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Exercise 1 Let ϕ be a formula of type σ in the language of HAω. Show that
HAω proves that

Rσmr
[
ϕ(0) →

(
∀x0 (ϕ(x) → ϕ(Sx) ) → ∀x0ϕ(x)

) ]
.

Exercise 2 Let ϕ(x) be a formula of type σ and ψ be a formula of type τ in
the language of HAω (the variable x is of type ρ and does occur freely in ϕ(x),
but not in ψ) . Show that

tmr
[ (

∃xρ ϕ(x) → ψ
)
→ ∀xρ

(
ϕ(x) → ψ

)]
where t = λs(ρ×σ)→τ .λxρ.λyσ.s(pxy).

Exercise 3 In this exercise we work in HAω.

(a) Let ϕ be a formula of type τ whose free variables are xρ and yσ. Show
that HAω proves that

tmr
[
∃xρ ∀yσ ϕ(x, y) → ∀yσ ∃xρ ϕ(x, y)

]
if t = λsρ×(σ→τ).λaσ.p(p0s)(p1sa).

(b) Let ϕ,ψ and χ be sentences. Construct a term t such that HAω proves
that

tmr
[
(ϕ→ (ψ → χ)) → ((ϕ ∧ ψ) → χ)

]
.

Do not just give right term but also show that it is correct!
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Exercise 4 (a) Show that for any simple formula ϕ with free variables among
xσ1
1 , . . . , xσn

n there is a closed term d of type σ → (σ2 → . . .→ (σn → 0))
in the language of HAω such that

HAω ` ∀xσ1
1 , . . . , xσn

n

(
ϕ↔ dx1 . . . xn =0 0

)
.

Hint: Use induction on the structure of ϕ.

(b) Deduce that for any simple formula ϕ with free variables among xσ1
1 , . . . , xσn

n

we have
HAω ` ∀xσ1

1 , . . . , xσn
n

(
ϕ ∨ ¬ϕ

)
.
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