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Abstract

Faithfulness is a ubiquitous assumption in causal inference, often motivated by the fact that
the faithful parameters of linear Gaussian and discrete Bayesian networks are typical, and the
folklore belief that this should also hold for other classes of Bayesian networks. We address this open
question by showing that among all Bayesian networks over a given DAG, the faithful Bayesian
networks are indeed ‘typical’: they constitute a dense, open set with respect to the total variation
metric. However, this does not imply that faithfulness is typical in restricted classes of Bayesian
networks, as are often considered in statistical applications. To this end we consider the class of
Bayesian networks parametrised by conditional exponential families, for which we show that under
mild regularity conditions, the faithful parameters constitute a dense, open set and the unfaithful
parameters have Lebesgue measure zero, extending the existing results for linear Gaussian and
discrete Bayesian networks. Finally, we show that the aforementioned results also hold for Bayesian
networks with latent variables.

1 Introduction

Given a Bayesian network over a DAG G with variables V and a finite sample from its distribution
P(Xy ), the task of causal discovery algorithms is to infer the graph G from the data. Constraint-based
causal discovery methods do so by testing for conditional independencies X 4 I p X5 | X¢ for multiple
choices of A, B,C C V, and use this information to reconstruct G, up to certain equivalences. A core
assumption of many constraint-based causal discovery algorithms is that a correctly inferred set of
conditional independencies in P(Xy ) characterises the corresponding set of d-separations in G: for all
subsets of vertices A, B,C C V we have

A1L B|X «— X, lpXp|Xc.

Bayesian networks for which this condition holds are called faithful. The implication from left to right
holds for all Bayesian networks, and is called the Markov property. The implication from right to left
does not always hold: there exist Bayesian networks which have conditional independencies that are
not due to a corresponding d-separation in the graph — instead, they might be due to cancelling paths,
deterministic variables, or deterministic relations (see Example 1 below).

In absence of any knowledge of the graph G, faithfulness is an untestable assumption (Zhang and
Spirtes, 2008). In practice, this assumption is often motivated by theoretical results that for certain
parametric models, the faithful distributions are ‘typical’. For a given DAG G, Spirtes et al. (1993) and
Meek (1995) consider specific parametrisations © 5 and Op of linear Gaussian and discrete Bayesian
networks respectively (which are subsets of R? for appropriate d € N) and show that drawing the
parameters at random will give a faithful Bayesian network with probability one:

Theorem 1 (Spirtes et al., 1993). With respect to Lebesque measure over © s, the set of parameters
whose distribution is unfaithful to G is measure-zero.

Theorem 2 (Meek, 1995). With respect to Lebesque measure over ©p, the set of parameters whose
distribution is unfaithful to G is measure-zero.

To our knowledge, no such results are available for other parametric or nonparametric classes
of distributions. In this work we prove such a result: without restriction to any parametric or
nonparametric class of distributions, the faithful distributions are typical. As there is no canonical
analogue of the Lebesgue measure for the nonparametric space of Bayesian networks, we don’t consider
the measure-theoretic notion of typicality but instead consider a topological notion. Our main
nonparametric result is as follows:



Among all distributions that are Markov with respect to a given DAG, the
faithful distributions constitute a dense, open set.

As a consequence, the set of faithful distributions is non-empty, and unfaithful distributions are nowhere
dense and are thus ‘atypical’. This topological property is with respect to the total variation metric on
the joint distribution P(Xy ) over all vertices V' of the Bayesian network. This result holds for any
choice of standard Borel outcome spaces; it holds in particular for continuous variables Xy € RIVI,
discrete variables Xy € ZIVI, and mixed data.

In practice, one often imposes parametric assumptions on the data to facilitate statistical inference.
To this end, we consider the class of Bayesian networks parametrised by conditional exponential families.
Under mild regularity conditions, we obtain the following generalisation of Theorems 1 and 2:

Considering a conditional exponential family parametrisation over a given DAG,
the faithful parameters constitute a dense, open set, and the set of unfaithful
parameters has Lebesgue measure zero.

There exist multiple mathematical notions of ‘atypicality’. Given a set M, ‘small’ subsets of M are
characterised by so-called o-ideals: collections of subsets of M containing (), which are closed under
taking subsets and countable unions. The family of Lebesgue measure 0 sets is a o-ideal, and so is the
family of meager sets:

Definition 1. A set I C M is dense in another set U C M if every point in U is in I or is a limit
point of I. The set I is nowhere dense if there is no open subset of M in which I is dense, and it is
meager if it is a countable union of nowhere dense sets.

For example, the set of integers Z is nowhere dense in R, and the rationals Q are meager in R. The
boundary of every open or closed set is nowhere dense, and subsets of nowhere dense sets are nowhere
dense. Complements of dense sets are not necessarily nowhere dense or meager, but complements
of dense, open sets are nowhere dense. Comeager sets (complements of meager sets) are commonly
referred to as typical (Kechris, 1995). We show that unfaithful distributions and parameters are
nowhere dense, which is an even a stronger notion of atypicality.

In causality, the o-ideal of meager sets is considered by Ibeling and Icard (2021), who show that
discrete causal models for which Pearl’s Causal Hierarchy collapses' are meager, which is a topological
analogue of a Lebesgue measure-zero result from Bareinboim et al. (2022). Lin and Zhang (2020)
prove nowhere denseness of unfaithful parameters of discrete Bayesian network to relieve consistency
requirements of causal discovery methods for discrete variables.

The outline of this paper is as follows. In Section 2 we provide some technical prerequisites
about Bayesian networks and the total variation metric. In Section 3 we state and prove our main
nonparametric result: that faithful distributions are dense and open. In Section 4 we lift this result
from the space of distributions to the space of Bayesian networks. We focus in particular on finite
dimensional parametrisations of Bayesian networks, and we specifically prove the topological analogue
of the measure-zero results of Spirtes et al. and Meek for linear Gaussian and discrete Bayesian networks.
In Section 5 we extend our results to Bayesian networks with latent variables.

2 Technical prerequisites

A directed acyclic graph (DAG) is a tuple G = (V, E) with V a finite set of vertices and E C V x V
a set of directed edges such that there are no directed cycles. Given such a finite index set V', let
Xy = [],ey Xv be a product of separable complete metric spaces, each equipped with the Borel
o-algebra B(X,) (which are standard Borel spaces), and let P(Xy ) be the set of probability measures
on Xy . Random variables will be denoted with X/, and their values with xy. For A, B C V', a Markov
kernel P(Xp|X4) is a measurable map X4 — P(Xp), where P(Xp) is equipped with the smallest

! A structural causal model ‘collapses’ when all counterfactual (interventional) queries are identifiable from interventional
(observational) distributions.



o-algebra that makes for all D € B(Xp) the evaluation map evp : P(Xp) — [0,1],P — P(Xp € D)
measurable. For Markov kernels P(X 4 | X),P(Xp | X¢), their product is defined as the Markov kernel

IP’(XA|XB)®P(XB’X0):Xc—>'P(XAuB), o — <D'—>/Dd]P)(a:A|JUB)d]P>(xB|xc)>

where D € B(Xaup). Since Xy is standard Borel, there exists for any joint distribution P(X 4, Xp)
(where A, B C V) a Markov kernel (often referred to as conditional distribution) P(Xp|Xa4) such
that P(X4,Xp) =P(Xp| Xa) ® P(X4). Given distribution P € P(Xy) and sets A, B,C C V, we say
that X 4 is conditionally independent of Xp given X¢, written X4 1lp Xp | Xe, if P(X4, X5 | Xc) =
P(X4|Xco) ® P(Xp|Xe) holds P(X¢) almost surely. This is equivalent to independence of the
generated o-algebras 0(X4) Lpo(Xp)|o(X¢) or, if P(X4,Xp, X¢) has a density p(za,xp,2c), to
p(xa,xp|xzc) =plralze)p(xp|ze) for all x4, 2B, 20 with p(xe) > 0.

Writing pa(v) for the set of parents of v in G, a Bayesian network over G is a tuple of Markov
kernels (P(X, | Xpaw)))vev- The joint distribution P(Xy) = @),cy P(Xo | Xpa(w)) is referred to as the
observational distribution. Given DAG G with path m = a *— ... =« b, a collider is a vertex v with
.. = v 4 ... in w. For sets of vertices A, B,C C V we say that A and B are d-separated given C,
written A J_dG B|C, if for every path m = a % ... ¥ b between every a € A and b € B, there is a
collider on 7 that is not an ancestor of C, or if there is a non-collider on 7 in C. The sets A and B are
d-connected given C' if they are not d-separated, written A,KdG B|C.

Theorem 3 (Verma and Pearl, 1990). For any Bayesian network over DAG G with observational
distribution P the global Markov property holds:

A1L B|C = X, lpXp|Xc (1)
forall A,B,C CV.

In general, the set of conditional independencies in P does not characterise the set of d-separations in
G: we might have a d-connection A ,KdG B | C but still have a conditional independence X 4 1Lp Xp | X¢.
A Bayesian network is called faithful if these cases are excluded:

Definition 2. A Bayesian network is called faithful if for all A, B,C C V we have
AJLB|C = Xaltp Xp|Xc.

Example 1. The following Bayesian networks are unfaithful. Corresponding graphs are depicted in
Figure 1.

a) Cancelling paths: let P(X4) be any distribution and let P(Xp|X4) = N(BapXa,o%) and
P(Xc | Xa,XB) = N(BacXa + BcXp, a%) for given variances 0124, a%, U% > 0 and coefficients
Bac, Bap, Bec € R with Bac = —BapBpc. Then A Yo C and X4 1L X2

b) Deterministic variables: let P(X 4 | Xp) and P(X¢ | Xp) be Markov kernels and let P(Xp) = d,,
for some xp € Xp, so Xp deterministically has the value xp. Then we have Algb C and
X4l Xeo.

c) Deterministic relations: let P(X4|Xp) and P(X¢ | Xp) be Markov kernels and P(Xp) any
distribution and let P(Xp| Xp) = dx,,, so we deterministically set Xp = Xp. Then we have
AY%.C|Band X4 1L X¢| Xp.2

An important step in our proof of the typicality of faithful distributions, is that conditional
independence is preserved when taking limits. Whether this holds depends on the particular choice
of the topology on P(Xy). A well-known topology is the one related to weak convergence: given

2A realistic example of this phenomenon is when opening a window (A) and subsequently turning up the heating (B)
has no net effect on room temperature (C).

3For Bayesian networks with known deterministic variables or relations, Geiger et al. (1990) introduced the D-separation
criterion.



(a) DAG G° (b) DAG G? (¢c) DAG G°

Figure 1: DAGs of the Bayesian networks that are given in Example 1.

probability measures P, P, Py, ... € P(Xy) we say that P, converges weakly to P (also known as
convergence in distribution) if Ep_[f] — Ep[f] for all continuous functions f : Xy — [—1, 1]. However,
weak convergence does not necessarily preserve conditional independence: for a weakly convergent
sequence P, — P with X4 Ilp Xp|Xc for all n € N, we might have X4 )/ p Xp | X¢; see e.g. Lauritzen
(1996), pp. 38-39. Instead of weak convergence, we consider a different topology:

Definition 3. The total variation metric dry on P(Xy) is defined as

drv(P,Q) := AesBu(r))( : IP(A) — Q(A)].

Convergence in this metric is denoted by P, 23 P. It is equivalent to convergence Ep,[f] — Ep[f]
uniformly over all measurable functions f : Xy — [—1, 1], so it is (much) stronger than weak convergence.
By Lauritzen (2024) we have that conditional independence is closed in total variation:

Theorem 4 (Lauritzen, 2024). Given probability measures P,P1, Py, ... € P(Xy) such that Py, = P, if
we have X4 Ilp, Xp| X for alln € N, then also X4 1lp Xp| Xc.

3 Typicality of faithful distributions of Bayesian networks

Given a DAG G = (V, E), we consider the following sets of Markov, faithful, and unfaithful distributions
relative to G:

Mg = {IP’EP(XV):AJ_éBM‘ — X4 lpXp|Xc for allA,B,CgV}

Fg = {Pe Me:AYLB|C = XalpXp|Xc foral A,B,C C v}
Ug = MG'\F(;.

We will derive properties of Fg and Ug as subsets of the (complete) metric space (Mg, dpy ). First, if
we let Iopo={P e P(Xy): XallpXp|Xc}, note that we can write

Mg=PXv)n () Iase, Fe=Mgn (] (Mg\lagce), Us=Mg\ Fo.
AliB|C Ayd B|C

From Theorem 4 it is immediate that M is a closed subspace of P(Xy ), and that Fi; is open in M.
For our main nonparametric result, it remains to show that F is dense. The following result states
that the set of distributions that are Markov and have a particular conditional dependence is dense in
total variation. The proof refers to technical lemmas that are provided in Section 3.1.

Theorem 5. For every P € Mg and every A, B,C C V, there is a sequence P, € Mg such that
Xalp, Xp|Xc for alln € N and P, ",

Proof. By Lemma 1, there exists a P that is Markov and has X4 Jp, Xp|Xc. Let P € Mg be
given, then there exists an interpolation (IPx)xe(o,1y) between P and Py in Mg (Definition 4) such that
Xallp, Xp|Xc for all positive A below some A* € (0,1) (Lemma 2), which converges in total variation
to P as A — 0 (Lemma 3). One obtains a suitable sequence by setting P,, := Py« /o, |



In other words, the set {P € Mg : Xalp Xp| X} is dense in Mg. As a corollary that might be
of independent interest, we have that conditional dependence is dense in total variation.

Corollary 1. The set {P € P(Xy): Xalp Xp|Xc} is dense in (P(Xy),dry).

Proof. Given a finite index set V, let G be a fully connected DAG, in which case Mg = P(Xy) and
the result follows from Theorem 5. |

Our main result concerning faithfulness of nonparametric Bayesian networks is as follows.

Theorem 6. The set of unfaithful distributions Fg is a non-empty, dense and open set, and the
unfaithful distributions Ug are nowhere dense.

Proof. By Theorems 4 and 5 we have for any given A, B,C C V with A,KdG B|C that Mg\ Iapc is
dense and open. Hence, Fg; is a dense open set as it is a finite intersection of dense open sets. Since
M is non-empty (take for example a product of independent binary distributions), the dense set Fg
is non-empty as well, proving the existence of a faithful distribution. Finally, Ug is the complement of
a dense open set, hence nowhere dense. |

To conclude, unfaithful distributions are ‘atypical’: there is no open set of distributions that are
Markov with respect to GG, in which any faithful distribution in this set can be approximated by
unfaithful ones. This loosely says that there is no ‘cluster’ of unfaithful distributions.

3.1 Conditional dependence is dense in total variation

Lemma 1. For any DAG G, standard Borel space Xy and subsets A, B,C C 'V such that A X_dG B|C,
there exists a distribution P € Mg with the conditional dependence X p Xp | Xc.

Proof. For each v € V pick an injective f, : {0,1} — A, and note that sets f,(0) and f,(1) are
measurable since X, is standard Borel. We will construct a binary distribution on the image of fy that
has the required dependence. Note that without loss of generality we can assume that A and B are
singletons: any P(Xy ) with X4 tp Xp | X¢ also has X 4 W p X/ | X for supersets A C A’ and B C B'.
Also, the given d-connection implies A, B ¢ C. If we have A = B, for all v € V set P(X,, = f,(0)) =p
and P(X, = f,(1)) = 1 —p for some p € (0,1) and let P(Xy) = &,y P(Xy). Then P(Xy ) is Markov
and X4 p Xp|Xc. If A # B, then by Meek (1998) Lemma 3,* there exists a distribution P on
{0, 1}|V| that is Markov with respect to G' and which has the conditional dependence X, fz Xp| X,
so there are & 4,ip,ic with P(Z¢) > 0 such that P(Z4, %5 |Zc) # P(ia|&c)P(Zp | Ec). Define the
pushforward P(Xy ) := Po f;;!, which has

P(Xa = fa(@a), X5 = fp(B)| Xc = fo(ic))
=P(Z4,7B|%0)
#P(a| Z0)P(Ep | ic)
P(Xa = fa(@a)| Xeo = fo(@c)P(Xp = fB(ZB) | Xc = fe(@c))
so indeed X4 Jfp Xp | X¢c. By a similar reasoning, for any A, B,C C V a conditional independence
X4 g Xp| X implies X4 L Xp | X¢, and thus P € M. (]

R

Next, we aim to construct an interpolation of any two given Py, P; € Mg, within Mg. Naively
taking a mixture of the observational distributions does not give a distribution that is Markov with
respect to GG, as is shown in the following example.

Example 2. Let (P;(Xa | X¢),Pi(Xp| Xc),Pi(Xc)) for i € {0,1} be Bayesian networks with DAG G
as depicted in Figure 2a, which both have X4 I Xp | Xc. A mixture of the observational distributions
Pyx(Xa,Xp, Xco) =1 = NPo(Xa,Xp, Xc) + AP1 (X4, Xp, X¢) would correspond to the (AU B U C)-
marginal of the Bayesian network (Py (X4 | X¢),Po(Xp | X0),Po(Xc),P(a)) with o ~ Bernoulli(\).

Meek (1995) proves this result assuming weak transitivity of binary distributions, which does not hold in general.
Meek (1998) provides a correct proof based on marginal weak transitivity.



Its graph is depicted in Figure 2b, from which we see that Py need not be Markov with respect to
G, as we might have X4 fp, Xp|Xc. Instead, taking a mixture of the conditional distributions
of the Bayesian networks gives (Po,(Xa|X¢),Pap(XB|X0),Par(Xc),P(aa),Plag),P(ac)) with
aa,ap,ac ~ Bernoulli(\) i.i.d., whose (AU B U C)-marginal Py(X 4, Xp, X¢) is Markov with respect
to G (see Figure 2c).

(a) DAG G (b) Non-Markov mixture (¢) Markov mixture

Figure 2: Graphs relating to different mixtures of Bayesian networks with graph G.

This issue that is detailed in the previous example is resolved in Definition 4.

Definition 4. Given a DAG G and two distributions Py, P; € M define the interpolation

P/\(XV) = ® ((1 - )‘)PO(XU ‘ Xpa(v)) + APy (XU |Xpa(v))) .
veV

It is immediate that Py € M¢ for all A € [0,1]. If Py and P; have densities py and p; with respect
to some measure QQ, then Py has a density py given by the expansion

p)\(-’L'V) = H ((1 - )‘)pO(xv ‘ xpa(’l))) + )\pl(xv ’xpa(v)))
veV

= Y (=T (@, [ 2pagg) - Doy (0;)
ac{0,1}¢

(2)

where d = |V| and (vy,...,v4) is a topological ordering of G. Our goal is to show that if we have
conditional dependence X W p, Xp|Xc in Py, then it is maintained in the interpolation Py as A
approaches 0. This is not immediate, as shown in the following example.

Example 3. Consider a Bayesian network with variables X,Y taking values in the interval [—1,1]
and graph X — Y. Let Py(X,Y) be a uniform distribution on (0,1) x (0,1) U (—1,0) x (—1,0) and
P; a uniform distribution on (—1,0) x (0,1) U (0,1) x (—=1,0). The interpolation Py has a uniform
distribution on (—1,1)2 for A = 1/2, and thus an independence X I Y. This is graphically depicted in
Figure 3.

Nevertheless, given Py and Py, the dependence is maintained on an interval (0, \*) C (0,1), as
shown by the following result.

,,,1 —
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Figure 3: Mixtures of dependent variables might become independent.



Lemma 2. Given two distributions Po,P; € Mg with independence X4 1Lp, Xp| Xc and dependence
Xatp, Xp|Xc and the interpolation Py from Definition 4, there exists a \* € (0,1) such that
Xalp, Xp|Xc for all X € (0,\").

Proof. Define Q := Py + P1, and let pg, p1, px be densities of Py, P; and Py with respect to Q. There
exist B4 € B(X4), Eg € B(XB), Ec € B(X¢) with P1(E¢) > 0 and p1(z¢) > 0 for all z¢ € E¢, and®

Pl(XA S EA,XB & EB|XC :xc) #Pl(XA S EA‘XC :xC)Pl(XB S EB|XC :l‘c)

— p1($A,wB|wc)dQ($A,CUB)#/ pl(wA\fvc)dQ(ﬂfA)/ pi(zp|zc)dQ(zp)
EasxEp Ea Ep
— P p(ec)Qea ) # [ pieasc)dQes) [ pilesac)Qles).
EoxEp E\ Ep
Define

a0 = / Pa(@ 0, 25, 20)A(@C)AQ(w 4, 75)
EAXEB

- / pa(@a, 2¢)dQ(e4) / pa(es, 20)dQzs),
Ex

Ep

for which we have ¢(0,z¢) = 0 # ¢q(1, z¢) for all o € E¢. From (2) we see that g(\, z¢) is a non-trivial
polynomial in A for every z¢ € X, and so ¢(\, z¢) # 0 for all A € (0, \*(z¢)) with A*(x¢) the smallest
strictly positive root of the polynomial. Our goal is to show that there is a \* € (0,1) (independent
of z¢) and a set Ef € B(Xc) with Py(Ef) > 0 and ¢(\,z¢) # 0 for all A € (0,\*) and all z¢ € Ef,
which would imply that X4 fp, Xp|Xc for all A € (0,\*). Define B, := {zc € Ec : \*(x¢) > 1/n},
then Eé C E% C ... € E¢ with lim, P1(EZ) = P1(Ec) > 0, so there exists a N such that P (E#) > 0
for all n > N. Setting \* := 1/N and E}, := EY we get g(\, z¢) # 0 for all A € (0, \*) for all z¢ € E,.
Since Py < Py for all A € (0,1) we also have Py(E¢) > 0, implying that X4 ¥p Xp|Xc for all
A € (0, \*), which is the desired result. [ ]

Lemma 3. Given two distributions Py, Py € Mg and the interpolation Py from Definition 4, we have
Py i Py as A — 0.

Proof. Define Q := Py + P1, and let pg, p1, px be densities of Py, P; and Py with respect to Q. From
(2) we get the expression

p)\(xv) = (1 - )‘)dpo(xv) + Z (1 - )‘)di‘ab‘lalpad (xvd ‘xpa(vd))-"pal (xm)
ac{0,1}¢
|a|>0
so we have pointwise convergence py(zyv) — po(zy) as A — 0. By Scheffé (1947) we conclude that
Py X P, ]

4 Typicality of faithful Bayesian networks

In this section we extend Theorem 6 from the space of observational distributions of Bayesian networks
to the space of Bayesian networks:

Definition 5. Given a DAG G with finite index set V', standard Borel Xy, the space of Bayesian
networks is defined as

BNg := H {P(Xy | Xpaw)) : Xpa(w) = P(Xy) measurable} .
veV

SNote that conditional independence does not imply P1(Xa € Ea,Xp € Eg|Xc € Ec) # P1(Xa € Ea|Xc €
Ec)P1(XB € Eg|Xc € Ec). See also Neykov et al. (2021), p.3.




Whether a Bayesian network is faithful depends on its observational distribution P € Mqg. To
formalise the relation between the Bayesian network and the observational distribution we introduce
the following mapping:

Definition 6. The distribution map is defined as

D : BNg — Mg, (P(Xv | Xpa(v)))UGV = ®P(XU |Xpa(v))'
veV

4.1 A pseudometric topology on the space of Bayesian Networks

We are interested in whether the faithful Bayesian networks D~!(Fg) are typical in BNg. To get a
well-defined notion of typicality we require a topology on BNg.

Definition 7. For m, m’ € BNg, the pseudometric® d° on BNg is defined as
d°(m,m’) := dpy (D(m), D(m)).

We equip BN with the topology generated by the open balls B(m,r) := {m’ € BNg : d°(m,m’) <
r} for all m € BNg and 7 > 0. Note that this space is not Tj, meaning that points are not necessarily
topologically distinguishable. In particular, we have d°(m,m’) = 0 for any two m,m’ that have the
same observational distribution.

The preimage of a dense open set through a function that is open and continuous is dense and
open. Hence, a sufficient condition for the faithful Bayesian networks D~!(Fg) to be typical is that
the map D : (BN,d°) — (M,dry) is open and continuous. This is immediate from the definition of
the pseudometric d°, so we get the following result:

Theorem 7. The set of unfaithful Bayesian networks D1 (Ug) is nowhere dense.

4.2 Exponential family parametrisations of Bayesian networks

The preceding section begs the question whether the topological typicality of faithful Bayesian networks
also holds for specific parametrisations of Bayesian networks. In this section we answer this question in
the affirmative, by extending the results of Spirtes et al. (1993) and Meek (1995) to sufficiently regular
exponential family parametrisations of Bayesian networks.

Definition 8. A parametrisation of a Bayesian network is a set © C R? with d € N and a map
©:0 = BNg, 0 (Po(Xy| Xpagw)) ) vev-
The corresponding map from the parameter to the observational distribution is defined as
T:0— Mg, T:=Doep.

We consider the question whether the set of faithful parameters T-!(Fg) is typical in © with
respect to the Euclidean topology, in particular for the following class of conditional exponential
families (Feigin, 1981).

Definition 9. Let X C R™ for some m € N and Y C R be codomains of random variables X and Y,
then a conditional exponential family parametrised by 8 € © C R” is a set of conditional densities with
respect to a o-finite measure p on Y of the form

poly | z) = O T tu:m)=A(6).2)

for a given sufficient statistic ¢ : J x X — R and natural parameter n : © — R such that
A(n(f),x) < oo for all # € © and = € X, where A(n,x) := logfe"Tt(y’z)d,u(y).

A pseudometric can have d(m,m’) = 0 for m # m’; it is a metric if d(m,m’) > 0 for all m # m’.



Given DAG G, we can consider a parametrisation of a Bayesian network over G where every
conditional distribution is parametrised by a conditional exponential family, so where for every v € V'
we have a sufficient statistic ¢, : Xy pa(w) — R*> for some k,, a parameter space ©, C R™ for some
ny, a natural parameter 7, : ©, — N, and consider the conditional distribution py, (x, | acpa(v)) =

e (00) T to (20 pa()) = Al (00)2pa) with respect to some underlying measure j,,. This gives rise to a joint
density pg(zv) = [[,ev Po, (%0 | Tpa(w)) and the parameter space © := ] <y ©,. Note that this model
class allows the modelling of mixed data types, see e.g. Yang et al. (2014).

Example 4. For linear Gaussian Bayesian networks, Spirtes et al. (1993) parametrise for each v € V
the conditional distribution Pg(Xy | Xpa(w) = Tpagw)) =N (8] Tpa(v)s 02) by a linear coefficient 3, and a
variance o2. This gives the parameter space

ox =] {(ﬁv,ag) e RIPa®)l R>0},

veV

so when writing 0, = (8,, 02) it has sufficient statistic ¢, (z, :cpa(v))T = (xvx;a(v) ,22), natural parameter

n0(0,)T = (B) /o2, —1/(202)), and dominating measure p, = \/v/2m, where A denotes the Lebesgue
measure.

Example 5. For discrete distributions with finite state space, Meek (1995) considers for each conditional
distribution Py(Xy | Xpa(s) = Tpa(v)) & parameter 0, ., in the [X,[-dimensional simplex. This gives
the parameter space
KXol .
@D = H {Hvyxpaw) S A‘ | : Tpa(v) S Xpa(v)}'
veV
The sufficient statistic is the vector t,(Ty, Tpaw)) of length [Xp,| x [Xy] with entry 1 at the
(Tpa(v)s Tv) position and zeros elsewhere, the natural parameter 7,(6,) is given by the vector with entry

108(0,2,(1),z0) fOT €VEry (Zpa(), To) pair, and the dominating measure p, is the counting measure.

In the main result of this section, we require the natural parameters to be sufficiently regular, such
that the marginal densities pg(z4) are analytic functions in the parameter 6.

Theorem 8. Let G be a DAG and let ¢ : © — BNg be a parametrisation of the Bayesian network
with © open and connected, such that the marginal density pg(xa) is analytic in 0 for each A C V. If
there is at least one faithful parameter in ©, then the set of unfaithful parameters is nowhere dense and
has Lebesgue measure zero.

Proof. Let A, B,C C V such that A ,,KdG B|C, andlet §; € O be a parameter such that X 4 _,U/_Pgl Xp|Xe,

which exists by assumption. Let x4, 25, z¢ be such that pg, (za,zp|xc) # po,(xa | xc)pe, (TB | TC)
and define

q(9) = po(za,zB,zc)po(xc) — po(xa, xc)po(xB, TC),

for which we have ¢(61) # 0. For any 6 € © with conditional independence X 4 llp, Xp | X we have
q(0) =0,50 {0 € ©: X lp, Xp|Xc} C{0€O:q(f) =0}. It follows from the identity theorem (see
e.g. Krantz and Parks (2002)) that the zero set of a nonconstant real analytic function on an open and
connected domain is nowhere dense and has Lebesgue measure zero. Since ¢(6) is analytic, we have
that T-1(Ug) = UAldGB|C{6 € O :Xlp, Xp|Xc} is nowhere dense and has Lebesgue measure
zero, which is the desired result. |

Remark 1. The proof of Theorem 8 only requires that for every d-connection A ,KdG B| C in the graph
there is a parameter ¢ € © such that X4 )p, Xp | Xc. Given the required analyticity, it follows from
the preceding theorem that this is equivalent to the existence of a parameter that is faithful with
respect to all d-connections. For a specific parametrisation, the former condition might be easier to
prove than the latter — this strategy has also been employed in the original proofs of Theorems 1 and 2.

Remark 2. Theorem 8 also holds when O is the closure of an open convex set with a faithful parameter
in its interior, since the boundary of an open set is nowhere dense, and the boundary of a convex set
has Lebesgue measure zero.



We specifically focus on exponential families because their marginal densities satisfy the required
regularity condition, provided the natural parameters are sufficiently regular.

Theorem 9. For an exponential family parametrisation of a Bayesian network with n,(0,) analytic,
every marginal density pp(x4) is analytic in 0.

(00) "t(@v.2pa) he the unnormalised density. Considering a topological or-

Proof. Let po(wy | Tpa()) = €”
dering (v1, ..., vq) of G we can write n(0) T = (1y, (0n,) T, ooy My (Oy) 1) and t(zy) T = (ty, (w0, ajpa(vl))T, ey tog (o) 1)
so that the unnormalised joint density can be expressed as pg(zy) = e"®"t@v)  From Brown (1986),

Lemma 2.8 it follows that n fX[ G"Tt(x‘/)d,u,(a:]) is analytic for every I C V. As a composi-
tion of analytic functions, so is 6 — [ X, e”(e)Tt(xV)du(aq). Then the following functions are ana-

lytic in 0: the unnormalised density pg(za) = [y, . e”(e)Tt(xV)du(:UV\A), the normalisation constant

v\

Z(0) = [y, 0" @v)dy (2 ), and finally the density pp(z4) = Po(za)/Z(0). [ ]

Given that Spirtes et al. (1993) and Meek (1995) have shown for every DAG G the existence of
faithful parameters in O, and Op, we obtain Theorems 1 and 2 and their topological analogues as
corollaries of Theorems 8 and 9:

Corollary 2. The set of unfaithful parameters {6 € ©Op : T(0) € Ug} is nowhere dense and Lebesgue
measure zero.

Corollary 3. The set of unfaithful parameters {6 € Op : T(0) € Ug} is nowhere dense and Lebesque

measure 267"0.7

5 Bayesian networks with latent variables

The assumption that all variables in the Bayesian network must be observed is often too restrictive in
practice. When certain variables remain unobserved, a suitable modelling class is that of Bayesian
networks with observed variables V' and latent variables W.

Given a DAG G over V U W, the latent projection of G onto V is the Acyclic Directed Mized
Graph (ADMG) GP with vertices V, directed edges a — b if there is a path a = w; — ... = w, — b
in G with w; € W for all i = 1,...,n (if any), and bi-directed edges a <> b if there is a bifurcation
a4 Wy ... < Wk —> ... > Wy, — bin G with w; € W for all i = 1,...,n (Verma, 1993). An example
of a DAG G and its latent projection GP is given in Figure 4.

The definition of d-separation for ADMGs (also known as m-separation (Richardson, 2003)) employs
an extended notion of a collider: given ADMG GP with path m = a %= ... ¥ b, a collider is a vertex v
with = v+, & v+, 2> v+ or & v < in 7. As for DAGs, sets of vertices A and B are d-separated
given C' in ADMG G, written A J_‘é B|C, if for every path m = a #— ... ¥ b between every a € A
and b € B, there is a collider in 7 that is not an ancestor of C, or if there is a non-collider in 7 in
C. The independence models of G and GP with respect to V' are equal: for any A, B,C C V we have
A 1% B|C if and only if A 14, B|C (Verma, 1993). As a corollary the Markov property (1) also
holds for the latent projection GP of Bayesian networks with latent variables.

The question that we consider is whether (parameters of) Bayesian networks with latent variables
are typically faithful to their latent projection. Write Ugp, Fgr for the distributions over Xy that are

"That this set is nowhere dense has also been shown by Lin and Zhang (2020).

~E)~-0 (=9
(a) DAG G (b) Latent projection GP

Figure 4: DAG G and latent projection GP onto {A, B,C}.
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unfaithful and faithful with respect to the ADMG GP respectively. The core observation for extending
results of Sections 3 and 4 from DAGs to ADMGs is the following;:

Lemma 4. Given DAG G with vertices V.U W and its latent projection GP onto V', any distribution
over V.UW that is unfaithful with respect to GP s also unfaithful with respect to G.

Proof. The latent projection preserves d-separations, so the result follows immediately from the
expression for the set of unfaithful distributions:

U {(PeMg:XalpXp|Xc}.
Ayt B|C

For Ugp the union ranges over subsets A, B, C C V and for Ug the union ranges over A, B,C CVUW
(with a d-connection), hence we get Ugr C Ug. |

Now, we can extend preceding results to ADMGs as follows:

Theorem 10. Theorems 6, 7, 8 and Corollaries 2 and 3 also hold for Bayesian networks with latent
variables, when faithfulness is only required to hold with respect to the latent projection.

Proof. Subsets of nowhere dense (Lebesgue measure zero) sets are nowhere dense (Lebesgue measure
zero). The extension of Theorem 6 immediately follows from Lemma 4. Considering the distribution
map D : BNg — Mg we get the extension of Theorem 7 from the inclusion D~} (Ugr) € D~ (Ug),
and given a parametrisation ¢ : © — BNg and map T' = D o ¢, the extension of Theorem 8 (and the
related corollaries) follows from T—1(Ugr) C T (Ug). [ |

6 Discussion

One should be careful with interpreting the typicality results from this work and from Spirtes et al.
(1993) and Meek (1995), as the employed notion of ‘typicality’ depends on somewhat arbitrary choices.
The choice of o-ideal makes an essential difference: the o-ideals of null sets and meager sets do not
necessarily coincide. For example, the Smith-Volterra-Cantor set is a nowhere dense subset of [0, 1]
that has Lebesgue measure 1/2. In general, every subset of R is the disjoint union of a meager set
and a null set (Oxtoby, 1980, Theorem 1.6): a set that is small in one sense may be large in the
other sense. When considering the o-ideal of measure-zero sets, the results depend on the choice of
o-algebra and the probability measure. For the o-ideal of meager sets, the results depend on the choice
of the topology. The pseudometric topology that we consider on the space BNg might be too weak for
purposes of causal modelling, as it does not distinguish between two causal models that have different
causal mechanisms but the same observational distribution.

Faithfulness might be an assumption that is too weak for the purposes of causal discovery, as faithful
distributions can have extremely weak dependencies that are undetectable from finite samples. The
(perhaps more practically relevant) notion of strong faithfulness of linear Gaussian Bayesian networks
(Zhang and Spirtes, 2002) is not measure-zero, as is shown by Uhler et al. (2013). It is unclear whether
or not it is typical in a topological sense.

From a philosophical perspective, it is absolutely unclear whether ‘in nature, unfaithful Bayesian
networks are nowhere dense’, just as there is no reason to believe that ‘nature picks parametric Bayesian
networks via a distribution that has a density’. At least we can view it as a positive result that the
opposite of our result, i.e. that unfaithful distributions are typical, does not hold.
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