
Part II

Modal Fixpoint Logics



2 The modal µ-calculus

This chapter is a first introduction to the modal µ-calculus. We define the language,
discuss some syntactic issues, and then proceed to its game-theoretic semantics. As
a first result, we prove that the modal µ-calculus is bisimulation invariant, and has a
strong, ‘bounded’ version of the tree model property. We start with an example.

Example 2.1 Consider the formula 〈d∗〉p from propositional dynamic logic. By def-
inition, this formula holds at those points in an LTS S from which there is a finite
Rd-path, of unspecified length, leading to a state where p is true.

We leave it for the reader to prove that

S ! 〈d∗〉p ↔ (p ∨ 〈d〉〈d∗〉p)

for any transition system S (here we write 〈d〉 rather than !d). Informally, one might
say that 〈d∗〉p is a fixed point or solution of the ‘equation’

x ↔ p ∨ 〈d〉x. (6)

One may show, however, that 〈d∗〉p is not the only fixpoint of (6). If we let∞d denote a
formula that is true at those states of a transition system from which an infinite d-path
emanates, then the formula 〈d∗〉p ∨∞d is another fixed point of (6).

In fact, one may prove that the two mentioned fixpoints are the smallest and largest
possible solutions of (6), respectively. "

As we will see in this chapter, the modal µ-calculus allows one to explicitly refer to
such smallest and largest solutions. For instance, as we will see further on, the smallest
and largest solution of the ‘equation’ (6) will be written as µx.p∨〈d〉x and νx.p∨〈d〉x,
respectively.

To arrive at the semantics of modal fixpoint formulas one take two roads. In Chap-
ter 3 we will introduce the algebraic semantics of µx.ϕ and νx.ϕ in an LTS S, in terms
of the least and greatest fixpoint, respectively, of some algebraically defined meaning
function. For this purpose, we will consider the formula ϕ as an operation on the power
set of (the state space of) S, and we have to prove that this operation indeed has a
least and a greatest fixpoint. As we will see, this formal definition of the semantics of
the modal µ-calculus may be mathematically transparent, but it is of little help when
it comes to unravelling and understanding the actual meaning of individual formulas.
In practice, it is much easier to work with the evaluation games that we will introduce
in this chapter.

This framework builds on the game-theoretical semantics for ordinary modal logic
as described in subsection 1.2, extending it with features for the fixpoint operators
and for the bound variables of fixpoint formulas (such as x in the formula µx.p ∨!x).
The key difference lies in the fact that when a match of an evaluation game reaches
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a position of the form (x, s), with x a bound variable, then an equation such as (6) is
used to unfold the variable x into its associated formula (in the example, the formula
p ∨!x).

As a consequence, the flavour of these games is remarkably different from the evalu-
ation games we met before. Recall that in evaluation matches for basic modal formulas,
the formula is broken down step by step. From this it follows that the length of such
a match is bounded by length of the formula. Evaluation matches for fixpoint formu-
las, on the other hand, can last infinitely long, if some fixpoint variables are unfolded
infinitely often. Hence, the game-theoretic semantics for fixpoint logics takes us to the
area of infinite games.

2.1 Syntax

As announced already in the previous chapter, in the case of fixpoint formulas we
will usually work with formulas in positive normal form in which the only admissible
occurrences of the negation symbol is in front of atomic formulas.

Definition 2.2 Given sets P and D of proposition letters and atomic actions, respec-
tively, define the collection µPML(D, P) of (poly-)modal fixpoint formulas as follows:

ϕ ::= & | ⊥ | p | ¬p | ϕ ∧ ϕ | ϕ ∨ ϕ | !dϕ | #dϕ | µx.ϕ | νx.ϕ

where p, x ∈ P, d ∈ D. There is a restriction on the formation of the formulas µx.ϕ
and νx.ϕ, namely, that all occurrences of x in ϕ are positive. That is, no occurrence of
x in ϕ may be in the scope of the negation operator ¬.

As before, we will usually write µPML rather than µPML(D, P) in order not to
clutter up notation. In case the set D of atomic actions is a singleton, we will simply
speak of the modal µ-calculus, notation: µML(P), or µML if P is understood.

The syntactic combinations µx and νx are called the least and greatest fixpoint
operators, respectively. We use the symbol η to denote either µ or ν. A fixpoint
formula of the form µx.ϕ is called a µ-formula, while ν-formulas are the ones of the
form νx.ϕ. "

Definition 2.3 The concepts of subformula and proper subformula are defined as
usual. We write ϕ $ ψ if ϕ is a subformula of ψ. The set of subformulas of ψ is
denoted as Sfor(ψ). "

Syntactically, the fixpoint operators are very similar to the quantifiers of first-order
logic in the way they bind variables.
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Definition 2.4 Fix a formula ϕ. The sets FV (ϕ) and BV (ϕ) of free and bound vari-
ables of ϕ are defined by the following induction on ϕ:

FV (⊥) := ∅ BV (⊥) := ∅
FV (&) := ∅ BV (&) := ∅
FV (p) := {p} BV (p) := ∅
FV (¬p) := {p} BV (¬p) := ∅
FV (ϕ ∨ ψ) := FV (ϕ) ∪ FV (ψ) BV (ϕ ∨ ψ) := BV (ϕ) ∪ BV (ψ)
FV (ϕ ∧ ψ) := FV (ϕ) ∪ FV (ψ) BV (ϕ ∧ ψ) := BV (ϕ) ∪ BV (ψ)
FV (!dϕ) := FV (ϕ) BV (!dϕ) := BV (ϕ)
FV (#dϕ) := FV (ϕ) BV (#dϕ) := BV (ϕ)
FV (ηx.ϕ) := FV (ϕ) \ {x} BV (ηx.ϕ) := BV (ϕ) ∪ {x}

"

Formulas like x ∨ µx.((p ∨ x) ∧ #νx.!x) may be well formed, but in practice they
are very hard to read and work with. In the sequel we will almost exclusively work
with formulas in which every bound variable uniquely determines a fixpoint operator
binding it, and in which there is no overlap between free and bound variables.

Definition 2.5 A formula ϕ ∈ µPML is clean if no two distinct (occurrences of) fixed
point operators in ϕ bind the same variable, and no variable has both free and bound
occurrences in ϕ. If x is a bound variable of the clean formula ϕ, we let ϕx = ηxx.δx

denote the unique subformula of ϕ where x is bound by the fixpoint operator ηx. "

An important role in the theory of the modal µ-calculus is played by a certain order
on its bound variables. The idea behind this ‘dependency order’ is that if x ≤ y, the
meaning of ϕx is (in principle) dependent on the meaning of y, because y may occur
freely in ϕx.

Definition 2.6 Given a clean formula ϕ, we define a dependency order on the set
BV (ϕ), saying that y ranks higher than x, notation: x ≤ϕ y iff ϕx $ ϕy. "

We finish our sequence of syntactic definitions with the notion of guardedness, which
will become important later on.

Definition 2.7 A variable x is guarded in a µPML-formula ϕ if every occurrence of x
in ϕ is in the scope of a modal operator. A formula ξ ∈ µPML is guarded if for every
subformula of ξ of the form ηx.δ, x is guarded in δ. "
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2.2 Game semantics

For a definition of the evaluation game of the modal µ-calculus, fix a clean formula ξ
and an LTS S. Basically, the game E(ξ, S) for ξ a fixpoint formula is defined in the
same way as for plain modal logic formulas.

Definition 2.8 Given a clean modal µ-calculus formula ξ and a transition system S,
we define the evaluation game E(ξ, S) as a board game with players ∃ and ∀ moving
a token around positions of the form (ϕ, s) ∈ Sfor(ξ)× S. The rules, determining the
admissible moves from a given position, together with the player who is supposed to
make this move, are given in Table 3. "

One might expect that the main difference with the evaluation game for basic modal
formulas would involve the new formula constructors of the µ-calculus: the fixpoint
operators. Perhaps surprisingly, the fixpoint operators are dealt with in the most
straightforward way possible: the successor of a position of the form (ηx.δ, s) is simply
obtained as the pair (δ, s). Since this next position is thus uniquely determined, the
position (ηx.δ, s) will not be assigned to either of the players.

The crucial difference lies in the treatment of the bound variables of a fixpoint
formula ξ. Previously, and still in the case of free variables, positions of the form (p, ϕ)
would be final positions of the game, immediately determining the winner of the match.
However, at a position (x, s) with x bound, the fixpoint variable x gets unfolded ; this
means that the new position is given as (δx, s), where ηxx.δx is the unique subformula
of ξ where x is bound. Note that for this to be well defined, we need ξ to be clean. The
disjointness of FV (ξ) and BV (ξ) ensures that it is always clear whether a variable is to
be unfolded or not, and the fact that bound formulas are bound by unique occurrences
of fixpoint operators guarantees that δx is uniquely determined. Finally, since in this
case the next position is also completely determined by the current one, positions of
the form (x, s) with x bound are assigned to neither of the players.

Example 2.9 Let S = 〈S,R, V 〉 be the Kripke model based on the set S = {0, 1, 2},
with R = {(0, 1), (1, 1), (1, 2), (2, 2)}, and V given by V (p) = {2}. Now let ξ be the
formula ηx.p ∨#x, and consider the game E(ξ, S) initialized at (ξ, 0).

The second position of any match of this game will be (p ∨ #x, 0) belonging to ∃.
Assuming that she wants to win, she chooses the disjunct #x since otherwise p being
false at 0 would mean an immediate loss for her. Now the position (#x, 0) belongs to
∀ and he will make the only move allowed to him, choosing (x, 1) as the next position.
Here an automatic move is made, unfolding the variable x, and thus changing the
position to (p ∨#x, 1). And as before, ∃ will choose the right disjunct: (#x, 1).

At (#x, 1), ∀ does have a choice. Choosing (x, 2), however, would mean that ∃ wins
the match since p being true at 2 enables her to finally choose the first disjunct of the
formula p ∨#x. So ∀ chooses (x, 1), a position already visited by the match before.
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Position Player Admissible moves
(ϕ1 ∨ ϕ2, s) ∃ {(ϕ1, s), (ϕ2, s)}
(ϕ1 ∧ ϕ2, s) ∀ {(ϕ1, s), (ϕ2, s)}
(!dϕ, s) ∃ {(ϕ, t) | t ∈ σd(s)}
(#dϕ, s) ∀ {(ϕ, t) | t ∈ σd(s)}
(⊥, s) ∃ ∅
(&, s) ∀ ∅
(p, s), with p ∈ FV (ξ) and s ∈ V (p) ∀ ∅
(p, s), with p ∈ FV (ξ) and s /∈ V (p) ∃ ∅
(¬p, s), with p ∈ FV (ξ) and s ∈ V (p) ∃ ∅
(¬p, s), with p ∈ FV (ξ) and s /∈ V (p) ∀ ∅
(ηxx.δx, s) − {(δx, s)}
(x, s), with x ∈ BV (ξ) − {(δx, s)}

Table 3: Evaluation game for modal fixpoint logic

This means that these strategies force the match to be infinite, with the variable
x unfolding infinitely often at positions of the form (x, 1), and the match taking the
following form:

(ξ, 0)(p ∨#x, 0)(#x, 0)(x, 1)(p ∨#x, 1)(#x, 1)(x, 1)(p ∨#x, 1) . . .

So who is declared to be the winner of this match? This is where the difference
between the two fixpoint operators shows up. In case η = µ, the above infinite match is
lost by ∃ since the fixpoint variable that is unfolded infinitely often is a µ-variable, and
µ-variables are to be unfolded only finitely often. In case η = ν, the variable unfolded
infinitely often is a ν-variable, and this is unproblematic: ∃ wins the match. "

The above example shows the principle of unfolding at work. Its effect is that
matches may now be of infinite length since formulas are no longer deconstructed at
every move of the game. Nevertheless, as we will see, it will still be very useful to
declare a winner of such an infinite game. Here we arrive at one of the key ideas
underlying the semantics of fixpoint formulas, which in a slogan can be formulated as
follows:

ν means unfolding, µ means finite unfolding.

Giving a more detailed implementation of this slogan, in case of a unique variable that
is unfolded infinitely often during a match π, we will declare ∃ to be the winner of π if
this variable is a ν-variable, and ∀ in case we are dealing with a µ-variable. But what
happens in case that various variables are unfolded infinitely often? As we shall see,
in these cases there is always a unique such variable that ranks higher than any other
such variable.
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Definition 2.10 Let ξ be a clean µPML-formula, and S a labelled transition system.
A match of the game E(ξ, S) is a (finite or infinite) sequence of positions

(s, ξ) = (s0, ϕ0)(s1, ϕ1)(s2, ϕ2) . . .

which are in accordance with the rules of Table 3. A full match is either an infinite
match, or a finite match in which the player responsible for the last position got stuck.
In practice we will always refer to full matches simply as matches. A match that is not
full is called partial.

Given an infinite match π, we let Unf∞(π) ⊆ BV (ξ) denote the set of variables
that are unfolded infinitely often during π. "

Proposition 2.11 Let ξ be a clean µPML-formula, and S a labelled transition system.
Then for any infinite match π of the game E(ξ, S), the set Unf∞(π) has a highest
ranking member (in terms of the dependency order).

Proof. Since ξ consists of finitely many symbols, Unf∞(π) is not empty. We claim
that it is in fact directed (with respect to the ranking order). That is, for any x and y
in Unf∞(π) there is a variable z ∈ Unf∞(π) such that x ≤ξ z and y ≤ξ z.

For suppose otherwise. Then in particular, ϕx = ηxx.δx and ϕy = ηyy.δy are not
subformulas of one another. However, π goes through both ϕx and ϕy infinitely often.
Now the only way it can move from ϕx to ϕy is by unfolding some variable z such that
both ϕx and ϕy are subformulas of ϕz, that is, x ≤ξ z and y ≤ξ z. Since this happens
infinitely often, one of these variables z must belong to Unf∞(π), as required.

But if Unf∞(π) is directed, being finite it must have a maximum. That is, there is
indeed a highest variable in BV (ξ) that gets unfolded infinitely often during π. qed

Given this result, there is now a natural formulation of the winning conditions for
infinite matches of evaluation games.

Definition 2.12 Let ξ be a clean µPML-formula. The winning conditions of the game
E(ξ, S) are given in Table 4. "

∃ wins π ∀ wins π
π is finite ∀ got stuck ∃ got stuck
π is infinite max(Unf∞(π)) is a ν-variable max(Unf∞(π)) is a µ-variable

Table 4: Winning conditions of E(ξ, S)

We can now formulate the game-theoretic semantics of the modal µ-calculus as
follows.
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Definition 2.13 Let ξ be a clean formula of the modal µ-calculus, and let S be a
transition system of the appropriate type. Then we say that ξ is (game-theoretically)
satisfied at s, notation: S, s !g ξ if (s, ξ) ∈ Win∃(E(ξ, S)). "

" define satisfaction relation of arbitrary formulas via clean alphabetical
variants

2.3 Examples

Example 2.14 As a first example, consider the formulas ηx.p ∨ x, and fix a Kripke
model S. Observe that any match of the evaluation game E(ηx.p∨x, S) starts with the
two positions (ηx.p ∨ x, s)(p ∨ x, s), after which ∃ can make a choice. We claim that

S, s !g µx.p ∨ x iff s ∈ V (p).

For the direction from right to left, assume that s ∈ V (p). Now, if ∃ chooses the
disjunct p at the position (s, p ∨ x), she wins the match because ∀ will get stuck at
(s, p). Hence s ∈ Win∃(E(ηx.p ∨ x, S)).

On the other hand, if s /∈ V (p), then ∃ will lose if she chooses disjunct p at position
(s, p ∨ x). So she must choose the disjunct x which then unfolds to p ∨ x so that ∃ is
back at the position (s, p ∨ x). Thus if ∃ does not want to get stuck her only way to
survive is to keep playing the position (s, x), thus causing the match to be infinite. But
such a match is won by ∀ since the only variable that gets unfolded infinitely often is
a µ-variable. Hence in this case we see that s /∈ Win∃(E(ηx.p ∨ x, S)).

If on the other hand we take η = ν, then ∃ can win any match:

S, s !g νx.p ∨ x.

It is easy to see that the strategy of always choosing the disjunct x at a position of
the form (s, p∨ x) is winning. For, it forces all games to be infinite, and since the only
fixpoint variable that gets ever unfolded here is a ν-variable, all infinite matches are
won by ∃.

Concluding, we see that µx.p ∨ x is equivalent to the formula p, and νx.p ∨ x, to
the formula &. "

Example 2.15 Now we turn to the formulas µx.!x and νx.!x. First consider how a
match for any of these formulas proceeds. The first two positions of such a match will
be of the form (ηx.!x, s)(!x, s), at which point it is ∃’s turn to make a move. Now
she either is stuck (in case the state s has no successor) or else the next two positions
are (x, t)(!x, t) for some successor t of s, chosen by ∃. Continuing this analysis, we see
that there are two possibilities for a match of the game E(ηx.!x, S):
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1. the match is an infinite sequence of positions

(ηx.!x, s0)(!x, s0)(x, s1)(!x, s1)(x, s2) . . .

corresponding to an infinite path s0Rs1Rs2R . . . through S.

2. the match is an finite sequence of positions

(ηx.!x, s0)(!x, s0)(x, s1)(!x, s1) . . . (!x, sk)

corresponding to a finite path s0Rs1R . . . sk through S, where sk has no successors.

Note too that in either case it is only ∃ who has turns, and that her strategy corresponds
to choosing a path through S. From this it is easy to derive that
• µx.!x is equivalent to the formula ⊥,
• S, s !g νx.!x iff there is an infinite path starting at s. "

" Until operator

The examples that we have considered so far involved only a single fixpoint operator.
We now look at an example containing both a least and a greatest fixpoint operator.

Example 2.16 Let ξ be the following formula:

ξ = νx.µy. (p ∧!x)︸ ︷︷ ︸
αp

∨ (¬p ∧!y)︸ ︷︷ ︸
α¬p

Then we claim that for any LTS S, and any state s in S:

S, s !g ξ iff there is some path from s on which p is true infinitely often. (7)

To see this, first suppose that there is a path π = s0s1s2 . . . as described in the right
hand side of (7) and suppose that ∃ plays according to the following strategy:

(a) at a position (αp∨α¬p, t), choose (αp, t) if S, t !g p and choose (α¬p, t) otherwise;

(b) at a position (!ϕ, t), distinguish cases:
- if the match so far has followed the path, with t = sk, choose (ϕ, sk+1);
- otherwise, choose an arbitrary successor (if possible).

We claim that this is a winning strategy for ∃ in the evaluation game initialized at (ξ, s).
Indeed, since ∃ always chooses the propositionally safe disjunct of αp ∨ α¬p, she forces
∀, when faced with a position of the form (α±p, t) = (±p ∧!z, t) to always choose the
diamond conjunct !z, or lose immediately. In this way she guarantees to always get to
positions of the form (si, !z), and thus she can force the match to last infinitely long,
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following the infinite path π. But why does she actually win this match? The point
is that, whenever she chooses αp, three moves later, x will be unfolded, and likewise
with α¬p and y. Thus, p being true infinitely often on π means that the ν-variable x
gets unfolded infinitely often. And so, even though the µ-variable y may get unfolded
infinitely often as well, she wins the match since x ranks higher than y anyway.

For the other direction, assume that S, s !g ξ so that ∃ has a winning strategy in
the game E(ξ, S) initialized at (ξ, s). It should be clear that any winning strategy must
follow (a) above. So whenever ∀ faces a position (p∧!z, t), p will be true, and likewise
with positions (¬p ∧ !z, t). Now consider a match in which ∀ plays propositionally
sound, that is, always chooses the diamond conjunct of these positions. This match
must be infinite since both players will stay alive forever: ∀ not, because he can always
choose a diamond conjunct, and ∃ not, because we assumed her strategy to be winning.
But a second consequence of ∃’s strategy being winning, is that it cannot happen that
y is unfolded infinitely often, while x is not. So x is unfolded infinitely often, and as
before, x only gets unfolded right after the match passed a world where p is true. Thus
the path chosen by ∃ must contain infinitely many states where p holds. "

2.4 Memory-free determinacy

From a theoretical perspective, the importance of the game-theoretical semantics of
fixpoint logics lies in the fact that the evaluation games are so-called parity games (see
Chapter ?? for more details). Parity games have a number of very useful properties.
In particular, it can be shown that winning strategies for either player can always be
assumed to be positional, that is, do not depend on moves made earlier in the match,
but only on the current position. As we will see further on, this property is crucial in
establishing various results about the modal µ-calculus.

" Every evaluation game E(ξ, S) is determined in the sense that every position
(ϕ, s) is winning for exactly one of the two players.

" A strategy is positional if it only depends on the current position (that
is, the final position of the partial play).

" In addition, evaluation games enjoy history-free or memory-free determinacy.
This means that each player σ ∈ {∃,∀} has a positional strategy fσ which
is winning for the game E(ξ, S)@(ϕ, s) for every position (ϕ, s) that is winning
for σ.

2.5 Bounded tree model property

Given the game-theoretic characterization of the semantics, it is rather straightforward
to prove that formulas of the modal µ-calculus are bisimulation invariant. From this it
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is immediate that the modal mu-calculus has the tree model property. But in fact, we
can use the game semantics to do better than this, proving that every satisfiable modal
fixpoint formula is satisfied in a tree of which the branching degree is bounded by the
size of the formula.

Theorem 2.17 (Bisimulation Invariance) Let ξ be a modal fixpoint formula with
FV (ξ) ⊆ P, and let S and S′ be two labelled transition systems with points s and s′,
respectively. If S, s ↔P S′, s′, then

S, s !g ξ iff S′, s′ !g ξ.

Proof. Assume that s ↔P s′ and that S, s !g ξ, with FV (ξ) ⊆ P. We will show
that S′, s′ !g ξ. By Memory-Free Determinacy we may assume that ∃ has a positional
winning strategy f in the evaluation game E := E(ξ, S) initialized at (ξ, s). We need
to provide her with a winning strategy in the game E ′ := E(ξ, S′)@(ξ, s′). She obtains
her strategy f ′ in E ′ from playing a shadow match of E , using the bisimilarity relation
to guide her choices.

To see how this works, let’s simply start with comparing the initial position (ξ, s′)
of E ′ with its counterpart (ξ, s) of E . (From now on we will write s ↔ s′ instead of
s ↔P s′).

In case ξ is an atomic formula, then it is easy to see that both (ξ, s) and (ξ, s′) are
final positions. Also, since f is assumed to be winning, ξ must be true at s, and so it
must hold at s′ as well. Hence, ∃ wins the match.

If ξ is not atomic, we distinguish cases. First suppose that ξ = ξ1 ∨ ξ2. If f tells ∃
to choose disjunct ξi at (ξ, s), then she chooses the same disjunct ξi at position (ξ, s′).
If ξ = ξ1 ∧ ξ2, it is ∀ who moves. Suppose in E ′ he chooses ξi, making (ξi, s′) the next
position. We now consider in E the same move of ∀, so that the next position in the
shadow match is (ξi, s).

A third possibility is that ξ = !ψ. In order to make her move at (ξ, s′), ∃ first
looks at (ξ, s). Since f is a winning strategy, it indeed picks a successor t of s. Then
because s ↔ s′, there is a successor t′ of s′ such that t ↔ t′. This t′ is ∃’s move in E ,
so that (ψ, t) and (ψ, t′) are the next positions in E and E ′, respectively.

Finally, if ξ = #ψ, we are dealing again with positions for ∀. Suppose in E ′ he
chooses the successor t′ of s′, so that the next position is (ψ, t′). (In case s′ has no
successors, ∀ immediately loses, so that there is nothing left to prove.) Now again we
turn to the shadow match; by bisimilarity of s and s′ there is a successor t of s such
that t ↔ t′. So we may assume that ∀ moves the game token of E to position (ψ, t).

The crucial observation is that if ∃ does not win immediately, then at least she
can guarantee that the next positions in E and E ′ are of the form (ϕ, u) and (ϕ, u′)
respectively, with u ↔ u′, and such that the move in E is consistent with f .

Continuing in this fashion, ∃ is able to maintain the condition (*) that for any
match

β′ = (ϕ0, s
′
0)(ϕ1, s

′
1) . . . (ϕn, s

′
n)
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played thus far, there is a shadow match

β = (ϕ0, s0)(ϕ1, s1) . . . (ϕn, sn)

in E which is consistent with f , and such that Z : si ↔ s′i for all i ≤ n.
It is not hard to see why this suffices to prove the theorem; for infinite matches, the

key observation is that the two sequences of formulas, in the E ′-match and its E-shadow,
respectively, are exactly the same. qed

As an immediate corollary, we obtain the tree model property for the modal µ-
calculus.

Theorem 2.18 (Tree Model Property) Let ξ be a modal fixpoint formula. If ξ is
satisfiable, then it is satisfiable at the root of a tree model.

Proof. For simplicity, we confine ourselves to the basic modal language. Suppose that
ξ is satisfiable at state s of the Kripke model S. Then by bisimulation invariance, ξ is
satisfiable at the root of the unravelling +Ss of S around s. This unravelling clearly is a
tree model. qed

For the next theorem, recall that the size of a formula is simply defined as its length,
that is, the number of symbols occurring in it.

Theorem 2.19 (Bounded Tree Model Property) Let ξ be a modal fixpoint for-
mula. If ξ is satisfiable, then it is satisfiable at the root of a tree, of which the branching
degree is bounded by the size |ξ| of the formula.

Proof. Suppose that ξ is satisfiable. By the Bisimulation Invariance Theorem it follows
that ξ is satisfiable at the root r of some tree model T = 〈T,R, V 〉. So ∃ has a winning
strategy f in the game E := E(ξ, T) starting at position (ξ, r). By the Memory-Free
Determinacy of evaluation game, we may assume that this strategy is positional — this
will simplify our argument a bit. We may thus represent this strategy as a map f that,
among other things, maps positions of the form (s, !ϕ) to positions of the form (t, ϕ)
with Rst.

We will prune the tree T, keeping only the nodes that ∃ needs in order to win the
match. Formally, define subsets (Tn)n∈ω as follows:

T0 := {r},
Tn+1 := Tn ∪ {s | (ϕ, s) = f(!ϕ, t) for some t ∈ Tn and !ϕ $ ξ},
Tω :=

⋃
n∈ω Tn.

Let Tω be the subtree of T based on Tω (Tω is in general not a generated submodel of
T). From the construction it is obvious that the branching degree of Tω is bounded by
the length of ξ, because ξ has at most |ξ| diamond subformulas.
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We claim that Tω, r !g ξ. To see why this is so, let E ′ := E(ξ, Tω) be the evaluation
game played on the pruned tree. It suffices to show that the strategy f ′, defined as the
restriction of f to positions of the game E ′, is winning for ∃ in the game starting at
(ξ, r). Consider an arbitrary E ′-match π = (ξ, r)(ϕ1, t1) . . . which is consistent with f ′.
The key observation of the proof is that π is also a match of E@(ξ, r), that is consistent
with f . To see this, simply observe that all moves of ∀ in π could have been made in
the game on T as well, whereas by construction, all f ′ moves of ∃ in E ′ are f moves in
E .

Now by assumption, f is a winning strategy for ∃ in E , so she wins π in E . But
then π is winning as such, i.e., no matter whether we see it as a match in E or in E ′. In
other words, π is also winning as an E ′-match. And since π was an arbitrary E ′ match
starting at (ξ, r), this shows that f ′ is a winning strategy, as required. qed

Exercises



3 Fixpoints

The game-theoretic semantics of the modal µ-calculus introduced in the previous chap-
ter has some attractive characteristics. It is intuitive, relatively easy to understand,
and, as we shall see further on, it can be used to prove some strong properties of the
formalism. However, there are drawbacks as well. For instance, the evaluation games
of Definition 2.8 can only be played with clean formulas. The semantics of arbitrary
formulas is defined in a slightly artificial way. Perhaps more importantly, the game-
theoretical semantics is not compositional ; that is, the meaning of a formula is not
defined in terms of the meanings of its subformulas. These shortcomings vanish in the
algebraic semantics that we are about to introduce. In order to define this term, we
first consider an example.

Example 3.1 Recall that in Example 2.1, we informally introduced the formula µx.p∨
!x as the smallest fixpoint or solution of the ‘equation’ x ↔ p ∨!x.

To make this intuition more precise, we have to look at the formula δ = p ∨ !dx
as an operation. The idea is that the value (that is, the extension) of this formula is a
function of the value of x, provided that we keep the value of p constant. Varying the
value of x boils down to considering ‘x-variants’ of the valuation V of S = 〈S,R, V 〉.
Let, for X ⊆ S, V [x 2→ X] denote the valuation that is exactly like V apart from
mapping x to X, and let S[x 2→ X] denote the x-variant 〈S,R, V [x 2→ X]〉 of S. Then
[[δ]]S[x &→X] denotes the extension of δ in this x-variant. It follows from this that the
formula δ induces the following function δS

x on the power set of S:

δS
x(X) := [[δ]]S[x&→X].

In our example we have

δS
x(X) = V (p) ∪ 〈R〉(X).

Now we can make precise why µx.p ∨ !x is a fixpoint formula: its extension, the set
[[µx.p ∨!x]], is a fixpoint of the map δS

x:

[[µx.p ∨!x]] = V (p) ∪ 〈R〉([[µx.p ∨!x]]).

In fact, as we shall see in this chapter, the formulas µx.p∨!x and νx.p∨!x are such
that their extensions are the least and greatest fixpoints of the map δS

x, respectively. "

It is worthwhile to discuss the theory of fixpoint operators at a more general level
than that of modal logic. Before we turn to the definition of the algebraic semantics of
the modal µ-calculus, we first discuss the general fixpoint theory of monotone operations
on complete lattices.
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3.1 General fixpoint theory

Basics

In this chapter we assume some familiarity1 with partial orders and lattices (see Ap-
pendix A).

Definition 3.2 Let P and P′ be two partial orders and let f : P → P ′ be some map.
Then f is called monotone if f(x) ≤′ f(y) whenever x ≤ y, and antitone if f(x) ≥′ f(y)
whenever x ≤ y. "

Definition 3.3 Let P = 〈P,≤〉 be some partial order, and let f : P → P be some
map. Then an element p ∈ P is called a prefixpoint of f if f(p) ≤ p, a postfixpoint of
f if f(p) ≥ p, and a fixpoint if f(p) = p. The sets of prefixpoints, postfixpoints, and
fixpoints of f are denoted respectively as PRE(f), POS(f) and FIX(f).

In case the set of fixpoints of f has a least (respectively greatest) member, this
element is denoted as LFP.f (GFP.f , respectively). These least and greatest fixpoints
may also be called extremal fixpoints. "

The following theorem is a celebrated result in fixpoint theory.

Theorem 3.4 (Knaster-Tarski) Let C = 〈C,
∨

,
∧
〉 be a complete lattice, and let

f : P → P be monotone. Then f has both a least and a greatest fixpoint, and these are
given as

LFP.f =
∧

PRE(f), (8)

GFP.f =
∨

POS(f). (9)

Proof. We will only prove the result for the least fixpoint, the proof for the greatest
fixpoint is completely analogous.

Define q :=
∧

PRE(f), then we have that q ≤ x for all prefixpoints x of f . From
this it follows by monotonicity that f(q) ≤ f(x) for all x ∈ PRE(f), and hence by
definition of prefixpoints, f(q) ≤ x for all x ∈ PRE(f). In other words, f(q) is a lower
bound of the set PRE(f). Hence, by definition of q as the greatest such lower bound,
we find f(q) ≤ q, that is, q itself is a prefixpoint of f .

It now suffices to prove that q ≤ f(q), and for this we may show that f(q) is a
prefixpoint of f as well, since q is by definition a lower bound of the set of prefixpoints.
But in fact, we may show that f(y) is a prefixpoint of f for every prefixpoint y of f —
by monotonicity of f it immediately follows from f(y) ≤ y that f(f(y)) ≤ f(y). qed

Another way to obtain least and greatest fixpoint is to approximate them from
below and above, respectively.

1Readers lacking this may take abstract complete lattices to be concrete power set algebras.
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Definition 3.5 Let C = 〈C,
∨

,
∧
〉 be a complete lattice, and let f : C → C be some

map. Then by ordinal induction we define the following maps on C:

f 0
µ(c) := c,

fα+1
µ (c) := f(fα

µ (c))

fλ
µ (c) :=

∨

α<λ

fα
µ (c),

where λ denotes an arbitrary limit ordinal. Dually, we put

f 0
ν (c) := c,

fα+1
ν (c) := f(fα

ν (c)),

fλ
ν (c) :=

∧

α<λ

fα
ν (c),

"

Proposition 3.6 Let C = 〈C,
∨

,
∧
〉 be a complete lattice, and let f : C → C be

monotone. Then f is inductive, that is, fα
µ (⊥) ≤ fβ

µ (⊥) for all ordinals α and β such
that α < β.

Proof. We leave this proof as an exercise to the reader. qed

Given a set C, we let |C| denote its cardinality or size.

Corollary 3.7 Let C = 〈C,
∨

,
∧
〉 be a complete lattice, and let f : C → C be mono-

tone. Then there is some α of size at most |C| such that LFP.f = fα
µ (⊥).

Proof. By Proposition 3.6, f is inductive, that is, fα
µ (⊥) ≤ fβ

µ (⊥) for all ordinals α
and β such that α < β. It follows from elementary set theory that there cannot be
an injection from the set of ordinals of cardinality at most |C|+ into C. From these
two observations it is immediate that there must be two ordinals α, β < |C|+ such that
fα

µ (⊥) = fβ
µ (⊥). From the definition of the approximations it then follows that there

must be an ordinal α such that fα
µ (⊥) = fα+1

µ (⊥), or, equivalently, fα
µ (⊥) is a fixpoint

of f . To show that it is the smallest fixpoint, one may prove that fβ
µ (⊥) ≤ LFP.f for

every ordinal β. This follows from a straightforward ordinal induction. qed

Definition 3.8 Let C = 〈C,
∨

,
∧
〉 be a complete lattice, and let f : C → C be

monotone. The least ordinal α such that fα
µ (⊥) = fα+1

µ (⊥) is called the closure ordinal
of f . "
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Multidimensional fixpoints

Suppose that we are given a finite family {C1, . . . , Cn} of complete lattices, and put
C =

∏
1≤i≤n Ci. Given a finite family of monotone maps f1, . . . , fn with fi : C → Ci, we

may define the map f : C → C given by f(c) = (f1(c), . . . , fn(c)). Monotonicity of f is
an easy consequence of the monotonicity of the individual fi, and so by completeness
of C, f has a least and a greatest fixpoint. An obvious question is whether one may
express these multi-dimensional fixpoints in terms of one-dimensional fixpoints of maps
that one may associate with f1, . . . , fn.

It will be convenient to introduce some notation. Given a monotone map g : C → Ci

and an n− 1-tuple x̄ = (x1, . . . , xi−1, xi+1, . . . , xn), we let gx̄ : Ci → Ci denote the map
given by

gx̄(xi) := g(x1, x2, . . . , xn).

The least and greatest fixpoints of this operation will be denoted as µxi.g(x1, x2, . . . , xn)
and νxi.g(x1, x2, . . . , xn), respectively. Furthermore, in this context we will also use
vector notation, for instance writing

µ





x1

x2
...

xn




.





f1(x1, . . . , xn)
f2(x1, . . . , xn)

...
f2(x1, . . . , xn)





for LFP.f .
The basic observation facilitating the computation of multidimensional fixpoints is

the following so-called Bekič principle.

Proposition 3.9 Let D1 and D2 be two complete lattices, and let fi : D1 ×D2 → Di

for i = 1, 2 be monotone maps. Then

η

(
x
y

)
.

(
f1(x, y)
f2(x, y)

)
=

(
ηx.f1(x, ηy.f2(x, y))
ηy.f2(ηx.f1(x, y), y)

)

where η uniformly denotes either µ or ν.

Proof. Define D := D1 × D2, and let f : D → D be given by putting f(d) :=
(f1(d), f2(d)). Then f is clearly monotone, and so it has both a least and a greatest
fixpoint.

By the order duality principle it suffices to consider the case of least fixed points
only. Suppose that (a1, a2) is the least fixpoint of f , and let b1 and b2 be given by

{
b1 := ηx.f1(x, ηy.f2(x, y),
b2 := ηy.f2(ηx.f1(x, y), y).
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Then we need to show that a1 = b1 and a2 = b2.
By definition of (a1, a2) we have

{
a1 = f1(a1, a2),
a2 = f2(a1, a2),

whence we obtain {
µx.f1(x, a2) ≤ a1 and
µy.f2(a1, y) ≤ a2,

From this we obtain by monotonicity that

f1(µx.f1(x, a2)) ≤ f1(a1, a2) = a1,

so that we find b1 ≤ a1. Likewise we may show that b2 ≤ a2.
Conversely, by definition of b1 and b2 we have

(
b1

b2

)
=

(
f1(b1, µy.f2(b1, y))
f2(µx.f1(x, b2), b2)

)
.

Then with c2 := µy.f2(b1, y), we have b1 = f1(b1, c1). Also, by definition of c2 as a
fixpoint, c2 = f2(b1, c2). Putting these two identities together, we find that

(
b1

c2

)
=

(
f1(b1, c2)
f2(b1, c2)

)
= f

(
b1

c2

)
.

Hence by definition of (a1, a2), we find that a1 ≤ b1 (and that a2 ≤ c2), but that is of
less interest now). Analogously, we may show that a2 ≤ b2. qed

Using induction on the dimension, Proposition 3.9 allows us to compute the least
and greatest fixpoints of any monotone map f on a finite product of complete lattices
in terms of the least and greatest fixpoints of operations on the factors of the product.
The correctness of this elimination method, which is reminiscent of Gauss elimination
in linear algebra, is a direct consequence of Proposition 3.9.

To see how it works, suppose that we are dealing with lattices C1, . . . , Cn+1, C and
maps f1, . . . , fn+1, f , just as described above, and that we want to compute η+x.f , that
is, find the elements a1, . . . , an+1 such that





a1

a2
...

an+1




= η





x1

x2
...

xn+1




.





f1(x1, . . . , xn, xn+1)
f2(x1, . . . , xn, xn+1)

...
fn+1(x1, . . . , xn, xn+1)





We may define
gn+1(x1, . . . , xn) := ηxn+1.fn+1(x1, . . . , xn),
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and then use Proposition 3.9, with D1 = C1 × · · · × Cn, and D2 = Cn+1, to obtain





a1

a2
...

an




= η





x1

x2
...

xn




.





f1(x1, . . . , xn, gn+1(x1, . . . , xn))
f2(x1, . . . , xn, gn+1(x1, . . . , xn))

...
fn(x1, . . . , xn, gn+1(x1, . . . , xn))





We may then inductively assume to have obtained the tuple (a1, . . . , an). Finally, we
may compute an+1 := gn+1(a1, . . . , an).

Observe that in case Ci = Cj for all i, j and the operations fi are all term definable
in some formal algebraic fixpoint language, then each the components ai of the extremal
fixpoints of f can also be expressed in this language.

3.2 Boolean algebras

In the special case that the complete lattice is in fact a (complete) Boolean algebra,
there is more to be said.

Dual maps

In the case of monotone maps on complete Boolean algebras, the least and greatest
fixed points become interdefinable, using the notion of (Boolean) duals of maps.

Definition 3.10 A complete Boolean algebra is a structure B = 〈B,
∨

,
∧

,−〉 such
that 〈B,

∨
,
∧
〉 is a complete lattice, and − : B → B is an antitone map such that

x ∧ −x = ⊥ and x ∨ −x = & for all x ∈ B. "

In a complete Boolean algebra B = 〈B,
∨

,
∧

,−〉, it holds that −
∨

X =
∧
{−x |

x ∈ X} and −
∧

X =
∨
{−x | x ∈ X}.

Definition 3.11 Let B = 〈B,
∨

,
∧

,−〉 be a complete Boolean algebra, and consider
f : B → B be an arbitrary map. Then the (Boolean) dual map of f is defined as the
map f̃ : B → B given by

f̃(b) := −f(−b).

"

Proposition 3.12 Let B = 〈B,
∨

,
∧

,−〉 be a complete Boolean algebra, and let f :

B → B be monotone. Then f̃ is monotone as well, ˜̃f = f , and

LFP.f̃ = −GFP.f,

GFP.f̃ = −LFP.f.



Lectures on the modal µ-calculus 7

Proof. We only prove that LFP.f̃ = −GFP.f , leaving the other parts of the proof as
exercises to the reader.

First, note that by monotonicity of f̃ , the Knaster-Tarski theorem gives that

LFP.f̃ =
∧

PRE(f̃).

But as a consequence of the definitions, we have that

b ∈ PRE(f̃) ⇐⇒ −b ∈ POS(f).

From this it follows that

LFP.f̃ =
∧

{−b | b ∈ POS(f)}

= −
∨

POS(f)

= −GFP.f

which finishes the proof of the Theorem. qed

Further on we will see that Proposition 3.12 allows us to define negation as an
abbreviated operator in the modal µ-calculus.

Games

In case the Boolean algebra in question is in fact a power set algebra, a nice game-
theoretic characterization of least and greatest fixpoint operators is possible.

Definition 3.13 Let S be some set and let F : ℘(S) → ℘(S) be a monotone operation.
Consider the unfolding games Uµ(F ) and Uν(F ). The positions and admissible moves
of these two graph games are the same, see Table 5.

Position Player Admissible moves
s ∈ S ∃ {A ∈ ℘(S) | s ∈ F (A)}
A ∈ ℘(S) ∀ A(= {s ∈ S | s ∈ A})

Table 5: Unfolding games for F : ℘(S) → ℘(S)

The winning conditions of finite matches are standard (the player that got stuck
loses the game). The difference between Uµ(F ) and Uν(F ) shows up in the winning
conditions of infinite matches: ∃ wins the infinite matches of Uν(F ), but ∀ those of
Uµ(F ). "

Then the following proposition substantiates the slogan that ‘ν means unfolding, µ
means finite unfolding’.
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Theorem 3.14 Let S be some set and let F : ℘(S) → ℘(S) be a monotone operation.
Then

1. Win∃(Uν(F )) = GFP.F ,

2. Win∃(Uµ(F )) = LFP.F .

Proof. For the inclusion ⊆ of part 1, it suffices to prove that W := Win∃(Uν(F )) is a
postfixpoint of F :

W ⊆ F (W ). (10)

Let s be an arbitrary point in W , and suppose that ∃’s winning strategy tells her to
choose A ⊆ S at position s. Then no matter what element s1 ∈ A is picked by ∀, ∃
can continue the match and win. Hence, all elements of A are winning positions for ∃.
But from A ⊆ W it follows that F (A) ⊆ F (W ), and by the legitimacy of ∃’s move A
at s it follows that s ∈ F (A). We conclude that s ∈ F (W ), which proves (10).

For the converse inclusion ⊇ of part 1 of the proposition, take an arbitrary point
s ∈ GFP.F . We need to provide ∃ with a winning strategy in the unfolding game
Uν(F ) starting at s. This strategy is actually as simple as can be: ∃ should always play
GFP.F . Since GFP.F = F (GFP.F ), this strategy prescribes legitimate moves for ∃ at
every point in GFP.F . And, if she sticks to this strategy, ∃ will stay alive forever and
thus win the match, no matter what ∀’s responses are.

For the second part of the theorem, let W denote the set Win∃(Uµ(F )) of ∃’s winning
positions in Uµ(F ). We first prove the inclusion W ⊆ LFP.F . Clearly it suffices to
show that all points outside the set LFP.F are winning positions for ∀.

Consider a point s /∈ LFP.F . If s /∈ F (A) for any A ⊆ S then ∃ loses immediately,
and we are done. Otherwise, suppose that ∃ starts a match of Uµ(F ) by playing some
set B ⊆ S with s ∈ F (B). We claim that B is not a subset of LFP.F , since otherwise
we would have F (B) ⊆ F (LFP.F ) ⊆ LFP.F ; which would contradict the fact that
s /∈ LFP.F . But if B /⊆ LFP.F then ∀ may continue the match by choosing a point
s1 ∈ B \ LFP.F . Now ∀ can use the same strategy from s1 as he used from s, and
so on. This strategy guarantees that either ∃ gets stuck after finitely many rounds (in
case ∀ manages to pick an sn for which there is no A such that sn ∈ F (An)), or else
the match will last forever. In both cases ∀ wins the match.

The other inclusion ⊇ of part 2 is easily proved using the ordinal approximation of
least fixpoints. Using the fact that LFP.F =

⋃
{Fα

µ (∅) | α an ordinal }, it suffices to
prove that

Fα
µ (∅) ⊆ Win∃(Uµ(F ))

for all α. This proof proceeds by a transfinite induction, of which we only provide the
case for successor ordinals. Let α = β + 1 be some successor ordinal and inductively
assume that ∃ has a winning strategy ft for every point t ∈ F β

µ (∅). We need to
provide her with a strategy which is winning from an arbitrary position s ∈ Fα

µ (∅). By
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definition Fα
µ (∅) = F (F β

µ (∅)), so ∃ may legitimately choose the set F β
µ (∅) as her firsts

move at position s, and then, confronted with ∀ choosing a point, say, t, from F β
µ (∅),

continue with the strategy ft. It is almost immediate that this is a winning strategy
for ∃. qed

Remark 3.15 Note that the proof of Theorem 3.14 witnesses a fundamental asym-
metry in the treatment of least and greatest fixpoints in the unfolding game. In order
to show that a state s belongs to one of the extremal fixpoints of a monotone map F ,
in both cases the approach is ‘from below’, i.e., in the game ∃ tries to provide pos-
itive evidence that s belongs to the given kind of fixpoint. However, in the case of
the least fixpoint, this evidence from below consists of the ordinal approximations of
LFP.F , whereas in the case of the greatest fixpoint, in the end what she tries to show is
that the point in question belongs to some postfixpoint. Phrased differently, the game
characterization of the greatest fixpoint of F uses the Knaster-Tarski characterization
(8), whereas the characterization of the least fixpoint uses the ordinal approximation
of Corollary 3.7. "

3.3 Algebraic semantics for the modal µ-calculus

Basic definitions

In order to define the algebraic semantics of the modal µ-calculus, we need to consider
formulas as operations on the power set of the (state space of a) transitions system,
and we have to prove that such operations indeed have least and greatest fixpoints. In
order to make this precise, we need some preliminary definitions.

Definition 3.16 Given an LTS S = 〈S, V, R〉 and subset X ⊆ S, define the valuation
V [x 2→ X] by putting

V [x 2→ X](y) :=

{
V (y) if y /= x,
X if y = x.

Then, the LTS S[x 2→ X] is given as the structure 〈S, V [x 2→ X], R〉. "

Now inductively assume that [[ϕ]]S has been defined for all LTSs. Given a labelled
transition system S and a propositional variable x ∈ P, each formula ϕ induces a map
ϕS

x : ℘(S) → ℘(S) defined by
ϕS

x(X) := [[ϕ]]S[x &→X]

Example 3.17 a) Where ϕa = p ∨ x we have (ϕa)S
x(X) = [[p ∨ x]]S[x &→X] = V (p) ∪X.

b) Where ϕb = ¬x we have (ϕb)S
x(X) = [[¬x]]S[x &→X] = S \ X.

c) Where ϕc = p ∨!dx we find (ϕc)S
x(X) = [[p ∨!dx]]S[x &→X] = V (p) ∪ 〈Ra〉X.

d) Where ϕd = !d¬x we find (ϕd)S
x(X) = [[!d¬x]]S[x &→X] = 〈Ra〉(S \ X). "
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Alternatively but equivalently, X is a fixpoint of ϕS
x iff S[x 2→ X] ! x ↔ ϕ.

Likewise, X is a prefixpoint of ϕS
x iff S[x 2→ X] ! ϕ → x, and a postfixpoint of ϕS

x iff
S[x 2→ X] ! x → ϕ. Here we write S, s ! ϕ for s ∈ [[ϕ]]S.

Example 3.18 Consider the formulas of Example 3.17.
a) The sets V (p) and S are fixpoints of ϕa, as is in fact any X with V (p) ⊆ X ⊆ S.
b) Since we do not consider structures with empty domain, the formula ¬x has no

fixpoints at all. (Otherwise we would find X = ∼SX for some S /= ∅, a contradiction.)
c) Two fixpoints of ϕc were already given in Example 2.1.
d) Consider any model Z = 〈Z, S, V 〉 based on the set Z of integers, where S =

{(z, z + 1) | z ∈ Z} is the successor relation. Then the only two fixpoints of ϕd are the
sets of even and odd numbers, respectively. "

In particular, it is not the case that every formula has a least fixpoint. If we can
guarantee that the induced function ϕS

x of ϕ is monotone, however, then the Knaster-
Tarski theorem (Theorem 3.4) provides both least and greatest fixpoints of ϕS

x. Precisely
for this reason, in the definition of fixpoint formulas, we imposed the condition in the
clauses for ηx.ϕ, that x may only occur positively in ϕ. As we will see, this condition
on x guarantees monotonicity of the function ϕS

x.

Definition 3.19 Given a µPML-formula ϕ and a labelled transition system S =
〈S, V, R〉, we define the meaning [[ϕ]]S of ϕ in S, by the following formula induction:

[[⊥]]S = ∅
[[&]]S = S
[[p]]S = V (p)
[[¬p]]S = S \ V (p)
[[ϕ ∨ ψ]]S = [[ϕ]]S ∪ [[ψ]]S

[[ϕ ∧ ψ]]S = [[ϕ]]S ∩ [[ψ]]S

[[!dϕ]]S = 〈Ra〉[[ϕ]]S

[[#dϕ]]S = [Ra][[ϕ]]S

[[µx.ϕ]]S =
⋂

PRE(ϕS
x)

[[νx.ϕ]]S =
⋃

POS(ϕS
x)

Here the map ϕS
x, for x ∈ P, is (inductively) given by ϕS

x(X) = [[ϕ]]S[x &→X]. "

Theorem 3.20 Let ϕ be an µPML-formula, in which x occurs only positively, and let
S be a labelled transition system. Then [[µx.ϕ]]S = LFP.ϕS

x, and [[νx.ϕ]]S = GFP.ϕS
x.

Proof. This is an immediate consequence of the Knaster-Tarski theorem, provided we
can prove that ϕS

x is monotone in x if all occurrences of x in ϕ are positive. We leave
the details of this proof to the reader (see Exercise 3.2). qed
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Immediate consequences

It follows from the definitions that the set µPML is closed under taking negations.
Informally, let ∼ϕ be the result of simultaneously replacing all occurrences of & with
⊥, of p with ¬p (for free variables p), of ∧ with ∨, of #d with !d, of µx with νx, and
vice versa, while leaving occurrences of bound variables unchanged. As an example,
∼(µx.p ∨!x) = νx.¬p ∧#x. Formally, we define ∼ as follows.

Definition 3.21 Given a modal fixpoint formula ϕ, define ∼ϕ inductively as follows:

∼⊥ := & ∼& := ⊥
∼¬p := p ∼p := ¬p
∼ϕ ∨ ψ := ∼ϕ ∧ ∼ψ ∼ϕ ∧ ψ := ∼ϕ ∨ ∼ψ
∼#dϕ := !d∼ϕ ∼!dϕ := #d∼ϕ
∼µx.ϕ := νx.∼ϕ[x/¬x] ∼νx.ϕ := µx.∼ϕ[x/¬x]

Here ϕ[x/¬x] is the formula ϕ with (note!) all occurrences of ¬x replaced with x. "

Perhaps the clause for the fixpoint operators requires some explanation. Consider
for instance the case of ∼µx.ϕ. First observe that since in ϕ no x occurs in a subformula
¬x, in ∼ϕ all occurrences of x are negated. Hence, if we replace every occurrence of ¬x
with x, we again obtain a formula in which no occurrence of x is below a negation sign,
and hence, we may legitimately put a fixpoint operator in front of ∼ϕ[¬x/x]. Note
that the net effect of these syntactic transformations is that the bound variables of a
fixpoint formula remain unchanged. As an example, the reader is invited to check that,
indeed, ∼(µx.p ∨!x) = νx.¬p ∧#x.

The following proposition states that ∼ indeed functions as a standard Boolean
negation. We let ∼SX = S \ X denote the complement of X in S.

Proposition 3.22 Let ϕ be a modal fixpoint formula. Then ∼ϕ corresponds to the
negation of ϕ, that is,

[[∼ϕ]]S = ∼S[[ϕ]]S (11)

for every labelled transition system S.

Proof. We prove this proposition by induction on the complexity of ϕ. Leaving all
other cases as exercises for the reader, we concentrate on the inductive case where ϕ is
of the form µx.ψ.

In this case, the right hand side of (11), denotes the complement of the least fixed
point of the operation ψS

x. By Proposition 3.12, this is the same as the greatest fixpoint

of the dual map ψ̃S
x given by ψ̃S

x(A) := ∼SψS
x(∼SA). The left hand side of (11) denotes

the greatest fixpoint of the map (∼ψ[x/¬x])S
x. Thus we are done if we can show that

(∼ψ[x/¬x])S
x = ψ̃S

x. (12)
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For this purpose, take an arbitrary set A ⊆ S. Since all occurrences of x in∼ψ are inside
a subformula ¬x, it follows that (∼ψ[x/¬x])S

x(A) = (∼ψ)S
x(∼SA) = [[∼ψ]]S[x &→∼SA].

Inductively, this is identical to the set ∼S[[ψ]]S[x &→∼SA] = ∼SψS
x(∼SA).

This proves (12), and hence, the proposition. qed

Remark 3.23 It follows from the Proposition above that we could indeed have based
the language of the modal µ-calculus on a far smaller alphabet of primitive symbols.
Given sets P and D of proposition letters and atomic actions, respectively, we could
have defined the set of modal fixpoint formulas using the following induction:

ϕ ::= & | p | ¬ϕ | ϕ ∨ ϕ | !dϕ | µx.ϕ

where p, x ∈ P, a ∈ D, and in µx.ϕ, all free occurrences of x must be positive (that is,
under an even number of negation symbols). Here we define FV (¬ϕ) = FV (ϕ) and
BV (¬ϕ) = BV (ϕ).

In this set-up, the connectives ∧ and #d are defined using the standard abbrevia-
tions, while for the greatest fixpoint operator we may put

νx.ϕ := ¬µx.¬ϕ(¬x).

Note the triple use of the negation symbol that is required to maintain the positivity
of x — explained by the earlier remarks. "

Earlier on we defined the notions of clean and guarded formulas.

Proposition 3.24 Every fixpoint formula is equivalent to a clean one.

Proof. We leave this proof as an exercise for the reader. qed

Proposition 3.25 Every fixpoint formula is equivalent to a guarded one.

Proof.(Sketch) We prove this proposition by formula induction. Clearly the only non-
trivial case to consider concerns the fixpoint operators. Consider a formula of the
form ηx.δ(x), where δ(x) is guarded and clean, and suppose that x has an unguarded
occurrence in δ.

First consider an unguarded occurrence of x in δ(x) inside a fixpoint subformula,
say, of the form θy.γ(x, y). By induction hypothesis, all occurrences of y in γ(x, y)
are guarded. Obtain the formula δ from δ by replacing the subformula θy.γ(x, y) with
γ(x, θy.γ(x, y)). Then clearly δ is equivalent to δ, and all of the unguarded occurrences
of x in δ are outside of the scope of the fixpoint operator θ.

Continuing like this we obtain a formula ηx.δ(x) which is equivalent to ηx.δ(x),
and in which none of the unguarded occurrences of x lies inside the scope of a fixpoint
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operator. That leaves ∧ and ∨ as the only operation symbols in the scope of which we
may find unguarded occurrences of x.

From now on we only consider the case that η = µ, the case where η = ν is very
similar. Clearly, using the laws of classical propositional logic, we may bring the formula
δ into conjunctive normal form

(x ∨ α1(x)) ∧ · · · ∧ (x ∨ αn(x)) ∧ β(x), (13)

where all occurrences of x in α1, . . . , αn and β are guarded. (Note that we may have
β = &, or αi = ⊥ for some i.)

Clearly (13) is equivalent to the formula

δ′(x) := (x ∨ α(x)) ∧ β(x),

where α = α1 ∧ · · · ∧ αn. Thus we are done if we can show that

µx.δ′(x) ≡ µx.α(x) ∧ β(x). (14)

Since α ∧ β implies δ′, it is easy to see (and left for the reader to prove) that µx.α ∧ β
implies µx.δ′. For the converse, it suffices to show that ϕ := µx.α(x) ∧ β(x) is a
prefixpoint of δ′(x). But it is not hard to derive from ϕ ≡ α(ϕ) ∧ β(ϕ) that

δ′(ϕ) = (ϕ ∨ α(ϕ)) ∧ β(ϕ) ≡ ((α(ϕ) ∧ β(ϕ)) ∨ α(ϕ)) ∧ β(ϕ) ≡ α(ϕ) ∧ β(ϕ) ≡ ϕ,

which shows that in fact, ϕ is a fixpoint, and hence certainly a prefixpoint, of δ′(x).
qed

Combining the proofs of the previous two propositions one easily shows the follow-
ing.

Proposition 3.26 Every fixpoint formula is equivalent to a clean, guarded one.

3.4 Adequacy

In this section we prove the prove the equivalence of the two semantic approaches
towards the modal µ-calculus. Since the algebraic semantics is usually taken to be the
more fundamental notion, we refer to this result as the Adequacy Theorem: informally,
it states that games are an adequate way of working with the algebraic semantics.

Theorem 3.27 (Adequacy) Let ξ be a clean µPML-formula. Then for all labelled
transition systems S and all states s in S:

s ∈ [[ξ]]S ⇐⇒ (ξ, s) ∈ Win(E(ξ, S)). (15)
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Proof. The theorem is proved by induction on the complexity of ξ. We only discuss
the inductive step where ξ is of the form ηx.δ, leaving the other cases as exercises to
the reader.

To start with, by definition of the map δS
x and the inductive hypothesis we have, for

all A ⊆ S,
s ∈ δS

x(A) ⇐⇒ (δ, s) ∈ Win(E(δ, S[x 2→ A]). (16)

Comparing (15) and (16), it will be important to observe that G := E(ξ, S) and GA :=
E(δ, S[x 2→ A]) are very similar games. For a start, the positions of the two games are
effectively the same. Positions of the form (ξ, t), which exist in the first game but not
in the second, are the only exception — but in G, any position (ξ, t) is immediately
and automatically succeeded by the position (δ, t) which does exist in the second game.
The only real difference between the games shows up in the rule concerning positions
of the form (x, u). In GA, x is a free variable (x ∈ FV (δ)), so in a position (u, x) the
game is over, the winner being determined by u being a member of A or not. In G
however, x is bound, so in position (x, u), the variable x will get unfolded.

In order to prove (15) for ξ = ηx.δ, by definition of [[ηx.δ]]S and Proposition ??, it
suffices to show that

s ∈ Win∃(Uη(δS
x)) ⇐⇒ (ξ, s) ∈ Win(E(ξ, S)). (17)

In other words, the key insight in proof of the inductive step concerns the transformation
winning strategies for ∃ from one game to another. The fundamental link between the
two kinds of games in (17) is to think of E(ξ, S) as the unfolding game U := Uη(δS

x)
where each round of U corresponds to a version of the game GA for some (dynamically
varying) set A. We are now ready for the details of the proof.

For the direction from left to right of (17), suppose that ∃ has a winning strategy in
the game U starting at some position s0. Without loss of generality (see Exercise 3.4)
we may assume that this strategy is positional, so we may represent it as a map T :
S → ℘(S). By the legitimacy of this strategy, for every s ∈ Win∃(U) it holds that
s ∈ δS

x(Ts). So by the inductive hypothesis (16), for each such s we may assume the
existence of a winning strategy fs for ∃ in the game GTs@(δ, s). Given the similarities
between the games G@(x, s) and GTs@(δ, s) (see the discussion above), this strategy
is also valid in the game G@(x, s), at least, until a new position of the form (x, t) is
reached.

This suggests the following strategy g for ∃ in G@(ξ, s0):

• after the initial automatic move, the position of the match is (δ, s0); ∃ first plays
her strategy fs0 ;

• each time a position (x, s) is reached, distinguish cases:

(a) if s ∈ Win∃(U) then ∃ continues with fs;
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(b) if s /∈ Win∃(U) then ∃ continues with a random strategy.

First we show that this strategy guarantees that whenever a position of the form
(x, s) is visited, s belongs to Win∃(U), so that case (b) mentioned above never occurs.
The proof is by induction on the number of positions (x, s) that have been visited
already. For the inductive step, if s is a winning position for ∃ in U , then, as we saw,
fs is a winning strategy for ∃ in the game GTs@(δ, s). This means that if a position of
the form (x, t) is reached, the variable x must be true at t in the model S[x 2→ Ts], and
so t must belong to the set Ts. But by assumption of the map T : S → ℘(S) being a
winning strategy in U , any element of Ts is again a member of Win∃(U).

In fact we have shown that every unfolding of the variable x in G marks a new round
in the unfolding game U . To see why the strategy g guarantees a win for ∃ in G@(ξ, s0),
consider an arbitrary G@(ξ, s0)-match π in which ∃ plays g. Distinguish cases.

First suppose that x is unfolded only finitely often. Let (x, s) be the last basic
position in π where this happens. Given the similarities between the games G and
GTs , the match from this moment on can be seen as both a g-conform G-match and an
fs-conform GTs-match. As we saw, fs is a winning strategy for ∃ in the game GTs@(δ, s).
But since no further position of the form (x, t) is reached, and G and GTs only differ
when it comes to x, this means that π is also a win for ∃ in G.

If x is unfolded infinitely often, then because it is the highest variable of ξ, ∃ can
only be the winner of the match π if x is a greatest fixpoint variable. In other words, we
have to verify that η = ν. Suppose that s1, s2, . . . are the positions where x is unfolded.
Then it easy to verify that the sequence s0Ts0s1Ts1 . . . constitutes a U -match in which
∃ plays her strategy T . Since this strategy was supposed to be winning, we must be
dealing with an unfolding game Uη for a greatest fixpoint, that is, we are indeed dealing
with the case η = ν.

For the converse implication of (17), assume that ∃ has a winning strategy, say
f , in the game G@(ξ, s0). We need to supply her with a winning strategy in the
unfolding game U@s0. The basic idea is that while playing U , ∃ builds an f -conform
shadow match of G@(ξ, s0) such that the positions in the U -match of the form si exactly
correspond to the basic positions of the form (δ, si) in the G-match.

Clearly this holds for the initial position, where the partial U -match consists of
the trivial sequence s0. As the associated partial G-match we may take the sequence
(ηx.δ, s0)(δ, s0). Inductively suppose that ∃ has kept the above condition for a partial
match π of U@s0 with last(π) = sk. Let s0, . . . , sk (in that order) be the state positions
in π. By the inductive assumption, there is a f -conform partial match π̄ ending at
position (δ, sk) (and in which (δ, s0), . . . , (δ, sk) are the successive positions of the form
(δ, s)). Let Tπ be the set of states t ∈ S for which there is some partial g-conform
match ρ, extending π̄, with last(ρ) of the form (x, t), and which has no proper initial
segment with these properties. That is, in the continuation (x, t) is the first position
where x is unfolded. This set Tπ will be ∃′s move in U .
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We first show that Tπ is actually a legitimate move. We only consider the case
where k = 0. (The general case, which is conceptually the same but technically slightly
more involved, is left as an exercise to the reader.)

The main observation in this proof is that ∃’s strategy f , by assumption a winning
strategy for her in the game G@(δ, s0), also is winning for her in the game GTπ@(δ, s0).
To see why this is so, conclude from the similarities between G and GTπ that f is well-
defined and legitimate as a strategy in the latter game. Now consider an f -conform
(full) match ρ of GTπ@(δ, s0). In case ρ contains a position of the form (x, t), this must
be the final position since x cannot be unfolded in GTπ . Then by definition of Tπ we
obtain t ∈ Tπ. Thus seen as a GTπ -match, ρ is won by ∃. If on the other hand ρ does
not contain any position of the form (x, t), given that G and GTπ completely coincide
as long as x does not come into the picture, it follows that ρ can also be seen as a full
G-match. And since ρ is conform the strategy f , its winner in G is ∃. But then, once
more by the fact that ρ contains no x-positions, its winner in GTπ must be ∃ too. In
other words, we have prove that (δ, s0) is a winning position for for ∃ in GTπ . Then by
the inductive hypothesis, s0 belongs to the set δS

x(Tπ), which amounts to saying that
indeed Tπ is a legitimate move for ∃ at s0 in U .

Second, we prove that ∃ can keep the mentioned condition concerning the shadow
match for one more round of U . This proof is in fact easy. Suppose that in U , following
∃’s move Tπ, ∀ picks an element sk+1 ∈ Tπ, thus constituting a partial U -match ρ =
πTπsk+1. By definition of Tπ, there is a partial g-conform match ρ̄, extending π̄, with
last(ρ̄) of the form (x, t), and which is minimal (in length) with respect to these two
properties. It is then straightforward to verify that ρ̄ has all the required properties.
In particular, the fact that ρ̄ is a minimal extension of π̄ ending in a position (x, t)
with t ∈ Tπ, ensures that the successive positions of the form (δ, s) in ρ are exactly
(δ, s0), . . . , (δ, sk+1), as required.

Finally, in order to see why this strategy is winning for ∃, observe that it follows
from the set-up that she never gets stuck, so we only have to worry about infinite
matches. Let s0s1s2 . . . be the sequence of state positions in such an infinite match
of U . In the associated G-match, each state si corresponds to a position of the form
(δ, si). This can only be the case if the variable x is unfolded infinitely often, and since
the G-match is conform ∃’s winning strategy g, this cannot happen if x is a µ-variable.
But then x is a ν-variable, and so η = ν and hence the U -match is won by ∃. qed

Convention 3.28 In the sequel we will use the Adequacy Theorem without further
notice. Also, we will write S, s ! ϕ in case s ∈ [[ϕ]]S.

Exercises

Exercise 3.1 Prove Proposition 3.6: show that monotone maps on complete lattices
are inductive.
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Exercise 3.2 Prove Theorem 3.20.
(Hint: given complete lattices C and D, and a monotone map f : C × D → C, show
that the map g : D → C given by

g(d) := µx.f(x, d)

is monotone. Here f(x, d) is the least fixpoint of the map fd : C → C given by
fd(c) = f(c, d).)

Exercise 3.3 Let F : ℘(S) → ℘(S) be a monotone operation, and let γF be its closure
ordinal. Sharpen Corollary 3.7 by proving that the cardinality of γF is bounded by |S|
(rather than by |℘(S)|).

Exercise 3.4 Prove that the unfolding game of Definition 3.13 satisfies memoryless
determinacy. That is, show that . . .


