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Exercise 1 Throughout this exercise I will be some non-empty set. A collec-
tion F of subsets of I is called a filter (on I) if:

1. ITe F,0 ¢ F;

2. whenever A, B € F, then also AN B € F;

3. whenever A € F and A C B, then also B € F.
A filter which is maximal in the inclusion ordering is called an ultrafilter. By

Zorn’s Lemma every filter can be extended to an ultrafilter. An ultrafilter on a
set I is called principal if there is an element ¢ € I such that X € ( iff i € X.

In addition, we will assume that we have some collection {M;: i € I} of
L-structures and a filter F on I. This allows us to construct a new L-structure
M, as follows. Its universe is

[1Mi = {f: 1= |JMi: (vi € T) £(i) € M;},
el i

quotiented by the following equivalence relation:

f~g & {iel: f(i)=g(i)}eF.

In addition, if g is an n-ary function symbol belonging to L and [f1],...,[fs] €
M, then
gM([flL T [fn]) = [7’ = gMi(fl(i>7 s 7fn(7’))]>
and if R is an n-ary relation symbol belonging to L and [f1],..., [f»] € M, then
([fi)s- s [fa]) € RY i {i€X: (fi(i),..., fuli)) € RM } € F,

where one should check that everything is well-defined. The resulting structure
M is often denoted by [[ M;/F. We will be most interested in the special case
where F is an ultrafilter, in which case [[ M;/F is called an ultraproduct.

(a) Show that a filter U is an ultrafilter iff for any X C I either X € U or
I\X elU.



(b) Show that every ultrafilter on a finite set I is principal, while there are
non-principal ultrafilters on every infinite set I.

(¢) (Lo§’s Theorem) Show that if U/ is an ultrafilter on I, then for any formula
o(x1,...,xn) and [f1], ..., [fnu] € ][] Mi/U we have that

[[Miu el ) & {i€l: Ml e(fili),... fali)} €U

Exercise 2 The idea of this exercise is to use ultraproducts to give an alterna-
tive proof of the compactness theorem. So let T be a theory and assume that
every finite subset A of T' has a model M. Since our task is to prove that
T has a model, we may just as well assume that 7 is infinite. We will write
I ={A CT: A finite}.

(a) For any A € I, write T A ={A" € I: A CA’}. Let
F={YCI:(3Ael)tACY}.
Show that F is a filter on I.
(b) Let U be an ultrafilter on I with & O F. Show that [[ Ma/U = T.

Exercise 3 Suppose U is an non-principal ultrafilter on N. Let (M;);en be a
sequence of L-structures, and write *M = [[ M;/U.

Let A C *M be arbitrary, and choose for each a € A an f, € [[ M; such that
a = [fa]. Let p(x) = {pi(z): i < w} be a set of L4-formulas such that p(z) is
finitely satisfiable in * M. By taking conjunctions, we may, withour loss of gener-
ality, assume that ¢;41(x) = @i(x) for i < w. Let ¢;(x) be 6;(x,ai1, ..., Aim,;),
where 0; is an L-formula.

(a) Let
D;={neN: M, =3z6;(x, fo, ,(n),..., fai m, (n)) }.
Show that D; € U.

(b) Find g € [[ M; such that if i <n and n € D;, then
Mn ': 91(9(”)7 fai,l(n)V L) fai,mi (n))

(c) Show that [g] realizes p(x). Where do you use the fact that U is non-
principal?

(d) Assume that L is countable. Conclude that *M is Ny-saturated.

(e) Show that if the Continuum Hypothesis holds then every nice theory has
a saturated model with size Nj.



