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Figure 5.1: The single atom hyperfine diagrams for °Li and 4°K. The curves correspond
to the eigenvalues of H" and are labeled by the zero field quantum numbers |fm )

V resulting from all Coulomb interactions between the nuclei and electrons of both atoms
! These central interactions depend only on the quantum number S associated with the
magnitude of the total electron spin S = s, + sg, therefore they can be decomposed as
V =) ¢|5)Vs(S| where the potential Vg is either the singlet (S = 0) or triplet (S = 1)
potential. Note that for central interactions the two-body solutions will depend on or-
bital quantum number [, but not on its projection m;. Both these quantum numbers are
conserved.

We specify the ABM basis states [¢,) as [¢5')|Smgpaps). Here we define the spin basis
states |Smgpaptp) via spin quantum number S and the magnetic quantum numbers mg,
o, and pg of the S, i, and ig operators respectively. The sum mp = mg + o + ps is
conserved, therefore limiting the number of spin states involved. The bound states for the
singlet and triplet potentials, characterized by the vibrational and orbital quantum num-
bers v and [, satisfy the eigenvalue equation for the relative motion, where we projected
H*! on a specific S and [ state:

h2 d2 l v,l vl vl
T odr + Vs(r) | vg (r) = €5 ¥g (7). (5.4)

Here %' (1) = (r|y%") is the relative reduced wavefunction, r the interatomic separation,
and Vi(r) = 1(1 + 1)R?/(2ur?) + Vs(r). The corresponding binding energies are given by
eg’l. In this paper we focus on heteronuclear systems, however, the ABM works equally
well for homonuclear systems. In the latter case one would rather use a symmetrized spin
basis |SmsImy), where I is the total nuclear spin and m; is the magnetic quantum number
for T as described in Ref. [82].

Now that we have defined a complete basis, the internal Hamiltonian can be written as
Hine = H;' +H,;,, where the H;. part gives rise to hyperfine coupling within the separate
singlet and triplet subspaces, while H_, takes care of the coupling between the singlet

and triplet manifolds. The latter term was neglected in the models of Refs. [82, 178].

For central interactions the orbital angular momentum is conserved, therefore we can solve
Eq. (5.2) separately for every [-subspace:

!The much weaker magnetic dipole-dipole interactions are neglected.
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det |, (Smspaps] <eg’l +H — E) v

0§ Hin | S Mis e, it) v 1| = 0. (5.5)

Here 77;’:9// = g’l|1/zgl,’l> is the Franck-Condon factor which value generally is in the range
0 < |ng'§,| < 1, while only bound states within the same potential Vi(r) are exactly

orthonormal: ( g’lwg/’l} =y

5.2.3 Free parameters

The free parameters of the ABM are the binding energies eg’l and the Franck-Condon
factors ng:g, describing the relative motion. These parameters can be obtained in a variety
of manners. Here we discuss three methods which will be demonstrated in Sect. 5.3l
First, if the scattering potentials V(r) are very well known, the bound state wavefunctions
of the vibrational levels can be obtained by solving equation for eg’l < 0. Numerical
values of the Franck-Condon factors follow from the obtained eigenstates. This method
is very accurate and can be extended to deeply bound levels, however accurate model
potentials are only available for a limited number of systems.
A second method to obtain the free parameters is useful when the potentials are not
very well or only partially known. For large interatomic distances the potentials can be
parameterized by the asymptotically correct dispersion potential

Vi =-2, (5:6)
however, at short range this expression is no longer correct. Therefore we account for
the inaccurate inner part of the potential by a boundary condition based on the accumu-
lated phase method [86]. This boundary condition has a one-to-one relationship to the
interspecies s-wave singlet and triplet scattering lengths. This method would then require
only three input parameters: the van der Waals Cy coefficient and the singlet (ag) and
triplet (ar) scattering lengths. For an accurate description involving deeper bound states
the accumulated phase boundary condition needs more parameters than only a scattering
length.
The last method to obtain the free parameters is by comparing predicted positions of
Feshbach resonances directly to experimental cold collision data, for instance by comparing
it to atom loss. A loss feature spectrum can be obtained by holding an ultracold sample
for a given time period at a particular magnetic field. The binding energies and Franck-
Condon factors are obtained by fitting the calculated threshold crossings,which are the
positions of the Feshbach resonances to the loss features. We used this method in Ref. [17],
where it has proven to be very powerful due to the small computational time required to
solve the eigenvalue equation.
The number of fit parameters is determined by the number of bound states which have
to be considered. Depending on the atomic species and the magnetic field, a selected
number of vibrational levels eg’l have to be taken into account. This number can be
estimated by considering the maximum energy range involved. An upper bound results
from comparing the maximum dissociation energy of the least bound vibrational level D*
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with the maximum internal energy of the atom pair iy max- Using the dissociation energy
of the N,-th vibrational level from [I80] we obtain:

int,max

L/
N, ~ g\/ﬁT6E1/3 (5.7)

where h is Planck’s constant and ¢ is a numerical constant. Ejn max is given by the sum
of four terms; the hyperfine splitting of each of the two atoms at zero field, the maximum
Zeeman energy for the free atom pair and the maximum Zeeman energy for the molecule.
The constant ¢ can be evaluated semi classically, yielding ¢ = 1.8294 [180], or numerically
using the accumulated phase method, yielding ( = 1.643, in the following we will use the
latter.

5.2.4 Asymptotic bound states

The most crucial parameters for ABM are the binding energies eg’l, however, for accurate
predictions of the Feshbach resonance positions, one also needs a rather accurate value for
the Franck-Condon factors. For weakly bound states these factors are mainly determined
by the binding energy difference between the bound states, rather than the potential
shape. Therefore good approximations can be made with little knowledge of the scattering
potential. For bound states with r. > ro, where r. is the classical turning point and

1 /2uCs\ "
ro = 5( /;126) (58)

is the van der Waals range of the interaction potential, most of the probability density is at
internuclear distances where the potential shape is unimportant. These bound states are
commonly denoted as halo states[I81]. The wavefunction is well described by ¢ (r) ~ e™"",
where Kk = \/—2ue/h? is the wavevector corresponding to a bound state with binding
energy €. The Franck-Condon factor of two weakly bound states with wavevectors sy and

k1 is given by

2\/Kok1

(tolthr) = . (5.9)
This approximation is valid for states with r. > rq, i.e., for binding energies of |e| < Cg/r5.
The calculation of the Franck-Condon factors can be extended to deeper bound states
by including the dispersive van der Waals tail. For r > rx where rx is the radius where
the van der Waals interaction equals the exchange interaction, the potential is well de-
scribed by —Cg/r%. The Franck-Condon factors can be calculated by numerically solving
the Schrédinger equation in the —Cg/r® potential for ry < r < oo [182]. This
method can be used for much deeper bound states, where r. > rx. We will define asymp-
totic bound states as states for which r. > rx. If even deeper bound states, with r. < rx,
have to be taken into account, the potential can be extended by including the exchange
interaction [79], or by using full model potentials.
To illustrate the validity of describing Feshbach resonances by asymptotic bound states we
calculate the Franck-Condon factor for a contact potential (halo states), a van der Waals
potential (asymptotic bound states) and a full model potential including short range be-
havior. Figure |5.2| shows the Franck-Condon factor njj for °Li-*°K calculated numerically
for the model potential, van der Waals potential, and analytically using equation .
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The van der Waals coefficient used is Cg = 2322E,af, where Ej, = 4.35974 x 107'8J and
ag = 0.05291772nm [I83]. The nj; has been plotted as a function of the triplet bind-
ing energy €; for three different values of the singlet binding energy ¢y. It is clear that
the contact potential is only applicable for ¢/h < 100MHz, hence only for systems with
resonant scattering in the singlet and triplet channels. The approximation based on the
Cs potential yields good agreement down to binding energies of ¢ < h x 40GHz, which
is much more than the maximum possible vibrational level splitting of the least bound
states (D* = h x 8.2GHz). The black circle indicates the actual Franck-Condon factor for
the least bound state of Li-**K. For the contact, van der Waals and model potentials we
find nii = 0.991, i = 0.981 and n}{ = 0.979 respectively.

5.3 Application to various systems

In this section we demonstrate the versatility of the ABM by applying it to three different
systems using the three different approaches as discussed in Sect. [5.2.3]

5.3.1 SLi—“K

Both SLi and °K have electron spin s = 1/2, therefore the total electron spin can be
singlet S = 0 or triplet S = 1. We intend to describe all loss features observed in Ref.
[17]. Since all these features where observed for magnetic fields below 300G we find that,
by use of Eq. (5.7), it is sufficient to take only the least bound state (v = 1) of the
singlet and triplet potential into account. This reduces the number of fit parameters to
e(l)’l and e}’l. Subsequently, we parameterize the [ > 0 bound state energies by making
use of model potentials as described by [184] [46] E] This allows us to reduce the number
of binding energies to be considered to only two: 6(1)’0 = ¢y and 61’0 = €;. We now turn
to the Franck-Condon factor nj; of the two bound states. As discussed in Sect. its
value is nii = 0.979 and can be taken along in the calculation or approximated as unity.
We first, consider the case of nj; = 1, this reduces the total number of fit parameters to
only two. We fit the positions of the threshold crossings to the 13 observed loss features
reported in Ref. [I7] by minimizing the x? value while varying ¢, and ;. We obtain
optimal values of €y/h = 716(15)MHz and ¢,/h = 425(5)MHz, where the error bars
indicate one standard deviation. In Fig. the threshold and spectrum of coupled bound
states with mp = +3(—3) is shown for positive (negative) magnetic field values. The
color scheme indicates the admixture of singlet and triplet contributions in the bound
states. Feshbach resonances will occur at magnetic fields where the energy of the coupled
bound state and the scattering threshold match. The strong admixture of singlet and
triplet contributions at the threshold crossings emphasizes the importance of including the
singlet-triplet mixing term H,, in the Hamiltonian. All 13 calculated resonance positions
have good agreement with the coupled channel calculations as described in Ref. [17],
verifying that the ABM yields a good description of the threshold behavior of the SLi—4°K
system for the studied field values.

We repeat the y? fitting procedure now including the numerical value of the overlap. The
net for both the s-wave and p-wave bound states are calculated numerically while varying

2Note that this procedure can also be applied with only a Cg coefficient by utilizing the accumulated
phase method
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Figure 5.2: The Franck-Condon factor n¢i for the 61i-*0K system calculated as a function
of the triplet binding energy €; for three different values of ¢y/h = 7.16 MHz, ¢y/h = 716
MHz and €y/h = 7.16 x 10* MHz. n}} is calculated for a model potential (dashed blue), a
—Cg/7% potential (solid red) and a contact potential, equation (5.9) (dash-dotted green).
The black circle indicates the actual value for the least bound state of SLi-*K (eo/h =
716MHz and €1 /h = 425MHz). The nodes in nji correspond to deeper lying vibrational
states.
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Figure 5.3: Here we have calculated the energies of all the coupled bound states
for SLi-*K with total spin mp +3. The black solid line indicates the thresh-
old energy of the entrance channel |[{1/2,+1/2}14;{9/2,+5/2}k) for B < 0 and
{1/2,+1/2}14;{9/2,—7/2}k) for B > 0. The grey area represents the scattering con-
tinuum and the (colored) lines indicate the coupled bound states. Feshbach resonances
occur when a bound state crosses the threshold energy. The color scheme indicates the
admixture of singlet and triplet contributions in the bound states. The strong admixture
near the threshold crossings at B ~ 150G demonstrate the importance of the singlet-
triplet mixing in describing Feshbach resonance positions accurately. Since in the ABM
the coupled bound states are not coupled to the entrance channel, they exist even for
E > Ey,.
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€o and €;. This fit results in a slightly larger x? value with corresponding increased discrep-
ancies in the resonance positions. However, all of the calculated resonance positions are
within the experimental widths of the loss features. Therefore, the analysis with n}] = 1
and n}{ = 0.979 can be safely considered to yield the same results within the experimental

accuracy.

5.3.2 YK-83"Rb

We now turn to the “°K-3"Rb mixture to demonstrate the application of the ABM model
to a system including multiple vibrational levels and multiple non-trivial values for the
overlap. Although accurate K-Rb scattering potentials are known [I85], we choose to
use the accumulated phase method as discussed in Sect. using only three input
parameters to demonstrate the accuracy of the ABM for a complex system like “°K-8"Rb.
We solve the radial Schrodinger equation for Vi(r) = —Ce/r% and €' = h?k*/2u
where £k — 0. We obtain the accumulated phase at r;,, = 18ay by imposing a boundary
condition at r — oo using the s-wave phase shift §, = arctan(—ka), where a the s-wave
scattering length. Subsequently we obtain binding energies for the three last bound states
of the singlet and triplet potential by solving the same equation but now with the
accumulated phase at r = r;;, and (r — oo0) = 0 as boundary conditions. We numerically
calculate the Franck-Condon factors by normalizing the wavefunctions for r > r;,, thereby
neglecting the part of the wavefunction in the inner part of the potential (r < r;,). This
assumption becomes less valid for more deeply bound states. We use as input parameters
Co = 4274Eya$ [183), as = —111.5a¢9 and ap = —215.6a¢ [I85]. Figure [5.4] shows the
spectrum of bound states with respect to the threshold energy for the mixture of 4°K
If =9/2,m; =—9/2 > and ¥Rb |f = 1,m; = +1 > states. The red curves indicate the
result of the ABM model and the blue curves are full coupled channel calculations [186].
The agreement between the two models is satisfactory, especially for the weakest bound
states close to the threshold. The large negative scattering lengths indicates the presence
of virtual bound states in both the singlet and triplet potentials. However, taking only the
bound states into account already yields a good result. A conceptually different analysis
of the K-Rb system using only three input parameters has been performed by Hanna, et
al. [177].

5.3.3 *He* - ‘He*

In this section we briefly turn to the application of the ABM to a system of two two-
electron atoms, namely the Fermi-Bose mixture of metastable helium-3 and helium-4.
This system has recently been experimentally realized [39] and magnetic field tuning of
the interaction parameters are of great interest. Up to now no field induced resonances have
been reported experimentally nor theoretically. Based on potentials known from literature
we calculate the binding energies of the least bound states and their corresponding Franck-
Condon factors. Using these values as input parameters for the ABM we are able to predict
Feshbach resonance positions. We use the adiabatic potential curves for the singlet (1'X})
and triplet (1°%}) potentials reported by Ref. [I87] and the quintet (1°X}) potential we
obtain from Ref. [188]. We obtain various Feshbach resonances at low magnetic field values.
Two resonances of specific interest are at B = 12.9G in the *He* |f = 3/2,m; = —1/2)
“He* |m; = —1) spin channel and at B = 8.7G in the *He* |f = 3/2,m; = +3/2)
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continuum

Figure 5.4: The bound state spectrum for “°K-8"Rb for mp = —7/2 plotted with respect
to the threshold energy Ey, of the 40K |f = 9/2,my = —=9/2 > + 8TRb |f = I,my =
+1 > hyperfine mixture. Red lines are ABM calculations and the blue lines are numerical
coupled channels calculations. Good agreement between the two calculations is found in
particular for the weakest bound levels.

“He* |m; = 0) spin channel. Both resonance positions are mainly determined by the
accurately known quintet potential, and negligibly by the less accurately known triplet
potentials. For temperatures in the ultracold regime, penning ionization collisions in the
triplet potential are expected to be suppressed [189]. Spin exchange collisions of the *He*
|f = 3/2,m]c = —1/2>+4H€* |7TLJ = —1> —>3He* |f = 3/2,mf = —3/2>+4H€* ’ﬂ’LJ = 0>
type are suppressed for ultracold samples at B = 12.9G because a thermal activation
of ~ 580uK is required to drive the channel. Concluding, the B = 12.9G resonance is a
promising candidate for manipulating interspecies interactions in the *He* - ‘He* mixture.
However, due to the large background scattering length of the 3He* - *He* system, the
resonances are expected to be broad. Since the resonance position shifts by an amount
of the order of the resonance width (see below) the actual resonance positions might be
significantly different from the stated values.

5.4 Coupling to the open channel

The model, as introduced in section has so far been used to determine the position
of the Feshbach resonances. However, a Feshbach resonance is not only characterized by
its position, but also by its width. The resonance width is for a collision process inversely
proportional to the lifetime of the resonance. Its value plays an important role to deter-
mine whether a Feshbach resonance can be used to explore regimes of universal physics
for strongly interacting quantum gases. Wide s-wave resonances give rise to universal be-
havior and can be described by the scattering length only, while narrow resonances need
additional parameters such as the Effective Range parameter to describe the interactions
properly. For practical experimental considerations, a resonance should be sufficiently
wide to allow for an accurate control over the interaction strength.

The width of a resonance is determined by the coupling between the open collision thresh-
old channel, and the closed-channel bound state which gives rise to the Feshbach resonance
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[34, B5]. This coupling is contained in the AMB, however, to make it explicit in terms of a
useful matrix element, it is crucial to partition the total Hilbert space, which describes the
spin and spatial degrees of freedom, into two orthogonal subspaces P and Q. The open
channels are located in P space, and the closed channels in Q space. Within the ABM
approach we obtain the coupling between the open and closed channels without the actual
use of continuum states. In Sect. we present the Feshbach theory tailored to suit the
ABM, we give a mathematical description of the resonant coupling, and we demonstrate
from a two-channel model how the ABM bound state compares to the associated P-space
bound state, and to the dressed molecular state from which one can deduce the resonance
width. In Sect. we summarize the results such that the width of the Feshbach reso-
nances can be obtained for the general multi-channel case by performing two simple basis
transformations. For a more thorough treatment of the Feshbach formalism we refer the
reader to [34, B5] and for its application to cold atom scattering e.g. [82].

5.4.1 Tailored Feshbach theory

By introducing the projector operators P and (), which project onto the subspaces P
and Q, respectively, the two-body Schrédinger equation can be split into a set of coupled
equations [82]

(E —Hpp)|Vp) = Hpq|Vq), (5.10)
(E —Hee)Vq) = Hor|¥p), (5.11)

where |[Up) = P|V), [Vg) = Q|V), Hpp = PHP, Hpg = PHQ), etc. Within Q space the
Hamiltonian Hq is diagonal with eigenstates |¢g) corresponding to the two-body bound
state with eigenvalues eg. The energy F = h%k?/2u is defined with respect to the open
channel dissociation threshold.

We consider one open channel and assume that near a resonance it couples to a single
closed channel. This allows us to write the S matrix of the effective problem in P space

as [82]
B B m\(éﬁQ\HQP\‘I’D!Q
S(k) = Sp(k) (1 ) ) (5.12)

where |U}) are scattering eigenstates of Hpp, Sp(k) is the direct scattering matrix de-
scribing the scattering process in P space in the absence of coupling to Q space.

The complex energy shift A(E) describes the dressing of the bare bound state |¢pg) by
the coupling to the P space and is represented by

1
A(E) = <¢Q|HQPE+_—HPPHPQ‘¢Q>7 (5.13)
where ET = E + 5 with ¢ approaching zero from positive values. Usually the open
channel propagator [E™ — Hpp]~! is expanded to a complete set of eigenstates of Hpp,
where the dominant contribution comes from scattering states. To circumvent the use of
scattering states we expand the propagator to Gamow resonance states, which leads to a
Mittag-Leffler expansion [190)]

1 1o 192a) (0P
- = L B0 e (L .14
e Tl £ D s (5.14)

n=1
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where n runs over all poles of the Sp matrix. The Gamow state |Q2,,) is an eigenstate of
Hpp with eigenvalue ep, = h?k?/(2u). Correspondingly, the dual state |QF) = |Q,)*, is
an eigenstate of HJIBP with eigenvalue (ep,)*. Using these dual states, the Gamow states
form a biorthogonal set such that (Q22|Q,/) = 6,,,. For bound-state poles k, = ix,, where
kn, > 0, Gamow states correspond to properly normalized bound states.

We assume the scattering in the open channel is dominated by a single bound state
(k, = ixp). This allows us to write the direct scattering matrix in Eq. as

—9; —9; RKp — ik
S kj —e QZkabg —e 2Lka§g— 515
P(k) kp + ik (5.15)
where ayg is the open channel scattering length, and the P-channel background scattering
length afg is on the order of the range of the interaction potential afg ~ 19. Since we

only have to consider one bound state pole (with energy ep = —h%k%/2u) in P space,
the Mittag-Leffler series Eq. (5.14) is reduced to only one term. Therefore, the complex

energy shift Eq. (5.13)) reduces to
o —1A
n h2 Iip(k‘ — Z'de).

A(E) (5.16)
where A = (¢g|Hor|Qp) (22| Hpg|ég) is a positive constant. The coupling matrix element
between open-channel bound state and the closed-channel bound state responsible for the
Feshbach resonance is related to A.

The complex energy shift can be decomposed into a real and imaginary part such that
A(E) = Aves(E) — LI'(E). For energies E > 0 the unperturbed bound state becomes a
quasi-bound state: its energy undergoes a shift A, and acquires a finite width I'. For
energies below the open-channel threshold, i.e. £ < 0, A(FE) is purely real and I'(E) = 0.
In the low-energy limit, & — 0, Eq. reduces to

A(E) = A — iCE, (5.17)

where C' is a constant characterizing the coupling strength between P and Q space [82],
given by C' = A(2kplep|)™" and A = A(2|ep|)~!. Note that if the direct interaction is
resonant, |apg| > 7o, the energy dependence of the complex energy shift is given by [191]
A(E) = A — iCk(1 + ika®)™! where a” = k', yielding an energy dependence of the
resonance shift.

Since we consider one open channel, the (elastic) S-matrix element can be written as
e?9(k) where 0(k) is the scattering phase shift. The scattering length, defined as the limit
a=—tand(k)/k, (k— 0), is found to be

AB >’

awpwm@_B_%

(5.18)
which shows the well known dispersive behavior. The direct scattering process is de-
scribed by the scattering length ap, = afg + a®. At magnetic field value By, where the
dressed molecular state crosses the P-threshold, the scattering length has a singularity.
Near threshold, the shifted energy of the uncoupled molecular state, eg + A, can be ap-
proximated by Au(B — By). The field width of the resonance is found to be equal to
AB = C(apgAp)~t, where Ay is the magnetic moment difference of the molecular state
and the P-channel atoms.
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Figure 5.5: Different types of bound states, derived from a two-channel ABM model. The
unperturbed molecular Q space bound state (dot-dashed red) is dressed by the coupling to
P space, where €p is the uncoupled P space bound state (dot-dashed blue). Near threshold
of the open channel (solid blue) the energy curve of the dressed molecular Feshbach state
(solid black) will bend quadratically as a function of B and will cross the threshold at By.
The uncoupled Q space bound state crosses the threshold at Eg. For the original ABM

bound state (gray) no threshold effects are seen and the coupled bound state crosses at
By,

The dressed state can be considered as a (quasi-) bound state of the total scattering
system. The energy of these states is obtained by finding the poles of the total S matrix

Eq. (5.12)). This results in solving

(k —ikp) (B —eqg — A(E)) =0, (5.19)

for k. Due to the underlying assumptions, this equation is only valid for energies around
threshold where the open and closed channel poles dominate.

We apply the above Feshbach theory to a (fictitious) two-channel version of ABM, and
the results are shown in Fig. [5.5] This two-channel system is represented by a 2 x 2
Hamiltonian matrix, where there is only one open and one closed channel. The open and
closed channel binding energies ep resp. €g are given by the diagonal matrix elements,
while the coupling is represented by the (identical) off-diagonal matrix elements. The
closed channel bound state is made linearly dependent on the magnetic field, while the
coupling is taken constant. In addition to ep and eg, we plot the corresponding ABM
solution, which in this case is equivalent to a typical two-level avoided crossing solution.
The figure now nicely illustrates the evolution from ABM to the dressed ABM approach,
where the latter solutions are found from the two physical solutions of Eq. (5.19), which
are also plotted. Since the dressed ABM solutions account for threshold effects, they show
the characteristic quadratic bending towards threshold as a function of magnetic field.
From this curvature the resonance width can be deduced.
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5.4.2 The dressed Asymptotic Bound state Model

To illustrate the presented model for a realistic case, we will discuss the °Li-*K system
prepared in the |frmy,, fumyp) = [1/2,+1/2,9/2, —7/2) two-body hyperfine state as an
example throughout this section. This particular mixture is the energetically lowest spin
combination of the mrp = —3 manifold, allowing to consider only one open channel. We
note that the model can be utilized to cases containing more open channels.

In order to calculate the width of a Feshbach resonance using the method presented in
Sect. [5.4.1] three quantities are required: the binding energy of the open channel ep, of the
closed channel responsible for the Feshbach resonance €g, and the coupling term between
the two channels Hpg. In the following we will describe how to obtain these quantities
from the ABM by two simple basis transformations.

For ultracold collisions the hyperfine and Zeeman interactions determine the threshold
of the various channels and thus the partitioning of the Hilbert space into subspaces P
and Q, and therefore a natural basis for our tailored Feshbach formalism consists of the
eigenstates of H™. Experimentally a system is prepared in an eigenstate of the internal
Hamiltonian H™™. This channel will be referred to as the entrance channel. Performing
a basis transformation from the |Smgpuapg) states to the eigenstates of H™ allows us
to identify the open and closed channel subspace. The open channel has the same spin-
structure as the entrance channel.

We now perform a second basis transformation which diagonalizes within Q space without
affecting P space. We obtain the eigenstates of Hgg and are able to identify the bound
state responsible for a particular Feshbach resonance. The bare bound states of Q space are
defined as {|¢g,), |¢0,), - - -} with binding energies {eg,, €g,, - . .} For the one dimensional
P space, which is unaltered by this transformation, the bare bound state |Q2p) of Hpp
is readily identified with binding energy ep. In the basis of eigenstates of Hpp and Hgg
we easily find the coupling matrix elements between the i-th Q space bound state and
the open channel bound state (¢q,|Hop|2p). This gives the coupling constant A; =

(00, Haor|2p)(Q2p|Hpo|dg,) that determines the resonance field By by solving Eq. (5.19)
at threshold, which is for £ = 0:
A
€Q,€p = 7 (520)

The field width of this Feshbach resonance is proportional to the magnetic field differ-
ence between the crossings of the dressed (By) and uncoupled Q bound states (By) with
threshold since , b,
AB= (BB =LA
Qbg Qbg 2lep|Ap
We illustrate the dressed ABM for Li-K in Figs. [5.6|and [5.7] for mp = —3. To demonstrate
the effect of Hpg, we plotted for comparison both the uncoupled and dressed bound states
rﬂ. Details of near-threshold behavior (gray shaded area in Fig. are shown in Fig.
together with the obtained scattering length. We solved the pole equation of the total
S-matrix Eq. for each Q-state and plotted only the physical solutions which cause
Feshbach resonances. The dressed bound states show the characteristic quadratic bending
near the threshold. We have used Cg to determine 7 (& a{fg) from Eq.
Table summarizes the results of the dressed ABM for the Li-K mixture. Note that the

position of the Feshbach resonances will be slightly different compared to the results from

(5.21)

3For clarity only one of the two physical solutions is shown.
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Table 5.1: The positions of experimentally observed s-wave Feshbach resonances of
0Li—49K. Column 2 gives the °Li (my,,) and 9K (my, ) hyperfine states. For all resonances
fri =1/2and fr = 9/2. Note that the experimental width of the loss feature A Beyy, is not
the same as the field width AB of the scattering length singularity. Feshbach resonance
positions By and widths AB for 6Li-4°K as obtained by the dressed ABM, obtained by
minimizing x2. The last two columns show the results of full coupled channels (CC)
calculations. All magnetic fields are given in (G). The experimental and CC values for
mp < 0 and mp > 0 are taken from Ref. [I7] and [I8] respectively.

Experiment dressed ABM CC
mpe My M BO ABexp BO AB BO AB

5 -1, -3 215.6 1.7 2162 016 2156 0.25
-4 43,3 1576 L7 1576 0.08 158.2 0.15
-4 43, -3 1682 12 1685 0.08 168.2 0.10
3 43,3 149.2 1.2 1491 0.2  150.2  0.28
3 43, -3 159.5 1.7 1597 031 159.6  0.45
3 44, -3 1659 0.6 1659 0.0002 165.9 0.001
2 43, -3 141.7 14 1414 012 1430 0.36
2 43, -3 154.9 20 1548 050  155.1  0.81
2 44, -2 1627 1.7 1626 0.07 1629 0.60
+5 1, +9  11447(5) 1.5(5) 1159 091 11478 1.82

the regular ABM, for equal values of elgo. Therefore, we have again preformed a x? analysis
and we found new values of the binding energies ¢y = 713|MHz| and €; = 425|MHz|, which
yvields a lower x? minimum as compared to the ABM calculation.

The obtained value of AB generally underestimates the field width of a resonance. This
originates from the fact that only the dominant bound state pole corresponding to a®
has been taken into account. By including the pole of the dominant virtual state in the
Mittag-Leffler expansion, AB will increase, and the value of a;, will become more accurate.

5.5 Summary and Conclusion

We developed a novel method to describe Feshbach resonances. The model allows for fast
and accurate prediction of resonance positions and widths with very little experimen-
tal input. The combination of the ABM with the accumulated phase allows to describe
Feshbach resonances for a very large number of systems. We have demonstrated the ap-
plication on three very different systems. The model underestimates the resonance width
because we have neglected the dominant virtual state contribution in the Mittag-Leffler
expansion. A further improvement of the model would be to take the virtual states into
account. With this work we demonstrate that by performing simple matrix operations
Feshbach resonances can be accurately described, allowing for a broad application for
experiments working with ultracold gases.



104 Asymptotic Bound-state Model
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Figure 5.6: Dressed molecular states for Li-K for mp = —3 (black lines, see also Table
. The uncoupled Q and P bound states (Hpg = 0) are represented by the dot-dashed
lines (red and blue respectively), indicating the effect of the Hpg coupling.
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Figure 5.7: The dressed molecular states are shown near threshold (black). The field
width of a resonance is related to the magnetic field difference of where the dressed and
uncoupled © bound state cross the threshold.



Chapter 0
Feshbach resonances in Li-K

We explore the widths of interspecies Feshbach resonances in a mix-
ture of the fermionic quantum gases Li and “°K. Experimentally, we
obtain the asymmetric lineshape of the interspecies elastic cross sec-
tion by measuring the distillation rate of °Li atoms from an optically-
trapped Li /49K mixture as a function of magnetic field. This provides
us with the first experimental determination of the width of a reso-
nance in this mixture, AB = 1.5(5) G, being one of the broadest. We
present an extended version of the Asymptotic Bound-state Model
and show that this model offers a convenient method to estimate the
width and position of a large number of Feshbach resonances. Our re-
sults offer good perspectives for the observation of universal crossover
physics in this mixture.

This chapter has been submitted to PRL [18]

6.1 Introduction

A decade of experiments with degenerate fermionic quantum gases has delivered major
scientific advances as well as a whole new class of quantum many-body systems [7, 59,
95]. Feshbach resonances [192] played a central role in this development as they offer
exceptional control over the interatomic interactions at low-temperatures [62]. In gases
with the appropriate spin mixture the sign and magnitude of the s-wave scattering length
a can be tuned to any positive or negative value by choosing the proper magnetic field in
the vicinity of a resonance. In the case of fermionic atoms the role of Feshbach resonances is
especially remarkable because Pauli exclusion dramatically suppresses three-body losses
to deeply bound molecular states [I93, 29]. The tunability has been used with great
success in two-component Fermi gases of °Li and of °K to study and control pairing
mechanisms, both of the Cooper type on the attractive side of the resonance (a < 0) [194]
and of the molecular type on the repulsive side (a > 0) [I95]. In particular the universal
crossover from the superfluidity of a molecular Bose-Einstein condensate (BEC) towards
the Bardeen, Cooper, Schrieffer (BCS) limit received a lot of attention [196].

Recently the study of heteronuclear fermionic mixtures, in particular the SLi/*°K mix-
ture, has strongly gained in interest due to its additional mass imbalance. Experimentally
unexplored properties of these mixtures include: superfluidity [20], phase separation [21],
crystalline phases [197], exotic pairing mechanisms [I98] and long-lived trimers [30]. In
combination with spectroscopic measurements, precision measurements of Feshbach res-
onances can push the accuracy of the intermolecular potentials beyond the limitations
of the Born-Oppenheimer approximation [136]. In the first experiment with the 5Li/*K
mixture quantum degeneracy was reported by the Munich group, using a BEC of Rb
as a third species to assure thermalization of the fermions [199]. The basic interaction
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properties of the °Li/4°K system were established in experiments by the Innsbruck group
[17], in which the loss features of 13 Feshbach resonances were observed and assigned with
the computationally-light Asymptotic Bound-state Model (ABM) as well as with a full
coupled-channels analysis. The first °Li“°K molecules were recently reported from Munich
[44].

In this Letter we report the first observation of the asymmetric lineshape (Fano profile)
of the inter-species elastic cross section in the K-rich 5Li/%°K mixture near a Feshbach
resonance. Very recently, also the Li-rich mixture was studied [75]. Using a variation on the
evaporation method [200], we measure the rate of distillation (preferential evaporation)
of 5Li atoms from a K-rich °Li/*°K mixture confined in an optical dipole trap. The line
shape provides for this mixture the first precision determination of a resonance position
as well as the first measurement of a resonance width. Extending the ABM approach we
estimate the widths of all s-wave Feshbach resonances in stable two-component Li/*K

mixtures below 500 G. The experimentally characterized resonance is one of the broadest
of the SLi/1K system.

6.2 Experimental procedure

The ultracold mixture of °Li and %°K is created starting from two independent two-
dimensional magneto-optical traps (2D MOTs) as beam sources for cold atoms [201].
From the cold beams we recapture about 10° K atoms and 10° Li atoms in a two-
species 3D MOT. After optical pumping we transfer up to 80% of the SLi and 60%
of the K into an optically plugged magnetic quadrupole trap [5]. This trap is formed
by a quadrupole field with a gradient of 180 G/cm along the tight vertical axis, plugged
along the horizontal axis with a 7 W blue-detuned laser beam (532 nm) focused to a
waist of 16 pum. The transfer is optimized to create a spin-polarized sample of °Li in the
|fymg) = 13/2,+3/2) hyperfine state and a three-component mixture of *°K in the hyper-
fine states |9/2,4+5/2),9/2,+7/2) and |9/2,49/2). The three-components assure effective
thermalization of the potassium by intra-species collisions. The lithium thermalizes sym-
pathetically by inter-species collisions with the potassium. The 5Li/4°K mixture is cooled
for 23 seconds by forced evaporation (from high field down) in the plugged trap on the mi-
crowave transitions of K (|9/2,ms) — |7/2,m; — 1)) and Li (|3/2,+3/2) — [1/2,+1/2))
simultaneously. Just before inter-species spin-exchange losses become prohibitive the evap-
oration is stopped to remove the non-stretched potassium states (my < +9/2) by a mi-
crowave spin-cleaning sweep (from zero field up), removing the undesired atoms in the
plug-region of the trap. After cleaning, the remaining 30% of the *°K is transferred to-
gether with the °Li into an optical dipole trap with a well depth of Uy = 360 uK for K
(Uy = 160 pK for Li). The trap is created using a 5 W fiber laser (A = 1.07 um) focused
to a waist of 19 pym and serving as an optical tweezer.

With an additional stage of forced evaporative cooling in the optical trap we reached - in
pure *°K - a quantum degenerate spin mixture at temperature 7' ~ 0.2 Ty, where T} is the
Fermi temperature. To prepare the 5Li/*°K mixture we apply a holding field of ~ 10 G and
succeed in transferring up to 50% of the °Li atoms to the |1/2,+1/2) state by adiabatic
fast passage on the microwave transition using a field sweep downwards across the resonant
field chosen at ~ 9 G. The residual population of the f = 3/2 manifold is removed by a
resonant light pulse on the 251/2 — 2P3/2 transition. For the Feshbach measurements the
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resulting clean mixture is optically transported without substantial losses by moving the
optical tweezer in 3.5 s over a distance of 21.5 cm to a 12.7 x 12.7 x 42 mm quartz cell
extending from the main vacuum chamber. The transport is realized by moving a lens
mounted on a precision linear air-bearing translation stage. In the Feshbach cell we can
apply homogeneous fields (< 10 ppm/mm) of up to 500 G. At this point we have prepared
a|1/2,+1/2)1;—19/2, +9/2)k mixture consisting of 4 x 10 lithium and 2 x 10* potassium
atoms at temperature 7' ~ 21(2) uK.

6.3 Extended ABM

In search for broad and accessible Feshbach resonances we analyzed the °Li/“K two-
body system with an extended version of the ABM [17]. We start from the two-body
Hamiltonian for the relative motion

H=p*/2u+V+H" =H"+H™, (6.1)

containing the relative kinetic energy with p the reduced mass, the electron spin dependent
central interatomic interaction V, and the internal energy H of the two atoms. Here
we restrict H™ to the hyperfine and Zeeman terms and consider s-wave interactions
only. Instead of solving coupled radial Schrédinger equations, the ABM approach relies
on knowledge of the binding energies of the highest bound states in the two-body system,
which is sufficient to determine the scattering properties, and, in particular, the position
of Feshbach resonances. For °Li/4°K only the least bound levels of 1" are relevant and
can be obtained using the eigenvalues Fg of the least bound states in the electron-spin
singlet (S = 0) and triplet (S = 1) potentials as free parameters; here we adapt Fy and
E, from Ref. [17].

The mixture is prepared in one of the two-body hyperfine eigenstates of H** at magnetic
field B, referred to as the P-channel or open channel; for B = 0 denoted via the hyperfine
quantum numbers as | fo, my,; f3,my,). The corresponding energy of two free atoms at rest
in the mixture defines the B-dependent threshold between the scattering states (£ > 0)
and the bound states (F < 0) of H. In the following we define H relative to this threshold
energy. A complete basis for the spin properties is defined via the quantum numbers S,
its projection Mg, and the projection of the nuclear spins j, and pg, while demanding
that the total projection Mg + po + pg = my, +my, = My is fixed. By diagonalizing
‘H starting from this ‘singlet-triplet’ basis we find the energies of the bound states, and
the Feshbach resonances are localized at the magnetic fields where they intersect with the
energy of the threshold.

Threshold effects cause the approximately linear magnetic field dependence of the bound-
state energies to change to quadratic behavior close to the field of resonance [95] [62].
This provides information about the width of a Feshbach resonance. The ABM, as dis-
cussed thus far, does not show these threshold effects, which is not surprising because the
threshold is not explicitly build into the theory; it is merely added as a reference value
for comparison with the ABM eigenvalues.

However, the ABM contains all ingredients to obtain also the resonance width. Here we
give a brief description [202]. The width depends on the coupling between the open channel
and the various closed channels, which is determined in two steps. First we separate the
open channel P, as defined above, from all other channels: the closed channels @ [82]. This
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is realized with a basis rotation from the singlet-triplet basis to the basis of the eigenstates
of H™ at field B. Next we diagonalize the closed-channel subspace, leaving the open-
channel unaffected. We refer to the diagonal sub-spaces as Hpp, a single matrix element
that we identify with the (bare) open-channel bound-state energy ep = —h?k%/2u, and as
Hog, a matrix containing the (bare) closed-channel bound-state energies eg. The coupling
between the open and the resonant closed channel is referred to as Hpq.

The bare bound states (in both open and closed channel) are ‘dressed’ by Hpg. This is
nicely treated in Feshbach’s resonance theory [203, 204]: a closed-channel bound state
acquires a finite width I' and its energy undergoes a shift A,.s. If the binding energy of
a certain ()-channel bound state |¢g) is sufficiently close to the threshold the complex
energy shift is given by [204]

A(B) = A,eu(B) — ST(E) = %M%AMP)

(6.2)
where A = |(¢pg|Hgp|dp)|* is the coupling strength to the P-channel bound state |¢p).
For k — 0 the expression I' = h%k/uR* defines the characteristic length R* [83]. The
negative energy E = h?k?/2u of the dressed bound state follows by solving the pole
equation £ — eg — A(E) = 0. From the energy dependence of the dressed bound state
we obtain an expression for the magnetic field width AB of the corresponding Feshbach
resonance as defined by the dispersive formula for the field dependence of the scattering
length,

AB
a(B) = ay, (1 — 5= Bo) : (6.3)
The resonance width AB is given by
a’ A
relAB = ——. 6.4
[hrel P (6.4)

Here pi,e = Oeq/0B|p=p, is the magnetic moment of the bare ) channel relative to the
open channel threshold. Note that R* = —h%ep/(ua”A) = h?/(2papgpra AB). The off-
resonance scattering is described by the background scattering length ay, = afg + a?,
where af, ~ 7o and a” = kp'. Here rg = (uCp/8h%)Y/* ~ 41 qq is the inter-species Van der
Waals range, with Cg the Van der Waals coefficient and ag the Bohr radius.

The results for all s-wave resonances in stable two-component °Li/4*K mixtures below
500 G are shown in Fig. The widest resonances for the SLi/*°K mixture are found
to be of the order of 1 Gauss. For the experiment we selected a resonance in the fully-
stretched (Mp = 5) manifold [1/2,+1/2)1; ® |9/2,+9/2)k with the predicted position of
By = 114.7 G as obtained with the ABM parameters Ey; from Ref. [I7]. The predicted
width is AB = 0.9 G. This value is known to slightly underestimate the actual width
[202, 205].

6.4 Feshbach resonance width measurement

To observe the resonance we first ramp the field up to 107.112 G where any remaining
potassium spin impurities are selectively removed by resonant light pulses. The Fano
profile of the resonance is observed by measuring the distillation rate of the Li from the
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Figure 6.1: ABM calculated widths of all s-wave Feshbach resonances in stable two-
component 5Li/*°K mixtures below 500 G. The lines are a guide to the eye. The point
at Mp = —5 corresponds to the [1/2, —1/2)1; —|9/2, —9/2)k mixture. All other mixtures
contain the Ti ground state |1/2,+1/2)1;. Solid black dot: width measurement reported
in this work. The mixtures with —Mp = 5,4, 3,2 (gray squares) where studied in Ref. [17].
The resonance used in Ref. [44] for molecule formation is indicated with an arrow.
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Figure 6.2: (Color online) Measurement of the Feshbach resonance width. The red solid
line indicates the best fit obtained for By = 114.47(5) G and AB = 1.5(5) G. The gray
shaded area indicates the combined error in By and AB.
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potassium-rich Li-K mixture in the optical trap as a function of magnetic field. To initiate
this process we decrease the depth of the dipole trap in 10 ms to U/Uy = 0.15. Aside from a
small spilling loss of the ®Li this decompresses the mixture with a factor (U/U)%* ~ 0.24
in the adiabatic limit and reduces the temperature accordingly by a factor (U/Up)"/? ~
0.39. The truncation parameter for evaporation, n = U/kgT, drops for both species by
the same amount 7/n9 =~ 0.39. After decompression the central density of the potassium
is ng ~ 2 x 10" em™3 (ny; &~ 9 x 10°cm ™ for Li) and the temperature of the mixture
is T'=9(1) pK. As the truncation parameter of the lithium (ny; &~ 2.7) is much smaller
than that of potassium (nk ~ 6.2) the Li preferentially evaporates at a rate proportional
to the inter-species elastic cross section. As the lithium is the minority component this
distillation process proceeds at an approximately constant rate. We have verified that a
pure lithium cloud experiences no rethermalization by itself. The final trap depth U was
determined from the total laser power and the measured trap frequency for the potassium,
wy /27 = 1.775(6) kHz. In Fig.[6.2) we plot the atom number after various holding times
and as a function of magnetic field. We analyze our data by modelling the distillation
rate. Before decompression (n7; ~ 7) we observe a loss of 30% for 1s holding time on
resonance. As the decompression reduces the density by a factor 4 the three-body losses
can be neglected in the decompressed trap. The distillation of the lithium as a function of
time ¢ is described by N(t) = Ny e ¥/™ve~t/™s where Ny =~ 3 x 10° is the initial number
of lithium atoms, 7,, = 25 s the vacuum limited lifetime and 7., ~ nk (o (k) hk/p)e %
the thermally-averaged evaporation rate. Here is

a*(k)
k) =14 )
the elastic cross section with
re AB
a(k) = ay, Qbghirel (6.6)

" W20 — v (B — Bo)

the ‘Doppler shifted’ scattering length, with a, = 56.6 ay at the resonance position By,
and fi,; = 1.57 up. Note that for kR* < 1 Egs. and (6.3)) yield the same result for
the cross section (§6.5)).

The solid lines in Fig.show the best simultaneous fit of the thermally-averaged Eq.
to the four sub-figures, accounting for 25% variation in Ny from one day to the next.
The best fit is obtained for By = 114.47(5) G and AB = 1.5(5) G (R* ~ 100 nm),
where By is mostly determined by the data of Fig.[6.2h and AB by those of Fig.[6.21d.
Uncertainties in 7" and nk can result in broadening of the loss features but the difference
in asymmetries between Fig.[6.2h-d can only originate from the asymmetry of the elastic
cross section around the resonance. The zero crossing of a(k), prominently visible in
systems with a resonantly enhanced ay, like SLi [206] and *°K [207], remains within the
noise band of our distillation measurements because in the 5Li/*K system aj, is non-
resonant (op, = 1 x 1072cm™2). Close to the expected zero crossing a narrow Mp = +2
Feshbach resonance occurs at 115.6 G in the |1/2,4+1/2)1; ® [9/2, +3/2)k manifold. We
have observed this resonance in impure spin mixtures.
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6.5 Conclusion

The chosen resonance offers good perspectives to meet the conditions for universal
crossover physics in this mixture: Ep, pi, |B — Bo| < T'/2, where Ep = h?k%/2u is
the characteristic relative energy of a colliding pair of atoms at their Fermi energy.
The former condition corresponds to kpR* < 1 and is satisfied for Fermi energies
Er < E* = h?/2uR* ~ 5 uK; the latter condition corresponds to kpa > 1 and is
satisfied for e |B — Bo| /E* < kpR* < 1 < |B — By| < 43 mG.
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Chapter A
Potassium Properties

A.1 Introduction

This section is meant to provide an overview of the properties of atomic potassium to be
used in ultracold gases experiments. A very thorough review of the properties of lithium
has been given in the thesis of Michael Gehm [208] 209]. The properties of potassium are
well discussed in the thesis of Robert Sylvester Williamson IIT [120], and a lot of properties
in this appendix are obtained from it. For the other alkali atoms extended reviews have
been given for Na, Rb and Cs by Daniel Steck [210].

A.2 General Properties

Potassium is an alkali-metal occurring with the symbol K and atomic number 19. It has
been discovered in 1807 by deriving it from potassium hydroxide KOH. Being an alkali
atom it has only one electron in the outermost shell and the charge of the nucleus is being
shielded by the core electrons. This makes the element very chemically reactive due to the
relatively low ionization energy of the outermost electron. The basic physical properties
of potassium are listed in Table [A.I] Potassium has a vapor pressure given in mbar by
[159]:

4646
(solid) log p = 7.9667 — 7 28 K < T < Tp.. (A1)

4453
(liquid) log p="74077— —= T, <T <600K

Figure depicts the vapor pressure over the valid range of Eq.

Potassium has a chemical weight of 39.0983(1) [212] and appears naturally in three iso-
topes, ¥K, YK and *'K which are listed in Table [A.2] The fermionic isotope *°K has

Melting point 63.65°C (3368 K) | 2]
Boiling point 774.0°C (1047.15 K) | 2]
Density at 293 K 0.862 g/cm’ [211]
Ionization energy 418.8 kJ mol " [211]
4.34066345 eV I29]
Vapor pressure at 293 K || 1.3 x 107® mbar [159]
Electronic structure 15%25%p%3s2pb4st

Table A.1: General properties of potassium
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Figure A.1l: Vapor pressure of potassium taken from [159]. The green dashed line indi-
cates the melting point of T'= 336.8°C.
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Isotope A | Neutrons N | Abundance (%)[212] | m (u)[214] 7[120] I1120]
39 20 93.2581(44) 38.96370668(20) | stable 3/2
40 21 0.0117(1) 39.96399848(21) | 1.28 x 10% y | 4

] 52 6.7302(44) 40.96182576(21) | stable 3/2

Table A.2: Naturally occurring isotopes of potassium. The atomic number of potassium
is Z = 19. The given properties are the atomic number A, the number of neutrons in the
nucleus N, the abundance, the atomic mass m, the lifetime 7 and the nuclear spin I.

two radioactive decay channels. In 89% of the cases it decays through a 6~ decay of
1.311MeV resulting in the stable “°Ar. In the remaining 11% it decays through electron
capture (K-capture) to ¥°Ca [213]. The former decay channel is commonly used for dating
of rocks.

A.3 Optical properties

The most strong lines of the ground state potassium atom are the D1 (2S5 — 2P ))
and D2 (35S — 2Pj)5) lines. The most recent high precision measurements of the optical
transition frequencies of potassium have been published by Falke et al. [102]. Table
and list the properties of the D1 and D2 lines respectively. The natural lifetime 7 of
an excited state is related to the linewidth of the associated transition by

I'=-— A2

- (A2)
where I' is the natural linewidth. A temperature can be related to this linewidth, which
is referred to as the Doppler temperature

hI'
kBTD = ?

where kg is the Boltzmann constant. The wavenumber k£ and frequency v of a transition
are related to the wavelength A by

k‘ —= -, V= — A3
3 3 (A.3)
When an atom emits or absorbs a photon the momentum of the photon is transferred to

the atom by the simple relation
MUpee = hk (A.4)

where m is the mass of the atom, v, is the recoil velocity obtained (lost) by the absorption
(emission) process and h = h/27 is the reduced Planck constant. A temperature can be
associated to this velocity, which is referred to as the recoil temperature
Lo,

kpThrec = 3 MVrec (A.5)
Finally, we can define a saturation intensity for a transition. This intensity is defined as the
intensity where the optical Rabi-frequency equals the spontaneous decay rate. The optical
Rabi-frequency depends on the transition. For the cycling transition ' =9/2 — F = 11/2
it is given by
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’ Property \ symbol \ value \ reference ‘
Frequency v 389.286184353 THz [102]
Wavelength A 770.108136507 nm
Wavenumber k/2m | 12985.1893857 cm™*
Lifetime T 26.37(5) ns [215]
Natural linewidth r'/2m 6.03(1) MHz
Recoil velocity Vyec 1.2965411 ecm/s
Recoil Temperature Thee 0.40399576 pK
Doppler Temperature Tp 145 pK

Table A.3: Optical properties of the K D1-line.

’ Property \ symbol \ value \ reference ‘
Frequency v 391.016296050 THz [102]
Wavelength A 766.700674699 nm
Wavenumber k/2m | 13042.8997000 cm™*
Lifetime T 26.37(5) ns [215]
Natural linewidth '/2m 6.03(1) MHz
Recoil velocity Vyec 1.3023033 cm/s
Recoil Temperature Tree 0.40759471 pK
Doppler Temperature Tp 145 puK
Saturation intensity I 1.75 mW /cm?

Table A.4: Optical properties of the VK D2-line.

B mhe
S 337

A.4 Fine structure, Hyperfine structure and the Zee-
man effect

The fine structure interaction originates from the coupling of the orbital angular momen-
tum L of the valence electron and its spin S with corresponding quantum numbers L and
S respectively. The total electronic angular momentum is given by:

J=L+S

and the quantum number J associated with the operator J is in the range of |L — S| <
J < L+ 5. The electronic ground state of *°K is the 425 /5 level, with L = 0 and S = 1/2,
therefore J = 1/2. For the first excited state L = 1 and S = 1/2 therefore J = 1/2 or
J = 3/2 corresponding to the states 42P1/2 and 42P3/2 respectively. The fine structure
interaction lifts the degeneracy of the 42 P, /2 and 42 Py /2 levels, splitting the spectral lines
in the D line (42512 — 4% Py j2) and the Dy line (425} — 42Pss).
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20 F'=5/2 (55.2 MHz)
K F'=7/2 (31.0 MHz)
2
Pa, — F'=9/2 (-2.3 MHz)
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Figure A.2: Optical transitions of the D1 and D2-lines of “°K and the transitions used
for trapping, cooling and diagnostics. Numerical values are taken from [102] and [77].
Note the inverted hyperfine structure.

The hyperfine interaction originates from the coupling of the nuclear spin I with the total
electronic angular momentum

F=J+1

where the quantum number F' associated with the operator F is in the range of |J — I| <
F < J + I, where I is the quantum number corresponding to the operator I. For %K
the fine-structure splitting is AErg >~ h x 1.7 THz, therefore the two excited states can
be considered separately when considering smaller perturbations like the hyperfine or
Zeeman interaction which are on the order of a few GHz or less.

The Hamiltonian describing the hyperfine structure for the two excited states described
above is given by [77, [7§]

th:%1.J+%3<I'J>2+§(I'J)—IQJ2
n? n2 2021 —1)J(2J —1)

where ay,¢ and b,y are the magnetic dipole and electric quadrupole constants respectively.
The dot product is given by

1
I-JZE(FQ—IQ—JQ)

In the presence of an external magnetic field the Zeeman interaction has to be taken into
account

H” = (QJJ - QII) - B,
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Figure A.3: The hyperfine structure of the 25; /2 groundstate of 40K. The states are
labeled with their low-field quantum numbers |F, mp). Note the inverted hyperfine struc-
ture.

\ Property \ symbol \ value \ Ref. \
4p*S /2 Magnetic dipole constant ang | h x —285.7308(24) MHz | [77]
4p® Py /> Magnetic dipole constant ang h x —34.523(25) MHz | [102]
4p® P35 Magnetic dipole constant anf h x —7.585(10) MHz | [102]

4p* Py 5 Electric quadrupole constant | by h x —3.445(90) MHz | [102]

Table A.5: Hyperfine structure coefficients for the ground state and the first exited state.

where g; is the Landé g-factor of the electron and g; the nuclear gyromagnetic factor,
with the sign convention such that pu=grugi. The factor g; can be written as

o JJH+1) =SS+ 1)+ L(L+1) JJ+1)+ SIS +1)—-L(L+1)

97 = gr 2J(J + 1) s 2(J + 1) ’
where gg ~ 2.002319 is the electron g-factor, g, is the gyromagnetic factor of the orbital,
given by gp = 1 —m./m,,, where m, is the electron mass and m,, is the nuclear mass. The
total hyperfine interaction in the presence of an external magnetic field is now given by
the internal hamiltonian

Hint — th + HZ (A6)

Figures and show the eigenvalues of Eq. for the 25/ ground state and the
’p 2 and “P3/; excited states respectively.

A.5 Scattering properties

The scattering properties of ultracold atoms are essential for the evaporative cooling
processes and most experiments performed with ultracold gases. At typical densities tem-
peratures the scattering reduces to s-wave scattering For ultracold scattering only lower
partial waves play a role and the scattering properties are determined by the positions of
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’ Property \ symbol \ value \ reference ‘
Total nuclear g-factor g1 —0.000176490(34) [77]
Total electronic g-factor | g;(4p>Si/2) | 2.00229421(24) [77]
Total electronic g-factor | g, (4p* Py ) 2/3
Total electronic g-factor | g;(4p*Ps/2) 4/3

200

Table A.6: Electronic and nuclear gyromagnetic factors. Experimental values for the g
values are not available, therefore, we use the Russel-Saunders values which agree within
the error margins for all other alkali atoms [77]. An experimental value for g; can be
obtained by fitting to the data of Ref. [137].
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’ isotope \ as \ ay ‘
39/39 | 138.49(12) | —33.48(18)
39/40 | —2.84(10) | —1985(69)
39/41 | 113.07(12) | 177.10(27)
40/40 | 104.41(9) | 169.67(24)
40/41 | —54.28(21) | 97.39(9)
41/41 85.53(6) 60.54(6)

Table A.7: s-wave scattering lengths for the various isotope-combinations of potassium,
values are taken from Ref. [137]

’ \ value \ units ‘
C6 3925.9 Ehag
Cs 4224 x 10° | Epad
Cho 4.938 x 10" | Epal’
ro (PK) | 64.61 ao
To (40K) 65.02 ao
To (41K) 65.42 agp

Table A.8: Van der Waals properties of the scattering potential of potassium. V4, (r) =
—Co/r® — Cs /18 — Cy /1%,

only the last few bound states of the potentials. The scattering can be described by the
radial Schrédinger equation
I(1+1)

{—% (aa_; + i ) + vm} R(r) = eR(r),

where R(r) is the radial wavefunction, [ is the angular momentum quantum number and
V(r) is the scattering potential. As has been pointed out in Chapter [5| many ultracold
scattering properties with sufficient accuracy for general use in the lab can be obtained by
only using the accumulated phase method and V(r) = —Cg/r®. However, for Potassium
accurate potentials have been published by Falke, et al. [137]. Because potassium has
S = 1/2 the total spin of the potassium dimer can be either singlet (S = 0) or triplet
(S = 1). Figure shows the Born-Oppenheimer potentials for the singlet X'¥ and
triplet a®% potentials. Solving Eq. for € | 0 one can obtain the scattering length.
Table lists the s-wave scattering lengths of the various potassium isotopes [137].

20

ror r

(A7)

To qualitatively described the scattering for “°K we compare the scattering lengths to the
the van der Waals range. The van der Waals range is a measure for the typical range of
the potential for an atomic species and is given by [62]

| my,mp |s/p] By (G) | AB(G) | Ref. |
9/2 + 7/2| s | 202.10£0.07 | 7.8 £0.6 | [65, 50, 210]
9/2 - 5/2| s | 22421005 | 9.7£0.6 | [63, 207
9/2 152 p ~ 198.8 [65, 50, 218

Table A.9: All resonances are between spin states in the F' = 9/2 manifold. This table
has been adapted from Ref. [65]
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Figure A.5: Born-Oppenheimer potentials Vg(r) for the singlet S = 0, X'¥ and the
triplet S = 1, a3% states.
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Figure A.6: Wavefunctions of the least bound states of 4K for the singlet (left) and
triplet (right) potentials. The dashed curve indicates the potential and the solid curve the
radial wavefunction of the least-bound vibrational levels. Note the horizontal logarithmic
scale and the asymptotic character of the wavefunctions.

1 (2uCs\ !
) ( Z )

Using the van der Waals coefficient of Cs = 3925.9 Ezaf [137] for “°K we obtain a van der
Waals range of ry ~ 65 ag. The scattering lengths of both the singlet and triplet potentials
are much larger than 7y indicating resonant scattering due to the presence of a weakly
bound state in both the singlet and triplet scattering potentials. Figure shows the
wavefunctions of the least bound states in the singlet and triplet potentials for “°K. Note
the horizontal logarithmic scale. The wavefunctions extend far into the asymptotic van
der Waals tail of the potentials.

As has been pointed out often throughout this thesis the use of Feshbach resonances
are essential for the study of ultracold gases. Due to the resonant scattering in the open
channels (i.e. a large background scattering length) the Feshbach resonances of K are
considered broad resonances. In “°K two experimentally characterized s-wave Feshbach
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resonances and one p-wave resonance have been published. The resonances are summarized

in Table [A.0



Chapter B
Li-K properties

B.1 General properties

In this appendix some properties of the Li-K system are tabulated. Table lists general
properties of the °Li-**K system. Table lists the scattering lengths of the various
combination of isotopes.

Accurate scattering potentials for the Li-K system are described in Ref. [I36]. To use
the accumulated phase method in its most simple form the complete potentials are not
required, but only the van der Waals tail suffices. This is given by

Ce Cg C
Viaw(r) = ——% = =2 = =10

where the C's and Cjy terms can be omitted to obtain an even simpler form. Table [B.3
lists the van der Waals coefficients for the 9Li-**K system. To obtain a more accurate
potential the exchange interaction can be included in the potential, where the singlet and
triplet potentials are given

Vs(r) = Viaw (1) F 57(0)

where the minus sign corresponds to the singlet (S = 0) potential and the plus sign to
the triplet (S = 1) potential. The exchange interaction is given by [79]

2 2 1

J(T) = J(V&?Wﬁa T)T’M v vatis 167(7a+’m)T
where

1
J (Yo, v8,7) = Jo + (B — )1 + 57”2(6 —a)?J;

where the parameters are given in Table |B.3
In experiments with “°K8"Rb the Ramsauer-Townsend minimum at T ~ 630 uK plays a
significant role during the sympathetic cooling process [219]. During evaporative cooling

| isotope | as [17] | Ref. |
mus | 6.015122795(16) u | |214]
M1 | 30.06399848(21) u | [214]

Mrie/MK40 6.64392
m 5.22821 u
D 3.510(5) D [45], 46]

Table B.1: General properties of the SLi-*°K system. The atomic masses and reduced
mass p are given, additionally, the dipole moment D of the vibrational ground state of
the singlet potential is given.
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| isotope | as [17] | a; [17] | as[136] | a,[136] | 7o (Eq)2.7) |
6/39 | 644 [ 67.7 | 64.93 | 68.59 40.75
6/40 | 521 | 635 | 52.61 | 64.41 40.78
6/41 | 423 | 59.9 | 42.75 | 60.77 40.81
7/39 | 29.1 | 81.2 | 29.83 | 81.99 42.11
7/40 | 139 | 745 | 14.88 | 75.27 42.15
7/41 | —7.92 | 69.1 | —6.375 | 69.76 42.19

Table B.2: s-wave scattering lengths and van der Waals ranges rg in units of ag for the
various isotope-combinations of lithium-potassium mixtures. Values in the second and
third column are calculated based on the model potentials used in Ref. [I7], using mass
scaling between the isotopes. The last two columns are taken from Ref. [136]

’ symbol \ value ‘ ’ symbol \ value ‘
Cs 2322 Epad o 0.630
Cg 1.95 x 105 Ehag ﬁ 0.567
Cho 2.646 x 107 Eha(l)o Jo 1.26 x 1072

J1 5.4 x 107
Jo 1.44 x 1073
Table B.3: Parameters for the van der Waals and exchange potential of Li-K. The Cg,

Cys and Cyp values are taken from Ref. [136] and other values from Ref. [79]. Units are
atomic units.

described in this thesis Li-*°K collisions occur mostly in the triplet channel. For the
triplet potential the first Ramsauer-Townsend minimum occurs at T' ~ 57 mK. Due to the
comparable scattering lengths for the singlet and triplet potentials no different behavior
is expected for hyperfine mixtures scattering through a superposition of the singlet and
triplet channels. Therefore, the Ramsauer-Townsend minima plays no role during the
evaporative cooling process.

B.2 Feshbach resonances

Table [B.4] lists all s-wave Feshbach resonances in SLi-**K below B = 500 G and their
widths. The data is based on a binding energy of Ey/h = 715.5 MHz and E;/h =
422.0 MHz for the singlet and triplet potentials respectively. These values are obtained
from a least-squares fitting procedure to the experimental data of Ref. [17] and the reso-
nance measured in Chapter [6]

The Feshbach resonance optimal for studies in the lab is chosen to the the resonance
at By ~ 115 G in the [1/2,4+1/2)1; + |9/2,+9/2)x mixture. This resonance is only 20%
narrower than the broadest available in °Li-*°K mixtures stable against spin-exchange
collisions. The potassium mp = +9/2 hyperfine level has the advantage of having an
optical cycling transition to the [11/2,+11/2) excited state which facilitates absorption
imaging at intermediate magnetic fields where these resonances occur (see Appendix [Al).
This optimal resonance is indicated with an arrow in Fig. [B.I} Detailed ABM calcula-
tions for this resonance are shown in Fig. B.2] For B — By < 5 mG and Er < 100 nK
the dressed bound state is well described by the universal quadratic behavior. Since the
ABM underestimates the width of a resonance the real physical case will be slightly more
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My | By (G) | AB (G) | Ref,

|

—5] 2162 | 0.16 7]
—4 | 1574 | 0.08 7]
—4] 1684 | 0.08 ¥
—3| 1488 | 0.12 7]
—37] 1596 | 0.32 7]
3] 1659 |4x10° | [I7]
—2 | 141.0 | 0.12 7]
—2 | 1547 | 051 | 17, @]
—2 | 1625 | 0.8 ¥
1] 1336 | o0.11
—1| 1493 | 057
1] 1585 | 027

0 | 1267 | 0.10

0 | 1435 | 0.56

0 | 1539 | 0.52

1 | 1202 | 0.08

1 137.2 0.50

1 148.6 0.77

2 114.2 0.06

2 130.5 0.41

2 142.5 1.00

2 476.1 | 3.6 x 107
3 108.9 0.04

3 123.6 0.30

3 135.3 1.13

3 367.5 | 4.7x107°
4 104.4 0.02

4 116.6 0.18

4 126.5 1.11

5 101.3 0.01

5 | 1154 0.92 18]

Table B.4: s-wave Feshbach resonances for B < 500 G in the %Li-4°K mixture for hyper-
fine states stable against spin-exchange. Values are calculated using the extended ABM
as presented in Chapter bl References are to the experimental observation of the specific
resonance. The Mp = —5 resonance is for the mixture: [9/2, —9/2)kx + |1/2,—1/2)1,, all
other resonances are in systems with lithium in the absolute groundstate (|1/2,41/2)1;)
and potassium in another hyperfine state in the F' = 9/2 manifold.
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Figure B.1: All s-wave Feshbach resonances in the Li-°K system below By = 3 kG.
Plotted is the absolute value of the resonance width |[AB| versus the resonance position
By. The arrow indicates the optimal resonance discussed in the text.

favorable.
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Figure B.2: ABM calculations for the resonance characterized in Chapter [6] occurring
in the channel |1/2,4+1/2)1; +9/2,+9/2)k. a) The scattering length behavior of the two
resonances in this channel b) the bound state behavior below threshold, the solid black
line shows the dressed state and the dashed red line the uncoupled bound state in Q-space.
¢) a zoom around the broadest resonance, the solid line is the dressed state calculation,
the dashed red line is the quadratic universal behavior near threshold and the dotted line

indicates a typical Fermi energy of EFr = 100 nK.
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Summary

This thesis describes the study of two atomic gases close to the absolute zero of tem-
perature. At these ultralow temperatures the quantum nature of the atomic species is
essential for an accurate description of the gases. Many systems which occur in nature,
but which have not been understood completely, consist of strongly interacting fermions.
These systems are often hard to describe theoretically or to study experimentally. Ultra-
cold gases offer a large degree of tunability and this makes such systems suited to study
quantummechanical phenomena in various regimes. In particular the interaction strength
between the two particles can be tuned by means of Feshbach resonances, which allows
to study the regime of strongly interacting fermions. For certain experimental conditions
universal behavior can be achieved, i.e. details of the °Li-*°K interactions are irrelevant
and the only relevant interaction parameter is the scattering length a.

The atomic species chosen for the work presented in this thesis are the two fermionic alkali
metals °Li and °K. Such a mixture of fermions with unequal mass is suited to study a
large variety of novel quantum phenomena. The mass imbalance allows to study mediated
interactions, which, for the %Li/*°K system in particular, can be used to study long-lived
p-wave trimers. Additionally, 5Li*°K molecules in the groundstate of the singlet potential
have a large dipole moment, which is essential to study dipolar bosonic quantum gases.

This thesis provides a description of the realization and study of a °Li/4°K mixture. In
Chapter 1 an introduction of the field of ultracold gases is given from the point of view
of the performed experiments, followed by the theoretical background of the presented
work in Chapter 2. Chapter 3 gives a detailed description of the state-of-the-art machine
which has been developed to study the SLi/*°K mixture in the strongly interacting regime.
The machine incorporates a variety of novel techniques and experimental approaches to
cool an ultracold gas to degeneracy. As a point of experimental innovation in the field of
ultracold atoms a novel high-flux source for cold lithium has been developed. The source
operates according to a two-dimensional magneto-optical trap (2D MOT) principle, is
bright and monochromatic. Compared to the conventional source for cold lithium, the
Zeeman slower, it yields a comparable flux, however, its design is strongly simplified.
Additionally, due to transverse loading from the hot beam, the source beam contains only
cold, capturable, atoms and has no hot background. Furthermore, the realization of a 2D
MOT loaded from an effusive oven and the use of a light species as lithium demonstrates
the wide applicability of the 2D MOT principle.

The ability to tune the interaction strength between °Li and “°K is crucial to perform
studies on such a system. This tunability can be realized by using Feshbach resonances.
Such resonances occur due to resonant coupling with a lithium-potassium molecular bound
state, and allow to change the interaction strength from zero to infinity being repulsive
or attractive. The molecular bound state can have a different magnetic moment than the
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free atoms, therefore resonances can occur as a function of the external magnetic fields.
Knowledge about the magnetic field spectrum of these Feshbach resonances is essential to
reach the strongly interacting regime and possibly study universal behavior of the Li/*°K
system. To describe the Feshbach resonances in the %Li/%°K system a novel theoretical
model has been developed. In Chapter 5 the model is explained in detail. The model is
intuitive and can be stepwise extended to become more complete. This allows the degree
of complexity and the corresponding accuracy to be chosen to suit the atomic species
being studied. Using two experimental input parameters the model can be used to predict
the positions and widths of all Feshbach resonances in a certain system. This possibility
has allowed us to select the optimal resonance to perform studies in the 5Li/*°K system.
Chapter 6 presents a precision measurement of the position and the width of this optimal
resonance. This is performed by measuring the distillation of a weakly confined °Li sample
by rethermalizing collisions with a bath of °K. The distillation rate is a measure of the
elastic cross section and provides the observation of the asymmetric Fano-profile. To
this profile a model is fitted, yielding both the position and the width of the resonance.
The identification and characterization of the optimal Feshbach resonance in the °Li/*°K
system paves the way to perform future studies on mass-imbalanced fermionic quantum
gases in the universal regime.



Samenvatting

Dit proefschrift beschrijft de studie van een mengsel van twee ultrakoude gassen. Ul-
trakoud betekent dat de atomen waaruit het gas bestaat zo koud zijn dat de quantum
mechanische aspecten van belang zijn om het gas te kunnen beschrijven. Volgens de quan-
tummechanica is een deeltje (bijvoorbeeld een atoom) niet een puntdeeltje, maar een golf
die beschreven wordt met een golffunctie. Alle deeltjes zijn onder te verdelen in twee
soorten: bosonen en fermionen. Deze twee typen gedragen zich fundamenteel verschillend:
twee identieke bosonen kunnen wél dicht bij elkaar komen en twee identieke fermionen
niet. Veel systemen die in de natuur voorkomen, maar die nog niet goed begrepen zijn,
blijken te bestaan uit fermionen die onderling sterke interactie hebben. Deze systemen
zijn moeilijk te beschrijven en vaak experimenteel moeilijk te bestuderen.

Ultrakoude gassen zijn bijzondere systemen omdat de eigenschappen van het gas experi-
menteel heel goed gecontroleerd kunnen worden. Dit maakt ultrakoude gassen tot ideale
systemen om quantummechanische fenomenen in gassen te bestuderen. In het bijzonder
kan de interactiesterkte van twee atomen veranderd worden met behulp van zogeheten
Feshbach resonanties. Rond een resonantie kan de interactiesterkte afgestemd worden
van nul tot oneindig positief én negatief. Zo kunnen ultrakoude gassen van fermionische
atomen met een geschikte Feshbach resonantie gebruikt worden om sterk wisselwerkende
fermionen te bestuderen.

Het systeem dat beschreven wordt in dit proefschrift is een ultrakoud mengsel van de twee
isotopen lithium-6 en kalium-40, beide fermionische atomen. Het gebruik van fermionische
atomen met verschillende massa voegt een extra dimensie aan het systeem toe, die de
studie van een nieuwe klasse quantum-mechanische systemen mogelijk maakt. Voordat
het onderzoek voor dit proefschrift begon was dit systeem nog nooit gerealiseerd. Op
dit moment zijn er wereldwijd drie experimenten operationeel die het SLi-*°K systeem
bestuderen, waarvan de opstelling aan de Universiteit van Amsterdam er een is. In dit
proefschrift wordt de experimentele realisatie van dit ultrakoude mengsel beschreven.
Daarnaast wordt een uitgebreide studie van de Feshbach resonanties in het 5Li-*°K systeem
gegeven, zowel vanuit theoretisch als experimenteel perspectief.

Hoofdstuk 1 geeft een algemene introductie over ultrakoude gassen in de context van het
proefschrift. Hoofdstuk 2 geeft de theoretische achtergrond van de concepten die gebruikt
worden in het proefschrift. Hoofdstuk 3 beschrijft in detail de experimentele opstelling die
gebouwd is om het °Li-*°K systeem te realiseren. Er wordt ingegaan op de verschillende
experimentele methoden en technieken die gebruikt worden. Hierna volgen drie hoofd-
stukken die als publicaties verschenen zijn of zullen verschijnen. Hoofdstuk 4 geeft een
uitgebreide karakterisatie van de lithium 2D MOT, een bron ontwikkeld voor dit onder-
zoek die een koude atomaire bundel genereert. Deze bundel heeft een hoge intensiteit en
is erg schoon. In vergelijking met de conventionele bron die voor lithium gebruikt wordt
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is de intensiteit hetzelfde, daarentegen is de bundel erg schoon doordat de koude van de
hete atomen worden gescheiden. Hoofdstuk 5 geeft een beschrijving van het Asymptotic
Bound-state Model. Dit theoretische model hebben we ontwikkeld om de Feshbach res-
onanties in een nieuw systeem als °Li-*°K te kunnen beschrijven. Dit model maakt het
mogelijk om de eigenschappen van alle Feshbach resonanties te berekenen. Deze informatie
kan gebruikt worden om de optimale resonantie van ons systeem te selecteren. Hoofdstuk
6 beschrijft tenslotte de experimentele karakterisatie van de optimale Feshbach resonantie.
Het resultaat toont aan dat met deze resonantie het mogelijk is om vervolg experimenten
te generaliseren naar algemene systemen van fermionen met verschillende massa.
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