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Abstract

We provide a short notation for processes with parallel inputs and outputs. With this specifi-
cation format synchronous networks or grid protocols can be specified in a straightforward way.
For a certain class of connected networks we prove a correctness theorem that characterizes 1/0
behavior. We illustrate our approach by an example on the approximation of a one-dimensional
wave equation. © 1997 Elsevier Science B.V.
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1. Introduction

A grid protocol is a network that can be associated with parallel computation in a
grid-like architecture. Such an architecture can be a network of processors or (groups
of) points of measure in some physical phenomenon, for example a vibrating string.
A grid protocol is assumed to consist of modules, elementary processors of data that
can cooperate with each other by passing values. This cooperation can be modeled in
various ways. In this paper we consider value-passing by synchronization (communi-
cation actions). A module is characterized by a predefined function (its computational
identity), a current value, and a finite number of channels (or ports). A channel models
the connection with either one of the network’s modules, or with some external device.
In terms of behavior, a module repeatedly performs the parallel execution of input and
output actions (each one operating on a distinct channel), followed by an update of its
current value. This value update results from application of the module’s function to
the newly received value(s). In the case that all modules and internal channels of the
network form a connected graph and the external behavior is located at one module, we
obtain a simple characterization result: the order of the (internal) synchronizations is
not relevant and the network’s external behavior — stream transformation or generation
— is determined by simultaneous value updates.
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The point of departure is a combination of value-passing calculus CCS (Calculus of
Communicating Systems [20]) and the process algebraic approach ACP (Algebra of
Communicating Processes [3, 5, 6]). The technical construct underlying our approach is
the process prefix, a generalization of Milner’s action prefix which provides a means
for binding variables in CCS. With the process prefix and so called early read ac-
tions, a concise notation of parallel input is possible. In [1], Baeten and Bergstra
proposed axiom systems for action prefixes, process prefixes, and early read actions
in the setting of ACP. In order to specify and analyze grid protocols we need to
extend the process prefixing mechanism of [1] to an infinitary setting. For the specifi-
cation of computable data and value-passing we use some machinery of 4CRL [15], an
ACP-based approach in which both data and processes can be formally specified and
analyzed.

In terms of computation theory, our approach does not add to research performed
elsewhere, e.g., concerning simultaneous primitive recursion theory ! . We only provide
results about a simple class of networks. A motivation for this work is to present an
operational perspective on the module level — value-passing by arbitrary interleaved
synchronizations — and to relate this perspective to a correctness characterization about
a network’s external input/output behavior.

After a brief introduction to the axiom system ACP?(4,y), iteration and alphabet
axioms (Section 2), we present ACP,.(4,y), which stands for ACP*(4,y) with process
prefixes and early-read actions (Section 3). Then, in Section 4, we define modules.
For finite, connected networks with output located at one port, we present in Sec-
tion S a simple equation that characterizes external behavior, and hence correctness
of the specification. In Section 6 we further generalize our correctness result to a
type of networks that can consume input. We illustrate our specification format for
grid protocols in Section 7 by a parallel algorithm for the numerical computation of
solutions of the one-dimensional wave equation, which is a partial differential equa-
tion describing elementary wave phenomena, such as the transversal propagation of
vibrations in a string. In a straightforward manner, the algorithm is specified as a
connected network, from which its correctness follows. Furthermore, we pay some
attention to the elimination of process prefixes and early read actions in the speci-
fication, and to simulation issues. Section 8, containing some conclusions, ends the

paper.
1.1. Related work

Our modeling of modules and grid protocols is very much based on the work done
on synchronous concurrent algorithms (SCAs) in Swansea [22]. A particular reason
to follow the Swansea approach is given by the following citation: “many specialised

n case all module functions are primitive recursive. Notice that in a many-sorted setting, this type of
recurston is inequivalent to non-simultaneous primitive recursion over many-sorted structures {(see [22] for
further details and references).
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models of computation possess the essential features of SCAs, including systolic arrays,
neural networks, cellular automata and coupled map lattices. The parallel algorithms,
architectures and dynamical systems that comprise the class SCAs have many applica-
tions, ranging from their use in special purpose devices [---] to computational models
of biological and physical phenomena”. We think that our example on the wave equa-
tion supports this claim, and that many practical examples can be obtained from the
work done on SCAs.

As mentioned above, in [1] the authors develop a different approach to process
prefixing. They circumvent the use of typed variables in value-passing, and related
questions of bound variables and a-conversion. A price to be paid is the restriction to
a finite data type. In [7] a more abstract approach is followed (network algebra for
synchronous and asynchronous dataflow).

Finally, in [16] a tool is described that translates a specification in the early-read
format into a standard uCRL specification (without early reads). This gives way to
simulation tools and standard uCRL proof theory.

2. Process algebra, axioms and rules

In this section we recall some basic process algebra (without explicit use of data):
the system ACP*(4,y), standard concurrency, and iteration. We quote an expressivity
result on ACP*(4,7y) with iteration, and give a new, short proof. Finally, we discuss
generalized merges, expansion and alphabet axioms, all of which are essential for the
specification and verification of grid protocols.

2.1. ACP*(A,y), standard concurrency and iteration

The process algebraic framework ACP®(4,7) (ACP with branching bisimulation) has
two parameters: a set A of constants modeling atomic actions, and a (partial) binary,
commutative and associative communication function y on A, defining which actions
communicate. Furthermore, there are constants é (deadlock or inaction) and 7 (silent
step). Process operations in ACP*(4,7) are alternative composition or choice (+), se-
quential composition (-), parallel composition or merge (||), left and communication
merge (|| and |, used for the axiomatization of ||}, encapsulation (Jy ), and hiding (1/).
We mostly suppress the - in process expressions, and brackets according to the follow-
ing precedences: - > {|,|[,|} > +. Process expressions are subject to the axioms of
ACP'(4,y), displayed in Table 1 (x, y,z,... ranging over processes). Note that + and

are associative.

We further assume commutativity and associativity of || and |, also known as SC
(standard concurrency [8]). In this paper we only consider two-party communication
or handshaking, axiomatized by x | y | z = 6 (see [8]). For a detailed introduction to
ACP*(4,y) and SC we refer to [3].
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Table 1
The axioms of ACP*(4,7) and for the binary Kleene star, where a,b € 45 ., H,ICA4

(Al) x+y = y+x (B1) XT = X

(A2) x+(y+z) = (x+y)+z (B2) x(y+2)+y) = x(y+2)
(A3) x+x = x

(A4) (x+y)z = xz2+yz

(A5) (xy)z = x(y2)

(A6) x+d = x

(A7) ox = 0

(CF1) alb = y(ab)if y(a,b) |

(CF2) alb =96 otherwise

(CM1D) x|y =x|Ly+yllx+x]|y (D1) Ow(a) = a ifa¢H
(CM2) allx = ax (D2) Og(a) = 6 ifacH
(CM3) ax ||y = alx | ») (D3) Oplx+y) = u{x)+du(y)
(CM4) x+y)llz = x|z+ylz (D4) Ou(xy) = Ou(x)-du(y)
(CM5) ax | b = (a]bx

(CM6) albx = (a]|bkx (TI1) @) = a ifadl
(CM7) ax | by = (a|b)x | y) (T2) t(ay = t ifa€l
(CM8) @x+y)z = x|z+y]|z (TI3) ux+y) = ux)+uly)
(CM9) x|(y+z) = x|y+x|z (TI4) u(xy) = ux)-1u(y)
(BKSI) ¥y = x(x*y)+y (BKS4) On(x*y) = 0a(x)*ou(»)
(BKS2) *(yz) = (Fy)z (BKSS5) u(x*y) = 1) u(y)
(BKS3) x+y)Yz = xX*O(x+ y)*z) +2)

In order to describe iterative processes we shall use the (binary) Kleene star [4, 17],
of which the defining axiom is

(BKS1) x*y=x(x*y)+y.

So x*y is the process that chooses between x and y, and upon termination of x has
this choice again. Thus, if x is a terminating process then x*§ is the process that
repeatedly executes x. Remaining axioms for the *-operation are included in Table 1.
In [10], Fokkink and Zantema prove that A1-A5 and BKS1-BKS3 axiomatize strong
bisimilarity for processes defined with +,- and *.

For the interested reader, we elaborate a little on the way one can reason with
iterative processes. An advantage of the *-operation is that one can reason equationally
on infinite processes. As a trivial example, consider

31y (@*b) P2 814y (a)* 00y (B) 2 a*6.

Finally, we quote the following expressivity result on regular processes,? and give a
new, short proof.

2 That is, processes specifiable by a finite, linear system of recursive equations.
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Theorem 2.1 ({4, Theorem 3.4]). For each regular process P over AU {6} there is
a finite extension B of A such that P can be expressed in ACP.(B,y) with iteration
and handshaking only, and the actions in A not subject to communication.

Proof. Let the regular process P, be given by P, = ijl(ozi, ;- Py + p; where «;; and
f: are finite sums of actions or J.
Define B as the extension of 4 with the following 3 + 2n fresh actions:

in, Vstops Sstops and ¥, S8 (=1,...,n)

Let y(r;,5;) & Y(Fstops Sstop) &1 i1 be the only communications defined (handshaking).
As to provide some intuition, these actions model the following behavior:

;. instruct the jth process to start,

rj:  read instruction to start the jth process,
Sstop: Order termination, and
Tugp:  receive the order to terminate.

Let H = {Fuop,Sstopy U {rj,5; | i = 1,..., n} and consider the following processes:
n
Z (o - 8;)+ Bi - Sqiop  abbreviated by G; fori=1,...,n

Z(r] $;) (%iuop - Sstop) ~ @bbreviated by Mem

:H

Z ;- G; ) hwop  abbreviated by P.
Jj=1

We derive:

0u(G; - P || Mem) = 0y ((i(ai,j + 85 P)+ Bi - Sstop 'P) i Mem)

j
Z (%, - Ou(sj - P || Mem))+ Bi - Ou(Sstop - P || Mem)

i LZ,} in - oy(P H §j - Mem))+ B -in - aH(P ” sstop)

il
D’]: i

(%, - in-in- 0u(G; - P || Mem))+ B, - in - in.

“~.
]L

Consequently, 7,y © 3 (G; - P || Mem) satisfies the equations for A (i = 1,..., n). By
the principle RSP (a conditional rule, stating that each guarded recursive specification
has a unique solution per variable, see e.g. [3]), it follows that P, = 753 0 dp(G; - P ||
Mem) (i=1,...,n). O

2.2. Generalized merge, expansion and alphabet axioms

The generalized merge [ ||;c; P,] abbreviates the expression

E P - 1B
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for I = {i\,i,..., in} a non-empty, finite set of indices. This notation is justified by
commutativity and associativity of || (SC). If I is a singleton, say / = {i;},

[ s
iE{i]}

which can be useful in inductive proofs. In some cases it is convenient to use the
notation

[||n}’i] rather than | Al.
i=] i€{l,.,n}

A basic result is the following.

=P

Lemma 2.2 (Merge Lemma).

ACP’(A,y)—i—SC!—x(LEry,-] I 2) =x<[i£y,] I z>.

Proof. By induction on n.
n = 1. We derive
Xty || z) =xt(zy | 2)
=x(tty| 2)
=x(ty|.2)
=xt(y |l 2)
=x(y |l 2).
Notice that by commutativity of || we obtain x(ty || 1z) = x(y || ©z) = x(y || 2).
n>1 Let Z= ([ ]]ny,-] I z).

=2
We derive

(o) == (5)
wstafonte{[ ] 1)

L
é(x(ryl Il ©2)

case n=1
e rDemlz). O

Furthermore, in the setting of handshaking we can use the Expansion Theorem (cf.

B3D:
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Table 2

Alphabet axioms, a € 4

(AB1) a(d) =0 =ua(t) (AB4) afax) = {a} Uax)
(AB2) a(a) = {a} (ABS) alx + y) = ax) Ua(y)
(AB3) a(tx) = alx) (AB6) a(x*y) = a(x)Ua(y)
Table 3

Conditional alphabet axioms, H,/ C A4

(CA1) #(x) | () N H)CH = dux | ) = ot || 5(»))
(CA2) #x) | ()N 1) =0 = qix 1) =l |l u()
(CA3) wx)NH =0 = O (x) =x
(CA%) #(x) N1 =0 = ul) = x
frnzs | 8] =SBL| A
i=1 j=1 i€{ln\{J}

n j—1
+S S @ POL
j=2 k=1

7|
ie{l,..,n}\{j,k}

Under certain conditions the scope or action sets I, H of 7; and Jy applications can

be changed. These conditions always depend on the alphabet of a process: the set of
atomic actions it can execute. In Table 2 we give some axioms, where a(P)C 4 is the
alphabet of process P. Except for AB6, these axioms stem from [2].
Starting from the alphabet of a process, the conditional alphabet axioms in Table 3
(taken from [2]) give conditions for changing scope or action sets I, of t; and dy
applications. Here B | C for B,C C 4 denotes the subset {a € 4 | a = y(b,c) for some
beB,ceCl

3. Data and process prefixing

In this section we discuss the way in which data and value-passing are specified, and
spell out an example on value-passing. Then we introduce an operation and axioms for
process prefixing, and apply these to the value-passing example.

3.1. Data and value-passing

In order to reason about processes that manipulate data, we need some minimal
assumptions about the data involved: computability in the sense of [9], with only total
functions and decidable equality. We adopt a simple specification paradigm for data
and actions parameterized with data, which originates from puCRL [15]. Data are used
in two ways: in data-parametric sums and in communications.
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Table 4
Send-read communication for value-passing, a,b € 4

alb= {c,»(t) if {a,6} = {r(),s:()},

[ otherwise.

Let for instance a be typed as an action that can carry values of type N (the natural
numbers) and of type N x N. So a(0),a(1),...,a(0,0),... are considered actions. An
example of a data-parametric sum is the expression Y (v : N,a(v)), denoting a process
that for an arbitrary value » of N can once perform a(n) after which it is terminated.
A typical use of this construct is

S (w:N,a(v) - a(v,v+ v)),

which represents the infinite summation a(0)-a(0,0)+a(1)-a(1,2)+a(2)-a(2,4)+- - -
Note that the type of the variable v is declared in the scope of the > -operation. For
the ) -operation, axioms and a proof rule are defined in [13, 14]. In particular, these
comprise a-conversion and axioms to change its scope.

We further adopt the usual send-read communication paradigm as defined in
Table 4. Here the idea is that i is a channel or port identifier, and action s;(¢)
models the sending of a data value ¢ along port i. An action r;(¢) models the reading
of the particular value ¢ along channel i. We assume that the communications defined
in Table 4 are the only communications defined; in particular this means that the
handshaking paradigm is satisfied.

With help of send-read communication and the encapsulation operations dy one can
easily model value-passing (cf. [20]). For a small, typical example consider

R=(v:N, r)- s+ 1)*s,

a process that is willing to receive any natural along channel 1, and s,(5)-S, a process
that initially sends the value 5 along channel 1. The value-passing of 5 between these
two can be represented by

a{rl,sl}(R II Sl(S) ) S)7

where we adopt the notation 0y, 3, only mentioning the identifiers ry,s;, from uCRL.
Hence, single r1(n) and s,(n) actions cannot occur and are thus enforced to commu-
nicate. We derive

2y R 1 515)-8) P2 04, (3 (Z @ : Nyri(v) - 520 + 1)) - R || 51(5) - S)

= ¢1(5) - 04,51} (52(6) - R || S),

where the second identity follows from the axioms of ACP*(4,y) and those for the
> -operation. So, by encapsulation, the action 51(5) enforces the communication action
c1(5). Hence, this communication action models the value-passing of 5 along channel 1
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between the two parallel components of 0y, 5}(R || 51(5) - S). The resulting process is
01,5, 3(52(6) - R || §). In the setting of uCRL, a detailed treatment of this value-passing
format can be found in [12, p. 69].

We finish this section with an example that describes a simple, one-module network.

Example 3.1. Consider the following two processes, abbreviated by R and S :
R =3 (v:N, n®) si(v+1))*s,
S =3 (: N, ri()s2Av) || sou(v))*0.
Let H = {r1, 51,72, 52}. The behavior of 85 (R || (52(0) || 50x(0)) - S) can be analyzed

and visualized as follows (note that actions s,,(j) cannot be involved in a communi-
cation):

On(R || (52(0) || $0u(0)) - §) —3
= ¢2(0) - Op(s1(1) * R || Sour(0) - §) R
+ 5ou(0) - O (R || 52(0) - ) 2 1
= ¢2(0) - 50u(0) - On(s1(1) - R || S) (82(0) || 80ue(0))S
+ Sour(0) - €2(0) - D (51 (1) - R || S) [ —
= c2(0) - 50u(0) - c1(1) - 0u(R || (s2(1) || 50(1)) - S)
$out(0)

+ Sou(0) - 2(0) - e1(1) - TR || (s2(1) || S0ue(1)) - S)-

Let I = {cy,c2} and let P(n) = 170 0x(R || (s2(n) || 50ufn)) - S) for some n € N. From
the derivation above it follows that the one-module network P(n) satisfies

P(n) =1 spu(n) - P(n+ 1)+ Sou(n) - P(n + 1).
Hence t-P(n) = t-sou(n)- P(n+ 1), expressing that - P(n) outputs the infinite stream

T Sou(n) - Sout(n +1)- Sout(n +2)---.
3.2. Process prefixing

Let D be some data type. We consider the process prefix operation, notation ;, and
early-read actions er;(v) with i a channel or port identifier and v a variable of type D
(cf. [1]). The early-read axiom scheme, parameterized with data type D, is

eri(v);x =3 (v: D,ri(v) - x)
(so v may occur in an instantiation of x).> As an example consider
eri(v);5;(v) = 3 (v: D,ri(v) - 5;(v)),

3 This axiom reflects Milner’s translation of the basic CCS term a(x).E into the value-passing CCS term
Zv <y - ﬁv/\x} where V¥ is the value set and ~ the translation function [20].
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Table 5
Process prefixing, a € 4

(PP1) &;x=5 (PP4)  erp(vix = (v: D, re(v)-x)
(PP2) t;x=t1-x (PP5) (x+y)z =x;2+ y;z
(PP3) a;x=a-x (PP6) (x-y)z =x;(y;2)

which is an expression without free data-variables. Furthermore,

eri(v);s;(t) = 3 (v : D,ri(v) - 5,(t))

for ¢ a closed term of type D.

Let A, be the extension of A (the set of atomic actions) with early-read actions
for any action »; : Dy x --- x D, declared over 4. Axioms for process prefixing are
given in Table 5. The axiom PP4 is considered to be parameterized with the type of
the 7; action. In the uCRL setting, this implies that an early read over pairs of values
corresponds with two 3 -applications (which commute [13, 14]), e.g., for v, : D x N,
function F : D x N — N, and action s, : Nat we obtain

erk(U, W);S[(F(U,W)) = Z (U :D’Z(W . N,rk(v,w) : SI(F(an))))'

Alternatively, one can consider a setting with variables over products of the data types
involved. Note that for the er actions we use globally typed variables.

Let ACP;,(4,7) be the extension of ACP*(4,y) with early-read actions and process
prefixes as introduced above. A particular — and intended — consequence of the send-
read communication paradigm (see Table 4) is that er;(v) | @ = 6 for all a € 4. This
is used in the following example, in which parallel input is unraveled (v,w,F typed
as above):

(er1(v) || era(w)); si(F(v,w))
= (er1(v)|_ers(w) + era(w)| er1(v) + er1(v) | era(w)); si(F (v, w))
= (er1(v) - ers(w) + ers(w) - e (v) + 8); 5(F (0, )
= (er1(v) - era(w)); si(F (v, w)) + (er2(w) - er1(v)); s:(F (v, w))
= eri(v); (ers(w); si(F (v, w))) + era(w); (er1(v); si(F (v, w))).
Furthermore, t; and Jy-applications also apply to er-actions via axiom PP4, using the
uCRL axioms that state that these applications commute with the > -operation. For
instance,
01y (er1(v); P + era(w); Py)
=01y QC (v : D,ri(0)P)) + 0y Q2 (w2 N,ra(w)P2))
=3 (v: D, 04,y (r1(V)P)) + 35 (W N, 8¢, 1 (r2(w)P2))
=3 (W:D, )+ 3 (w: N,a(w)dg,, 3 P2))
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=0+ ery(w); 0,1 (P2)
= ery(w); 0¢r}(P2).

Example 3.2. The process P(n) from Example 3.1 can now be specified by
71 0 B (((era(v); s1(0 + 1)) O (52m) 50 (1)) - (er1(0); (52(0) || 50a(0))* 8))

with v a variable of type N.

4. Modules and networks, specification

In this section we propose a specification format for modules, elementary processors
of data. Next we introduce networks as a format for the parallel execution of such
modules. In fact, the process P(n) defined in Example 3.1 exemplifies the most simple
type of network that we consider, containing one module. Our modeling is based on
[22], in which SCAs (synchronous concurrent algorithms) are analyzed.

4.1. Modules

A module M; is supposed to contain a value, a (positive) number » of input channels,
and a (positive) number m of output channels. To keep things simple, we first restrict
ourselves to a setting with only one data type D. The computational functionality of
a module M; is characterized by a (total) value function F; : D" — D. We specify
a module M;(d) with current value d, input channels i#,..., i, and output channels
01,.-.,0, by means of two iterative processes. The first one of these defines the receive-
part Rec; of the module (modeling the read actions), the second its send-part Send;(d)
(ready to send the value 4 along the ports oy,...,0,). These two parts communicate
along some channel /, internal to module M;. The computational functionality of module
M; is modeled in the (internal) s;-action of Rec;, which can take place after all parallel
read actions of Rec; have been executed. This yields the following specification and
picture of M;(d):

Mi(d) = t{,} © Oy, 53 (Rec; || Sendi(d)), i in
Rec; = ({_Iln eri,-(vj)] ;si(Fi(Ul,u-a”n))) *3, Y \
/=1 Rec,-
Send(d) = { ||msoj(d)} - Send;, i M;(d)
j=1
” Send;(d)
Send; = (eri(v); { [ s,,j.(v)]}) *3.
/= L PR

[4)] Om
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Now assume that {iy,..., i,}N{o1,...,0,} = 0. It then follows that M;(d) has a process
prefix

(eri,(w) || .. || eriy () | S0 (D) || - || 56,(d))

(this is a consequence of Theorem 6.1). After having read certain values dy,ds,...,d,
along channels iy, ...,i,, and having sent d along ports 0y, ...,0,, the module’s current
value is updated to Fi(d,...,d,) (by a communication along channel i, renamed into
the silent action 7), and the next process prefix is ready to be performed:

(eril(vl) ” “ erin(vn) “ SO|(Fi(d1a"'adn)) ” ” ng(F,(dl,,dn)))

The case that a module reads its own value as an input, i.e. {i1,...,i,}N{o1,...,0m} #
§, is called feedback. Per module, at most one feedback channel is allowed in our
setting.

For readability, we introduce the following abbreviation for synchronization and
abstraction over some port i: we shall often write

P|; O instead of T{c;} © 6{,1.’&,}(}) I O).

Henceforth, M;(d) = Rec; ||; Send(d).

It is evident that the specific typing of the channels (i.e., of the read and send
actions) is not relevant, as long as the function F; is compatible with it. Therefore,
we further consider a many-sorted setting. We assume that each variable is uniquely

typed.

4.2. Networks

A network is just a collection of modules, in which the read/send connections respect
the typing of the corresponding modules. A general restriction is that there is at most
one channel for transmission of data from a module to a module (which may be the
sending module). In this paper we consider networks of the form

7700y ([filMs(dz‘)}) ,

where the dy applications model value-passing synchronizations between the modules
M, ...,M,. We further distinguish the following network characteristics:

Definition 4.1. (1) The Input/Qutput of a network, I/O for short, denotes the net-
work’s external actions, i.e., read or send actions that have no communication partner
within the network.

(2) A network is an I/O network if it has a positive number of external actions. It
is single-output if its I/O consists of exactly one output action, which will be referred
to as Sou(-- ).
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(3) A network determines its underlying graph by taking its module identifiers as
nodes, and its internal communication channels as (undirected) edges. A network is
connected if its underlying graph is connected.*

Below we give an example for computing a Fibonacci sequence using a connected
single-output network consisting of modules M; and M,. This example also illustrates
the reason for computing the next ‘current value’ in a module only after all the current
input and output actions have been performed: the latter may have to communicate
with some of the module’s input actions (in the case of feedback).

Example 4.2 (Fibonacci Network). Recall the Fibonacci sequence defined by fo =
f1 =1, faxa = fn+ fo+1. Consider the following network in which all data to be
transmitted are of type N. A channel name i; indicates that values are transmitted from
module M; to module M;:

1—22

me| T X M) |2 ]

Send, (n)

Sout (")l

We can specify these modules by the following two iterative processes M;(n) and
My(m):

Send,(m)

[ |

Mi(n) = Rec; ||; Send,(n), My(m) = Rec; ||2 Send,(m),

Recy = (ery(v); s1(v))*6, Rec, = ((era(v1) || erna(v2)); s2(v1 + 12))*6,
Send (n) = (Sou(n) || 512(n)) - Send,,  Send,(m) = (s21(m) || s22(m)) - Send,,
Sendy = (eri(v); (Sour(v) || s12(0)N*8,  Sendy = (er2(v); (s21(v) || s22(v))*6.

Let 7 = {cy1,c12,¢22} and H = {ry1,521, 712,512, ¥22,522}. The Fibonacci Network
7 0 0g(My(1) || Ma(1))

computes the ordinary Fibonacci sequence 1,1,2,3,5,8,... as the values of its consec-
utive S,u.-actions:

7170 Og(M1(1) || Ma(1))
=1 Sour(1) * Sour(1) - Sour(2) - S6ut(3) * Sour(5) * Sour(8) - -+ -,

4 Recall: two nodes in a finite, undirected graph are connected if there is a path that connects them; the
graph is connected if each pair of different nodes is connected.
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where the leftmost t’s smooth the difference between the networks first possible actions:
either s,,,(1) or t resulting from some (internal) value-passing. A different characteri-
zation is given by the equation

717 0 Og(Mi(n) || Ma(m)) = T+ Sou(n) - 71 0 O (Mi(m) || Ma(n + m))

from which it is immediately clear that 7-7;005(M(1) || M2(1)) computes the Fibonacci
sequence. This equation can easily be grasped from the picture above; its correctness
follows from Theorem 5.5 discussed in the following section.

5. Verification of connected, single-output networks

This section leads to a correctness result on connected, single-output networks,
quoted here.

Theorem 5.5. Let n>1,d = d,,...,d, be a collection of typed values, and let

N(d) =100y ( [ﬂr:Mi(di)] )

i=

be a network that is connected and single-output, where M| is the outpui-module.
Then

7-N(@) = 7 50u(d1) - N(F1(d1),. .., Fo(dn))s

where F; is the value function of module M;, and d; abbreviates di,,...,d;, whenever
F; computes on the values of modules M;,,...,M,,, respectively.

For the case » = 1, the proof of the theorem is trivial. In a connected, single-
output network with more than one module, all modules but the output module can be
partitioned in a number of connected sub-networks that perform I/O with the output
module only. From this perspective, the theorem can be easily proved.

The reader not interested in the technical details of the proof of Theorem 5.5 can
skip the rest of this section (Section 5), in which we propose some uniform notation,
and establish various intermediate results that we use for the proof of the theorem
quoted above.

5.1. Notational conventions

First we fix some notation. We consider data types D,D,D;,... and functions
F1,F5,... over these. For an I/O network

1700y ( [.H?M(di)j! )

of size n with d; € D;, we assume that module M;(d;) = Rec; ||; Send(d;), so the
(internal) channel between the receive and send part of module M; has identifier ;.
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We further assume that Rec; has input channels indexed from a (non-empty) set R; and
value function Fj, and that Send; has output channels indexed from a (non-empty) set
§;. Observe that both these sets are disjoint with {1,.. .,n}, the set of internal channels
of the modules M, ..., M,, respectively.

As to characterize typical states in the execution of a network, we introduce some
abbreviations. The receive-part Rec; of a module M; either has received all data of the
appropriate type, or has not (¥ below is typed as the domain of F;):

s1(Fi(¥)) - Rec; if R =0 and x; € D,

Rec(R,%) % if R CR,R#9,
<[ I erm(vm)} ;SI(FI(J?))) - Rec; mER = xp = vy,

mek! and m ¢ R' = x, € D;,.
For the send-part Send; of a module M; we introduce

Send), if =0

Sendi(S',d) &

[ I sm(d)] . Send, if S'C S and S’ # 0.

meSs’

Observe that by our definition of modules (see Section 4.1) and the abbreviations
introduced above, Send;(d;) = Send (S, di).

5.2. Some network properties

In this section we establish four intermediate results, which we use in the proof of
our correctness result. The first of these states that a value-passing communication in
a network is not observable in a t-[ ] context.

Lemma 5.1. Let module M, transmit values to M; along channel j, and S’ C Sy,
RCRyand (RiUS,) > j € (R US"). Then

7 (Rec/(R'U{j},X) ||; Sendi(S" U {j}.d)) =1 (Rec)(R',¥) ||; Sendi(S’,d)),

where i # j = x; = y; and y; = d. (Note that S’ NR' = 0 and that the case k = I,
ie., feedback, is not excluded.)

Proof. By induction on |R'| 4 |S'| = N.
In case R = S’ = () we are done: the communication along channel j is the only
possible action.
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In case N > 0 and §' =@, R’ # 0, we derive

T-(Rec(R' U {j},X) ||; Sendi({j},d))

- (Rec)(R', ) || ; Sendy(D,d))

:% erm(vm); (Rec/(R\{m}) U {j},X) ||; Sendi({j},d))
(Rec(R', ) ||; Sendx(8,d))

" +Z erm(vm); (Rec(R'\{m}, 7) ||; Sendi(8,d))

T e
:;g! erm(vm); (Reci(R'\{m}, 3) | ; Sendi(9,d))
(Rec/(R', 3) || Sendi(0,d))

- Eerm(vm);(ReCI(R’\{m},?) I ; Sendi(9,d))

meR’

=
[

]
1=

o
¥

o~
~—

*

= 1 (Rec)(R',§) ||; Sendi(9,d)).

As for (x), first observe that the process prefix of Rec;(R' U {j},%), ie.,

I: || erm(Um ):l
meR U{j}

is by the Expansion Theorem equal to
Z ery(vy) - l: ” erm(um)]
ker'U{j} me®O{jP\{k}

so by axiom (PP6) we get Rec)(R'U {j},%) = 3 pepuy,y er(ve) 5 Reci((R'U{jH\
{k},%). Furthermore, it is essential that a Send;(S,d) process does not contain free
variable v,,. For this reason we can use the identity

er (U ); X || Send(S,d)) = ern(vm); (X || Sendi(S,d)),

which is a particular instance of a uCRL axiom?> on getting ... || Q into the scope of
a Y -application:

S (vm D, rm(vm) - PILO=3 (tm: D, rm(vm) Pl Q)
(= Z(Um 1D, ru(vn) - (P “ 0)) = erp(v.); (P ” 12))

where O may not contain v, as a free variable.

5 The axiom SUMS6, see {13, 14].
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The case N > 0 and R’ = 0, S’ # 0 is similar. Let R’ # ) £ S’. We derive
- (Rec(R'U {j}, %) ||; Sendi(S" U {j},d))

- (Reci(R', 3) || ; Sendi(S',d))

® :germ(vm); (Rec;(R\{m}) U {j}.%) Il; Sendi({j}.d))
:g sm(d) - (Rec)(R'U{j},%) ||; Sendr((S"\{m}) U {j}.d))
(Rec(R',3) ||; Sendy(S',d))
. :ge erm(vm); (Rec(R'\{m}, 3) || ; Sendi(S',d))
) :%:S sn(d) - (Rec/(R, ) | ; Sendi((S'\{m}) U {/j},4))
:%a erm(vm); (Rec)(R'\{m}, 7) ||; Send(S',d))
:%;, sm(d) - (Reci(R', ) | ; Sendi((S"\{m}) U {,j}.d))

P o (Ree(R, ) || Sendi(S',d)). O

As a corollary we obtain that the particular order of the possible value-passing com-
munications in a network is not relevant.

Corollary 5.2. For an I/O network N(d) = t; 0 3y ([ ||7.,Mi(d})]) it holds that

¢ N@) =17 008 ([ Il (Reci(R™. %) || Send,-(Sf"’,d,-))D
i=1

i=

where R{™ represents the input channels of module M; that are not connected in the
network, and S the non-connected output channels.

Proof. First observe that by the alphabet axioms, one can interchange synchronization
of the internal communication of a module M; (along channel j and enforced by |,
modeling its value-update) and a value-passing communication as considered in the
previous lemma. Now apply Lemma 5.1 on all internal value-passing channels of N
(including feedback channels), while using the Merge Lemma 2.2 when appropriate.
It is clear that the order in which this is done is not relevant: each two possible
value-passing communications commute. [
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Also we shall need the following result, stating that the value-update communications
of the modules of a network are not observable in a 7-[] context.

Lemma 5.3. For an 1/O network N(J) =170 ([ |7, Mi(d;)]) it holds that
t-1 00y ([ | (Rec:(9,d;) |; Sendi)]) =1 -NFW(d\),...,Fuldy)).
i=1

where J,- abbreviates d,,,...,d;, whenever F; computes on the values of modules
M, ..., M;, respectively.

Proof. Immediately from the Merge Lemma 2.2. O

We further restrict attention to networks that are connected. The following intermediate
result (the last one we need) states that a connected I/O network can initially perform
at most a finite number of internal actions, i.e., T-steps, arriving in a unique state in
which no further internal steps are possible, and an I/O action must be performed. This
depends on connectedness: consider the network discussed in Example 3.2. Extending
this one with a single, isolated module of the form

]

(only performing feedback) yields a network in which the internal feedback-activity
sketched above — resulting in t-steps — can be performed in each state.

Lemma 5.4 (External Action Lemma). Let N(d) = 1, 0 dx([ |I*_,Mi(d;)]) be a con-
nected 1/O network. Then there is an expression N (c_i ) such that

1. t-N(d)=1-N(d), and

2.N d )} cannot perform an internal action.

Proof. In case the size of N(d) is 1, the statement is trivial: at most one internal
‘feedback action’ can be performed. Assume N(d) contains at least two modules. By
Corollary 5.2 we have

t-N(d)=1-1008 ( [ ||n(Rec,-(R§’”’,5c',-) II: Send,-(Si”“’,d,-))] ) .
=1

i=

Because N (c;" ) performs I/O, at least one of R U S is non-empty and the corre-
sponding module can only perform an external action. In case all are non-empty, we
have found our N (J ). If not, partition {1,...,n} into Extern and Intern such that

Jj € Intern & RMUSH = 4.
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Notice that § g Intern £ {1,...,n} in this case. We derive

[ |l (Reci(®,d)) |l Sendi(@,di))}

i€Intern

t-Nd) = t- 1004 | |
[ | (Rec®™.%) |, Send,(s,-”"’,di))}

i€ Extern

[ | (Reci(R;, %) | Sendi(SiaFi(‘_ii)))]
(53) icIntern

=" t-7708g | |

[ | (Rec(R&“)%: ||; Sendi(Sfut,di))}

i€ Extern

Possible internal steps are between the Intern-modules. We repeat a similar procedure
on the set Intern. Exhaust all internal communications between the Intern-modules
according to Lemma 5.1. Let the resulting index sets be R™>' and S7"!. By connect-
edness, there is at least one connection with an Extern-module, so the corresponding
Rty §P8! is non-empty. In case all Intern-modules are connected with an Extern-
module we have found our N (3 ). If not, partition Intern into Internl and Intern2 such
that

j € Internl & R™'us™! =4,

By assumption and connectedness, 0 g Internl & Intern. Let € = ey,...,e, where
e = F,-(z}",-). Consider the derivation in Table 6. Possible internal steps are between the
Internl-modules. Now we can repeat a similar procedure on the set /nternl. Continuing
in this fashion, we end up with an expression that initially only allows external actions:
each further partition yields a smaller set of possible internal actions. [

5.3. Correctness of connected, single-output networks

Using the results from the preceding section, we are able to give a short proof of
the correctness result quoted before.

Theorem 5.5. Let n>1,d =d,,...,d, be a collection of typed values, and let

N@d)=100y ([ |?M(di)}>

i=

be a network that is single-output and connected, where M, is the output-module.
Then

T-N(d) =7 Sou(d1) - N(Fi(d)),..., Fu(d)),

where F; is the value function of module M;, and d; abbreviates di,...,d; whenever
F; computes on the values of modules M, ,..., M, , respectively.
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Table 6
Proving the External Action Lemma 5.4.

{ Il (Reci(Ri, ) |Is Send,(s,-,F,-(J,-)))]
. i€intern
t-Nd)=1-1100y | ||

[ | (Reci(R ) |\: Sendf(S,»”"’,di))]
icExtern

| (Reci(®,&) ||: Sendi(@,ei))]

L i€internl

=11 08y | (Reci(R™ ', i) |Ii Sendi(s;’“"‘,e,»))]
| i€Intern2

| (Rec:(RP™, %) ||: Send,»(S{”“,d,»))]

L¢ € Extern

[
( I (Reci(Ri, i) |l Sendi(sini(a))):l

L i€ internl

|
(5__3) out,1 - out, 1
=’ 1.1700y I (Rec(R™, $:) ||: Send:(S™"",e:))

| i€intern2

I (Reci(RM.%) ||i Sendi(Sfmt,di))]

L € Extern

Proof. We distinguish the cases n =1 and n > 1.
n = 1. In this case M;(d) necessarily is a module with one feedback channel and
no other inputs, say

Mi(d1) = (er2(v); si(F1(0)*8 |11 (52(d1) I 50ue(d1))- (er1(v); (52(0) || 50ua())* )

with feedback channel 2. A typical case that proves the theorem is spelled out in
Examples 3.1 and 3.2 (apart from some trivial applications of the alphabet axioms).

n > 1. Partition the underlying graph of {M>,...,M,} (see Definition 4.1.3) into con-
nected subgraphs of maximal size. Notice that this partition is unique. Let C1,...,Ck
represent this partition (Ci C{2,...,n} and 1<k<n — 1). Consider for j € {l,...,k}
the network

775 © On;j ( |:ie”CjM(di)] ) ,

where Ij, Hj refer to all channels between the Cj-indexed modules. Observe that each
such network is connected and performs I/0O with M, only.
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Let ;'] be the sequence (d;);cc; and

Ni(d;) = 15 0 Oy (L"c-wd")D :
ieCj

Furthermore, let € =ey,...,e, where ¢; = F,-(Ji). We derive (see explanation below):

T° N(C?) (i) T:-T70 8H ( [ ”n(ReCi(R?m,fi) “, Send,-(Sf’“‘,d,-))] )
=1

i=

(Recy(0,d1) ||, Send,({out},d1))

®) I
k -
|| 7 © Onj ( | (Reci(D,d:) ||; Sendi)])]
=1 icCj

= 1-1700y
(51(F1(d1) - Reey |11 Sour(d1) - Sendy) \
© |

= 1-17700y .
[ | = Nj(e)
=1

(s1(Fi(d1)) - Recy |[1 Sour(d1) - Send )
®) I

= T-17 OaH 1 _
[ I f-?\*&(%)}
J=1
(s1(F\(d1)) - Recy ||; Send))
© ¢ gty 51035 | | .
{ | ©-N(e)
j=1
( My(F\(d"))

) I
= T-Sou(d1)-17100n

k —~
[ [ T'Nj(ej)]
j=1

©

= - Spu(dr) - N(FUAL), - .., Fu(dy)).

Explanation: in most steps we tacitly use the Merge Lemma 2.2. Furthermore,

(A) Here we apply Corollary 5.2. Notice that all R?* and S§°“ sets are empty, except
for $¢% consisting of out.

(B) Here we apply the alphabet axioms.

(C) Here we replace Reci(0,d;) and Send 1({out},d;) by their definitions, and apply
Lemma 5.3.
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(D) Here we apply Lemma 5.4 on all Ny(e;).

(E) Because each action of each ﬁj(é}) is external with respect to Ij,Hj and can
only perform an (internal) communication with M, the only possible step is the
Sou(d1)-action,

(F) The internal step of M|, and Lemma 5.4 are applied.

(G) The alphabet axioms are applied. O

6. Generalizations, specifications and verifications

We can relax the conditions under which the execution of a network satisfies a
single process prefix, followed by a recursive update of its data state. Output may be
modified or multiplied, and a restricted form of external input can be allowed. In the
rest of this section we make this precise.

6.1. Output modification

Our first generalizations concern the output actions of a connected, single-output
network. It is not hard to see that the previous correctness result is preserved if such
a network outputs actions of the form

Sout(F(d))

for some function F rather than of the form s,,,(d). We call this output modification
of the ouf-channel.

A second generalization concerns additional external output of the network. Assume
that a network

N(d)=rt1004 ([,HIM,-M,»)D
i=
has more than one output channel, and that / is such that all extra output channels
are hidden. Then Theorem 5.5 still is applicable. We prove this below. Notice that it
is sufficient to show that one extra, hidden output action does not change the external
behavior of the network when considered in a 7-[] context. Now assume extra is the
identifier of such an additional, hidden output channel that originates from module M.

SO Sexpa € 1. Let
<erk(v); l I si(v)D *3,
€Sk

(enon| 1, s0])
ieSU{extra}

Send,

extra
Send);
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By induction on |Si| (recall: |S;| > 0) it follows easily that

T Uextra} <|: | Si(”]) =71 [ | S,-(t)] .
ieSU{extra} €Sy

Furthermore, T{exug)(Send{™™*) = Send) because the 7(,y,,) application distributes over
all operations involved:

T{extra}(Sendle(Xtm) = T{extra} (Z (U : D, rk(U) ' |: “ S,-(U)]) *5>
ieSyU{extra}

= T{extra} (Z (U D, ri(v)- ” si(v)

| i€SkU{extra}

=3 (U : D, T{extra} <rk(v) : I si(v) )

>*T{extra}(5)
)
)

| i€SkU{extra}

= Z <U :D, r(v)- T{extra} ( | si(v)

| i€SkU{extra}

= (v : D, ri(v)- l [ Si(”)]) *a.
€S,

Hence, T - T{exa)(Sendy""*(di)) = © - Sendi(dy).
Now let

M{¥(dy) = (Recy || Sendi™ " (dy)).
With some applications of the alphabet axioms it follows that
T- T{extra}(MIfxtm(dk)) =1 Mk(dk)-

Finally, let Ne"””(c_i) be obtained from N (3 ) by replacing M;(dy) with MF¥"%(dy).
From the alphabet axioms and the Merge Lemma 2.2 it easily follows that

1-N®"(d) = 7 - N(d).

Consequently, a correctness characterization for 7 - N ex”“(c_f ) can be obtained from
Theorem 5.5:

T- N7 (dy=1-N(d)
21 Soudr) - N(FU(AY), ..., Fo(dy))

=1+ Sou(d)) - NE"(Fi(d)), ..., Foldn)).

We further consider a single-output, connected network as one that may contain
extra, hidden output channels, and that may return ‘modified’ output.
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6.2. Single-1/O networks

A network is single-I/O if all its 1/O activity (its collection of external read and
send actions) stems from a single module, the I/O-module. In this section we establish
a characterization result for single-I/O networks. This gives way to regarding networks
as stream transformers, be it that the I/O connection is located at a single module. In
particular, this allows one to connect a single output-network to a single-I/O network
while preserving a simple correctness characterization.

Including the generalizations from the previous section, we extend our characteriza-
tion result to the class of connected, single-I/O networks.

Theorem 6.1. Let n>1, d= di,...,d, be a collection of typed values, and let
Nd)=100y < [ I M,-(d,»)] )
i=1

be a network that is connected and single-1/O, where M is the I/O-module and
Extern is the set of indices of the I/O channels. (Notice that Extern # 0 and may
hide output from non-I/ O-modules.)

Then
(s1(F1(%1)) - Recy ||| Send,)
r-N(cj)=r-{ I ai(xi)];f,oa;, I . ) ,
i€ Extern [HZM(F’(d’))]
where

e in case n = 1, the postfix expression reads t; o dy(s1(Fi(X1)) - Recy || Send;).

o F; is the value function of module M;,

e for i € Extern, either a;(x;) = s{(Gi(d1)) where G; is the output modification of
channel i, or a;(x;) = er/(v;),

o fori>1, c?, abbreviates d; ,...,d;, whenever F; computes on the values of modules
M,,....M;, respectively,

e X is defined similar, except for its Extern-coordinates (see the third clause).

Proof. Almost exactly as in the proof of Theorem 5.5. Differences are:
1. In step (B) the expression Reci({,d))||; Send;({out},d,) has to be replaced by

Rec\(In,dy) || Sendy(Out, dy)

where In U Qut = Extern, and In (Out) is the index set of the network’s external
input (output) actions, and

2. In step (E), the complete prefix [||; z..,, @:(x:)] has to pass the scope of the t;00y-
application. An application of the Expansion Theorem is helpful here. O

Observe that in case there are no external input actions, we find a straightforward
generalization of Theorem 5.5: in a 7 [ ] context the network recursively outputs a
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single prefix containing a merge of (modified) output actions, after which it updates
its values.
In case there is input, executing the prefix

)
i€ Extern

includes the performance of the external read actions, after which the network can
continue with its updated data state.

7. An example: the wave equation

In this section we study a parallel algorithm for an approximation of a wave equation.
We specify a given algorithm for this approximation in a single-output and connected
network. The resulting network can be characterized as a grid protocol. We refrain from
a formal definition of such protocols, and — as stated before — use the term for networks
that can be associated with grids (processors or points of measure in some physical
phenomenon, for instance a string). Finally, we present some simulation results.

7.1. The wave equation

Consider the following linear homogeneous partial differential equation:

Py L8y

w2
This equation is known in wave mechanics as the one-dimensional wave equation; it
describes the transversal propagation along the x-coordinate or amplitude y(x,t) of a
wave. Various wave phenomena may be modeled by this equation. One can think for
instance of vibrations in a string, where it is required that the tension in the string is
approximately constant. The constant ¢ is described by \/17 , where T is the tension
in the string and p the string mass per unit of length. In general, in solutions y(x,t)
the constant ¢ is interpreted as the propagation velocity of the wave in transversal
direction. Throughout this section we keep the string example in mind.

In order to solve the wave equation boundary conditions and initial conditions are
needed. As boundary conditions we assume that y(0,¢) = y(/,¢) = 0 for =0, i.e. that
the string is fixed in x = 0 and x = /. With these boundary conditions a string amplitude
at some time ¢, as a function of x, may be graphically represented as in Fig. 1.

We moreover require that we have y(x,0) and Jy/0¢|,—¢ as given initial conditions for
0<x</. From these two functions it is possible to derive an approximation of y(x, At),
where At is a very small time interval. The values y(x,0) and y(x, Ar) will be needed
later on for initializing an algorithm that numerically solves the wave equation.

Let N be a natural number, and Ax = I/N a very small length interval. We define

= 0.

AtY
F(zy,22,23,24) = 221 — 22 + (CE) (23 — 221 +2z4),
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y(z, 1)

VAANEVAN
W

Fig. 1. Some string amplitude at time ¢.

and

yi(t + At) = F(yi(t), yi(t — D), yi—1(t), yira(2)).

From numerical analysis it is known that y,(¢) approximates y(iAx,t) for 1<i<
N —1, and t=2A¢ (see e.g. [11,21]). Therefore, the above equation for y;(t + At)
may serve as a basis for numerical approximation of solutions of the wave equation.

Now an algorithm for calculating wave amplitudes y;(¢) may be designed which
uses one processor per sample point on the x-axis, i.e., one for every i and one for
each boundary. As a result the calculations for the string amplitude at some sample
moment t will be carried out by N + 1 processors in parallel. In fact, N — 1 processors
will suffice, since the values at the sample points i = 0 and i = N are already known
from the boundary conditions.

In the subsequent pages we specify such a parallel algorithm based on the networks
as studied in the previous section. For simplicity we assume that Ax and At are given,
and that there is no interaction between a user of the algorithm and the algorithm
itself; the algorithm just produces an infinite stream of outputs. Of course we need a
criterion for correctness; we require that the algorithm outputs approximations of the
total string amplitudes on the successive sample moments:

J(0), 3(A), 5240, ...,

where 3(¢) abbreviates yo(¢),..., yn(t). Other requirements are that the algorithm con-
tains no deadlocks or livelocks, so that it is always able to proceed. We will see
from one simple equation on the external behavior of the algorithm that these three
requirements are satisfied. This equation immediately follows from Theorem 5.5.

7.2. A grid protocol modeling the wave

In the previous section we established the following equation for the calculation of
the new value of coordinate y;:

it + At) = F(yi(2), yi(t — At), yi_((£), yir1(1)).
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This equation shows that the current values (at time ¢) of coordinates y;, y;_i,
and y;;, are needed, as well as the previous value (at time ¢ — At) of coordinate
v;. Given these values, the function F calculates the new value (at time ¢ + At) of
vi. When we model the approximation of the wave equation as a grid protocol, we
need a number of processors, each calculating the consecutive values of one or more
coordinates as floating reals. We choose to let one processor calculate the values of
one coordinate. For N + 1 coordinates, we thus define N+1 processors P, ...Py. Each
processor F; (0 <i < N) needs the following input:

e the output of processor P_;,

o the output of processor F; (itself),

o the output of processor F.., and

e the previous output of processor P (itself).

Naturally, processors Py and Py do not need input at all. However, for reasons of
uniformity we also use channels from P; to Py and from Py_; to Py.

The last item above requires that we store the output of each processor for one
time slot. This is, however, not possible in a single module. We solve this problem
by splitting each processor F; into a calculating module M; and a delay module D;.
The delay module does nothing more than storing the output value of the calculat-
ing module for one time slot. After that, this value is sent back to the calculating
module. We can now state that the input of each module M; (0 < i < N) should
be:

e the output of module M;_,

e the output of module M; (itself),
¢ the output of module M;,;, and
e the output of module D;.

We can visualize this as follows:

Now that we have composed a grid protocol modeling the wave equation, we can
start writing a specification in the early-read format. This is not difficult: just read what
happens from the picture. To start with, we specify the D; (0 < i < N) modules:

Di(e) = T{C(Di)} © 6{7‘([),.),5(0‘)}(RD1' || SD,’(@)),
RD; = (erps,p)(0); 50, (0))*0,
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SD; = (erpp(v); sp, 1) (©))*6,
SDi(e) = S(Di,Mi)(e) - 8D;.

Here, er,p,)(v) and s, a)(v) stand for an early read or a send action on the ports
connecting M; and D;. Note that (M;,D;) is the port from M; to D; and (D;,M;) the
port from D; to M;. The actions er(p,)(v) and s(p,)(v) stand for an early read or a send
action on the internal port of the concerning module.

Likewise, we specify the modules M;:

Mi(d) = T} © Ofruypsony}(Ri [ Si(d))
R: = ((erarm)(v1) | erp, 1) (02) | €rua_, m)(03) || €ra,,, 1) (0a));

sty (F (01,02, 03,04)))* 5

Si = (erany(v); (S, my(®) || 62, 0@ || S0t ) (@) || Sch ) (O] 521, 0)()))* 6

Si(d) = (sas,m)(@) || s, 0,)(@) || a1, 7, )( @) || S, 14,.,)(D) || S04, 0)(d)) - S

The port (M;,0) is the actual output port of the processor, leading to an output
module O.
The processors P; (0 <i < N) can now be defined as follows:

P(d,e) = Mi(d) || Di(e),

with d and e the initial values of coordinate y; (y:(At) and y;(0), respectively).

For N +1 coordinate pairs, N — 1 of these processors are coupled together, the outer
ones also using two border processors (which are simple modules). The output of all
the calculating modules M; (0<i<N) in the processors is sent to output module O.
This module collects the computed values of all processors and bundles them in a
vector. In a picture:

B X A :...ﬁPN_lx Py
| | | l

As one can see from this picture, the first and the last processor only communicate
with their neighbor and the output module O. The specification of these two processors
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is, therefore, very simple:
Po(d) = Ty} © Oy} Ro | So(d))
Ro = (ero,n)(v);sm)(0))*0
So = (eray(v); (.m0 (@) || 58, 0)(0)))*6
(s, (@) [ 5m,0)(d)) - So,

PN(d) = T{c(l?v)} © a{r(m),S()w)}(RN “ SN(d))

So(d)

il

Ry = (erguy_,,5)(0);58,)(0))*6
Sn = (erm)(v); (s mv-n)(©) || s, 0)(©)))*

Sn(d) = (s@y,my_)(@) || Sav,0)(d)) - Sn-

Note that Py and Py need not to be split in a calculating and a delay module. Since
we describe a wave through a string with both ends tight, the output value of processors
Py and Py will remain zero all the time:

Po(d,e) = Py(0) and Py(d,e) = Py(0).
The only thing left to specify is the output module O:
Oldos..»dy) = oo} © Prionsion} (RO || SO(do, ., dn))
RO = ((erm,0)(v0) || eraan, o)D)l - - |l eraasy_,,0)(on—1) llera,0)(vn));
50)(v0,- .., un))*d

SO = (eroy(Wo, > Wn )3 Sour(Wos ..., wn)) ™0

SO(dy, . ..,dn) = Sou(do,-..,dy) - SO.

Now the algorithm is specified by the parallel composition of O and all processors
P

N
WAVE = 14} © 04y,,5,) (0(?(0)) H [ _ﬂo Fi(yi(At), yi(O))D ;

with y(0), y;(Ar) (i = 0...N) arbitrary initial values, and p ranging over the following
set of ports:

{(M’Mj)’(M’Dl)’(DHM),(Mi0)|0 < l’.] < N}
U{(PO,MI)’(MlaP0)>(P0’0)’(MN—I’PN)’(PNvMN—l)’(PN’O)}'

The external behavior of the algorithm can then be expressed by

- WAVE =1 sout()_;(o)) ' sout()_"(At)) : sout(j”(ZAt)) Tt
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This follows from Theorem 5.5, which gives the following characterization of our
specification:

N
T T} © Ons} (0(?(k - Ar)) H [ N Pyl + 1) - A1), yik - At))])

=0
= T Sou(P(k - At))- e} © a{rp,sp}

(O(ﬂ(k +1)- Ar) [ _n: Piyil(k +2) - A, y((k + 1) Ar))]) .

=

7.3. Simulation of the grid protocol

The early-read format that we used in the previous section has been formalized as an
adaptation of the specification language uCRL [15]. See [16] for a description of this
adaptation. In the same paper, a tool is described, which translates a specification in
the early-read format into a specification without early reads. This makes it possible to
use the simulator from the PSF Toolkit [23] which means that we are able to simulate
our specification. The PSF Toolkit, to which the simulator belongs, is a set of tools
designed for the specification language PSF [18, 19]. Since p#CRL can be considered
a small subset of PSF, an adapter was written so that the PSF Toolkit could be used
for uCRL specifications as well. By removing the early reads from our specification,
we make the specification suited for this adapter.

The early reads can be removed, because they form no functional extension to
uCRL. They have been added with the purpose of simplifying the specification of grid
protocols, but as argued before, it is possible to specify these protocols without early
reads. As an example, we give a specification of R; from the previous section:

R; = ((erqas, vy (01) || erwi,m)(v2) || eras_, ) (v3) || €rar, 51 (04));
sy (F(v1, 02,3, v4)))*o.

Without early reads, a straightforward specification of R; is the following:
R = (% (roas, M (1) - (% (ro,my(v2) - (%("(M,-_I,Mi)(va)
'?(’(MH,M,)(DA.) sy (F (01,02, 03,04))))
+§(r(M.-+1,M)(U4) : %:(rm_l,m(va) - sy (F (01, 02,03, 24))))))
+§ (ray,m)(v3) - (%:(r(bi,M)(vz) : %(r(m+.,M.)(v4)

.S(M,)(F(ul,vz,vs,W))))
+Z(r(Ml+|’Mi)(u4) : Z(r(Di,Mi)(vz) ) S(M)(F(Ul’ V2,13 U4))))))

+22 (Pt M) (04) - G, mp(v2) - 2 o(rensi—,, ) (v3)

Sy (F (01,02, 03,04))))
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+§(V(M,-_1,M,-)(Us) : %: (r0.,1)(02) - 51,)(F (01, 02,73, 24))))))))

+%:(r(1),-,M,)(Uz)~

‘*‘%:(’"(MM,M,')(UB)'

+§ (0,0 (0a ) - (%: (ranaa)(v1) - (g(r(Dg,Mf)(UZ)
%(r(m.,Mi)(%) - Sy (F (01, 02,03, 04))))

+§("(M_|,M,-)(U3) : %2: (r0,m)(V2) - Sy (F (01,02, 03, 04))))))

+§ (. m)(v2) - (;(V(Mi,M,)(vl) : %:(V(MI_I,M,)(Ua)

Sy (01,02,03,04))))
+Z(r(M,»_1,M,-)(U3) 2 (ran, My (V1) - sy (F(1,02,03,02))))))

+27 (Fot_ iy (03) - Qo (P, vy (01) - 22(r o, mp(02)

-S(M,.)(F(Ul, 02,03,04))))
+ 3207, 4(02) * 27, ) (21) - S (F (01, 02,3, 04)))))))

)*5.

Note that we do not claim that this is the shortest uCRL specification possible. In [16]
a shorter, yet more tricky approach is presented. However, we think that this example
shows that the early-read format is a useful syntactical extension, which allows for
compact and simple specifications. Having automatically derived a conventional uCRL
expression, we are now able to use it as input for the simulator.

Figs. 2-5 show different states of the simulation of module M;. We left out encapsu-
lation and abstraction to be able to show all actions. It is for this that we will speak of
the unsynchronized module M;. Each figure shows a Choose and a Trace window. The
Choose window presents the possible actions that can be performed in the current state.
The Trace window shows the actions that have been performed since initialization.

Fig. 2 shows the initial state M(RO): no actions have been executed yet. In the
Choose window, one can clearly distinguish the sending and the receiving part of the
module. Some initial output value RO can be sent via the five output ports; from the
four input ports arbitrary values can be read. Each read and send action has two argu-
ments. The first argument is the port that is being used, the second argument contains
the actual data (floating reals). The sums surrounding the read actions indicate that an
arbitrary value can be read. Which value will be read depends on which value is sent
by the other modules (or, in one case, by the same module). It can be seen that all
read and send actions can be executed in arbitrary order: each of the four read and
five send actions can be chosen.
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fo] I HLl

s(p(i(1), H(2)), RO)
s{p(i(1), N€0)), RO
s{p{N{1), D{1>}, RO)
s(p(M(1>, N(1)), RO)
s(p(N(1), D), RO

sum{vl in REAL, r{p(M{1), M{1)}, v1} . (sum{v2 in REAL, r{p{(D{1), N{
sun{v2 in REAL, r{p(B(1), H(1}), v2) . (sum{vi in RERL, r{p(HM{1), H(
sun{v3 in REAL, r{p(M(pred(1}), N(1}}, v3) . {(sun{vl in REAL, r{p{M(
sun{vd in REAL, r{p(M(succ(1)), H(1)}, v4) , (suni{vl in REAL, r{p{N(

Fig. 2. M(RO), the initial state of (unsynchronized) module M; with current value RO.

lRundon oncel s{p{i{1), D{1)3, RO}
s{p{N(1)), F(RO, R2, R1, R3))

== RESEY -—=
aton s{p(M(1), 0}, RO)
aton r{p{D(1), N(1)), R2)
aton r{p{H(2), H{1)), R3)
aton s{p{H(1), N(2}>), RO}
con, c{p{H{(1), N(1)>}, RO}
aton s(p{M(1), H(0)), RO}
aton r{p{M{0), N(1}), RL)

Fig. 3. Module M; (unsynchronized) after reading all input and sending almost all output.

Fig. 3 shows the state in which all input has been read, and the initial output value
RO has been sent to all but one output ports (the port p(M(1), D{(1))). The read and
send action on port p(M(1), M(1)) have synchronized into the communication action
c(p(M(1), M(1)), RO). The Trace window shows that the reading and sending has
been interspersed. The Choose window shows that the receiving part of the module has
read the real numbers RO to R3 and is ready to send the calculated value F(RO, R2,
R1, R3) on the internal port p(M(1)) to the sending part. The sending part, however,
is not yet ready to receive this value, because it still has to send the initial output
value RO to one output port (p(M(1), D(1))).
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Randon once (| r¢(p<N(1)), F(RO, R2, R1, R3))

s{p{M{1)>, F{(RO, R2, R1, R3IN
c{pi(1>}, F(RO, R2, R1, R3))

aton s{p{n(1), 0), ROD)

aton r{p<D{1), H(1)), R2)
aton r{p{H{2), H(1}), RD)
aton s(p{H{1), H(2}), RO)
con, c{p(M{1), N{1}), RO)
aton s{p{M{1), H(0)), RO}
aton r{p{li{0), M(1)), R1)
aton s{p{H{1), D(1)), RO}

s{pili{1), N(2)>, F(RO, R2, R1, R3))

s(p(N(1), H(0Y>, F(RO, R2, R1, R3)»

s{pM(1), D{1)), F(RO, R2, R1, R3))

s{p(n<{1), M{1)), F(RO, R2, R1, R3))

s{p(N(1), 0>, F(RO, R2, R1, R3))

sunivl in REAL, c{p{f{l), N(1)), v1) , (sun{v¥2 in REAL, r(p{D{1), M(
sun{v2 in REAL, r{p(D{1), N(1)), v2) . (sun(vl in REAL, r{p(H{1), M(
sun{v3 in REAL, r{p{H{pred{1}}, H{1}), v3) , (sunl{vl in REAL, r{p{M(
sun{vd in RERL, r{p{M(succ(1)}, H(1)), vd) . (sun{vl in REAL, r{(p{M{

- |
Bl E

aton s{p{ii{1}, 0), RO}

aton r{p(0(1), M(1)}, R2)

aton r{p(N{2), N(1)), RD)

aton s{p(M(1), M{(2}}, RO}

con, c{p{M{1), H{1)}, RO}

aton s{p{{1), H(0}}, RO}

aton r(p(H(0}, N(1}), R1)

aton s{p{H{1), D{1)}, RO)

con, c{p{H{1)}, F(RO, R2, RL, R3)

Fig. 5. M;(F(RO, R2, R1, R3)), module M) (unsynchronized) with the next current value.

Fig. 4 shows the next state, in which the initial output value RO has also been sent to
the final output port. The Choose window now shows that the calculated value can be
read (by the sending part), sent (by the receiving part — which was already the case),
and therefore be communicated on the internal port p(M(1)). Note that the separate
read and send action on this internal port are visible only because we simulate an
unsynchronized version of Mj. When simulating the module with encapsulation, this
communication is enforced. Separate read and send actions will then be prohibited.

The communication mentioned above has taken place in Fig. 5. The unsynchronized
module has now evolved in M;(F(RO, R2, R1, R3)), a state similar to the initial
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state, as can be seen in the Choose window. The sending part of the module will now
send the calculated value F(RO, R2, R1, R3) to its output ports, instead of the initial
output value RO.

8. Conclusions

We hope to have shown that process prefixing and early reads allow for a short and
clear notation of parallel algorithms and other concurrent phenomena. We think it is a
useful extension to ACP-based specification formalisms. Of course, much work remains
to be done, for example regarding extensions in the field of asynchronous networks.
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