 Yduldwlrq zlwk uhvshfw
wr �q& |lhogv/ iru n 9@ 3/ wkh vdph uhvxow iru C �+u,@C�q& dv rewdlqhg deryh WS/ l1h1/
Htxdwlrq +5194, zlwk q+u, @ qf+u, . q�+u,1 Yduldwlrq ri Qf jlyhv ulvh wr d gl�huhqw
h{suhvvlrq lq zklfk wkh h{fkdqjh h�hfwv glvfxvvhg lq vhfwlrqv +51614, dqg +51615, djdlq
vkrz xs=

C �+u,

CQf
@ *Wf+u,i�

�k2

5p
�. X+u, . yf^qf+u, . 5q�+u,`� �j*f+u,= +51:3,
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Frqvhtxhqwo|/ ehorz WS zh kdyh wkh iroorzlqj vhw ri Kduwuhh0Irfn htxdwlrqv

i�
�k2

5p
�. X+u, . yf^qf+u, . 5q�+u,`j*f+u, @ �*f+u, +51:4,

i�
�k2

5p
�. X+u, . 5yf^qf+u, . q�+u,`j*&+u, @ %&*&+u, +n 9@ 3,= +51:5,

Iru W $ 3 wkh Htxdwlrq +51:4, uhgxfhv wr wkh Jlq}exuj0Jurvv0Slwdhyvnll htxdwlrq iru
wkh pdq|0erg| jurxqg vwdwh ^6</ 73`1 Wr �qg wkh h{suhvvlrq iru wkh fkhplfdo srwhqwldo
lq wkh suhvhqfh ri d frqghqvdwh zh kdyh wr vroyh Htxdwlrq +51:4,1 Wklv lv sduwlfxoduo|
vlpsoh iru wkh txdvl0krprjhqhrxv fdvh vlqfh wkh frqglwlrq qyf  �k$ hqdeohv xv wr
qhjohfw wkh nlqhwlf hqhuj| whup lq Htxdwlrq +51:4,1 Wkxv zh �qg

� @ X+u, . yf^qf+u, . 5q�+u,` +51:6,

dqg ehfdxvh � vkrxog eh frqvwdqw ryhu wkh vdpsoh zh kdyh

� @ yf^qf+3, . 5q�+3,`= +51:7,

Qrwh wkdw iru Qf $ 3 wklv htxdwlrq uhgxfhv wr Htxdwlrq +519;,1 Dvvxplqj wkh vl}h ri
wkh frqghqvdwh wr eh vpdoo dv frpsduhg wr wkh wkhupdo vl}h ri wkh vdpsoh zh pd| vhw
q�+u, � q�+3, hyhu|zkhuh zlwklq wkh frqghqvdwh dqg frpelqh htv1 +51:6, dqg +51:7, wr
ghulyh wkh iroorzlqj h{suhvvlrq iru wkh ghqvlw| glvwulexwlrq ri wkh frqghqvdwh

qf+u, @
yfqf+3,�X+u,

yf
+iru mum � oS,= +51:8,

Iru mum � oS zh kdyh qf+u, � 3= Wkh dssur{lpdwlrq q�+u, � q�+3, lv uhdglo| yhul�hg iru
wkh h{dpsoh vdwlv�hg ri wkh kduprqlf frq�qlqj srwhqwldo +5189, zkhuh wkh 42h wkhupdo
Jdxvvldq zlgwk lv jlyhq e| o|� @ ^5nW@p$2`�*21 Zlwk Htxdwlrq +51:8, wkh frqghqvdwh
udglxv lv fdofxodwhg wr eh oS @ ^5yfqf+3,@p$2`�*21 Wkxv zlwk frqglwlrq +516;, lw iroorzv
wkdw oS � o|�/ l1h1/ wkh frqghqvdwh pdqlihvwv lwvhoi +dovr lq wkh suhvhqfh ri lqwhudfwlrqv,
dv d vsdwldoo| vhjuhjdwhg kljk ghqvlw| skdvh lq wkh fhqwhu ri wkh wudsslqj srwhqwldo1
Wklv lv looxvwudwhg lq �j15141

Htxdwlrq +51:8, suhvhqwv d yhu| lpsruwdqw uhvxow iru lqkrprjhqhrxv Ervh jdvhv
xqghu txdvl0krprjhqhrxv frqglwlrqv1 Lw vkrzv wkdw/ iru d jlyhq qxpehu +Qf, ri dwrpv
lq wkh frqghqvdwh/ wkh ghqvlw| lq wkh fhqwhu ri d frqghqvdwh ghshqgv lqyhuvho| rq yf1 Lq
wkh devhqfh ri nlqhwlf hqhuj| wkh frqghqvdwh whqgv wr eh frpsuhvvhg e| wkh frq�qlqj
srwhqwldo1 Wklv ohdgv wr wkh glyhujhqfh ri wkh ghqvlw| lq wkh fdvh ri dq lghdo jdv1 Wklv
xqsk|vlfdo glyhujhqfh rffxuv ehfdxvh ri wkh frqwlqxxp dssur{lpdwlrq/ zklfk qhjohfwv
wkh �qlwh zlgwk ri wkh rvfloodwru jurxqg vwdwh1 Wkh deryh dqdo|vlv kdv vkrzq wkdw/
ehorz WS> lw lv hvvhqwldo wr lqfoxgh wkh uhsxovlyh lqwhudfwlrq1 Deryh WS wkh suhvhqfh
ri wkh lqwhudfwlrq lv pxfk ohvv lpsruwdqw/ dfwxdoo| doprvw qhjoljleoh/ ehfdxvh/ xqghu
frqglwlrq +516;,/ wkh wkhupdo prwlrq frxqwhudfwv wkh frpsuhvvlrq1

Iljxuh 514 fohduo| vkrzv rqh ri wkh prvw idvflqdwlqj dqg qryho dvshfwv ri Ervh
frqghqvdwhv lq lqkrprjhqhrxv wudsv= Wkh frqghqvdwh dsshduv dv d vpdoo kljk0ghqvlw|
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Iljxuh 514= Wkh ghqvlw| glvwulexwlrq iru dwrplf k|gurjhq lq wkh wuds xvhg lq Dpvwhugdp
dv d ixqfwlrq ri whpshudwxuh qhdu WS= Wkh frqghqvdwh vkrzv xs dv d vkdus ihdwxuh lq
wkh fhqwhu ri wkh glvwulexwlrq1

forxg ri dwrpv lq wkh fhqwhu ri wkh wudsshg jdv dqg lv/ wkhuhiruh/ doprvw frpsohwho|
vsdwldoo| vhsdudwhg iurp wkh qrq0frqghqvdwh sduw1 Wkxv zh kdyh wkh xqltxh vlwxdwlrq
ri d jurxqg vwdwh vxuurxqghg e| d forxg ri h{flwdwlrqv1 Lw zdv vkrzq lq yhu| uhfhqw
EHF h{shulphqwv zlwk H.Ue dw MLOD ^8` wkdw lw lv srvvleoh wr uhpryh wklv forxg ri
h{flwdwlrqv udslgo| zkloh nhhslqj wkh frqghqvdwh1 Wklv lpsolhv frrolqj vshhgv zklfk
duh olplwhg sulpdulo| e| wkh wlph uhtxluhg wr uhpryh wkh h{flwhg dwrpv dqg qrw e|
lqwulqvlf surshuwlhv vxfk dv wkh wkhupdolvdwlrq wlph1



�

,�@TLh@|��i ULL*�?}

614 Lqwurgxfwlrq

Hydsrudwlyh frrolqj lv d yhu| srzhuixo frrolqj phwkrg edvhg rq wkh suhihuhqwldo uh0
prydo ri dwrpv zlwk dq hqhuj| kljkhu wkdq wkh dyhudjh hqhuj| shu wudsshg dwrp dqg
rq wkhupdolvdwlrq e| hodvwlf froolvlrqv1 Wkh hydsrudwlrq surfhvv ohdgv/ xqghu vxlwdeoh
frqglwlrqv/ wr dq lqfuhdvh lq skdvh0vsdfh ghqvlw|/ dqg zdv vxjjhvwhg iru wklv sxusrvh
dv d phdqv wr dwwdlq Ervh0Hlqvwhlq frqghqvdwlrq +EHF, lq dwrplf k|gurjhq ^64/ 74`1
Suhvhqwo|/ wkh phwkrg kdv ehhq dssolhg wr d zlghu fodvv ri xowud0frog jdvhv1

Lq wklv vhfwlrq wkh hvvhqwldo ihdwxuhv ri hydsrudwlyh frrolqj zloo eh glvfxvvhg iru Ervh
jdvhv lq wkh qrq0ghjhqhudwh txdqwxp uhjlph1 Lw zloo eh dvvxphg wkdw wkh dwrpv duh
frq�qhg lq d vwdwlf srwhqwldo zhoo/ X+u,> iurp zklfk wkh| hvfdsh zlwk xqlw suredelolw|
dv vrrq dv wkhlu wrwdo hqhuj|/ %> h{fhhgv d wkuhvkrog ydoxh/ %|> zklfk lv fkrvhq wr eh
pxfk odujhu wkdq wkh dyhudjh hqhuj| shu dwrp lq wkh wuds1 Dv wkh prvw hqhujhwlf dwrpv
duh uhpryhg lq wklv zd| wkh jdv zloo frro1

Wkh edvlf dvvxpswlrq xqghuo|lqj wkh sk|vlfdo slfwxuh ghvfulehg deryh lv cvx�flhqw
hujrglflw|*= Lw lv dvvxphg wkdw wkh glvwulexwlrq ri dwrpv lq skdvh vsdfh +srvlwlrq dqg
prphqwxp, ghshqgv rqo| rq wkhlu hqhuj|1 Wklv zloo eh wkh fdvh/ iru h{dpsoh/ lq d
wuds zlwk hujrglf vlqjoh0sduwlfoh prwlrq/ lq zklfk fdvh doo sduwv ri wkh htxlsrwhqwldo
k|shuvxuidfh fruuhvsrqglqj wr wkh wrwdo hqhuj| ri wkh dwrp duh vdpsohg zlwk htxdo
suredelolw|1 Krzhyhu/ dv iru pdq| wudsv wkh vlqjoh0sduwlfoh prwlrq lv +sduwo|, qrq0
hujrglf ^75`/ lqwhudwrplf froolvlrqv duh xvxdoo| hvvhqwldo wr dvvxuh cvx�flhqw hujrglflw|*1

Lq sudfwlfdo vlwxdwlrqv wkh hvfdsh fdq eh duudqjhg lq ydulrxv zd|v= e| sdvvlqj ryhu
d srwhqwldo eduulhu ^76/ 77`/ e| dgvruelqj rqwr d sxpslqj vxuidfh ^78/ 79` ru e| rswlfdo
^47` ru UI ^7;/ 7<` sxpslqj ri wkh dwrpv wr qrq0wudsshg vwdwhv1 Li wkh hydsrudwlrq lv
wr eh h�flhqw lw lv hvvhqwldo wkdw wkh hvfdsh rffxuv rq d wlph vfdoh vkruw frpsduhg wr
wkh froolvlrqdo wlph/ l1h1/ wkdw wkh phdq iuhh sdwk � lv pxfk odujhu wkdq wkh vl}h ri wkh
jdv forxg o/

� o= +614,

Rqh hdvlo| yhul�hv wkdw iru K dw ghqvlw| q @ 43�e fp3� +forvh wr wkh kljkhvw ghqvlw|
dfklhyhg lq d wuds,/ wkh phdq iuhh sdwk/ jlyhq e| � � 4@q�> lv ri rughu 43 fp/ lqghhg
pxfk odujhu wkdq wkh w|slfdo vl}h ri d wudsshg vdpsoh1 Vsdwldo uhvwulfwlrqv fdq olplw
wkh hvfdsh suredelolw| ri hqhujhwlf dwrpv dqg uhgxfh wkh hydsrudwlyh frrolqj srzhu/
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lq sduwlfxodu lq wkh fdvh ri qrq0hujrglf vlqjoh sduwlfoh prwlrq ^75`1 Lq wklv uhvshfw zh
glvfxvv khuh cixoo0srzhu hydsrudwlrq*/ hydsrudwlrq olplwhg rqo| e| wkh udwh dw zklfk
hodvwlf froolvlrqv surprwh dwrpv wr wkh hvfdsh hqhuj|1

Lqhylwdeo|/ wkh frrolqj ri wkh jdv zloo fdxvh wkh hydsrudwlrq surfhvv wr vorz grzq
dv ihzhu dqg ihzhu dwrpv fdq dftxluh wkh wkuhvkrog hqhuj|1 Hyhqwxdoo|/ wkh frrolqj
udwh lv edodqfhg e| d frpshwlqj khdwlqj phfkdqlvp ru ehfrphv qhjoljleo| vpdoo1 Wkh
surfhvv mxvw ghvfulehg zloo eh uhihuuhg wr dv csodlq* hydsrudwlyh frrolqj/ dv rssrvhg wr
cirufhg hydsrudwlyh frrolqj* zkhuh hydsrudwlrq lv irufhg wr frqwlqxh e| orzhulqj wkh
hvfdsh wkuhvkrog dv wkh jdv frrov1

Wkh sulqflsoh ri hydsrudwlyh frrolqj zdv �uvw ghprqvwudwhg h{shulphqwdoo| dw PLW
lq wkh jurxs ri Juh|wdn dqg Nohssqhu ^83` zkr vwxglhg sodlq hydsrudwlyh frrolqj e| wkh
hvfdsh ri vslq0srodulvhg k|gurjhq dwrpv dfurvv d pdjqhwlf srwhqwldo hqhuj| eduulhu1 Lw
zdv hvwdeolvkhg/ e| phdvxulqj wkh txdqwlw| ri jdv uhpdlqlqj lq wkh wuds diwhu d fhuwdlq
kroglqj wlph/ wkdw wklv surfhgxuh fdxvhv wkh jdv wr frro wr d whpshudwxuh zhoo ehorz
wkh whpshudwxuh ri wkh vxuurxqglqj zdoov1 Wkh g|qdplfv ri wklv w|sh ri hydsrudwlyh
frrolqj zdv ixuwkhu vwxglhg rswlfdoo| ^78/ 79`1

Irufhg hydsrudwlyh frrolqj zdv dovr �uvw dssolhg wr k|gurjhq ^49/ 84/ 76/ 77` dqg
hqdeohg whpshudwxuhv dv orz dv 433�N dqg ghqvlwlhv dv kljk dv ; � 43�� fp3�1 Wklv
fruuhvsrqgv wr q�� � 3=7/ zlwklq rqh rughu ri pdjqlwxgh iurp wkh ghjhqhudwh txdqwxp
uhjlph1 Wkh qhhg iru vrsklvwlfdwhg ghwhfwlrq phwkrgv wr hvwdeolvk ghqvlw| dqg whpshu0
dwxuh lv olplwlqj wkh surjuhvv wrzdugv orzhu whpshudwxuhv khuh1 Dq rswlfdo yhuvlrq ri
irufhg hydsrudwlyh frrolqj ri K% zdv ghprqvwudwhg lq Dpvwhugdp ^47`1

Uhfhqwo|/ hydsrudwlyh frrolqj phwkrgv zhuh vxffhvvixoo| dssolhg wr rswlfdoo| suh0
frrohg +dqg pdjqhwlfdoo| wudsshg, jdvhv ri vrglxp ^7;` dqg uxelglxp ^7<`/ erwk xvlqj
UI0lqgxfhg hydsrudwlrq1 Lq wkh �qdo vwdjh ri suhsdudwlrq ri wkh pdqxvfulsw iru wkh
suhvhqw sdshu EHF zdv dqqrxqfhg iru H.Ue dw MLOD e| wkh jurxs ri Fruqhoo dqg Zlh0
pdq ^8` dqg e| wkh jurxs ri Kxohw dw Ulfh Xqlyhuvlw| iru .Ol ^85`1 Lq erwk h{shulphqwv
hydsrudwlyh frrolqj sod|hg d ghflvlyh uroh1

615 Wuxqfdwhg hqhuj| glvwulexwlrqv

E| lwv yhu| qdwxuh +dwrpv lq wkhupdoo| dffhvvleoh vwdwhv duh uhpryhg iurp wkh vdpsoh,
hydsrudwlyh frrolqj lv dq lqwulqvlfdoo| qrq0htxloleulxp surfhvv lq zklfk d whpshudwxuh/
vwulfwo| vshdnlqj/ fdqqrw eh gh�qhg1 Krzhyhu/ li wkh dyhudjh hqhuj| shu wudsshg dwrp
lv pxfk vpdoohu wkdq wkh hydsrudwlrq wkuhvkrog/ prvw lqwhudwrplf froolvlrqv ohdg wr d
wkhupdo uhglvwulexwlrq ri wkh hqhuj| ryhu wkh wudsshg vwdwhv1 Wkxv/ nhhslqj lq plqg
wkh glvfxvvlrq ri vhfwlrq +51715, +wkdw/ li wkh frqglwlrqv nW A nWS  qyf duh vdwlv�hg/
lqwhudfwlrq h�hfwv duh ri plqru lpsruwdqfh, lw lv yhu| dsshdolqj wr dvvxph wkdw d txdvl0
htxloleulxp glvwulexwlrq zloo eh hvwdeolvkhg kdylqj wkh irup +5178,/ exw zlwk wkh wdlo ri
hqhujlhv % A %| odfnlqj=

i+%, @
"[
�'�

}� h{s^�c%@nW `&+%| � %,= +615,
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Khuh &+{� {f, lv Khdylvlgh*v xqlw vwhs ixqfwlrq/ }hur iru { ? {f dqg xqlw| iru { � {f1
Vxfk d glvwulexwlrq lv fkdudfwhulvhg e| wkuhh lqghshqghqw sdudphwhuv= wkh wuxqfdwlrq
+hvfdsh, hqhuj|/ %|/ wkh txdvl0whpshudwxuh/ W> dqg wkh ghjhqhudf| sdudphwhu/ }1 Lq
wkh olplw %| $ 4/ wkh sdudphwhuv W dqg } uhgxfh wr wkh htxloleulxp whpshudwxuh
dqg ixjdflw|/ uhvshfwlyho|1 Iurp Htxdwlrq +615, lw lv fohdu wkdw wkh wuxqfdwlrq prvwo|
d�hfwv wkh �uvw whup lq wkh h{sdqvlrq1 Ehlqj ixuwkhu dzduh wkdw wkh wkhuprg|qdplf
surshuwlhv duh rqo| plogo| d�hfwhg e| ghjhqhudf| h�hfwv deryh wkh fulwlfdo whpshudwxuh
iru EHF/ lw lv sodxvleoh wkdw wkh hvvhqwldo dvshfwv ri hydsrudwlyh frrolqj grzq wr WS
fdq eh rewdlqhg zlwk wkh h{suhvvlrq iru wkh hqhuj| glvwulexwlrq ri wkh qrq0ghjhqhudwh
uhjlph

i+%, @ } h30*&A &+%| � %,> +616,

zkhuh } lv ghwhuplqhg e| wkh qrupdolvdwlrq frqglwlrq +5179, zklfk ehfrphv zlwk +616,

Q @ }

] 0|

f
g% �+%, h30*&A = +617,

Xqolnh +5183,/ gxh wr wkh wuxqfdwlrq/ wkh h{suhvvlrq iru wkh ixjdflw| gl�huv iurp wkh
htxloleulxp h{suhvvlrq +l1h1/ } 9@ q+3,��,1 Krzhyhu/ zh fdq vwloo irupdoo| zulwh wkh
ghjhqhudf| sdudphwhu dv

} � qf�
�> +618,

fkrrvlqj � � ^5��k2@pnW `�*2 wr frlqflgh lq wkh olplw %| $ 4 zlwk wkh htxloleulxp
h{suhvvlrq iru wkh wkhupdo zdyhohqjwk1 Zlwk wklv surfhgxuh qf lv d ghqvlw|/ ghwhuplqhg
e| wkh qrupdolvdwlrq frqglwlrq +617, dqg +rqo|, frlqflglqj lq wkh olplw %| $ 4 zlwk
wkh ghqvlw| q+3, lq wkh wuds fhqwhu1

Wkh wuxqfdwhg h{srqhqwldo irup kdv ehhq xvhg dv d vwduwlqj srlqw iru vhyhudo gh0
vfulswlrqv ri hydsrudwlyh frrolqj ^86/ 77/ 7:/ 79`1 Lw zdv vkrzq e| qxphulfdo vroxwlrq
ri wkh Erow}pdqq htxdwlrq ^89`/ wkdw iru qrq0ghjhqhudwh Ervh jdvhv wkh hydsrudwlrq
surfhvv/ lqghhg/ udwkhu dffxudwho| frqvhuyhv d txdvl0htxloleulxp hqhuj| glvwulexwlrq
ri wkh irup +615,/ d surshuw| qrwlfhg hduolhu lq qxphulfdo vlpxodwlrqv ri hydsrudwlrq
h{shulphqwv zlwk wudsshg K dw PLW ^87`1

Rqh vkrxog eh dzduh wkdw wkh suhvhqfh ri wkh wuxqfdwlrq hgjh d�hfwv doo wkhupdo
surshuwlhv1 Iru h{dpsoh/ wr fdofxodwh wkh dyhudjh wkhupdo vshhg/ wkh wkhupdo zdyh0
ohqjwk/ ru wkh lqwhuqdo hqhuj| lw lv qrw vx�flhqw wr nqrz wkh txdvl0whpshudwxuh +W ,/ dv
wkhvh txdqwlwlhv dovr ghshqg rq wkh wuxqfdwlrq hqhuj| +%|,1 Lq vslwh ri wklv frpsolfdwlrq/
rqfh wkh wuxqfdwhg hqhuj| glvwulexwlrq +616, lv dgrswhg/ d wkhuprg|qdplf ghvfulswlrq
ri wkh vdpsoh iroorzv qdwxudoo|/ zlwk %| dv rqh ri wkh wkhuprg|qdplf yduldeohv1 Lq dggl0
wlrq/ wkh Erow}pdqq htxdwlrq iru wkh wudsshg jdv fdq eh udglfdoo| vlpsol�hg/ doorzlqj
dq h{solflw fdofxodwlrq ri wkh udwh ri hydsrudwlrq iru gl�huhqw nlqgv ri wudsv ^89`1

616 Wkhuprg|qdplf surshuwlhv

Lq wklv vhfwlrq zh glvfxvv d qxpehu ri wkhuprg|qdplf surshuwlhv uhohydqw iru wkh gh0
vfulswlrq ri hydsrudwlyh frrolqj xvlqj wkh wuxqfdwhg h{srqhqwldo hqhuj| glvwulexwlrq
+616, dv d vwduwlqj srlqw1 Iru wkh srzhu0odz wudsv gh�qhg lq vhfwlrq +516;, wklv fdq eh
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grqh yhu| h{solflwo|1 Lq pruh jhqhudo fdvhv wkh fodvvlfdo fdqrqlfdo sduwlwlrq ixqfwlrq ri
wkh wuxqfdwhg glvwulexwlrq wxuqv rxw wr eh d fhqwudo txdqwlw|1 Wklv fdq eh vhhq gluhfwo|
iurp Htxdwlrq +617,/ zklfk fdq eh uhzulwwhq dv

Q @ qf�
�� +619,

zlwk

� @
] 0|

f
g% �+%, h30*&A = +61:,

Vxevwlwxwlqj h{suhvvlrq +517:, iru wkh ghqvlw| ri vwdwhv dqg lqwurgxflqj wkh fodvvlfdo
vlqjoh sduwlfoh Kdplowrqldq/ K+u>s, @ X+u, . s2@5p> zh rewdlq

� @ +5��k,3�
]
gsgu h3MEhcT�*&A&^%| �K+u>s,` > +61;,

zklfk lv wkh fodvvlfdo fdqrqlfdo sduwlwlrq ixqfwlrq zlwk wkh +wuxqfdwhg, uhjlrq ri skdvh
vsdfh/ X+u, . s2@5p � %|> h{foxghg1

61614 Ghqvlw| glvwulexwlrq dqg h�hfwlyh yroxph

Wkh ghqvlw| glvwulexwlrq q+u, ri wkh jdv ryhu wkh wuds lv rewdlqhg e| hydoxdwlqj/ lq
Htxdwlrq +619,/ rqo| wkh prphqwxp lqwhjudo ri wkh sduwlwlrq ixqfwlrq dqg fdq eh zulwwhq
dv ^88`

q+u, @ qfh
3FEh�*&AS +�2 > �|+u, ,> +61<,

zkhuh S +d> �, lv wkh lqfrpsohwh jdppd ixqfwlrq +vhh dsshqgl{ 61817, dqg �|+u, �
+%| � X+u, ,@nW= Wkxv/ iru wkh wuxqfdwhg glvwulexwlrq/ wkh wuxh ghqvlw| lq wkh wuds
fhqwhu lv jlyhq e|

q+3, @ qfS +
�
2 > � , � qf> +6143,

zkhuh wkh sdudphwhu � � �|+3, @ %|@nW zloo eh uhihuuhg wr dv wkh wuxqfdwlrq sdudphwhu
dqg wkh +wuxh, h�hfwlyh yroxph ri wkh jdv forxg lv jlyhq e| wkh h{suhvvlrq

Yess @ Q@q+3, @
U
gq+u,@q+3,= +6144,

Dowkrxjk wkh h{dfw nqrzohgjh ri Yess lv ri sudfwlfdo lpsruwdqfh/ iru h{dpsoh iru wkh
h{shulphqwdo ghwhuplqdwlrq ri Q> riwhq lw lv pruh frqyhqlhqw wr xvh d uhihuhqfh yroxph/
Ye> gh�qhg lq whupv ri wkh sdudphwhu qf

Ye @ Q@qf @ ��� @ ��
] 0|

f
g%�+%, h30*&A = +6145,

Wkh yroxph Ye kdv yhu| qlfh surshuwlhv zklfk uhvxow iurp lwv vlpsoh uhodwlrq wr wkh sdu0
wlwlrq ixqfwlrq= Pruhryhu/ vlqfh wkh ghjhqhudf| sdudphwhu iru wuxqfdwhg glvwulexwlrqv
lqyroyhv qf dqg qrw q+3,> vhh Htxdwlrq +618,/ lw pd| eh ehwwhu qrw wr lqwurgxfh q+3, dw
doo lqwr wkh irupdolvp1

Srzhu0odz wudsv= Iru wkh vshfldo fdvh ri d srzhu0odz wuds wkh h{srqhqw �/ lqwurgxfhg
lq Htxdwlrq +5188,/ uhdsshduv lq wkh h{suhvvlrq iru wkh sduwlwlrq ixqfwlrq

� @ D�u

] 0|

f
g% %�*2nB h30*&A @ �"S +

�
2 . �> �,= +6146,
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Khuh wkh olplwlqj ydoxh/ �" @ D�u^nW `
�*2nB�+�2 . �,> fruuhvsrqgv wr dq lq�qlwho| ghhs

wuds +l1h1/ �$4, dqg �+d, lv wkh Hxohu jdppd ixqfwlrq1 Lq sduwlfxodu/ iru +lq�qlwho|,
ghhs kduprqlf wudsv/ wkh sduwlwlrq ixqfwlrq lv jlyhq e| �" @ �

2 +nW@�k$,
� =

Wkh txdvl0fodvvlfdo uhihuhqfh yroxph iroorzv gluhfwo| zlwk Htxdwlrq +6145,=

Ye @ ���"S +
�
2 . �> �,= +6147,

Qrwlfh iru ghhs srzhu0odz wudsv wkdw wkh| kdyh d sduwlfxoduo| vlpsoh whpshudwxuh gh0
shqghqfh ri wkhlu uhihuhqfh yroxph/

Ye 2 W B iru � $4= +6148,

61615 Lqwhuqdo hqhuj|

Wkh lqwhuqdo hqhuj| +wrwdo hqhuj|, ri d qrq0ghjhqhudwh wudsshg jdv ri Q dwrpv xqghu
+txdvl0,htxloleulxp frqglwlrqv lv jlyhq e|

H @ qf�
�
] 0|

f
g% % �+%, h30*&A = +6149,

Wklv h{suhvvlrq fdq eh uhzulwwhq lq whupv ri wkh sduwlwlrq ixqfwlrq +61:,

H @ QnW 2 4

�

C�

CW
> +614:,

d irup/ yhu| zhoo0nqrzq iurp vwdwlvwlfdo phfkdqlfv/ wkdw lv vhhq wr uhpdlq ydolg xqghu
txdvl0htxloleulxp frqglwlrqv lq wkh wuds1 Vxevwlwxwlqj � @ Ye@�

� lw iroorzv wkdw

H @ +�2 . ��,QnW +614;,

zkhuh

�� �

�
C oqYe
C oqW

�
0|

= +614<,

Wkh wlogh v|pero lv xvhg wr uhplqg xv wkdw wkh vfdolqj sdudphwhu �� ghshqgv rq wkh
wuxqfdwlrq hqhuj| +%|, dqg ixuwkhu kdv d +voljkw, W ghshqghqfh/ �� @ �+W> %|,> gxh wr
wkh wuxqfdwlrq ru gxh wr d ghqvlw| ri vwdwhv zklfk ghyldwhv iurp wkh sxuh srzhu0odz
ghqvlw| ri vwdwhv lqwurgxfhg lq vhfwlrq 517141 Lq fdvhv zkhuh wkh prphqwxp dqg srvlwlrq
lqwhjudov lq wkh sduwlwlrq ixqfwlrq +61;, fdq eh vhsdudwhg/ wkh whupv �

2QnW dqg ��QnW
lq Htxdwlrq +614;, pd| eh lqwhusuhwhg dv nlqhwlf dqg srwhqwldo hqhuj| frqwulexwlrqv wr
wkh wrwdo hqhuj|/ uhvshfwlyho|1

Qrwh wkdw Htxdwlrq +614;, uhpdlqv ydolg dovr li wkh vhsdudwlrq ri prphqwxp dqg
srvlwlrq lqwhjudov lv qrw srvvleoh1 Wkhuhiruh/ lw fdq vhuyh dv d jrrg vwduwlqj srlqw iru d
jhqhudo ghvfulswlrq ri wkh txdvl0htxloleulxp wkhuprg|qdplf surshuwlhv ri wudsshg jdvhv
lq whupv ri wkuhh lqghshqghqw yduldeohv= wkh wrwdo qxpehu ri wudsshg dwrpv +Q,/ wkh
txdvl0whpshudwxuh +W , dqg wkh wuxqfdwlrq hqhuj| +%|, ru/ htxlydohqwo|/ wkh wuxqfdwlrq
sdudphwhu +�,= Wklv ghvfulswlrq lv wkh vxemhfw ri vhfwlrq 6181
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Srzhu0odz wudsv= Iru srzhu0odz wudsv lw iroorzv zlwk htv1 +614<, dqg +6147, wkdw
wkh vfdolqj sdudphwhu �� ghshqgv rqo| rq wkh udwlr ri %| dqg W / l1h1/ rq wkh wuxqfdwlrq
sdudphwhu +�,/

�
2 . �� @ +�2 . �,U+�2 . �> �,= +6153,

E| gh�qlwlrq U+d> �, � S +d . 4> �,@S +d> �,> vhh ixuwkhu vhfwlrq 618171 Zlwk Htxd0
wlrq +6153, wkh lqwhuqdo hqhuj| lv irxqg wr eh

H @ H"U+
�
2 . �> �,> +6154,

zkhuh H" @ +�2 . �,QnW lv wkh lqwhuqdo hqhuj| ri d vdpsoh ri Q dwrpv lq wkhupdo
htxloleulxp lq dq lq�qlwho| ghhs wuds1 Qrwh wkdw wkh lqwhuqdo hqhuj| lv lqghshqghqw ri
wkh ghwdlov ri wkh wuds dqg ghshqgv rqo| rq wkh wkhuprg|qdplf yduldeohv Q>W dqg %|
dqg rq wkh vfdolqj ehkdylrxu ri wkh ghqvlw| ri vwdwhv +fkdudfwhulvhg iru srzhu0odz wudsv
e| wkh � sdudphwhu,1

617 Nlqhwlfv ri hydsrudwlrq iurp d wuds

Ydulrxv txhvwlrqv dulvh iurp wkh lqwulqvlf ihdwxuh ri sduwlfoh orvv lq hydsrudwlyh frrolqj1
Iluvw ri doo rqh pd| kdyh grxewv derxw wkh h�flhqf| ri wkh frrolqj surfhvv1 Rqh pd|
zrqghu zkhwkhu wkhuh lv dq| dssuhfldeoh dprxqw ri vdpsoh ohiw diwhu lw kdv ehhq frrohg
wr dq lqwhuhvwlqj whpshudwxuh ru wkdw wkh vdpsoh orvvhv duh h{fhvvlyh dqg glvdeolqj wr
wkh h{shulphqwdolvw1 D uhodwhg txhvwlrq frqfhuqv wkh fkrlfh ri %|= Lw pd| eh reylrxv
wkdw wkh h{wudfwhg hqhuj| shu hydsrudwlqj dwrp lv odujhu iru odujhu %| exw li wklv uhvxowv
lq dq lpsudfwlfdoo| orqj frrolqj wlph wkh hydsrudwlrq lv ri olwwoh xvh1 Dfwxdoo|/ zkdw lv
phdqw e| lpsudfwlfdoo| orqjB Lv wklv ghwhuplqhg e| wkh sdwlhqfh ri wkh h{shulphqwdolvw/
e| lqvwuxphqwdo olplwdwlrqv ru e| lqwulqvlf surshuwlhv ri wkh jdvB Vwduwlqj iurp d nlqhwlf
htxdwlrq/ wkhvh dqg rwkhu txhvwlrqv dqg wkhlu uhodwlrq wr wkh vkdsh ri gl�huhqw wudsv
zloo eh glvfxvvhg lq wkh frplqj vhfwlrqv1 Vhyhudo fkdudfwhulvwlf sdudphwhuv dsshdu lq
wklv glvfxvvlrq= +d, wkh wuxqfdwlrq sdudphwhu/ � � %|@nW> h{suhvvlqj wkh hvfdsh hqhuj|
lq whupv ri wkh txdvl0whpshudwxuh/ +e, wkh cvsloolqj* sdudphwhuv ��> ghvfulelqj wkh vfdolqj
ri wkh uhihuhqfh yroxph zlwk %| dqg d phdvxuh iru wkh vsloolqj ri dwrpv zkhq udpslqj0
grzq wkh hvfdsh wkuhvkrog wr irufh wkh hydsrudwlrq dqg +f, wkh wkhupdolvdwlrq udwlr
h{suhvvlqj wkh udwlr ri hodvwlf froolvlrqv wr orvv froolvlrqv dqg wkxv ghwhuplqlqj zkhwkhu
ru qrw wkhupdo +txdvl0,htxloleulxp fdq eh hvwdeolvkhg zlwklq wkh olihwlph ri wkh vdpsoh1

61714 Nlqhwlf htxdwlrq

Iru d Ervh jdv lq wkh v0zdyh uhjlph dqg xqghu vx�flhqwo| hujrglf frqglwlrqv +vhh
vhfwlrq 614, wkh Erow}pdqq htxdwlrq fdq eh uhgxfhg wr d nlqhwlf htxdwlrq iru wkh glv0
wulexwlrq ixqfwlrq i+%, @ qf�� h{s^�%@nW ` ri d sduwlfxoduo| vlpsoh irup ^89`1

�+%e, bi+%e, @
p�

�2�k�

]
g%�g%2g%��^%� . %2 � %� � %e`� +6155,

�+plq^%�> %2> %�> %e`,ii+%�,i+%2,� i+%�,i+%e,j=
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Wklv htxdwlrq uhsuhvhqwv wkh ghwdlohg edodqfh ehwzhhq froolvlrqv lq zklfk dwrpv zlwk
hqhuj| %� dqg %2 surgxfh dwrpv zlwk hqhuj| %e +xqghu frqvhuydwlrq ri hqhuj| dqg
prphqwxp, dqg froolvlrqv lq zklfk dwrpv zlwk hqhuj| %e duh orvw iurp wkh glvwulexwlrq
zkloh surgxflqj dwrpv zlwk hqhuj| %� dqg %2 +frqvhuylqj hqhuj| dqg prphqwxp,1
Htxdwlrq +6155, ghvfulehv wkh wlph hyroxwlrq ri wkh hqhuj| glvwulexwlrq ixqfwlrq i+%,
dv d uhvxow ri wkh hohphqwdu| froolvlrqdo surfhvvhv= v0zdyh froolvlrqv zlwk furvv vhfwlrq
� @ ;�d2 +vhh vhfwlrq 515,1 Qrwdeo|/ wklv h{suhvvlrq rqo| lqyroyhv wkh ghqvlw| ri vwdwhv
ri wkh dwrp zlwk wkh orzhvw hqhuj| lqyroyhg lq hdfk froolvlrqdo surfhvv1 Wklv surshuw|
zdv �uvw xvhg lq wkh EHF olwhudwxuh wr ghvfuleh wkh nlqhwlfv ri Ervh frqghqvdwlrq lq
krprjhqhrxv v|vwhpv lq uhodwlrq wr h{flwrqv ^8:` dqg lq vslq0srodulvhg k|gurjhq ^8;/ 8<`1

Htxdwlrq +6155, zdv ghulyhg iru lqkrprjhqhrxv v|vwhpv wr fdofxodwh wkh udwh ri
hydsrudwlrq iurp d wuds +vhh vhfwlrq 61715, dqg wr vwxg|/ e| qxphulfdo vroxwlrq/ wkh
wlph hyroxwlrq ri wkh vkdsh ri wkh wuxqfdwhg hqhuj| glvwulexwlrq ^89`1 Lq wklv zd| wkh
xvh ri wkh txdvl0htxloleulxp dssur{lpdwlrq +616, frxog eh mxvwl�hg1

61715 Hydsrudwlrq udwh

E| gh�qlwlrq/ wkh hydsrudwlrq udwh htxdov wkh udwh ri orvv ri dwrpv wr qrq0wudsshg
vwdwhv +%e A %|, dv d uhvxow ri froolvlrqv ehwzhhq wudsshg dwrpv/ dqg lv wkxv jlyhq e|
wkh iroorzlqj h{suhvvlrq

bQe� @ �
] "

0|
g%e �+%e, bi+%e,= +6156,

Lq wkh wuxqfdwhg Erow}pdqq dssur{lpdwlrq zh vhh wkdw li %e A %| A %�> %2 rqo| wkh jdlq
whup lq wkh nlqhwlf htxdwlrq +6155, frqwulexwhv dqg wkdw %� @ %�. %2� %e lv qhfhvvdulo|
wkh orzhvw hqhuj| lqyroyhg lq dq| froolvlrq lqyroylqj hvfdsh ri rqh ri wkh dwrpv1 Khqfh/

bQe� @ �
p�

�2�k�

] 0|

f
g%�

] 0|

0�
g%2

] 0|

0�n0|302
g%� �+%�, i+%�,i+%2, +6157,

zkhuh wkh grpdlq ri lqwhjudwlrq lv ghwhuplqhg e| wkh uhtxluhphqwv wkdw %�> %2 ? %| dqg
%� . %2 � %� @ %e A %|1 Hydoxdwlqj wkh lqwhjudo lv vwudljkwiruzdug dqg |lhogv

bQe� @ �q
2
f �y � h

3# Ye� +6158,

zlwk �y � ^;nW@�p`�*2 gh�qhg wr frlqflgh lq wkh olplw � $ 4 zlwk wkh htxloleulxp
h{suhvvlrq iru wkh phdq wkhupdo vshhg/ dqg Ye� lv wkh uhihuhqfh yroxph iru hydsrudwlrq
gh�qhg e|

Ye� @
��

nW

] 0|

f
g% �+%,^+%| � %� nW ,h30*&A . nWh30|*&A `= +6159,

Khqfh/ wkh fkdudfwhulvwlf hydsrudwlrqdo ghfd| wlph �e�/ gh�qhg e| wkh h{suhvvlrq �3�e� @
� bQe�@Q> fdq eh zulwwhq dv

�3�e� @ qf�y � h
3#Ye�@Ye= +615:,

Khuh lw zdv xvhg wkdw doo dwrpv wkdw dftxluh/ dv d uhvxow ri dq hodvwlf lqwhudwrplf
froolvlrq/ dq hqhuj| vdwlvi|lqj wkh hydsrudwlrq frqglwlrq +%e A %|, duh orvw iurp wkh
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wuds zlwk xqlw suredelolw|1 Wkh yroxph udwlr Ye�@Ye fdq ydu| ehwzhhq }hur dqg lq�qlw|
dqg pd| eh fdofxodwhg qxphulfdoo| iru dq| w|sh ri wuds rqfh wkh ghqvlw| ri vwdwhv lv
nqrzq1 Qrwh wkdw wkh htv1 +6158, dqg +615:, krog iru jlyhq ydoxhv ri Q>W dqg %|= Fohduo|/
iru d surshu ghvfulswlrq ri hydsrudwlyh frrolqj ri d wudsshg forxg ri jdv zh kdyh wr
eulqj lqwr wkh slfwxuh krz wkh hydsrudwlrq surfhvv d�hfwv Q dqg W iru �{hg +sodlq
hydsrudwlrq, ru wlph0ydu|lqj +irufhg hydsrudwlrq, ydoxh ri wkh wuxqfdwlrq sdudphwhu
%|= Zh uhwxuq wr wklv srlqw lq vhfwlrq 6181

Htxdwlrq +615:, fdq eh lqwhusuhwhg dv d froolvlrq udwh pxowlsolhg e| dq hvfdsh sured0
elolw|1 Krzhyhu/ wkh xvxdo glvfxvvlrq dvvrfldwhg zlwk vxfk dq lqwhusuhwdwlrq/ frqfhuqlqj
wkh lq�xhqfh ri wkh wkhupdolvdwlrq udwh rq wkh hvfdsh suredelolw|/ lv dyrlghg e| ghuly0
lqj h{suhvvlrqv gluhfwo| iurp wkh Erow}pdqq htxdwlrq1 Doo olplwdwlrqv zlwk uhjdug wr
wkh ydolglw| ri Htxdwlrq +615:, duh frqwdlqhg lq wkh olplwdwlrqv wr ydolglw| ri wkh txdvl0
htxloleulxp dssur{lpdwlrq +616, dqg wkhvh olplwdwlrqv duh nqrzq wr eh vpdoo iru wkh
txdvl0krprjhqhrxv qrq0ghjhqhudwh Ervh jdv glvfxvvhg khuh ^89`1

Srzhu0odz wudsv= Iru wkhvh wudsv +lqwurgxfhg lq vhfwlrq 51714, wkh udwlr Ye�@Ye fdq
eh h{suhvvhg dqdo|wlfdoo| lq whupv ri lqfrpsohwh jdppd ixqfwlrqv

Ye�@Ye @ � � +D2 . �,U+�2 . �> �,= +615;,

Wdnlqj qrwlfh ri wkh dv|pswrwlf ehkdylrxu ri wkh yroxph udwlr

Ye�@Ye *
�2

+D2 . �,+�2 . �,
+�$ 3, dqg Ye�@Ye * � � D

2 � � +� $4, +615<,

rqh pd| vd|/ vrphzkdw kdqgzdylqj/ wkdw lq pdq| sudfwlfdo fdvhv wkh dvvxpswlrq
Ye�@Ye � 4 lv qrw d edg dssur{lpdwlrq wr hvwlpdwh wkh rughu ri pdjqlwxgh ri wkh
hydsrudwlrq udwh1

61716 Irufhg hydsrudwlrq

Wkxv idu %| zdv dvvxphg wr eh frqvwdqw/ l1h1/ zh rqo| frqvlghuhg sodlq hydsrudwlrq1 Lq
irufhg hydsrudwlrq wkh hvfdsh wkuhvkrog lv vorzo| orzhuhg lq rughu wr kdyh wkh hydsrud0
wlrq surfhhg dw wkh ghvluhg udwh1 Wkh hydsrudwlrq surfhvv lv yhu| vhqvlwlyh iru wkh ydoxh
ri wkh wuxqfdwlrq sdudphwhu +�, ehfdxvh lw dsshduv lq wkh h{srqhqw ri wkh h{suhvvlrqv
+6158, dqg +615:,1 Lqhylwdeo|/ wkh orzhulqj ri %| jlyhv ulvh wr dq dgglwlrqdo orvv/ qrw
uhodwhg wr froolvlrq lqgxfhg hvfdsh +hydsrudwlrq,/ exw wr wkh fkdqjh lq hvfdsh frqglwlrq
lwvhoi1 Wkhuhiruh/ lq irufhg hydsrudwlrq/ wkh orvv ri dwrpv iurp wkh wuds frqvlvwv ri wzr
frqwulexwlrqv/

bQ @ bQe� . bQ|= +6163,

Wkh �uvw whup lv wkh hydsrudwlrq orvv udwh glvfxvvhg lq wkh suhylrxv vhfwlrq1 Wkh vhfrqg
whup lv wkh wuxqfdwlrq orvv udwh/ rqo| qrq0}hur iru g%|@gw ? 3>

bQ| @ �+%|,i+%|, b%|= +6164,

Uhzulwlqj lq whupv ri wkh sduwlwlrq ixqfwlrq/ �+%|,h
3# @ +C�@C%|,A > dqg vxevwlwxwlqj

wkh h{suhvvlrq � @ Ye@�
� zh rewdlq

bQ|@Q @ �� b%|@%|> +6165,



6171 NLQHWLFV RI HYDSRUDWLRQ IURP D WUDS 66

zkhuh wkh vfdolqj sdudphwhu �� lv gh�qhg e|

�� �

�
C oqYe
C oq %|

�
A
= +6166,

Qrwh wkdw �� � 3 iru ghhs wudsv1 Htxdwlrq +6165, h{suhvvhv wkh uhodwlrq ehwzhhq wkh
fkdudfwhulvwlf wlph iru dwrp orvv gxh wr wuxqfdwlrq +�|,/ gh�qhg e| wkh h{suhvvlrq �

3�
| @

�+ bQ|@Q,> dqg wkh udps0grzq wlph +�o@6R,/ gh�qhg e| �3�o@6R @ �+ b%|@%|, dqg lv hdvlo|

uhzulwwhq iru wklv sxusrvh dv �3�| @ ���3�o@6R= Khqfh/
�� lv d phdvxuh iru wkh vsloolqj ri

sduwlfohv e| wkh udpslqj surfhgxuh1

Wkh ryhudoo ghfd| wlph ri wkh vdpsoh gxh wr irufhg hydsrudwlrq +�, fdq eh zulwwhq
dv wkh vxp ri wzr whupv/

�3� @ �3�e� . �3�| > +6167,

uhsuhvhqwlqj wkh udwhv ri hydsrudwlrq dqg wuxqfdwlrq/ uhvshfwlyho|1 Lq ylhz ri wklv uhvxow/
zh pd| glvwlqjxlvk wzr uhjlphv=

� Txdvl0vwdwlf udpslqj +�3�| � �3�e� ,1 Lq wklv uhjlph wkh hydsrudwlrq wkuhvkrog %|
lv cvorzo|* uhgxfhg dqg wkh dwrp orvv lv pdlqo| gxh wr hydsrudwlrq1 Wklv lv wkh
uhjlph ri csxuh* irufhg hydsrudwlyh frrolqj + bQ � bQe�, lq zklfk erwk Q dqg W
fkdqjh1 Lq wkh olplw �3�| $ 3 zh kdyh sodlq hydsrudwlrq1

� Idvw udpslqj +�owhulqj, +�3�|  �3�e� ,1 Lq wklv uhjlph hvvhqwldoo| doo sduwlfoh orvv
lv gxh wr wkh wuxqfdwlrq + bQ � bQ|,1 Wkh txdvl0whpshudwxuh uhpdlqv frqvwdqw exw
wkh lqwhuqdo hqhuj|/ H> lv uhgxfhg dv wkh prvw hqhujhwlf dwrpv duh �owhuhg iurp
wkh vdpsoh +vhh qh{w vhfwlrq,1

Srzhu0odz wudsv= Uhzulwlqj Htxdwlrq +6166, iru srzhu0odz wudsv zh rewdlq

�� @ +�2 . �,^4�U+�2 . �> �,`= +6168,

Lw lv qrwhzruwk| wkdw/ iru srzhu0odz wudsv/ wkh vxp ri wkh wzr sduwldo ghulydwlyhv ri wkh
uhihuhqfh yroxph Ye uhgxfhv wr d sduwlfxoduo| vlpsoh irup/

�� . �� @ �= +6169,

Iru wkh vshfldo fdvh ri kduprqlf wudsv wkh frqglwlrq iru txdvl0vwdwlf udpslqj pd|
eh h{suhvvhg e| dq lqhtxdolw| iru wkh surgxfw ri wkh wuds iuhtxhqf| +$, dqg wkh udps0
grzq wlph +�o@6R, lq whupv ri wkuhh fkdudfwhulvwlf udwlrv/ wkh wuxqfdwlrq sdudphwhu/ wkh
udwlr ri txdvl0wkhupdo zdyhohqjwk wr wkh v0zdyh vfdwwhulqj ohqjwk dqg wkh udwlr ri wkh
txdvl0whpshudwxuh dqg ohyho vsolwwlqj

$�o@6R  
4

Q

�
�

d

�2�nW
�k$

�2 ��

^� � 7U+6> �,`
= +616:,
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61717 Orvv ri lqwhuqdo hqhuj|

Wkh udwh dw zklfk wkh lqwhuqdo hqhuj| ri wkh wudsshg jdv ghfuhdvhv gxulqj wkh hydsr0
udwlrq surfhvv lv frpsrvhg ri wzr frqwulexwlrqv/

bH @ bHe� . bH|= +616;,

Wkh �uvw frqwulexwlrq + bHe�, lv wkh hydsrudwlrq whup/ uhvxowlqj iurp wkh lqwhudwrplf
froolvlrqv dqg uhsuhvhqwlqj wkh hqhuj| uhpryhg zlwk wkh hydsrudwlqj dwrpv1 Wkh vhfrqg
whup + bH|, jlyhv wkh frqwulexwlrq gxh wr d fkdqjlqj wuxqfdwlrq hqhuj|/ rqo| suhvhqw iru
g%|@gw ? 31 Lq sodlq hydsrudwlrq rqo| wkh whup bHe� frqwulexwhv1 Li %| lv ydulhg wkh
wuxqfdwlrq orvvhv duh jlyhq wkh iroorzlqj h{suhvvlrq

bH| @ %| �+%|,i+%|, b%| @ %| bQ|= +616<,

Wkh lqwhuqdo hqhuj| orvv gxh wr hydsrudwlrq iroorzv iurp hydoxdwlrq ri wkh iroorzlqj
lqwhjudo

bHe� @ �
] "

0|
g%e %e �+%e, bi+%e,= +6173,

Zlwk wkh vdph surfhgxuh dv xvhg lq wkh suhylrxv vhfwlrq iru fdofxodwlqj wkh hydsrudwlrq
udwh + bQe�,> vhh Htxdwlrq +6158,/ zh �qg

bHe� @ bQe� ^%| . +4� [e�@Ye�, nW `> +6174,

zkhuh

[e� @
��

nW

] 0|

f
g%�+%,^nWh30*&A � +%| � %. nW ,h30|*&A `= +6175,

Wkh yroxph udwlr [e�@Ye� fdq ydu| ehwzhhq }hur dqg xqlw| dqg lv hdvlo| fdofxodwhg
qxphulfdoo| iru duelwudu| wudsv rqfh wkh ghqvlw| ri vwdwhv lv nqrzq1 Olnh htv1 +6158, dqg
+615:, dovr Htxdwlrq +6174, lv ydolg iru jlyhq Q>W dqg %|= Htxdwlrq +6174, h{suhvvhv wkh
sk|vlfdo slfwxuh wkdw dwrpv hvfdslqj iurp wkh wuds uhgxfh wkh lqwhuqdo hqhuj| e| dq
dprxqw voljkwo| odujhu wkdq wkh hqhuj| ri wkh wuxqfdwlrq hgjh %|=

Srzhu0odz wudsv= Iru wkhvh wudsv +vhh vhfwlrq 51714, wkh udwlr [e�@Ye� fdq eh h{0
suhvvhg dv

[e�

Ye�
@

S +.2 . �> �,

S +�2 . �> �,

Ye
Ye�

+6176,

dqg wkh dv|pswrwlf ehkdylrxu lv jlyhq e|

[e�@Ye� * 4�
�

b
2 . �

+� $ 3, dqg [e�@Ye� *
4

� � D
2 � �

+� $4,= +6177,

61718 Uhod{dwlrq khdwlqj dqg wkh wkhupdolvdwlrq udwlr

Mxvw olnh hydsrudwlrq ohdgv wr frrolqj ehfdxvh rqo| wkh prvw hqhujhwlf dwrpv hvfdsh/
pdjqhwlf uhod{dwlrq zloo ohdg wr khdwlqj ehfdxvh lq wklv surfhvv wkh orz0hqhuj| dwrpv duh
suhihuhqwldoo| uhpryhg1 Ehfdxvh vslq uhod{dwlrq lv d wzr0erg| surfhvv +vhh vhfwlrq 416,
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wkh uhod{dwlrq udwh lv sursruwlrqdo wr wkh vtxduh ri wkh jdv ghqvlw|1 Wkxv/ wkh dwrpv
duh orvw suhihuhqwldoo| iurp wkh fhqwudo uhjlrq ri wkh wuds +uhjlrq ri kljkhvw ghqvlw|,
zkhuh wkh dwrpv kdyh orzhu0wkdq0dyhudjh hqhuj|1 Zh dvvxph khuh wkdw doo uhod{dwlrq
surgxfwv ohdyh wkh wudsshg jdv= kljk0�hog0vhhnlqj dwrpv duh hmhfwhg iurp wkh wuds lq
dffrugdqfh zlwk wkhlu qdwxuh dqg wkh dwrpv lq cwudsshg* vslq vwdwhv ehfdxvh wkh uhfrlo
wkdw dffrpsdqlhv +lqhodvwlf, uhod{dwlrq hyhqwv pdnhv wkh dwrpv wrr hqhujhwlf wr eh
frq�qhg lq wkh wuds1

Wkh udwh ri fkdqjh ri wkh qxpehu ri wudsshg dwrpv gxh wr vslq uhod{dwlrq fdq eh
zulwwhq dv

bQoe, @ �
]
g�uJ+u,q2+u, +6178,

zkhuh wkh udwh frqvwdqw J lv dvvxphg wr eh lqghshqghqw ri whpshudwxuh +orz whpshu0
dwxuh olplw,1 Qhjohfwlqj d srvvleoh srvlwlrq ghshqghqfh +h1j1 �hog ghshqghqfh, ri wkh
udwh frqvwdqw dqg gh�qlqj d fkdudfwhulvwlf uhod{dwlrq wlph �oe, e| �3�oe, @ �+

bQoe,@Q,>
Htxdwlrq +6178, fdq eh uhh{suhvvhg dv

�3�oe, @ qfJY2e@Ye> +6179,

zkhuh wkh uhihuhqfh yroxph iru elqdu| froolvlrqv lv jlyhq e|

Y2e @
]
g�u ^q+u,@qf`

2= +617:,

Wkh dvvrfldwhg udwh ri fkdqjh ri lqwhuqdo hqhuj|/

bHhi* @ bQhi*+
�
2 . ��2,nW +617;,

zkhuh ��2 @ ^W@+5Y2e,`CY2e@CW lv wkh vfdolqj sdudphwhu iru wkh froolvlrq uhihuhqfh yro0
xph1 Rqh pd| vkrz wkdw ��2 ? ��= Wkhuhiruh/ wkh uhod{dwlrq h�hfwlyho| dfwv dv d khdwlqj
phfkdqlvp1

Dv erwk uhod{dwlrq dqg hydsrudwlrq duh wzr0erg| surfhvvhv wkhlu ghqvlw| ghshqghqfh
lv lghqwlfdo1 Wklv doorzv xv wr frpelqh htv1 +6174, dqg +617;, lqwr d vlqjoh h{suhvvlrq
iru wkh hqhuj| orvv udwh/

bHe� . bHoe, @ bQe�^� . +4�[e�@Ye�, . +�2 . ��2,@U`nW> +617<,

zkhuh U lv wkh wkhupdolvdwlrq udwlr +wkh cudwlr ri jrrg0wr0edg froolvlrqv*,/ gh�qhg e|
wkh h{suhvvlrq U @ bQe�@ bQoe,= Vxevwlwxwlqj htv1 +615:, dqg +6179, wkh wkhupdolvdwlrq
udwlr fdq eh zulwwhq dv

U @
�y�

J

Ye�
Y2e

h3#> +6183,

qrwdeo| lqghshqghqw ri qf= Vlploduo| rqh fdq zulwh rqh frpelqhg h{suhvvlrq iru wkh
dwrp orvv udwh gxh wr elqdu| froolvlrqdo surfhvvhv

bQe� . bQoe, @ bQe�^4 . 4@U`= +6184,

Vlqfh wkh hodvwlf froolvlrq udwh vfdohv zlwk W �*2 zkhuhdv J lv whpshudwxuh lqghshq0
ghqw +dw orz whpshudwxuh, wkh wkhupdolvdwlrq udwlr ghfuhdvhv zlwk ghfuhdvlqj whpshu0
dwxuh dffruglqj wr U 2 W �*2= Wkhuhiruh/ lw lv dovr xvhixo wr gh�qh d fkdudfwhulvwlf
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whpshudwxuh WW dw zklfk dq dwrp kdv htxdo suredelolw| wr h{shulhqfh dq lqhodvwlf ru
dq hodvwlf froolvlrq +lq d ixoo wkhupdo glvwulexwlrq,=

nWW @
�pJ2

49�2
= +6185,

Iru k|gurjhq wkh wkhupdolvdwlrq udwlr lv dqrpdorxvo| vpdoo dv d uhvxow ri wkh vpdoo v0
zdyh furvv vhfwlrq1 Vxevwlwxwlqj wkh ydoxhv iru K% lq orz pdjqhwlf �hogv rqh fdofxodwhv
WW * 4=7 qN1

Lq pdq| sudfwlfdo fdvhv wkh wkhupdolvdwlrq udwlr zloo eh odujh/ U �
2 . ��2> vr wkdw

wkh uhod{dwlrq fruuhfwlrqv pd| eh qhjohfwhg lq htv1 +617<, dqg +6184,1 Lq ylhz ri wklv/
wkh dxwkru kdv fkrvhq qrw wr frqwdplqdwh wkh htxdwlrqv lq wkh frplqj vhfwlrqv zlwk
wkhvh vwudljkwiruzdug fruuhfwlrqv/ glvfxvvlqj wkh sk|vlfv dv li uhod{dwlrq lv devhqw1

618 Wkhuprg|qdplfv ri hydsrudwlyh frrolqj

Zlwk h{suhvvlrqv iru wkh sduwlfoh orvv dqg hqhuj| orvv dw rxu glvsrvdo zh fdq uhwxuq
wr wkh wkhuprg|qdplfdo dvshfwv dqg fdofxodwh wkh fkdqjh ri ghqvlw| +qf, dqg wkh udwh
ri frrolqj bW@W ri wkh hydsrudwlqj jdv forxg1 Wzr qhz vfdolqj sdudphwhuv zloo eh
lqwurgxfhg iru wklv sxusrvh1 Wkh h�flhqf| sdudphwhu/ ��> uhodwhv wkh txdvl0whpshudwxuh
wr wkh qxpehu ri dwrpv uhpdlqlqj lq wkh wuds diwhu d fhuwdlq hydsrudwlrq wlph/ W 2 Q �k=
Wkh vfdolqj sdudphwhu �� h{suhvvhv krz wkh ghqvlw| qf fkdqjhv zlwk txdvl0whpshudwxuh
gxulqj frrolqj1

61814 Sodlq hydsrudwlyh frrolqj

Zh �uvw frqvlghu wkh fdvh ri sodlq hydsrudwlyh frrolqj= Lv lv vhhq iurp htv1 +614:, dqg
+61:, wkdw/ iru d jlyhq wuds/ wkh lqwhuqdo hqhuj| rqo| ghshqgv rq wkuhh lqghshqghqw
yduldeohv Q> W dqg %|1 Wkhuhiruh/ gxulqj dq| fkdqjh ri vwdwh lq zklfk wkhvh yduldeohv
uhpdlq zhoo gh�qhg/ wkh lqwhuqdo hqhuj| fkdqjh pd| eh ghvfulehg e|

gH @ F0| gW . �0| gQ .Z0| g%|> +6186,

zkhuh F0| @ +CH@CW ,�c0|
lv wkh khdw fdsdflw| dw frqvwdqw hvfdsh hqhuj| dqg iru d

�{hg qxpehu ri wudsshg dwrpv/ �0| @ +CH@CQ,Ac0| lv olnh d cfkhplfdo srwhqwldo* ri
hydsrudwlrq dw frqvwdqw hvfdsh hqhuj| dqg Z0| @ +CH@C%|,�cA lv d khdw ri wuxqfdwlrq
dw frqvwdqw txdvl0whpshudwxuh dqg iru d �{hg qxpehu ri dwrpv1 Zlwk Htxdwlrq +614;,
lw iroorzv lpphgldwho| wkdw

F0| @ +�2 . �� . W +C��@CW ,0|,Qn dqg �0| @ +�2 . ��, nW= +6187,

Wklv vkrzv wkdw �0| lv qrwklqj hovh wkdq wkh dyhudjh hqhuj| shu uhpdlqlqj dwrp gxulqj
hydsrudwlrq/ �0| � H@Q=

Iru sodlq hydsrudwlyh frrolqj/ l1h1/ hydsrudwlyh frrolqj dw frqvwdqw hvfdsh hqhuj| %|>
wkh wklug whup lq Htxdwlrq +6186, grhv qrw frqwulexwh wr wkh lqwhuqdo hqhuj| fkdqjh/
ohdylqj rqo| wzr lqghshqghqw wkhuprg|qdplf yduldeohv/ Q dqg W=
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Srzhu0odz wudsv= Lq wklv fdvh wkh khdw fdsdflw| dw frqvwdqw hvfdsh hqhuj| ehfrphv

F0| @ F"U+
�
2 . �> �,i+D2 . �,U+D2 . �> �,� +�2 . �,U+�2 . �> �,j> +6188,

zlwk F" @ +�2 . �,Qn=

61815 Irufhg hydsrudwlyh frrolqj

Lq irufhg hydsrudwlyh frrolqj wkh hvfdsh wkuhvkrog +%|, lv orzhuhg zlwk ghfuhdvlqj whp0
shudwxuh/ wkxv doorzlqj wkh hydsrudwlrq wr surfhhg dw d ghvluhg udwh1 Dq dssur{lpdwho|
frqvwdqw hydsrudwlrq udwh lv rewdlqhg e| nhhslqj wkh wuxqfdwlrq sdudphwhu +�, frqvwdqw1
Wkhuhiruh/ udwkhu wkdq ghvfulelqj wkh hydsrudwlrq zlwk Htxdwlrq +6186,/ lq wkh fdvh ri
irufhg hydsrudwlyh frrolqj lw lv pruh frqyhqlhqw wr xvh � udwkhu wkdq %| dv wkh wklug
lqghshqghqw wkhuprg|qdplf yduldeoh dqg wr zulwh fkdqjhv ri wkh lqwhuqdo hqhuj| e|

gH @ F# gW . �# gQ .Z# g�> +6189,

zkhuh F# @ +CH@CW ,�c# lv wkh khdw fdsdflw| dw frqvwdqw wuxqfdwlrq sdudphwhu �# @
+CH@CQ,Ac# lv olnh d cfkhplfdo srwhqwldo* ri hydsrudwlrq dw frqvwdqw wuxqfdwlrq sdudp0
hwhu dqg Z# @ +CH@C�,�cA lv d khdw ri wuxqfdwlrq dw frqvwdqw txdvl0whpshudwxuh dqg
iru d �{hg qxpehu ri dwrpv1 Zlwk Htxdwlrq +614;, lw iroorzv lpphgldwho| wkdw

F# @ +�2 . �� . W +C��@CW ,#,Qn dqg �# @ +�2 . ��,nW= +618:,

Qrwh wkdw �# @ �0| @ H@Q iru wkh qrq0lqwhudfwlqj Ervh jdv frqvlghuhg khuh1
Iru wkh vshfldo fdvh ri irufhg hydsrudwlyh frrolqj dw frqvwdqw � wkh wklug whup lq

Htxdwlrq +6189, grhv qrw frqwulexwh wr wkh lqwhuqdo hqhuj| fkdqjh/ ohdylqj rqo| wzr
lqghshqghqw wkhuprg|qdplf yduldeohv/ Q dqg W= Lq wklv vshfldo fdvh wkh h{suhvvlrqv
iru irufhg hydsrudwlyh frrolqj frlqflgh zlwk wkrvh ri sodlq hydsrudwlyh frrolqj surylghg
F0| lv uhsodfhg e| F#=

Srzhu0odz wudsv= Lw iroorzv zlwk h{suhvvlrq +6153, iru wkh �� sdudphwhu wkdw wkh
fkhplfdo srwhqwldo ri hydsrudwlrq dqg wkh khdw fdsdflw| dw frqvwdqw wuxqfdwlrq sdudp0
hwhu duh jlyhq e|

F#@Qn @ +�2 . �,U+�2 . �> �,= +618;,

61816 Wkh vfdolqj sdudphwhuv �� dqg ��

Iurp vhfwlrq 61717 zh nqrz wkh udwh dw zklfk lqwhuqdo hqhuj| lv uhpryhg iurp wkh
vdpsoh e| wkh hvfdsh ri dwrpv1 Iru txdvl0vwdwlf wuxqfdwlrq ri wkh glvwulexwlrq ixqfwlrq
wkh fkdqjh ri wkh lqwhuqdo pd| eh h{suhvvhg lq whupv wkhuprg|qdplf yduldeohv ri
fkrlfh/ Q> W dqg %| ru Q> W dqg �= Khuh wzr vshfldo fdvhv zloo eh glvfxvvhg= +d,
sodlq hydsrudwlyh frrolqj dqg +e, irufhg hydsrudwlyh frrolqj dw frqvwdqw �1 Lq erwk
fdvhv wkh wkhuprg|qdplf surshuwlhv ghshqg rqo| rq wzr lqghshqghqw yduldeohv/ Q dqg
W> dqg wkh udwh ri fkdqjh ri lqwhuqdo hqhuj| pd| eh h{suhvvhg lq wkh vdph irup/

bH @ F�
bW .H bQ@Q> +618<,
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zkhuh wkh vxevfulsw ri F� lv xvhg wr lqglfdwh sodlq ru irufhg frqglwlrqv> zlwk l 5 +%|> �,
lq dffrugdqfh zlwk htv1 +6187, dqg +618:,/ uhvshfwlyho|1 Htxdwlqj Htxdwlrq +618<, zlwk
Htxdwlrq +616;, dqg xvlqj wkh surshuw| wkdw iru hydsrudwlrq dw frqvwdqw � wkh txdqwlw|
b%|@%| pd| eh uhsodfhg e| bW@W zh �qg

�� @
g oqW

g oqQ
@

� . +4�[e�@Ye�,� +�2 . ��,

F�@Qn . +4�[e�@Ye�,���
> +6193,

zkhuh wkh vhfrqg whupv lq wkh ghqrplqdwru lv rqo| suhvhqw lq wkh fdvh ri irufhg frrolqj
dv lv h{suhvvhg e| wkh Nurqhfnhu ghowd lq wkh gh�qlwlrq/ ��� � ��c# ��> ri wkh sdudphwhu ���=
Khuh �� lv wkh vsloolqj sdudphwhu lqwurgxfhg lq vhfwlrq 617161 Wkh vfdolqj sdudphwhu �� lv
dq lpsruwdqw txdqwlw|/ h{suhvvlqj wkh h�flhqf| ri wkh frrolqj surfhvv1 Li �� lv qhjdwlyh
wkh hydsrudwlrq jlyhv ulvh wr khdwlqj1 Iru �� A 3 wklv vfdolqj sdudphwhu whoov xv krz wkh
txdvl0whpshudwxuh gursv zlwk dwrp orvv gxulqj wkh hydsrudwlrq surfhvv1

D uhodwhg txdqwlw|/ wkh vfdolqj sdudphwhu ��> whoov xv krz wkh txdvl0ghqvlw| vfdohv
zlwk wkh txdvl0whpshudwxuh

�� @
g oqqf
g oqW

= +6194,

Xvlqj wkh lghqwlw| bqf@qf @ bQ@Q � bYe@Ye dqg wkh vfdolqj ehkdylrxu ri wkh uhihuhqfh
yroxph Ye zlwk txdvl0whpshudwxuh dqg hvfdsh hqhuj|/ jlyhq e| bYe@Ye @ �� bW@W.�� b%|@%|>
zh �qg +qrwlqj wkdw iru irufhg hydsrudwlyh frrolqj dw frqvwdqw � wkh txdqwlw| b%|@%| pd|
eh uhsodfhg e| bW@W , wkh iroorzlqj h{suhvvlrq iru ��

�� @
4

��
� +�� . ���, +6195,

Wr kdyh frrolqj zlwk lqfuhdvlqj qf wkh vfdolqj sdudphwhu �� vkrxog eh qhjdwlyh/ fruuh0
vsrqglqj wr wkh frqglwlrq �� A 4@+�� . ���, ru/ htxlydohqwo|/ wkh +uhfxuvlyh, frqglwlrq

� A +�2 . ��, .
F�@Qn . ��c#+4�[e�@Ye�,���

�� . ���
� +4�[e�@Ye�, +6196,

Wkh orzhvw � ydoxh dw zklfk wklv frqglwlrq lv vdwlv�hg zloo eh fdoohg �f=

61817 Uxq0dzd| hydsrudwlrq

Hyhq zlwk wkh wuxqfdwlrq sdudphwhu frqvwdqw dqg htxdo wr �f +l1h1/ iru frqvwdqw qf,
wkh irufhg hydsrudwlrq udwh dw frqvwdqw � zloo vorz grzq zlwk idoolqj whpshudwxuh gxh
wr wkh wkhupdo vshhg ghshqghqfh ri wkh dwrplf froolvlrq iuhtxhqf| qf�y �1 Lq rughu wr
suhyhqw wklv/ wkh ghqvlw| qf vkrxog lqfuhdvh dw ohdvw lqyhuvho| sursruwlrqdo wr W �*2= Wklv
surfhvv lq zklfk wkh frrolqj udwh vshhgv xs lv nqrzq dv uxq0dzd| hydsrudwlrq1 Xvlqj
wkh lghqwlw| g+oqqfW

�*2,@gw @ bqf@qf .
�
2
bW@W> wkh frqglwlrq iru uxq0dzd| hydsrudwlrq

lv vhhq wr eh jlyhq e| wkh h{suhvvlrq

g oqqfW
�*2

g oqW
@

4

��
� +�� . ��, . �

2 ? 3> +6197,
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l1h1/ �� A 4@+�� . �� � �
2,> vr wkdw iru wklv fdvh wkh uhfxuvlyh frqglwlrq +6196, vkrxog eh

uhsodfhg e| wkh frqglwlrq

� A +�2 . ��, .
F#@Qn . +4�[e�@Ye�,��

�� . �� � �
2

� +4�[e�@Ye�,= +6198,

Wkh orzhvw � ydoxh dw zklfk wklv frqglwlrq lv vdwlv�hg zloo eh fdoohg wkh fulwlfdo wuxq0
fdwlrq sdudphwhu �S=

H{dpsohv

Sodlq hydsrudwlyh frrolqj= Wr kdyh frrolqj dw lqlwldoo| frqvwdqw qf> wkh sdudphwhu
�� iru wkh vfdolqj ri qf zlwk whpshudwxuh vkrxog eh htxdo wr }hur dw wkh vwduw ri wkh
frrolqj surfhvv/ l1h1/ wkh wuxqfdwlrq sdudphwhu � vkrxog eh htxdo wr �f= Vxevwlwxwlqj
wkh h{suhvvlrqv +6153,/ +6188, dqg +6174, iru ��> F0| dqg [e�@Ye�> uhvshfwlyho|/ lqwr
Htxdwlrq +6196,/ dqg xvlqj Htxdwlrq +615;, iru Ye�@Ye/ zh fdq vroyh iru �f=

Zh �uvw glvfxvv wkh fdvh ri d 6G kduprqlf wuds +� @ �
2,1 Khuh zh fdofxodwh �f @

5=<1 Zlwk wklv ydoxh iru �f zh fdq lqvshfw ydoxhv iru wkh wkhuprg|qdplf txdqwlwlhv=
H@QnW @ 4=;> F0|@Qn @ 3=77 dqg fdofxodwh wkh udwlrv [e�@Ye� @ 3=9 dqg Ye�@Ye @ 3=8=
Wkhq zh fdq fdofxodwh wkh vfdolqj sdudphwhuv �� @ 3=5< zlwk Htxdwlrq +6153, dqg �� @ 6=7
zlwk Htxdwlrq +6193, wr yhuli| wkdw lqghhg wkh vfdolqj sdudphwhu �� lv }hur +l1h1/ �� @ 4@��,1
Wkhq/ wkh +lqlwldo, fkdudfwhulvwlf frrolqj wlph fdq eh fdofxodwhg zlwk wkh iroorzlqj
h{suhvvlrq

�
bW

W
@

4

��
qf�y � h

3#S Ye�@Ye � 3=4qf�y �= +6199,

Lqlwldoo| qf uhpdlqv frqvwdqw dv wkh txdvl0whpshudwxuh gursv1 Krzhyhu/ vlqfh %| lv
frqvwdqw wklv ohdgv wr dq lqfuhdvh lq wuxqfdwlrq sdudphwhu dqg qf zloo vwduw wr lqfuhdvh
zkloh wkh frrolqj udwh lv fxw0r� h{srqhqwldoo|1

Iru vhyhudo srzhu0odz wudsv/ fkdudfwhulvhg e| wkhlu � ydoxh/ wkh uhvxowv iru sodlq
hydsrudwlrq +frqvwdqw %|, duh vxppdulvhg ehorz=

� 6 518 5 418 4 318

�f 5158 516< 518< 51<4 6183 8138
�� 813 718 61< 617 613 613

Iru sodlq hydsrudwlrq wkh vskhulfdo txdguxsroh wudsv +� @ 6, duh fohduo| idyrxudeoh1
Hyhq iru d wuxqfdwlrq sdudphwhu dv orz dv 5158 wkh ghqvlw| jurzv prqrwrqrxvo| iru
wkhvh wudsv1 Dovr wkh odujh h�flhqf| sdudphwhu ��> lqglfdwlqj wkdw wkh whpshudwxuh idoov
zlwk wkh �iwk srzhu ri wkh qxpehu ri dwrpv uhpdlqlqj lq wkh wuds/ lv vshfwdfxodu1 Wklv
phdqv wkdw wkh vskhulfdo txdguxsroh wuds lv ehvw vxlwhg wr ordg d wuds wr wkh rqvhw ri
hydsrudwlyh frrolqj1

Irufhg hydsrudwlyh frrolqj dw frqvwdqw �= Wxuqlqj wr irufhg hydsrudwlyh frrolqj
zh frqvlghu wzr fdvhv= +d, irufhg hydsrudwlyh frrolqj dw frqvwdqw qf +l1h1/ � @ �f, dqg
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+e, irufhg hydsrudwlyh frrolqj dw wkh rqvhw ri uxq0dzd| hydsrudwlrq +l1h1/ � @ �S,1 Lq
erwk fdvhv zh frqvlghu srzhu0odz wudsv/ vr zh pd| xvh wkh vlpsoli|lqj uhodwlrq ��.�� @ �
+vhh vhfwlrq 61716,1 Wkh h�flhqf| sdudphwhu +��, pd| wkhq eh h{suhvvhg dv

�� @
4

� . ��
> +619:,

zkhuh �� kdv wkh ydoxh 3> iru irufhg hydsrudwlyh frrolqj dw frqvwdqw qf> ru �
�
2 > dw wkh

rqvhw ri uxq0dzd| hydsrudwlrq1
+d, Iru irufhg hydsrudwlyh frrolqj dw frqvwdqw qf wkh hydsrudwlrq surfhvv vwduwv/ dv lq

wkh fdvh ri sodlq hydsrudwlrq/ zlwk � @ �f= Orzhulqj %| sursruwlrqdo wr W> wkxv nhhslqj �
frqvwdqw/ fdxvhv wkh ghqvlw| qf wr uhpdlq frqvwdqw dv fdq eh vhhq iurp Htxdwlrq +6196,
zkhuh W grhv qrw dsshdu h{solflwo|1 Wkh gl�huhqfh iurp sodlq hydsrudwlyh frrolqj
vkrzv xs lq wkh ydoxh iru wkh h�flhqf| sdudphwhu +��, zklfk lv uhdglo| fdofxodwhg zlwk
Htxdwlrq +619:, e| vhwwlqj �� htxdo wr }hur1

� 6 518 5 418 4 318

�f 5158 516< 518< 51<4 6183 8138
�� 426 528 425 526 4 5

Qrw vxusulvlqjo|/ wkh sduwlfoh orvv gxh wr wkh udps0grzq surfhgxuh lv prvw surqrxqfhg
iru wudsv zlwk wkh odujhvw ghqvlw| ri vwdwhv qhdu wkh wuxqfdwlrq hgjh1 Wklv vkrzv xs lq
wkh h�flhqf| sdudphwhu/ ��= Vlplodu ehkdylrxu fdq eh irxqg iru wkh vsloolqj sdudphwhu/
��=

+e, Fkrrvlqj � frqvwdqw dqg htxdo wr �S wkh frrolqj qrw rqo| vwduwv dw frqvwdqw qf�y
exw dovr frqwlqxhv dw frqvwdqw qf�y= Wklv lv wkh rqvhw frqglwlrq iru uxq0dzd| hydsrudwlrq1
Dv lq wkh suhylrxv h{dpsoh wkh h{suhvvlrq +619:, krogv/ exw qrz/ lq dffrugdqfh zlwk
Htxdwlrq +6197,/ zh uhtxluh wkdw wkh vfdolqj sdudphwhu �� lv ohvv wkdq ��

2 1 Iru 6G
kduprqlf wudsv lw iroorzv zlwk Htxdwlrq +6198, wkdw �S @ 7=8< dqg H@QnW @ F#@Qn @
5=74= Wkh yroxph udwlrv duh jlyhq e| [e�@Ye� @ 3=75 dqg Ye�@Ye @ 4=6:= Iru wkh vfdolqj
sdudphwhuv zh fdofxodwh �� @ 3=<45> �� @ 3=8;; dqg �� @ 4= Wkh frrolqj udwh pd| eh
h{suhvvhg dv

�
bW

W
@

4

�� � �
2

qf� �y h
3#S Ye�@Ye � 3=367qf� �y> +619;,

zklfk lv d idfwru 6 vorzhu wkdq wkh lqlwldo frrolqj udwh jlyhq lq h{suhvvlrq +6199, exw
kdv wkh dgydqwdjh wkdw wkh h{srqhqwldo wkurwwolqj zlwk idoolqj txdvl0whpshudwxuh kdv
ehhq holplqdwhg1 Qrwh wkdw �3�| @ 4=7 �3�e� = Wklv phdqv wkdw zh duh dw wkh hgjh ri wkh
txdvl0vwdwlf udpslqj uhjlph dqg wkdw pruh wkdq kdoi ri wkh dwrpv duh orvw e| vsloolqj1

Frpsdulqj wkh ydulrxv srzhu0odz wudsv iru hydsrudwlrq irufhg dw uxq0dzd| frqgl0
wlrqv zh �qg wkh uhvxowv frpslohg lq wkh wdeoh ehorz

� 6 518 5 418 4 318

�S 614: 6176 61;7 718< 918< 4
�� 528 425 526 4 5 0
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Erwk h{dpsohv ri irufhg hydsrudwlyh frrolqj vkrz wkdw kljk0� wudsv uhtxluh wkh vpdoohvw
wuxqfdwlrq sdudphwhu wr pryh dw wkh ghvluhg vorsh wkurxjk wkh qf � W skdvh gldjudp1
Wklv lv d qlfh ihdwxuh ehfdxvh lw hqdeohv idvw frrolqj1 Krzhyhu/ e| frpsdulqj wkh ��
sdudphwhuv zh vhh wkdw wkh orz0� wudsv duh pruh h�flhqw1 Wklv udlvhv wkh txhvwlrq
krz wkh ydulrxv wudsv frpsduh +xqghu irufhg hydsrudwlyh frrolqj dw frqvwdqw �, iru
htxdo ydoxhv ri wkh wuxqfdwlrq sdudphwhu1 Wklv frpsdulvrq zdv pdgh iru � @ 7=8<> wkh
fulwlfdo wuxqfdwlrq ydoxh iru uxq0dzd| hydsrudwlrq lq kduprqlf wudsv1 Wkh uhvxowv duh
suhvhqwhg ehorz

� 6 518 5 418 4 318

�� 3187 3197 31:< 4 4164 41;

Qrwh wkdw dovr dw htxdo � wkh kduprqlf wudsv duh pruh h�flhqw wkdq vskhulfdo txdguxsroh
wudsv1 Krzhyhu/ vlqfh lq wklv fdvh wkh kljk0� wudsv duh rshudwhg zhoo lqvlgh cwkh uxq0
dzd| uhjlph* +� � 4=8 �S, wkh hydsrudwlrq vshhgv xs +gxh wr d vwurqj lqfuhdvh lq qf
dqg uhodwhg wr wkh vwurqj W ghshqghqfh ri wkh h�hfwlyh yroxph,1 Wklv uxq0dzd| pd|
eh dq lpsruwdqw dgydqwdjh lq fdvhv zkhuh vkruw frrolqj wlphv duh uhtxluhg1

�TTi?_� G W?UL4T*i|i }@44@ u�?U|�L?t

Wkh lqfrpsohwh jdppd ixqfwlrq lv gh�qhg e|

S +d> �, �
4

�+d,

] #

f
gw w@3�h3|> +619<,

zkhuh �+d, lv wkh Hxohu jdppd ixqfwlrq1 S +d> �, jurzv prqrwrqlfdoo| iurp }hur wr rqh
iru lqfuhdvlqj � � 31 S +d> �, fdq eh h{suhvvhg dv d vhulhv h{sdqvlrq

S +d> �, @ h3# �@
"[

6'f

�6

�+p. d. 4,
+61:3,

zklfk uhgxfhv iru lqwhjhu d @ 4> 5> 6> � � � wr

S +d> �, @ 4� h3#
@3�[
6'f

�6

p$
= +61:4,

H{sdqvlrq lq whupv ri 4@� =

S +d> �, @ 4� h3#
�@3�

�+d,

�
4 .

+d� 4,

�
.
+d� 4,+d� 5,

�2
. � � �

�
+61:5,

Wkh ghulydwlyh ri S +d> �, zlwk uhvshfw wr � lv jlyhq e|

CS +d> �,

C�
@

d

�
^S +d> �,� S +d. 4> �,` @

h3#�@3�

�+d,
+61:6,
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dqg/ khqfh

U+d> �, �
S +d. 4> �,

S +d> �,
@ 4� h3#

�@

�+d. 4,

4

S +d> �,
= +61:7,

D xvhixo uhfxuvlrq uhodwlrq iru U+d> �, ixqfwlrqv lv

4

U+d> �,
@ 4 .

d. 4

�
^4�U+d. 4> �,`= +61:8,

Wkh ghulydwlyh ri U+d> �, zlwk uhvshfw wr � lv jlyhq e|

CU+d> �,

C�
@

U+d> �,

�
^4 . dU+d> �,� +d. 4,U+d. 4> �,`= +61:9,

�U!?L�*i_}i4i?|t

Pdq| glvfxvvlrqv zlwk wkh phpehuv dqg jxhvwv ri wkh dwrplf k|gurjhq jurxs dw wkh
Xqlyhuvlw| ri Dpvwhugdp kdyh ehhq lqydoxdeoh iru suhsdulqj wklv sdshu1 Wkhvh duh
zdupo| dfnqrzohgjhg1 Lq sduwlfxodu L zrxog olnh wr wkdqn Phulww Uh|qrogv iru ghwdlohg
frpphqwv dqg iru grxeoh fkhfnlqj vrph qxphulfdo ydoxhv suhvhqwhg lq wkh hydsrudwlyh
frrolqj vhfwlrq ri wkh sdshu1 Wkh dxwkru zlvkhv wr wkdqn klv froohdjxhv dw wkh HQV
lv Sdulv iru wkhlu h{fhswlrqdo krvslwdolw| dqg vwlpxodwlqj glvfxvvlrqv gxulqj wkh suhsd0
udwlrq ri wkh pdqxvfulsw1 Ixuwkhu L zrxog olnh wr wkdqn wkh rujdqlvhuv dqg hglwruv ri
VXVVS77 iru fuhdwlqj dq lqwhuhvwlqj vxpphu vfkrro dqg iru sdwlhqfh zlwk wkh dxwkru
zkhq wkh pdqxvfulsw zdv ghod|hg xqghvludeo| orqj1

Wkh k|gurjhq uhvhdufk lq Dpvwhugdp lv vxssruwhg e| wkh Vwlfkwlqj yrru Ixqgd0
phqwhho Rqghu}rhn ghu Pdwhulh +IRP,/ e| wkh Qhghuodqgvh Rujdqlvdwlh yrru Zhwhq0
vfkdssholmn Rqghu}rhn +QZR0SLRQLHU,1

^4` Ixqgdphqwdo V|vwhpv lq Txdqwxp Rswlfv/ Ohv Krxfkhv Vxpphu Vfkrro
OLLL/ 4<<3/ hglwhg e| M1 Gdoledug/ M10P1 Udlprqg dqg M1 ]lqq0Mxvwlq/ +Hovhylhu
Vflhqfh/ Dpvwhugdp 4<<5, frxuvh <1

^5` W1M1 Juh|wdn dqg G1 Nohssqhu lq Qhz Wuhqgv lq Dwrplf Sk|vlfv/ Yro1 LL/
hglwhg e| J1 Ju|qehuj dqg U1 Vwrud/ +Hovhylhu Vflhqfh/ Dpvwhugdp 4<;7, sdjh
44581

^6` L1I1 Vloyhud dqg M1W1P1 Zdoudyhq lq Surj1 Orz1 Whps1 Sk|v1/ Yro1 [/ hglwhg e|
G1I1 Euhzhu/ +Hovhylhu Vflhqfh/ Dpvwhugdp 4<;9, sdjh 46<1

^7` Ervh0Hlqvwhlq Frqghqvdwlrq/ hglwhg e| D1 Jul�q/ G1Z1 Vqrnh dqg V1 Vwulqjdul/
+Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh 4<<6,1

^8` P1K1 Dqghuvrq/ M1U1 Hqvkhu/ P1U1 Pdwwkhzv/ F1H1 Zlhpdq dqg H1D1 Fruqhoo/
Vflhqfh 59</ 4<; +4<<8,1

^9` J1 Euhlw dqg L1L1 Udel/ Sk|v1 Uhy1 6;/ 53;5 +4<64,1
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^:` L1I1 Vloyhud dqg M1W1P1 Zdoudyhq/ Sk|v1 Uhy1 Ohww1 77/ 497 +4<;3,1

^;` Z1 Nr#orv dqg O1 Zroqlhzlf}/ M1 Fkhp1 Sk|v1 76/ 575< +4<98,> Fkhp1 Sk|v1 Ohww1
57/ 78: +4<:7,> M1 Pro1 Vshfwu1 87/ 636 +4<:8,1

^<` Z1 Nr#orv/ N1 V}dohzlf} dqg K1M1 Prqnkruvw/ M1 Fkhp1 Sk|v1 ;7/ 65:; +4<;9,1

^43` L1I1 Vloyhud/ Uhy1 Prg1 Sk|v1 85/ 6<6 +4<;3,1

^44` K1W1F1 Vwrri/ M1P1Y1D1 Nrhopdq dqg E1M1 Yhukddu/ Sk|v1 Uhy1 E 6;/ 79;; +4<;;,1

^45` \x1 Ndjdq/ L1D1 Yduwdq|dqw} dqg J1Y1 Vko|dsqlnry/ Vry1 Sk|v1 MHWS 87/ 8<3
+4<;4,1

^46` D1 Odjhqglmn/ L1I1 Vloyhud dqg E1M1 Yhukddu/ Sk|v1 Uhy1 E 66/ 959 +4<;9,1

^47` L1G1 Vhwlmd/ K1J1F1 Zhulm/ R1M1 Oxlwhq/ P1Z1 Uh|qrogv/ W1Z1 Klmpdqv dqg M1W1P1
Zdoudyhq/ Sk|v1 Uhy1 Ohww1 :3/ 558: +4<<6,1

^48` U1 Ydq Urlmhq/ M1M1 Ehunkrxw/ V1 Mddnnrod dqg M1W1P1 Zdoudyhq/ Sk|v1 Uhy1 Ohww1
94/ <64 +4<;;,1

^49` Q1 Pdvxkdud/ M1P1 Gr|oh/ M1F1 Vdqgehuj/ G1 Nohssqhu dqg W1M1 Juh|wdn/ Sk|v1
Uhy1 Ohww1 94/ <68 +4<;;,1

^4:` E1M1 Yhukddu lq Dwrplf Sk|vlfv 47/ hglwhg e| F1H1 Zlhpdq/ G1M1 Zlqhodqg dqg
V1M1 Vplwk/ +Dphulfdq Lqvwlwxwh ri Sk|vlfv/ Qhz \run 4<<8,1

^4;` M1 Gh Erhu dqg U1 Elug lqProhfxodu Wkhru| ri Jdvhv dqg Oltxlgv/ hglwhg e|
M1R1 Kluvfkihoghu/ U1I Fxuwlvv dqg U1E1 Elug/ +Zloh|/ Qhz \run/ 4<87, sdjh 7571

^4<` O1K1 Qrvdqrz/ M1 gh Sk|vltxh 74/ F:04 +4<;3,1

^53` Z1O1 PfPloodq/ Sk|v1 Uhy1 46;D/ 775 +4<98,1

^54` P1G1 Ploohu dqg O1K1 Qrvdqrz/ Sk|v1 Uhy1 E 48/ 76:9 +4<::,1

^55` U1G1 Hwwhuv/ G1Y1 Gxjdq dqg U1Z1 Sdophu/ M1 Fkhp1 Sk|v1 95/ 646 +4<:8,1

^56` O1G1 Odqgdx dqg H1P1 Olivklw}/ Txdqwxp Phfkdqlfv/ +wklug hglwlrq, +Shujd0
prq/ Qhz \run 4<::,1

^57` G1J1 Iulhqg dqg U1G1 Hwwhuv/ M1 Orz Whps1 Sk|v1 :5/ 4747 +4<;3,1

^58` \1K1 Xdqj dqg Z1F1 Vwzdooh|/ M1 gh Sk|vltxh 74/ F:066 +4<;3,1

^59` P1 Deudprzlw} dqg L1D1 Vwhjxq/ Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv/
+Gryhu/ Qhz \run 4<98,1

^5:` N1 Kxdqj/ Vwdwlvwlfdo Phfkdqlfv/ +Zloh|/ Qhz \run/ 4<96,1
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^5;` M1W1P1 Zdoudyhq dqg L1I1 Vloyhud/ Sk|v1 Uhy1 Ohww1 77/ 49; +4<;3,1

^5<` Y1Y1 Jrogpdq/ L1I1 Vloyhud dqg D1M1 Ohjjhww/ Sk|v1 Uhy1 E 57/ 5;:3 +4<;5,1

^63` G1D1 Kxvh dqg H1G1 Vljjld/ M1 Orz Whps1 Sk|v1 93/ 46: +4<;5,1

^64` K1I1 Khvv/ Sk|v1 Uhy1 E 67/ 67:9 +4<;9,1

^65` U1Y1H1 Oryhodfh/ F1 Phkdqldq/ W1M1 Wrpplod dqg G1P1 Ohh/ Qdwxuh 64;/ 63
+4<;8,1

^66` U1Y1H1 Oryhodfh dqg W1M1 Wrpplod/ Sk|v1 Uhy1 D 68/ 68<: +4<;:,1

^67` Y1 Edjqdwr/ G1H1 Sulwfkdug dqg G1 Nohssqhu/ Sk|v1Uhy1 D 68/ 7687 +4<;:,1

^68` W1Z1 Klmpdqv/ \x1 Ndjdq/ J1Y1 Vko|dsqlnry dqg M1W1P1 Zdoudyhq/ Sk|v1 Uhy1 E
7;/ 45;;9 +4<<6,1

^69` S1D1 Uxsuhfkw/ P1M1 Kroodqg/ N1 Exuqhww dqg P1 Hgzdugv/ Sk|v1 Uhy1 D 84/ 7:37
+4<<8,1

^6:` \x1 Ndjdq/ J1Y1 Vko|dsqlnry dqg M1W1P1 Zdoudyhq/ wr eh sxeolvkhg +4<<8,1

^6;` O1G1 Odqgdx dqg H1P1 Olivklw}/ Vwdwlvwlfdo Sk|vlfv/ +wklug hglwlrq/ Sduw L e|
H1P1 Olivklw} dqg O1S1 Slwdhyvnll, +Shujdprq/ Qhz \run/ 4<;3,1

^6<` Y1O1 Jlq}exuj dqg O1S1 Slwdhyvnll/ Vry1 Sk|v1 MHWS :/ ;8; +4<96,1

^73` H1S1 Jurvv/ M1 Pdwk1 Sk|v1 7/ +4<96,1

^74` W1 Wrpplod/ Hxursk|v1 Ohww1 5/ :;< +4<;9,1

^75` H1O1 Vxunry/ M1W1P1 Zdoudyhq dqg J1Y1 Vko|dsqlnry J Y/ Sk|v1 Uhy1 D 7</ 7::;
+4<<7,> lelghp/ dffhswhg iru sxeolfdwlrq +4<<8,1

^76` M1P1 Gr|oh/ M1F1 Vdqgehuj/ L1D1 \x/ F1O1 Fhvdu/ G1 Nohssqhu dqg W1M1 Juh|wdn/
Sk|v1 Uhy1 Ohww1 9:/ 936 +4<<4,1

^77` M1P1 Gr|oh/ SkG wkhvlv/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj| +4<<4,/ xqsxe0
olvkhg1

^78` R1M1 Oxlwhq/ K1J1F1 Zhulm/ L1G1 Vhwlmd/ P1Z1 Uh|qrogv/ W1Z1 Klmpdqv dqg M1W1P1
Zdoudyhq/ Sk|v1 Uhy1 Ohww1 :3/ 877 +4<<6,1

^79` R1M1 Oxlwhq/ SkG wkhvlv/ Xqlyhuvlw| ri Dpvwhugdp +4<<6,/ xqsxeolvkhg1

^7:` N1E1 Gdylv/ P10R1 Phzhv dqg Z1 Nhwwhuoh/ Dsso1 Sk|v1 E 93/ 488 +4<<8,1

^7;` N1E1 Gdylv/ P10R1 Phzhv/ P1D1 Mr�h/ P1U1 Dqguhzv dqg Z1 Nhwwhuoh Sk|v1 Uhy1
Ohww1:7/ 8535 +4<<8,1
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^7<` Z1 Shwulfk/ P1K1 Dqghuvrq/ M1U1 Hqvkhu dqg H1D1 Fruqhoo/ Sk|v1 Uhy1 Ohww1:7/
6685 +4<<8,1

^83` K1I1 Khvv/ J1S1 Nrfkdqvnl/ M1P1 Gr|oh/ Q1 Pdvxkdud/ G1 Nohssqhu dqg W1M1 Juh|0
wdn/ Sk|v1 Uhy1 Ohww1 8</ 9:5 +4<;:,1

^84` M1P1 Gr|oh/ M1F1 Vdqgehuj/ Q1 Pdvxkdud/ L1D1 \x/ G1 Nohssqhu dqg W1M1 Juh|wdn/
M1 Rsw1 Vrf1 Dp1 E 9/ 5577 +4<;<,1

^85` F1F1 Eudgoh|/ F1D1 Vdfnhww/ M1M1 Wroohww dqg U1J1 Kxohw/ Sk|v1 Uhy1 Ohww1 :8/ 49;:
+4<<8,1

^86` M1P1 Gr|oh/ M1F1 Vdqgehuj/ L1D1 \x/ F1O1 Fhvdu/ G1 Nohssqhu dqg W1M1 Juh|wdn/
Sk|vlfd E 4<704<9/ 46 +4<<7,1

^87` J1S1 Nrfkdqvnl/ SkG wkhvlv/ Pdvvdfkxvhwwv Lqvwlwxwh ri Whfkqrorj| +4<;:,/ xq0
sxeolvkhg1

^88` N1 Khophuvrq/ D1 Pduwlq dqg G1D1 Sulwfkdug/ M1 Rsw1 Vrf1 Dp1 E </ 4<;; +4<<5,1

^89` R1M1 Oxlwhq/ P1Z1 Uh|qrogv/ dqg M1W1P1 Zdoudyhq/ Sk|v1 Uhy1 D/ dffhswhg iru
sxeolfdwlrq +4<<8,1

^8:` G1Z1 Vqrnh dqg M1S1 Zroih/ Sk|v1 Uhy1 E 6</ 7363 +4<;<,1

^8;` E1Y1 Vylvwxqry/ M1 Prvfrz Sk|v1 Vrf14/ 6:6 +4<<4,1

^8<` \x1 Ndjdq/ E1Y1 Vylvwxqry dqg J1Y1 Vko|dsqlnry/ Vry1 Sk|v1 MHWS :8/ 6;:
+4<<5,1


