61 E-completeness

Suppose E C Pw. A set A is E-complete if VX € E. X < A.

For example, since K is 1-complete (§48), and X; consists of the c.e. sets,
K is Z;-complete. If X € T, then X € =, by (i) of §59, so X <, K, hence
X = K; so K is TT-complete.

62 Post’s Theorem
We show that the arithmetical hierarchy is real by tying it to the jump hi-

erarchy.

62.1 Theorem (Post). (i) A setis 2, iff it is c.e. in a IT,-set iff it is c.e. in
aX,-set.

(ii) 0**+Dis 3, . |-complete.

(iii) A set is =, iff it is c.e. in @),

(iv) A set Bis A, iff B <3 00V,

Proof. (i) If B € X, , then by definition B € Z{( for some X €11,,.
If B is c.e. in X €1, then, since X <7 X, Bis c.e. in X € =, (Jump Theo-
rem (iv), §59 (i)).
IfBisce.inX€&ZX, , then B= WeX for some index e, so
xEB < JoIs(0C yx & CI)gS(x)\I,);

the second conjunct is computable, hence to show B € X, it is enough to
show 0 C xxis 2, . Itisin fact A, ;:

oCxxye Vy<lol((o(y)=1=y€EX) & (o(y) =0=y €& X)),
the first conjunct is %, the second IT,,.
(i1) Induction on n. The case n = 0 is known (§48). Now assume k >0 and
0% is 3, -complete. Then X € 3, iff X is c.e. in a Z;-set iff, by induction
hypothesis, X is c.e. in @K), iff, by (iii) of the Jump Theorem, X < glk+1),
(ii1) It is easy to see that being c.e. in @ is the same as being c.e. absolutely.
The case n >0 is immediate by (i) and (ii).
(iv) B is A, iff B and B are both =, _, iff (by (iii)) B and B are both c.e. in
@), iff (by the Relativized Complementation Theorem) B < 0(*).

62.2 Corollary (Hierarchy Theorem). Forn>0,A, CXZ, and A, CII,.

Proof. By clause (ii) of Post’s Theorem, 0 € 2, . By clause (ii) of the
Jump Theorem, 90V £7 9=1_So by (iv) of Post’s Theorem, 9 ¢ A,.
Dually, 0V €11, - A,,.
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