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Exercise 7.1

Let c0 denote the linear space of all sequences x = {xi} in C such that xi 6= 0 only for

a finite number of values of i, equipped with the supremum norm ‖x‖ = sup{|xi| :

i ≥ 1}. Let `1 denote the space of all absolutely summable sequences y = {yi} in C
with norm ‖y‖1 =

∑
i≥1 |yi|.

a. Show that for every y ∈ `1, the map x′ : c0 → C,

x′y(x) =
∑
i≥1

yi xi,

defines an element of c′0. Also show that the operator T that maps y to x′y is

an element of B(`1, c
′
0).

b. Conversely, show that any x′ ∈ c′ is mapped to an element yx′ of `1 by the

inverse of T .

c. Combining a. and b., show that the dual c′0 is isometrically isomorphic to `1.

d. Show that if limn→∞
∑

i≥1 yn,i xi = 0 for all x ∈ c0, then sup{‖yn‖1 : n ≥ 1} <
∞.

Exercise 7.2

Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be Banach spaces. Suppose that {Tn} is a sequence in

B(X, Y ) such that sup{‖Tn‖ : n ≥ 1} =∞.

a. Show that there exists a point x ∈ X such that sup{‖Tnx‖Y : n ≥ 1} =∞.


