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Abstract

State machines consume and process actions complementary to programs issuing actions. State
machines maintain a state and reply with a boolean response to each action in their interface. As state
machines offer a service to programs, their interface is also called a service interface. State machines
can be combined with several natural operators, thus giving rise to a state machine calculus. State
machines are used for abstract data type modeling. © 2002 Published by Elsevier Science Inc.
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1. Introduction

In this paper, so-calledtate machinesre used to represent data structures and data
types in a context focusing on their role within programs. Although programs are given
the lead and data types are considered auxiliary in nature, the formalization of data types
is still of major importance for program understanding, and data type modeling requires as
much care as the analysis of programs and programming concepts. State machines admit
several interesting operators, so there is an algebra of state machines as well as there is an
algebra of programs. However, we here prefer to introduce a calculus of state machines.
The reason for this choice is that identity is defined in terms of set-theoretic constructions
rather than directly or indirectly by means of equational reasoning.

In this paper we focus on how state machines and programs (or, more precisely, program
behaviorg can interact. We distinguish two main approaches: first, a state machine may
support a program in its execution, for example as a memory device, yielding a (pro-
grammed) behavior. Secondly, a program may transform a state machine into another state
machine. We describe programs and their behavior in the setting of program algebra (PGA,
[4,5]).
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The paper is set up as follows: in Section 2 we provide an informal introduction to
the operational intuition of state machines and programs. Subsequently, in Section 3 we
provide some examples of state machines and discuss the calculus of state machines in
some detail. In Section 4 we consider two ways of interfacing state machines and program
execution. Then, in Section 5 we argue that state machines (or similar memory devices)
are indispensable in programming technology. Finally, in Appendix A we briefly elaborate
on specification techniques for state machines.

2. State machines, programs, and behaviors

In this section, we first introduce state machines. In order to model the interaction
between state machines and programs or program behaviors, we discuss a particular type of
primitive instructions and actions in the setting of program algebra. For general information
on program algebra we refer to [4,5].

2.1. State machines

A state machine is a paiZ, F) consisting of an interfac& and a reply functiorf.
The interface of a state machine consists of a collection of so-catlettiongwhere the
prefix “co” emphasizes the cooperative or complementary nature). We use

a(x)

as a general notation for co-actions. The bracket pair of a co-action can be empty as in
succ(). Co-actions that will occur in examples to come aee(true), println(hello)
andcl : isZero(). An example of an interface of a state machine is

2 ={a(n),b() | n < 1000.

The reply functionF of a state machin€X, F) is a mapping that gives for each finite
sequence of co-actions from the interf@céhe reply produced by the state machine. This
reply is a boolean valugerue or false unless inaction occurs (symbolized By. We write
>+ for the set of non-empty sequences olerand use “” in the textual representation
of sequences as a separator betwEeriements. Furthermore, the reply function should
satisfy the following requirement: if for somee X%, F(c) = D, then alsoF (o, a(x)) =
D for all a(x) € . It will turn out convenient to assume thA(a(x)) = D in casea(x) ¢
2.

The operational intuition of state machines is as follows: a program can make use of
the service offered by a state machine. These services are listed as co-actions in the service
interface of that state machine, and the state machine is identifiable by its name. Each
co-action in the interface of a state machine can be processed: the state machine updates
its state and produces a reply in the form of a boolean value which is returned to the
program that invoked the service. Furthermore, an error can occur, upon which the state
machine replies with the error valli2 instead of an ordinary boolean. A state machine
will not process any subsequent requests after having runDntbis assumed that the
program starts the operation of the state machine with its first request for a service. The
state machine always starts from the same initial state.

The role of state machineState machines emerge first of all as a tool for the description
of data structures. Well-known data structures such as memory registers, stacks, queues and
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tables can all be modeled as state machin@schnically a state machine represents the
behavior of an automaton. If one forgets the use of inactiyng state machine character-

izes a formal languageperhaps based on an unusual alphabet of symbols. State machines
describe abstract data types in such a way that they can be used as part of an abstract
machine. There is no implication that a state machine must be realized either in hardware or
in software if it is used in a system description (however, it should allow immediate access
to the co-actions in its service interface). Its role is restricted to specification. In many cases
specifications involving data type state machines can be transformed into implementations
in a fully automatic and an algorithmically satisfactory waor a set>, the collection of

all state machines with service interfatecan be considered the semantics of the service
interfaceX. We will not discuss the set-theoretic size of this collection. It is quite large but
only a fraction of its conceivable elements has some relevance for computer programming.

2.2. Programs

Programs are constructed using various types of primitive instructions, the most funda-
mental of which is thevoid basic instructionIn this paper, such instructions have more
syntactical structure than in e.g. [4,5], in order to be able to provide a specific description
of the interaction between the behavior of a program and a state machine. As a general
notation for void basic instructions we use

f.a(x)

wheref is the so-calledocusof the instruction, and(x) is its co-instructionpart (upon
execution also calledo-action program behaviors are discussed in the next section).
The bracket pair of an instruction can be empty or instantiated with some value. E.g.,
smbr.set(true) is an instruction that we will meet again in this paper, containing the
focussmbr and the co-instructioget(true). Another example of a primitive instruction

is Console.println(hello), having focusConsole and co-instructiomprintln(hello).

We write

a,b, ...

for void basic instructions whenever we do not care about their particular focus co-instruc-
tion structure.

A basic composition construct in the setting of program algebcansatenationwrit-
ten “;”, and taken to be associative:XfandY are programs (or ‘program terms’), so is
X; Y. Furthermore, if als@ is a program, theiX; Y); Z andX; (Y; Z) denote the same
program, and brackets will not be used in repeated concatenations.

The primitive instructions and their operational intuitions considered in this paper are
the following:

Void basic instructionWhen executed, a void basic instruction generates a boolean
value and the associated behavior may modify a state. After execution, a program has to

1 In [1] state machines appear under the name of processes, a phrase that is currently used for a far more
general kind of behavior. We refer to [2] for a discussion of abstract data type behavior motivating the role of
state machines in this paper. An extensive literature on observability in data types relates to very similar notions.

2 The language consisting of all sequences of co-actions for which the state machine produces the geply
(or true, depending on conventions regarding initialization and the empy string).

3 The transformation used for that purpose, however, need not generate a system that has the same or virtually
the same architecture as the given specification. Only the externally visible behavior must comply with the
specification, all of its internal details in fact being private to the specification.
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enact its subsequent instruction. If that instruction fails to exist, termination occurs. The
attribute void expresses that execution is not influenced by the returned boolean value.

Termination instructionThe termination instructiohyields termination of the program.

It does not modify a state, and it does not return a boolean value.

Positive test instructionAssociated to each void basic instructiathere is a positive
test instructiotd-a. When executed, the state is affected accordirg &ind in caserue
is returned, the remaining sequence of actions is performed. If there are no remaining
instructions, termination occurs. In the case thdltse is returned, the next instruction is
skipped and execution proceeds with the instruction following the skipped one. If no such
instruction exists, termination occurs.

Negative test instructiorAssociated to each void basic instructiathere is a negative
test instruction—-a. When executed, the state is affected accordirey tmd in cas€alse
is returned, the remaining sequence of actions is performed. If there are no remaining
instructions, termination occurs. In the case thate is returned, the next instruction is
skipped and execution proceeds with the instruction following the skipped one. If no such
instruction exists, termination occurs.

As an example we introduce the basic program notation PGLE (see [5]), which is
defined by adding labels and goto’s to the instructions mentioned above, and employing
concatenation as the only programming construct. The added instructions are these:

Label catch instructionThe label catch instruction has the forkfor k some natural
number. Upon execution, this instruction is simply passed and cannot modify a state. If
there is no subsequent instruction to be executed, termination occurs.

Absolute goto instructionlhis instruction takes the form ## for k some natural num-
ber, and represents a jump to the leftmost occurrence of the label catch instmction
the program. If there is no such instruction, termination occurs.

Furthermore, PGLE is characterized by the syntactic restriction that each test instruction
in a program is followed by eithéror a ##.k for somek.

Example 1. The program

ProgA=smbr.set(true); LO; +smbr.eq(true); #HL1; #H#.2;
L1; smbr.set(false); Console.println(hello); ##L.0;
L2; smbr.set(true); Console.println(goodbye); #HL0

is a particular example of a PGLE program that will be used in the sequel of this paper.

Programs as such do not have an interface, the difficulty being that it is not clear which
superset of the collection of actions featuring in a program behavior should be considered
the correct interface. Ideally an interface for a program combines two properties:

1. to include the actions mentioned in the program text, and

2. to allow easy communication.

Therefore an interface ought to have a low information content. The information content
can become lower by adding ‘redundant’ elements to the interface. The minimal collection
of instructions that are present in the text of a prodrafris denoted withZPS(X), the

4 A reference to program objects is needed if all formal definitions are to be presented.
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collection being called aseudo interfaceTo see whyEPS(X) is a pseudo interface rather
than a proper one consider this example:

ProgB = f.a(124); +9.b(358); L67; —f.a(98); £.a(358).

Now XPS(ProgB) = {f.a(98), f.a(124), £.a(358), g.b(358)} which is very implausible as
an interface. A reasonable program interface might be:

{f.a(n), g.b(n)|n < 1000.

A program componefts a pair consisting of a program interface and a program such that
all basic instructions used by the program are in the interface. This definition is meaningful
for all program notations in program algebra. Referring to the programB as given
above

[{f.a(n), g.b(n)|n < 1000, ProgB]

is an example of a program component. (Recall that a state machine has a definite interface,
S0 ‘state machine components’ can be identified with state machines.)

2.3. Behaviors

Each program can be associated witlpragram behaviorand it is on the level of
behaviors, i.e. program execution, that we shall study the interfacing with state machines.
Below we provide a brief introduction to program behaviors (we refer to [5] for an extended
overview).D is the behavior of an inactive program. The cause of inaction is either the
absence of proper termination when needed or a cyclic succession of goto (or jump) in-
structionssS is the irreducible behavior of the termination instruction. Intuitivalgienotes
the atomic behavior describing the execution of this basic instruction. However, we shall
only consider atomic behavior in connection with the boolean reply it triggePsaifdQ
are program behaviors amds a boolean-returning action, then

Plal>Q

performs ara subsequently acting likB if a returns true and lik€) if it does not. In the
special case that = Q, we write

aoP

instead ofP < a > P. A finite program behavior always ends wishor D. Below we
provide some examples of (finite and infinite) program behaviors.

In general, we write X| for the behavior of progranX if we do not care in what
program notationX is written. It is then simply assumed thgt| yields a behavior as
described above. In order to be able to describe some examples in detail, we define below
the behavior extractiorfunction| . .. |pge 0N PGLE programsX |pgle Yields the behavior
of PGLE programX. Let X = ug, ..., u;. Then|X|pge = |1, X|,, where the auxiliary
function|_, _|, is defined as follows:

I/, Xlg=S ifj>korj<loru; ="!forl< <k,

lj, Xlg=aolj+1X|g ifu;j=a,

5 We use ‘program component’ independently of the phrase ‘software component’. There is no implication that
a program component contains a program in binary form.
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i, Xlg=1j+1L X|g <at|j+2X|, ifu;=-+a,
i, Xlg=1ji+2 X|g Ja>|j+1X], ifu;=-—a,
lj, Xlg=1j+1 Xlg if uj =1Ln,
lj, Xlg=Im, X|g if u; =##n andm = target(n, X),
and the auxiliary functionarget(n, X) yields the smallesth such that:,, = Lz, and O if
there is no such,, in X = u1; ...; ug.
In the case that for sonjeéhese equations yield a cyclic succession without any atomic
behavior, we seftj, X|, = D.
We provide some simple examples, followed by our ‘running example’:

lalpgle = a oS,
|LO; a; b; ##1.0|pgle = P whereP can be defined by =a o (bo P),
[+a; LO; ##L0; b|pgle = a o D.

Example 2. The PGLE prograntroga as defined in Example 1, i.e.

ProgA=smbr.set(true); LO; +smbr.eq(true); #HL1; #H1.2;
L1; smbr.set(false); Console.println(hello); ##1.0;
L2; smbr.set(true); Console.println(goodbye); ##L0

defines the behavigproga| = Q, whereQ can be defined by the following equations:

Q = smbr.set(true) o M,

M=LoM < smbr.eq(true) > Ro M,

L = smbr.set(false) o Console.println(hello),
R = smbr.set(true) o Console.println(goodbye).

adopting the conventions thais right associative and binds stronger thatia > _.

The pseudo interface of a program behavior simply contains all actions that the behavior
performs. We omit the precise definitions. For a behaRiare denote its pseudo interface
with ZPS(P). If X is a PGLE program with behavigX |pgie, thenZPS(|X |pgie) € ZP3(X).

A strict inclusion may hold, as for instance ¥h=!; 4.

3. Examples of state machines and state machine calculus

In this section a small collection of important state machines is presented as well as the
operator set of state machine calculus.

3.1. Four data type state machines

Below we provide some examples of state machines that we consider fundamental and
that are certainly useful in a number of circumstances (these examples and their names may

6 The interface condition for program components can be stated as follow$7,faf to be a program
component it is required th&PS(| X|) C 1.
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be considered the initial segment of a library of useful state machines). Our specifications
of these state machines are informal, but can of course be formalized in much more detalil
(we return to this matter in Appendix A). We writdN for the natural numbers (andh in
specific identifiers). The co-actions in the state machines below will be called by actions
(instructions) having the same co-action part. Interfacing programs and state machines is
discussed in Section 4.

Boolean registeiThis state machine has namor (abbreviating s&te machine lmolean
register), and is defined by

({set(true), set(false), eq(true), eq(false)}, Fpr).

where the reply function will replgalse to the co-actionsg (true) andeq(false) until

the firstset (true) is called. Thereafter the state of the registerrise. At each co-action

of the formset (true) or set (false) the reply function repliesrue.” The state of the
state machine is flipped whenever it receives a ‘set co-action’ to the opposite truth value.
The co-actiongq(b) do not change the state but will return a reptyie wheneveb is the
current value of the register, afid1se otherwise.

NN registersmnnr = ({set(i), eq(i) | i € NN}, Fnr) can contain arbitrary natural num-
bers. The reply function is self-evident. It generalizes the reply functiosbf to the
parameter domaiNN instead of{true, false}.

NN counter.smnnc = ({succ(), pred(), iszero()}, Fy). Again the reply function is
clear from the mnemonics of the interface actions, as is the convention totrepias a
default, under the assumption that the counter always starts with value zero. In particular
it is assumed that, having become zero, the agtia () leaves its argument at zero.

NN stack.smnns = ({push(i), pop(), topEq(i)|i € NN}, F,). The reply function is
clear from the mnemonics of the interface actions, as is the convention totrepl\as a
default, under the assumption that the stack always starts empty. In particular, the action
pop() leaves the empty stack empty, and pops the top element from the non-empty stack.

As a rule, the co-actions in the above concrete examples will be called by actions (in-
structions) that carry a plausible name, esglhr.set(true) is an action of which the focus
characterizes reference to a boolean register, while the co-action partet (true)
models the request to set the value of the registerte.

3.2. State machine calculus

Five operators and a constant for state machines are useful in many cases: service
interface Es(H)), non-interfering combinationH{y & H>), co-action prefixingd : H), re-
striction A H), export ¢JH), which is complementary to restriction, and the empty
state machined).

o If the state machinkl consists of the paifZ, F'), then the service operathig(H) gives

its service interface, thusXs(H) = 2.

e The non-interfering combination operatay)(takes two state machines as operands, say

Hj; and H>. The service interface consists of those co-actions occurring in only one of

the two service interfaces:

Ls(H1 @ Hz) = (Es(H1) U Xs(H2)) — (Xs(H1) N Xs(H2)).

Let F; be the reply function foH;. The reply functiorF for Hy & H» inspects the last
instruction of its argument list. If that instruction is frof} all actions ofH3_; (i.e. in

7 Thisis an arbitrary default reply for a co-action that only serves to update the register.
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Ys(H3—;) are removed and the reply is computed by means of an applicatiéh tof
the remaining list.
e Co-action prefixingd : H) prefixes each co-actiar(x) of a state machineH) with “p:”
for some name (or “part”» and modifies its reply function:
p 2, F)=(p:2,p:F)

wherep :2 = {p :x | x € 2}, andp :F(c) = F (o [2) whereo [ X is the operation that
projectso into X7 (i.e., strips off all prefixes : from theos -elements).

e The restriction £A H) of state machinél is obtained by removing all interface actions
in X from the interface oH and by dropping all input streams, i.e., element<df
featuring an action ik

e The export operatorX([1 H) does the converse of restriction: it drops all interface
actions outside.

e The empty state machine is denoted withThis is the unique state machikkwith
Xs(H) = @, playing but a formal role in the calculus of state machines.

Several identities concerning non-interfering combination are valid:

Ho0=H,
H®H=0,
H1@® H>= H» @ Hi,
p:(H1® H2) = (p :H1) @ (p :H2),
(H1® H2) ® H3= H1 ® (H2® H3) 1f  Xs(H1) N Xs(Hz) N Es(Hz) = 0.

Remark 3. The non-interfering combination provides a disjoint combination of the facil-
ities of the two state machines, provided their service interfaces are disjoint. If the service
interfaces overlap an ambiguity must be avoided and for that reason actions in the overlap
are not offered by the non-interfering combination. The facilities of several copies of the
same state machine can be combined after preparatory co-action prefixing, for instance:

pl :smbr @ p2 :smbr @ p3 :smbr,
where the interface actions pf : smbr are
{pl :set(true), pl :set(false), pl :eq(true), pl :eq(false)}.

For restriction and export there are several universally valid identities:
(distribution identities)

2A(HL® H)=(2AH)® (XA H),
2U(H1® Hp) = (20 Hy) @ (20 Ha),

(special cases)

Y«(H)OH = H,

OANH=H,

OL1H =9,
Ys(H)OH1® Ho)=H1  if Xg(H1) NEs(Hz) =9,

(interaction with the service interface operator)
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Y AH)=Xs(H) -2,

Y(ZOH) = ZNE(H),
SAH=(Es(H)— 2 0OH,
SOH= (Es(H) — X) A H.

4. Interfacing programs and state machines

In this section we address the issue of interfacing programs and state machines. The
subject of interfacing being open-ended in nature, our discussion focuses on two especially
important cases. Then we discuss some applications of the state machine calculus that was
defined in the previous section.

4.1. Use and apply

Program components have a program interface and state machines have a (definite)
service interface. We consider two ways of interfacing a program (behavior) and a state
machine:

Use.In a “use interface” the task of a state machkhés to support progranX in its
operation, which will express its value by executing actions that are not processtd by
Upon termination of the execution & H is forgotten and so is the state it is in.

Apply. In an “apply interface” the task of a progra¥is to transform the state of a
state machindd. Upon termination of the execution & the result of the computation
materializes in the state &f.

Both cases ‘use’ and ‘apply’ are captured by means of special purpose operators with
an explicit reference to some focus.

In the case of ‘use’, the special operatarproduces the behavior of the program’s
instructions referenced by focusalongside a given interface. More precisely, thse-
operator/s combines a program behaviBrand a state machirté producing a behavior,
written P/ H. The actions in this behavior cannot have foéusUse” refers to the fact
that the program issues instructions to the state machine only for the sake of getting replies
returned. The use-operator simply drops the state machine after program termination or
inaction. SoP/:H is meaningful only for program behavioPsthat issue actions of the
formg.a(x) for £ # g.

In the case of ‘apply’, the special operasarfor some focus determines the state in
which a program leaves a state machine after terminationappby-operatore: connects
a program behavioP and a state machind, and yields a state machine ez H. This
requirestPS(P) C £.Xs(H), and raises the notorious guestion how to agdplio a state
machine. A simple, though rather unelegant, solution is to introduce a default state machine
D with universal interface that replies to each action with the (new) répijhen one may
assume thab applied to any state machit&(including D) produced, andP applied to
(the default state machinB)for any behavioP also produceB. “Apply” refers to the fact
that the program issues instructions to the state machine only for the sake of state machine
transformation. S@® e: H is meaningful only for program behavioPsthat issue actions
of the form£.a(x) and that terminate.

We shall define the use-operator and the apply-operator on the level of behaviors, al-
though both can be defined on programs rather than behaviors as their first arguments. We
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will only use that extension in combination with the behavioral abstraction opédratar
A subscript will then indicate the program notation of the program and the notation works
as follows:

|X/eH|L = |X|L/cH,

(X ot H)p = |X| o: H.

The difference between the use-operator and the apply-operator is a matter of perspect-
ive: the use-operator considers the state machine a transformer of behaviors (or programs)
and determines another behavior, whereas the apply-operator considers the program a
transformer of state machines and therefore produces a state machine (unless some er-
ror occurs). In the perspective of the apply-operator the state machine is input and the
modifications that are applied to it during a computation are the essence.

4.2. Semantic equations for use and apply

State machine effect notatidret P be a program behavior and ldtbe a state machine.
We wish to defineP /s H as the behavior d? usingH. An action ofP with focus £ should
be processed bil. An auxiliary notation has to be introduced beforehand. For a state
machineH = (X, F) and a co-actiona(x) in its interface, the state machifigoa(x) H is
defined by
0
Oa(x)

with F'(o0) = F(a(x), o) for all interface action sequencesThe default state is covered
by 8/0a(x) D = D. Furthermore, folw € X% we defined/0c H asH after having sub-
sequently processed the co-actions jrso

0 o 0 0 u
9p.a(x) da(x) \p )’
Semantic equations for the use-operaiidre defining rules foP /s H are these (using
H= (2, F)):

H=(ZF)

S/¢H =5,
D/¢eH =D,
(P dgalx) > Q)/tH=(P/tH) d galx) > (Q/tH) ifg#f,
(P Jfalx) > Q)/tH= P/ H ifa(x) e 2 andF(a(x)) = true,

A

éaéx)
fax) > Q0)/tH = Q/faa(x)

(P Jfalx) > Q)/tH=D ifa(x)¢2.

(P

IA

H ifa(x) e ZandF(a(x)) = false,

With the conditional operatorof [9], which we define fob € {true, false, D} by

x if b = true,
x<absy=1{y ifb=~false,
D ifb=D,

(cf. [6,7]) we can summarize the last four equations into a single one, provided we adopt
the convention thak' (w, a(x)) = D in casea(x) & X
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0
(P dfakx) > Q)/tH = < /fa x) )qF(a(x))> <Q/f6a(x)H>.

The equations for the use-operagrdetermine a behavior by means of a step-wise
processing of the actions of the program. Only the actions with focus differenttfraith
contribute to the resulting behavior. Below we consider a use-application on the PGLE
program considered in Examples 1 and 2.

Example 4. Consider the program

ProgA = smbr.set(true); LO; +smbr.eq(true); #H#L1; #HL2;
L1; smbr.set(false); Console.println(hello); ##LO0;
L2; smbr.set(true); Console.println(goodbye); ##L0

from Examples 1 and 2 and the state machitie- defined in Section 3.1. It easily follows
that |ProgA|pgle/ smvrsmbr traverses the cycle

(Console.println(hello), Console.println(goodbye)).
Abbreviating|Proga|pgle/ smor smbr to P, we may write

P = Console.println(hello) o Console.println(goodbye) o P.
The use-operator can play a key role in projection semantics. In some cases a projection
for a program notation can only be found at the cost of the introduction of an auxiliary
state machine which the projected program may use (we return to this matter in Section 5).

Semantic equations for the apply-operatdsing H = (X, F), the definition ofP e: H is
as follows:

Se: H=H,
De: H=D,
Pe:D=D,

(P dgalx)> Q)est H=D iff#g,
0 0
(P Jdfalx) > Q)es H (P o —— 220) ) < F(a(x)) > (Qof eS| H).

If application of these rules fails to lead to a converging computation, the computation of
P onH is said to diverge, which is written @3 e: H = D.

The apply-operator plays a key role in the description of batch processing. In the form-
alization of batch processing both inputs and outputs of programs are packed in a state
machine. A batch program is seen as a state machine transformer, semantically captured
by the apply-operator.

4.3. Focus renaming and focused instruction refinement

It is reasonable to repeatedly use the use-operator,@/iH1)/4H2, or more briefly,
P/¢H1/qH>. Note that by definitionP /¢ H1/¢ H» = P/¢H1. Also in the case that # g,
the repeated use application i/ Hy/4H> can be combined into a single one using
‘focus renaming’ and ‘focus-dependent co-action prefixing’ (or ‘focused instruction
prefixing’).
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Let P be a behavior, then tifecus renaming

[f — g]P
is asP, except that all actions of the forfa(x) are renamed intg.a(x). So,[f > g]S =
S,[f~ g]D=D,and

[~ gl(P Jhalx) & 0)

_J([f—glP) dga) > (f—glQ) iff=h,

(£~ glP) < ha(x) > ([f— g]Q) otherwise.

(Of course, in any program algebra notation, focus renaming can be defined straightfor-
wardly and satisfie f — g]X| = [f > g¢]|X|.) Observe tha? /¢ H = ([f > g]P)/qH
if g is fresh inP. We shall use the notation

[f1+— gl,f2 — g2]P
for [£2 — g2]([f1 +— g1]P). Observe that if1 + £2, then
[f1+— gl,f2 +— g2]P =[f2 — g2, f1 — gl]P.

Furthermore, one can extend ‘co-action prefixing’ (see Section 3@)ctesed co-action
prefixingon behaviors (or programs) by fixing a focus and an interface. This operation is
written asp : £.2, and

p: £.2(P)

refines each actiofia(x) of Pwitha(x) e Xtof.p : a(x). So,p: £.2(S) =S,p: £.2(D) =
D, and

p: £.2(P Jdgalx) > 0)
_J@:£X(P) dgpakx) > (p:£.2(Q)) if f=ganda(x) € X,
T le:£2(P)) dgalx) > (p:£.2(Q)) otherwise.

(Of course, in any program algebra notation, focused instruction prefixing can be defined
straightforwardly and satisfigs : £.2(x)| = p : £.2(|X]).) We write

Uy

for the application of focused instruction prefixinggndy if their foci differ (the applic-
ation order is immaterial in this case).

The following result states that repeated applications of use operators can always be
combined into a single one.

Theorem 5. LetH; = (2;, F;) fori = 1, 2, and let P be a behavior in which focygloes
not occur If £1 £ £2 for foci £1 and £2, then

P/s1Hy/s2 Hp
= [f1 > g, £2 > gl(F1: 1.5 U £2 : £2.55)(P) /o1 :Hy @ £2 :Hp.

Proof. We have to argue thdt = R with L = P/¢1H1/s Ho andR = [f1 +— g, £2 >
gl(f1: f1.21 U f2: £2.29)(P)/4H for H = £1 :Hy & £2 :H». Clearly, neitherL nor R
can perform actions with focus or with focusg. So, provided that actions of the form
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g.fi.a(x) yield the same reply iR as the associatefi.a(x) actions inL, it follows thatL
andR are (stepwise) behaviorally equivalent.

If in R some actiony.f1 :a(x) is processed by/0c H, then the sequence dfl :-
prefixed co-actions ir andfl : a(x) determine the reply dfl. Now 0/00 [ 21 H1 com-
putes by definition o and co-action prefixing the same reply afx). As H; is not
addressed ih, it follows that both behaviors coincide in this case.

If in R some actiony.f1 :a(x) is processed by/0c H a similar argument applies.

O

With the commutativity of focus renaming and focused instruction prefixing for differ-
ent foci £1 and £2, and the commutativity ofp, it follows from Theorem 5 above that
P/s1H1/e0Hp = P /sy Hp /1 Hy.

Similarly a repreated application of the apply-operator is possible. Under strict condi-
tions demanding that *;’ represents sequential composition betwgemnd P», the fol-
lowing is valid: P1 es (P> e: H) = (Pp; P1) e H. We will not further address the issue of
repreated apply applications, and finish this section with the observatio®that =
([f — g]P) &4 H if gis fresh inP.

5. Memory isindispensable

In simple cases it is possible to incorporate the ‘use functionality’ of a state machine
in programs, and to define a projection semantics for programs using co-actions of the
state machine service interface. In this section we consider such a projection in detail for
PGLE (briefly described in Section 2.2) and the boolean regigter (see Section 3.1).

From this and another example (involving a state machine with an infinitary structure) we
conclude that state machines or similar memory devices are indispensable in programming
technology.

5.1. Projection semantics for PGLE with use

Consider a PGLE prograd using co-actions fronEs(smbr). We can viewX as a
program in PGLEsmbr, an ad hoc version of PGLE equipped with the following semantics:
|X|pglesmbr= |X|pg|e/smbrsmbr~

Alternatively one may ask for a projectiasylesmbr2pgle such that the meaning of
PGLEsmbr programs can be determined using the projection semantics without any men-
tion of state machines and their ‘use’:

|X|pglesmbr= |pglesmbr2pgle(X)|pg|e.

So the question is to design a projectiogilesmbr2pgle satisfying the following con-
straint. For allX, | X|pgle/smbrsmbr = |pglesmbr2pgle(X)|pgle.

Let X = uj;...; ux. We assume that termination ¥ftakes place only at “!", and that
all goto’s use labels that occur in label catches in the program. Then we define

pglesmbr2pgle(X) = Yo% (ur); .. .5 Y% (u); Wi (ua); - . 5 S (k)

with the auxiliary operatorsrl?’ determined by the rewrite rules below. The general idea is
that each/fib(u) is a pair consisting of a label catch or Lk + i that pinpoints the position
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of the instruction and the value bf(false, respectivelytrue), and a second instruction.
This may yieldLj; ##.j + 1, where the second instruction clearly is redundant; however,
we include such redundant instructions in order to expose the systematics of this projection

Ui (L)) = (k4512 +2j + 1) «b > (Li; L2k 4+ 2j + 2),

YL )) = (Lk + i ##.2k 4+ 2j + 1) < b > (Li; #.2k + 2j + 2),

Y? (smbr.set(true)) = L(k +i <b>i); ##Li + k + 1,

1/fib(—|—smbr.set(true)) =Lk+i<bei);#i+k+1,

Y? (—smor.set(true)) = L(k 4+ i <bw i); #4#1 +k + 2,

lﬁib(smbr.set(false)) =Lk+i<boi); #i + 1,

wib(—i—smbr.set(false)) =Lk+i<b>i); #4142,

wib(—smbr.set(false)) =Lk+i<bei); #i+1,

wih(smbr.eq(true)) =QLk+i;#k+i+1) <b> (Li; #Li + 1),

Y? (+smbr.eq(true)) = (Lk + i; ##k + 1 + 1) abe (Li; #41i + 2),

wib(—smbr.eq(true)) = (Lk+1;##k+1+2)<be (Li; #L1 + 1),

Y (smbr.eq(false)) = (Lk + i; ##k +i + 1) < b (Li; ##i + 1),

Y (+smbr.eq(false)) = (Lk + i; ##Lk + 1 + 2) ab> (Li; #4014 1),

Yl (—smor.eq(false)) = (Lk 4 i; ##1k + 1 + 1) <b > (Li; ##Li + 2),

Yl (u) =Lk +i <bwi); u otherwise
The description of this transformation is disappointingly long. Different strategies can be

applied to simplify the projection. Nevertheless we prefer the description in the given form
as it clearly demonstrates the ‘raw data’.

Example 6. (Continued Recall the program

ProgA = smbr.set(true); LO; +smbr.eq(true); ##L.1; ##L.2;
L1; smbr.set(false); Console.println(hello); ##LO;
L2; smbr.set(true); Console.println(goodbye); ##L0

from Examples 1, 2, 4, where it is stated that fxfoga | pgle/smnr smbr = P,
P = Console.println(hello) o Console.println(goodbye) o P. 0}

As Proga is in PGLEsmbr, we can apply the projectiggi esmbr2pgle(Proga) as defined
above. We list the outcome in Fig. 1 in two columns, the left one givingbt;.l"‘?‘éSe values,
and the right one thes """ values. It easily follows that the behavioral characterization
holds, which demonstrates the correctness of our projeptibesmbr2pgle(Proga).

5.2. Memory counts

If a combination of disambiguated boolean register state machines is used via distinctive
use application$supr1, /supr2, /suorss - - -, the mentioned projection can be applied step by
step. At each of these steps the program becomes about four times as long causing an
exponential blow-up of the length of the program. From a philosophical point of view this
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L1; ##L15; L14; ##L15;
L2;L28; L15;L27;
L3; ##L5; L16; ##L17;
L4; #+4L30; L17; #4L29;
L5; ##L32; L18; ##L31;
L6;L30; L19;L29;
L7; ##L8; L20; #+L8;
L8;Console.println(hello); L21;Console.println(hello);
L9; ##L28; L22; ##L27;
L10;L32; L23;L31;
L11; ##L25; L24; ##L25;
L12;Console.println(goodbye); L25; Console.println(goodbye);
L13; ##L28; L26; ##L27

Fig. 1. pglesmbr2pgle(Proga).

may be considered no issue. As soon as programs become part of technology, however,
the matter is vital. It can be concluded that already in the simplest of conceivable cases
(a number of copies of a boolean register state machine), it is totally impractical to avoid
the use of a boolean register in favor of a longer program. Although our transformation
may be less than optimal, the essential problem is that using a number of different possible
state machine states can only be expressed in terms of the program itself if an exponential
blow-up of the length of the program is accepted. (In the casaief, a solution to this
problem is provided by Theorem 5.) Furthermore, a projection semantics without the use
of state machines does not exist in the case that a program (a behavior) essentially uses a
state machine that has a infinitary internal structure. For example, consider the behavior
recursively defined b for actionsa andb:

P = aoQio,
Qiv1,j = bo0jjy1,
Qoj = aoQjt10

(soP performsaoboaob?caob3o...). Itis not hard to find a PGLE program, say
ProgC, that uses a two-countéf = cl : smnnc @ ¢2 : smnnc (See Section 3 for the defini-
tion of theNN countersmnnc and the operatios®) and displays this behavior: assume that
the actions:, b have a focus different frorsmnnc. Then set

ProgC = LO; a; smnnc.cl : succ();
L1; +smnnc.cl : iszero(); ##1.2;
b; smnnc.cl : pred(); smnnc.c2 : succ(); #HL1;
L2; +smnnc.c2 : isZero(); ##L.0;

smnnc.c2 : pred(); smnnc.cl : succ(); #H#L2
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Now |ProgC|pgle/smnc H = P reaches infinitely many different states. A projection of
ProgC into PGLE cannot preserve this property: it is easy to prove that any behavior defin-
able by a PGLE program has a regular (or ‘finite’) control structure. Here lies a second
argument for the use of state machines (or data structures) external to a program.

It can be concluded that programming cannot be understood without the use of pro-
gram independent memory. Memory outside the program has been formalized using state
machines.

Appendix A. Specification techniquesfor state machines

The simplest way of denoting a program is to write it. Programs are typicaiigtruc-
tedby means of the successive application of a limited number of construction principles to
a limited number of primitives. Another obvious category of objects admitting description
by construction are the natural numbers. Numbers also ali@gificationthe construction
n = 97 corresponds ta'‘equals the largest prime number below 100’. The second descrip-
tion is typically a specification. Specification is performed by means of the presentation of
a list of properties. (Some other mathematical objects, for instance the structure of the real
numbers in classical mathematics, are specified rather than constructed.) As it turns out
state machines lack any direct means of construction: state machines must be specified.
In general, the specification of a state machine poses two questions at the same time: (1)
which specification technique should be used, and (2) how should the technique be used in
a particular case.

Below we list some options for state machine specification; for more information we
refer to [8].

Informal specificationAn informal specification of a state machine (or of a class of
state machines) will be definite about the interface of instructions that can be issued to the
state machin&.The informal part is in the description of the reply function. There is no
doubt that the combination of a precise interface description with an intuitively appealing
description of a reply function is very useful in practice.

Property-oriented specificatiofhis technique includes many more specialized tech-
niques using restricted logics. Point of departure is the observation that a state machine is
itself a three-sorted algebra: a sax) of interface actions with a constant for each interface
action, a sort€) of extended booleans, equipped with constants for both truth values and
for inaction, and a sortX") consisting of non-empty sequences of interface actions, the
reply function being a function in this algebra. Property-oriented specification comprises
writing an axiomatization for this three-sorted structure, preferably disallowing auxiliary
operators.

Property-oriented state machine specifications in first-order logic are difficult to find,
even for remarkably simple state machines. If auxiliary interface actions are allowed it
is always possible to find a direct specification of a state machine using equatiofs only.
However, the proof of this fact is long and complicated and the practical implication of the
result is not immediately clear. (We refer to [3] for the proof.)

8 Wwith CORBA IDL industry has produced a description technique for such interfaces that may well be
sufficiently strong for many years to come.
9 It must be assumed that the state machine is computable. The case of a finite state-space is especially intricate.
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Temporal logics can be used to provide property-oriented state machine specifications,
in some cases with remarkable elegance.

State-space model descriptioh state-space model for a state machine is obtained by
replacingZ™ by X* in the sorts mentioned above, and adding another auxiliarySsort
The sortS contains states in which the state machine may be during the execution of a
succession of interface actions. For the sort of states a constant and three operations are
needed:

(1) the initial state constangty,i; determines in which state the state machine will start its
operation upon initialization,

(2) the effect functiore : § x ~ — S takes a state and an interface action and determines
the state in which the state machine will be after processing the interface action,

(3) theyield functiory : ¥ x § — C whereC = {true, false, D} determines which reply
is produced when statss reached after processing an interface action,

(4) the cumulative effect functionr : 2* — § determines the state of the state machine
after a sequence of interface actions has been processed.

The connection between these operators and the state mathing, F) being specified

is then as follows (writing ] for the empty sequence):

CE([ ) = sinit,
CE(w, a(x)) = E(CE(w), a(x)),
F(w,a(x)) = Y(a(x), CE(w)).

Obviously the operatorse andF can be derived whemandy are known. Therefore these
technigues usually make no mention of any operators othersthady.

Technically a state-space description of a state machine amounts to a specification of the
algebra with sortg’, SandC and operations,CE,Y. It turns out that if additional functions
are allowed, the use of equations will suffice to obtain appropriate specifications of the
state-space model in all relevant cases.

From a certain level of complexity, state-space models are the only option if a formal
description of a state machine is needed. Regarding state space model descriptions the
following remarks can be made.

Parametrized state machin@$e notation for state space model descriptions of state
machines can be made more explicit, thus obtaining a parametrized family of state ma-
chines including the state machikt Using the notation given above each state S
determines a state machiig = (X, F;). The definition of F;, makes use of an auxiliary
operationCEy:

CEs([ ] =5,
CEs(w, a(x)) = E(CEs(w), a(x)),
Fs(w, a(x)) = Y(a(x), CEs(w)).

The connection betweet and this state machine family reatfs= Hg,; .
Notational conventions for effect functiors. practice the format given here is often
only present in disguise. Rather than having an effect functiaith a second argument
in 2, a special operation (s&y(,)) will be used for each(x) € X. If a(x) has parameters
these will be taken as additional parametersfgyr), usually preceding the state parameter.
Of course a more mnemonic notation thag, is likely to be used. The yield function
is usually only specified for non-void actions, void actions having the yielé by defin-
ition. In most cases non-void actions cannot change the state. Then it suffices to describe
these by means of a mappingextracting a boolean value from a state argument. Again a
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more mnemonic notation is likely to be used, gndnay be given the parametersaifr)
as additional parameters.
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