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con
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b
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b
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20%
:

G
ore

≻
B
u
sh

≻
N
ad
er

11%
:

N
ad
er

≻
G
ore

≻
B
u
sh

U
lle

E
n
d
riss

4

V
o
tin

g
T
h
eory

S
ecV

o
te-2

0
1
2

T
u
to
ria

l
O
ve

rvie
w

•
V
otin

g
R
u
les

–
S
u
ch

as:
P
lu
rality,

B
ord

a,
A
p
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P
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p
u
tation

al
S
o
cial

C
h
oice

–
In
tro

d
u
ction

to
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ra
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p
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b
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o
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=
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b
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p
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p
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ra
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ra
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m
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con
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b
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≻
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≻
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w
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b
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p
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w
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+
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+
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d
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b
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b
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con
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ra
lity

ru
le,

B
u
sh

w
ill

w
in

th
e
election

.

N
ote

th
at
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rath
er

th
an

B
u
sh

w
ill

w
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=
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ro
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p
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b
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profi
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g
R

i
in

R
by

R
′i .

F
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teg
y-p

ro
o
f
(or
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m
u
n
e
to

m
a
n
ip
u
la
tio

n
)
if
for

n
o
in
d
ivid

u
al

i
∈
N

th
ere

exist
a
profi

le
R

(in
clu

d
in
g
th
e
“tru

th
fu
l
preferen

ce”
R

i

of
i)

an
d
a
lin
ear

ord
er

R
′i
(represen

tin
g
th
e
“u

n
tru

th
fu
l”

b
allot

of
i)

su
ch

th
at

F
(
R

−
i ,R

′i )
is
ran

ked
ab

ove
F
(
R
)
accord

in
g
to

R
i .

In
oth

er
w
ord

s:
u
n
d
er

a
strategy-pro

of
votin

g
ru
le

n
o
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w
ill

ever

h
ave

an
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tive
to

m
isrepresen

t
h
er

preferen
ces.
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0
1
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T
h
e
G
ib
b
ard

-S
a
tte

rth
w
a
ite

T
h
e
o
re
m

T
w
o
m
ore

prop
erties

of
resolu

te
votin

g
ru
les

F
:

•
F

is
su
rjective

if
for

an
y
can

d
id
ate

x
∈
X

th
ere

exists
a
profi

le
R

su
ch

th
at

F
(
R
)
=

x
.

•
F

is
a
d
icta

to
rsh

ip
if
th
ere

exists
a
voter

i
∈
N

(th
e
d
ictator)

su
ch

th
at

F
(
R
)
=

top
(R

i )
for

an
y
profi

le
R
.

G
ib
b
ard

(1973)
an
d
S
atterth

w
aite

(1975)
in
d
ep
en
d
en
tly

proved
:

T
h
e
o
re
m

1
(G

ib
b
ard

-S
a
tte

rth
w
a
ite

)
A
n
y
reso

lu
te

vo
tin

g
ru
le

fo
r

>
3
ca
n
d
id
a
tes

th
a
t
is
su
rjective

a
n
d
stra

teg
y-p

ro
o
f
is
a
d
icta

to
rsh

ip
.

A
.
G
ib
b
ard

.
M
a
n
ip
u
la
tio

n
o
f
V
o
tin

g
S
ch

em
es:

A
G
en

era
l
R
esu

lt.
E
c
o
n
o
m
e
tric

a
,

4
1
(4
):5

8
7
–
6
0
1
,
1
9
7
3
.

M
.A

.
S
a
tterth

w
a
ite.

S
tra

teg
y-p

ro
o
fn
ess

a
n
d
A
rro

w
’s

C
o
n
d
itio

n
s.

J
o
u
rn
a
l
o
f
E
c
o
-

n
o
m
ic

T
h
e
o
ry,

1
0
:1
8
7
–
2
1
7
,
1
9
7
5
.
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n
d
riss

2
0
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o
tin

g
T
h
eory

S
ecV

o
te-2

0
1
2

R
e
m
ark

s

T
h
e
G
-S

T
h
eorem

says
th
at

for
>
3
ca
n
d
id
a
tes,

an
y
resolu

te
votin

g

ru
le

F
th
at

is
su
rjective

an
d
stra

teg
y-p

ro
o
f
is
a
d
icta

to
rsh

ip
.

•
a
su
rp
risin

g
resu

lt
+

n
ot

ap
p
licab

le
in

case
of

tw
o
can

d
id
ates

•
T
h
e
op

p
osite

d
irection

is
clear:

d
icta

to
ria

l
⇒

stra
teg

y-p
ro
o
f

•
R
a
n
d
o
m

pro
ced

u
res

d
on

’t
cou

n
t
(b
u
t
m
igh

t
b
e
“strategy-pro

of”).

W
e
w
ill

n
ow

prove
th
e
th
eorem

u
n
d
er

tw
o
ad
d
ition

al
assu

m
p
tion

s:

•
F

is
n
eu
tra

l,
i.e.,

can
d
id
ates

are
treated

sym
m
etrically.

[N
o
te:

n
eu
trality

⇒
su
rjectivity;

so
w
e
w
o
n
’t
m
ake

u
se

o
f
su
rjectivity.]

•
T
h
ere

are
exa

ctly
3
ca
n
d
id
a
tes.

F
or

a
fu
ll
pro

of,
u
sin

g
a
sim

ilar
ap
proach

,
see,

e.g.:

U
.
E
n
d
riss.

L
o
g
ic

a
n
d
S
o
cia

l
C
h
o
ice

T
h
eo
ry.

In
A
.
G
u
p
ta

a
n
d
J
.
va
n
B
en

th
em

(ed
s.),

L
o
g
ic

a
n
d
P
h
ilo

so
p
h
y
T
o
d
a
y,

C
o
lleg

e
P
u
b
lica

tio
n
s,

2
0
1
1
.
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V
o
tin

g
T
h
eory

S
ecV

o
te-2

0
1
2

P
ro
o
f
(1
)

N
otation

:
N

Rx
≻
y
is
th
e
set

of
voters

w
h
o
ran

k
x
ab

ove
y
in

profi
le

R
.

C
laim

:
If
F
(
R
)
=

x
an
d
N

Rx
≻
y
=

N
R

′

x
≻
y ,

th
en

F
(
R

′)
6=

y
.

P
ro
of:

F
rom

stra
teg

y-p
ro
o
fn
ess,

by
con

trad
iction

.
A
ssu

m
e
F
(
R

′)
=

y
.

M
ovin

g
from

R
to

R
′,
th
ere

m
u
st

b
e
a
fi
rst

voter
to

aff
ect

th
e
w
in
n
er.

S
o
w
.l.o.g.,

assu
m
e
R

an
d
R

′
d
iff
er

on
ly

w
rt.

voter
i.

T
w
o
cases:

•
i
∈
N

Rx
≻
y :

S
u
p
p
ose

i’s
tru

e
preferen

ces
are

as
in

profi
le

R
′

(i.e.,
i
prefers

x
to

y
).

T
h
en

i
h
as

an
in
cen

tive
to

vote
as

in
R
.
X

•
i
6∈
N

Rx
≻
y :

S
u
p
p
ose

i’s
tru

e
preferen

ces
are

as
in

profi
le

R

(i.e.,
i
prefers

y
to

x
).

T
h
en

i
h
as

an
in
cen

tive
to

vote
as

in
R

′.
X

S
om

e
m
ore

term
in
ology:

C
all

C
⊆

N
a
b
lo
ck
in
g
co
a
litio

n
for

(x
,y
)
if
C
=
N

Rx
≻
y
⇒

F
(
R
)6=

y
.

T
h
u
s:

If
F
(
R
)
=

x
,
th
en

C
:=

N
Rx
≻
y
is
b
lo
ckin

g
for

(x
,y
)
[for

an
y
y
].
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d
riss
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2

V
o
tin

g
T
h
eory

S
ecV

o
te-2

0
1
2

P
ro
o
f
(2
)

F
rom

n
eu
tra

lity
:
all

(x
,y
)
m
u
st

h
ave

th
e
sa
m
e
b
lo
ckin

g
coalition

s.

F
or

an
y
C

⊆
N
,
C

o
r
C

:=
N

\
C

m
u
st

b
e
b
lo
ckin

g.

P
ro
o
f:

A
ssu

m
e
C

is
n
o
t
b
lo
ck
in
g
;
i.e.,

C
is
n
o
t
b
lo
ck
in
g
for

(x
,y

).

T
h
en

th
ere

exists
an

R
w
ith

N
Rx
≻
y
=

C
b
u
t
F
(
R
)
=

y
.

B
u
t
w
e
also

h
ave

N
Ry
≻
x
=

C
.
H
en
ce,

C
is
b
lo
ck
in
g
for

(y
,x

).

If
C

1
an
d
C

2
are

b
lo
ckin

g,
th
en

so
is
C

1
∩
C

2 .

P
ro
o
f:

C
o
n
sid

er
a
p
ro
fi
le

R
w
ith

C
1
=

N
Rx
≻
y
,
C

2
=

N
Ry
≻
z ,

an
d

C
1
∩
C

2
=

N
Rx
≻
z .

A
s
C

1
is
b
lo
ck
in
g
,
y
can

n
o
t
w
in
.
A
s
C

2
is

b
lo
ck
in
g
,
z
can

n
o
t
w
in
.
S
o
x
w
in
s
an

d
C

1
∩
C

2
m
u
st

b
e
b
lo
ck
in
g
.

T
h
e
em

p
ty

co
a
litio

n
is
n
o
t
b
lo
ckin

g.

P
ro
o
f:

O
m
itted

(b
u
t
n
o
t
at

all
su
rp
risin

g
).

A
b
ove

th
ree

prop
erties

im
p
ly

th
at

th
ere

m
u
st

b
e
a
sin

g
leto

n
{
i}

th
at

is

b
lo
ckin

g.
B
u
t
th
at

ju
st

m
ean

s
th
at

i
is
a
d
icta

to
r!

X
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tin
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h
eory

S
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o
te-2

0
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S
in
g
le
-P

e
a
k
e
d
n
e
ss

T
h
e
G
-S

T
h
m

sh
ow

s
th
at

n
o
“reason

ab
le”

votin
g
ru
le
is
strategy-pro

of.

T
h
e
classical

w
ay

to
circu

m
ven

t
th
is
prob

lem
are

d
o
m
a
in

restrictio
n
s.

T
h
e
m
ost

im
p
ortan

t
d
om

ain
restriction

is
d
u
e
to

B
lack

(1948):

•
D
efi
n
ition

:
A
profi

le
is
sin

g
le-p

ea
ked

if
th
ere

exists
a

“left-to-righ
t”

ord
erin

g
≫

on
th
e
can

d
id
ates

su
ch

th
at

an
y
voter

ran
ks

x
ab

ove
y
if
x
is
b
etw

een
y
an
d
h
er

top
can

d
id
ate

w
rt.

≫
.

T
h
in
k
of

sp
ectru

m
of

p
olitical

p
arties.

•
R
esu

lt:
F
ix

a
d
im

en
sion

≫
.
A
ssu

m
in
g
th
at

all
profi

les
are

sin
gle-p

eaked
w
rt.

≫
,
th
e
m
ed
ia
n
-vo

ter
ru
le

is
strategy-pro

of.

D
.
B
la
ck
.
O
n
th
e
R
a
tio

n
a
le

o
f
G
ro
u
p
D
ecisio

n
-M

a
k
in
g
.
T
h
e
J
o
u
rn
a
l
o
f
P
o
litic

a
l

E
c
o
n
o
m
y,

5
6
(1
):2

3
–
3
4
,
1
9
4
8
.
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tin
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h
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o
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0
1
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C
o
m
p
u
ta
tio

n
a
l
S
o
cia

l
C
h
o
ice

S
o
cia

l
ch
o
ice

th
eo
ry

stu
d
ies

m
ech

an
ism

s
for

collective
d
ecision

m
akin

g:

votin
g,

preferen
ce

aggregation
,
fair

d
ivision

,
tw
o-sid

ed
m
atch

in
g,

...

•
P
recu

rsors:
C
on

d
orcet,

B
ord

a
(18th

cen
tu
ry)

an
d
oth

ers

•
seriou

s
scien

tifi
c
d
iscip

lin
e
sin

ce
1950s

C
o
m
p
u
ta
tio

n
a
l
so
cia

l
ch
o
ice

ad
d
s
a
com

p
u
tation

al
p
ersp

ective
to

th
is,

an
d
also

exp
lores

th
e
u
se

of
con

cep
ts

from
so
cial

ch
oice

in
com

p
u
tin

g.

•
“classical”

p
ap

ers:
∼
1990

(B
arth

old
i
et

al.)

•
active

research
area

w
ith

regu
lar

con
trib

u
tion

s
sin

ce
∼
2002

•
n
am

e
“C

O
M
S
O
C
”
an
d
b
ian

n
u
al

w
orksh

op
sin

ce
2006

N
ext:

th
ree

exam
p
les

for
research
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irection

s
in

C
O
M
S
O
C
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tin

g
T
h
eory

S
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o
te-2

0
1
2

C
o
m
p
le
xity

a
s
a
B
arrie

r
a
g
a
in
st

M
a
n
ip
u
la
tio

n

B
y
th
e
G
ib
b
ard

-S
atterth

w
aite

T
h
eorem

,
an
y
votin

g
ru
le

for
>
3

can
d
id
ates

can
b
e
m
an
ip
u
lated

(u
n
less

it
is
d
ictatorial).

Id
ea:

S
o
it’s

alw
ays

p
o
ssib

le
to

m
an
ip
u
late,

b
u
t
m
ayb

e
it’s

d
iffi

cu
lt!

T
o
ols

from
co
m
p
lexity

th
eo
ry

can
b
e
u
sed

to
m
ake

th
is
id
ea

precise.

•
F
or

so
m
e
pro

ced
u
res

th
is
d
o
es

n
o
t
w
ork:

if
I
kn

ow
all

oth
er

b
allots

an
d
w
an
t
X

to
w
in
,
it
is
ea
sy

to
com

p
u
te

m
y
b
est

strategy.

•
B
u
t
for

o
th
ers

it
d
o
es

w
ork:

m
an
ip
u
lation

is
N
P
-co

m
p
lete

.

R
ecen

t
w
ork

in
C
O
M
S
O
C
h
as

exp
an
d
ed

on
th
is
id
ea:

•
N
P
is
a
w
orst-case

n
otion

.
W
h
at

ab
ou

t
average

com
p
lexity?

•
A
lso:

com
p
lexity

of
w
in
n
er

d
eterm

in
ation

,
con

trol,
brib

ery,
...

J
.J
.
B
arth

o
ld
i
III,

C
.A

.
T
o
vey,

a
n
d
M
.A

.
T
rick

.
T
h
e
C
o
m
p
u
ta
tio

n
a
l
D
iffi

cu
lty

o
f

M
a
n
ip
u
la
tin

g
a
n
E
lectio

n
.
S
o
c
.
C
h
o
ic
e
a
n
d
W
e
lfa

re,
6
(3
):2

2
7
–
2
4
1
,
1
9
8
9
.

P
.
F
a
liszew

sk
i,
E
.
H
em

a
sp
a
a
n
d
ra
,
a
n
d
L
.A

.
H
em

a
sp
a
a
n
d
ra
.
U
sin

g
C
o
m
p
lexity

to

P
ro
tect

E
lectio

n
s.

C
o
m
m
u
n
ic
a
tio

n
s
o
f
th
e
A
C
M
,
5
5
3
(1
1
):7

4
–
8
2
,
2
0
1
0
.
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o
tin

g
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h
eory

S
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o
te-2

0
1
2

A
u
to
m
a
te
d
R
e
a
so
n
in
g
fo
r
S
o
cia

l
C
h
o
ice

T
h
e
o
ry

L
o
g
ic

h
as

lo
n
g
b
een

u
sed

to
form

ally
sp
ecify

co
m
p
u
ter

system
s,

facilitatin
g

verifi
catio

n
o
f
p
ro
p
erties.

C
an

w
e
ap

p
ly

th
is
m
eth

o
d
o
lo
g
y
also

h
ere?

Y
es:

•
V
erifi

catio
n
o
f
a
(k
n
ow

n
)
p
ro
o
f
o
f
th
e
G
ib
b
ard

-S
atterth

w
aite

T
h
eorem

in
th
e
H
O
L
p
ro
o
f
assistan

t
I
s
a
b
e
l
l
e
(N

ip
kow

,
2
0
0
9
).

•
F
u
lly

au
to
m
ated

p
ro
o
f
o
f
A
rrow

’s
T
h
eorem

for
3
can

d
id
ates

via
a
S
A
T

so
lver

or
co
n
strain

t
p
ro
g
ram

m
in
g
(T

an
g
an

d
L
in
,
2
0
0
9
).

•
A
u
to
m
ated

search
for

n
ew

im
p
o
ssib

ility
th
eorem

s
in

ra
n
k
in
g
se
ts

o
f

o
b
je
c
ts

u
sin

g
a
S
A
T

co
lver

(G
eist

an
d
E
.,
2
0
1
1
).

T
.
N
ip
ko
w
.

S
o
cia

l
C
h
o
ice

T
h
eo
ry

in
H
O
L
.
J
o
u
rn
a
l
o
f
A
u
to
m
a
te
d

R
e
a
so
n
in
g
,

4
3
(3
):2

8
9
–
3
0
4
,
2
0
0
9
.

P
.
T
a
n
g
a
n
d

F
.
L
in
.

C
o
m
p
u
ter-a

id
ed

P
ro
o
fs

o
f
A
rro

w
’s

a
n
d

o
th
er

Im
p
o
ssib

ility

T
h
eo
rem

s.
A
rtifi

c
ia
l
In
te
llig

e
n
c
e,

1
7
3
(1
1
):1

0
4
1
–
1
0
5
3
,
2
0
0
9
.

C
.
G
eist

a
n
d
U
.
E
n
d
riss.

A
u
to
m
a
ted

S
earch

fo
r
Im

p
o
ssib

ility
T
h
eo
rem

s
in

S
o
cia

l

C
h
o
ice

T
h
eo
ry:

R
a
n
k
in
g
S
ets

o
f
O
b
jects.

J
.
o
f
A
rtif.

In
te
ll.

R
e
s.,

4
0
:1
4
3
-1
7
4
,
2
0
1
1
.
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h
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S
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o
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0
1
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S
o
cia

l
C
h
o
ice

in
C
o
m
b
in
a
to
ria

l
D
o
m
a
in
s

S
u
p
p
ose

13
voters

are
asked

to
each

vote
yes

or
n
o
on

th
ree

issu
es;

an
d
w
e
u
se

th
e
p
lu
rality

ru
le

for
each

issu
e
in
d
ep
en
d
en
tly:

•
3
voters

each
vote

for
Y
N
N
,
N
Y
N
,
N
N
Y
.

•
1
voter
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