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Abstract

This paper provides a bridge in the gap between the model-theoretic
and the algebraic side of modal correspondence theory. We give a new,
algebraic proof of the classical Sahlqvist correspondence theorem, as
well as a new, algebraic proof of the analogous result for the atomic
inductive formulas, which form a proper extension of the Sahlqvist
class.

1 Introduction

Sahlqvist theory: the model-theoretic setting Sahlqvist theory is
among the most celebrated and useful results of the classical theory of modal
logic, and one of the hallmarks of its success. Traditionally developed in a
model-theoretic setting (cf. [15, 1]), it provides an algorithmic, syntactic
identification of a class of modal formulas whose associated normal modal
logics are strongly complete with respect to elementary (i.e. first-order defin-
able) classes of frames. The whole theory consists of two parts: canonicity
and correspondence. The canonicity ! of a modal formula ¢ guarantees the
strong completeness of the normal modal logic generated by ¢ w.r.t. the
class F(p) of frames defined by ¢. The fact that ¢ corresponds to some
first-order formula « (i.e., that for every frame F, F I+ ¢ iff F F «) guar-
antees that F(¢p) is elementary. Sahlqvist theory provides sufficient but not
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necessary conditions for canonicity and correspondence of modal formulas,
and in fact it was shown [4] that the class of elementary modal formulas is
undecidable; hence the best one can hope for is achieving decidable approx-
imations of it. The ‘Sahlqvist class’ has been significantly enlarged over the
years, both in syntactic ways (e.g. the definition of inductive formulas [13]
or the complex formulas [17]) and in algorithmic ways, e.g., the algorithm
SQEMA introduced in [6].

Sahlqvist theory: the algebraic approach The topo-algebraic ap-
proach to Sahlqvist theory was recognized to be useful both for simplifying
proofs of existing results [16, 14], and for uniformly extending the Salhqvist
theory itself from Boolean to distributive modal logic [11].
The syntactic identification of the Sahlqvist fragment is explained purely
in terms of favorable interactions between the topological or order-theoretic
properties of the algebraic operations interpreting the logical connectives.
The advantages of this approach are, firstly, that the results generalize more
easily to different logical signatures; secondly, that canonicity can be treated
independently of correspondence; thirdly, that, thanks to this separation,
the proof of canonicity can in some cases be achieved constructively [12].
Recently, in [7], SQEMA has been extended to distributive modal logic,
thus substantially enlarging the ‘Sahlqvist class’ of [11]. Also, in [9], a
Kripke-style relational semantics has been defined uniformly for logics, such
as some substructural logics and their fragments, whose associated algebras
are not even based on lattices, but on posets. This latter result paves the
way for the development of a Sahlqvist-style canonicity and correspondence
theory also for these logics.

Aims and contributions The algebraic approach to Sahlqvist theory is
established and fruitful, but alas, not yet very accessible or intuitive: in
particular, both the focus over the years on Sahlqvist canonicity (see e.g.
[14, 12, 11]) rather than — and independent from — Sahlqvist correspon-
dence, and the general distributive lattice setting it adopts, might be seen
as rather arcane. On the model-theoretic side, from most accounts in the
current literature, it is not easy to grasp the underlying mechanism which en-
dows the Sahlqvist formulas with their excellent behaviour, and devise ways
in which the Sahlqvist class can be extended. This paper addresses both
these issues: the gist of the algebraic approach is made completely accessi-
ble to a readership of non cognoscenti by focusing on correspondence rather
than canonicity: indeed we prove the best-known classical (i.e. Boolean)



Sahlqvist correspondence theorem for basic modal logic in the algebraic set-
ting of complex algebras of frames. The crucial feature of our account is that
the reduction strategies (for the elimination of the second order variables)
are neatly separated from the order-theoretic conditions that guarantee the
applicability of these strategies — this is key to a deep understanding of
the Sahlqvist mechanism. Moreover, having uncovered the Sahlqvist mech-
anism, the Sahlqvist correspondence result is then naturally extended to
the class of atomic inductive formulas, from which more complex reduction
strategies can be easily extracted. Finally, the algebraic proofs provided here
make it easier to recognize that the Boolean setting in fact plays no essential
role in the proof of the Sahlqvist correspondence, and this provides a strong
and natural motivation for the algebraic development of Sahlqvist theory in
the generalized setting of distributive lattices (see [11, 7]). Further related
to this, the algebraic proofs throw light in particular on adjunction as a fun-
damental ingredient of the order-theoretic conditions — a fact which is not
easily recognizable in the model-theoretic account. Adjunction is available
in complete generality even for posets, and provides the missing link towards
the powerful generalizations of the theory to distributive modal logic and to
substructural logics.

2 Preliminaries

In this section we recall the basic notions involved in correspondence theory
for classical modal logic, and some syntactically specified classes of formulas
for which the classical theory effectively provides first-order correspondents.

2.1 Syntax and reformulated modal validity

The basic modal language, denoted ML, is defined using a set Prop of proposi-
tional variables, also called atomic propositions, and a unary modal operator
<& (‘diamond’). The well-formed formulas of this language are given by the
rule
pu=p|Ll-wlPVel|Op,

where p € Prop. The connective O, the dual of <, is defined as Oy := =O—p.
The boolean connectives A, —, and < and also the constant T are defined
as usual. We interpret this language on Kripke frames and models in the
usual way. Recall that the complex algebra of a frame F = (W, R) is the
boolean algebra with operator (BAO)

f+ = (P(W)7mvu7_Wa®7VV>mR)



where —y denotes set complementation relative to W, and mg : P(W) —
P(W) is given by

mpg(X) := {w € W| there exists v € X such that Rwv}.

We also let [p(X) := {w € W| for all v if Rwv then v € X}, or equivalently,
lr(x) = —wmpr(—wX).

The perspective we develop in Section 3 is based on (P(W), C) being
a partial order and the operations of F* enjoying certain properties w.r.t.
this order.

Meaning Function For a formula ¢ € ML we write ¢ = ¢(p1,...,pn) to
indicate that at most the atomic propositions p1,...p, occur in . Every
such ¢ induces an n-ary operation on P(W),

[e] : POW)" — P(W),

inductively given by:

[L] is the constant function &
[p] is the identity map Idp )
[-¢] is the complementation W \ [¢]
[e V] is the union [¢] U [¢]
[¢e] is the semantic diamond mg([¢]).

It follows that
[T] is the constant function W
[ A1) is the intersection [¢] N [¢]
[O¢] is the semantic box Ir([¢])-

As to the reformulation mentioned in the title of this subsection, it is based
on the following simple observation: for every formula ¢, the n-ary operation
[] can be also regarded as a map that takes valuations as arguments and
gives subsets of P(W) as its output. Indeed, for every ¢ € ML, let

[[90]] (V) = IISD]] (V(pl)’ R V(pn))

Then [¢](V) is the extension of ¢ under the valuation V, i.e. the set of the
states of (F, V') at which ¢ is true. Since this happens for all valuations, we
can think of [¢] as the meaning function of . The local validity clause can
be equivalently restated as follows: for every formula ¢, frame F and state
we W,

Fowlke iff  w e [p](V) for every valuation V on F.

Regarding the meaning functions in this way will be convenient later on
in Section 3, when we will develop the discussion on the reduction strategies.



2.2 The standard translation

Let Ly be the first-order language with =, a binary relation symbol R,
and denumerably many individual variables VAR = {z¢,z1,...}. Also, let
L1 be the extension of Ly with a set of unary predicates P, Q, Py, P;, etc.,
corresponding to the propositional variables p, q, po, p1, etc., of Prop. Lo
is the extension of L; with universal second-order quantification over the
unary predicates P, Q, Py, Py, ...

ML-formulas are translated into L; by means of the following standard
translation ST, from [3]. Given a first-order variable x and a modal formula
¢, this translation yields a first-order formula ST, () in which z is the only
free variable. ST, (y) is given inductively by

ST,(p) = Pz,
ST,(L) = z#ux,
STz(—¢) = ~(STx(p)),
STo(p V) = STu(p)V STu(y),
ST, (Cp) = Fy(xRy A ST,(¢)), where y is any fresh variable.

The standard second-order translation of a modal formula ¢ is the Lo-
formula obtained by universal second-order quantification over all predicates
corresponding to proposition letters occurring in ¢, that is, the formula
VP ...VP,ST.(p).

As is well known, for every model (F,V) and state w in it, it holds
that (F,V),w Ik ¢ iff (F,V) = STz(¢)[z := w]|. Moreover, F,w I+ ¢ iff
F |E VP ...VP,ST,(p)[zr := w]. The analogous global versions of these
results are, respectively, (F,V) IF ¢ iff (F,V) = VaST, and F IF ¢ iff
FEVP .. VP,YxST.(p).

2.3 Sahlqvist formulas and atomic inductive formulas

For the reader’s convenience, we here recall the definition of the Sahlqvist
formulas, originally introduced in [15], in a hierarchical form which is con-
ceptually akin to the definition in [3], although it is slightly different from
it, to better fit our account in the following section. We also introduce the
class of atomic inductive formulas, which goes beyond the Sahlqvist class,
and is a restriction of the definition of the inductive formulas from [13]. We
confine our presentation to the basic modal language.



2.3.1 Sahlqvist implications and atomic inductive implications

Closed and Uniform formulas ([3]). The closed modal formulas are
those that contain no proposition letter. An occurrence of a proposition
letter p in a formula ¢ is a positive (negative) if it is under the scope of an
even (odd) number of negation signs. (To apply this definition correctly one
of course has to bear in mind the negation signs introduced by the defined
connectives — and «.) A formula ¢ is positive in p (negative in p) if all
occurrences of p in ¢ are positive (negative).

A proposition letter occurs uniformly in a formula if it occurs only posi-
tively or only negatively. A modal formula is uniform if all the propositional
letters it contains occur uniformly. Let UF be the class of uniform formulas.

Very simple Sahlqvist implications. A very simple Sahlquist antecedent
is a formula built up from T, L, negative formulas and proposition letters,
using V, A and O. A wvery simple Sahlquist implication is an implication
 — 1 in which 9 is positive and ¢ is a very simple Sahlqvist antecedent.
Let VSSI be the class of very simple Sahlqvist implications.

Sahlqvist implications ([3]). A bozed atom is a propositional variable
preceded by a (possibly empty) string of boxes, i.e. a formula of the form
O"p where n € N and p € Prop. A Sahlquist antecedent is a formula built
up from T, L, negative formulas and boxed atoms, using V, A and <. A
Sahlquist implication is an implication ¢ — 1 in which 9 is positive and ¢
is a Sahlqvist antecedent. Let Sl be the class of Sahlqvist implications.

Atomic inductive implications. Let § be a symbol not belonging to
ML. An atomic box-form of § in ML is defined recursively as follows:

1. for every k € N, O*f is an atomic box-form of f;

2. If B(f) is an atomic box-form of §, then for any proposition letter p,
O(p — B(#)) is an atomic box-form of f.

Thus, atomic box-forms of § are of the type

O(po — O(p1 — ... O(pp, — O%)..)),

where the p’s are are not necessarily different.
By substituting a propositional variable p € Prop for { in an atomic box-
form B(f) we obtain an atomic boz-formula of p, namely B(p). The last



occurrence of the variable p is the head of B(p) and every other occurrence
of a variable in B(p) is inessential there. An atomic regular antecedent is
a formula built up from T, L, negative formulas, and atomic box-formulas,
using V, A and <.

The dependency digraph of a set of box-formulas B = {Bi(p1),..., Bn(pn)}
is the directed graph G = (V, E) where V' = {p1, ..., pn} is the set of heads
of members of B, and E is a binary relation on V' such that p; Ep; iff p; occurs
as an inessential variable in a box formula in B with head p;. A digraph is
acyclic if it contains no directed cycles or loops. Note that the transitive
closure of the edge relation F of an acyclic digraph is a strict partial order,
i.e. it is irreflexive and transitive, and consequently also antisymmetric. The
dependency digraph of a formula ¢ is the dependency digraph of the set of
box-formulas that occur as subformulas of ¢.

An atomic inductive antecedent is an atomic regular antecedent with
an acyclic dependency digraph. An atomic regular (resp. inductive) impli-
cation is an implication ¢ — 1 in which 1 is positive and ¢ is an atomic
regular (resp. inductive) antecedent. Let All be the class of atomic inductive
implications.

Example 2.1. Consider the following formulas:

¢1 = pAD(p— Og) — <0O0g,
po = <>Dp/\<>(|j(p—>q)\/|](p—> DDT)) —><>D(q\/<>7“)
3 = <(O(p — 0Oq) Vv O(g — Op)) — <Op.

1 is an atomic inductive implication, which is not a Sahlqvist implica-
tion. The antecedent is the conjunction of the atomic box-formulas p and
O(p — Og). The dependency digraph over the set of heads {p, ¢} has only
one edge, from p to ¢, and thus linearly orders the variables.

(2 is an atomic inductive implication. Its dependency digraph has three
vertices p, ¢, and 7, and arcs from p to ¢ and from p to 7.

(3 is an atomic regular but not inductive implication. Its dependency
digraph contains a 2-cycle on vertices p and q.

2.3.2 Sahlqvist and atomic inductive formulas

Sahlqgvist formulas ([3]). A Sahlguist formula is a formula that is built
up from Sahlqvist implications by freely applying boxes, conjunctions and
disjunctions®. Let SF be the class of Sahlqvist formulas.

2 Actually, in the definition in [3] the application of disjunction is restricted, and is only
allowed between formulas that do not share any propositional variables. Proposition 2.2



Atomic inductive formulas. An atomic inductive formula is a formula
that is built up from atomic inductive implications by freely applying boxes,
conjunctions, and disjunctions. Let AIF be the class of atomic inductive
formulas.

The correspondence results for Sahlqvist and atomic inductive formu-
las can be respectively reduced to the correspondence results for Sahlqvist
and atomic inductive implications: this is an immediate consequence of the
following proposition:

Proposition 2.2. Let ® € {SF,AlF}. Every ¢ € ® is semantically equiva-
lent to a negated ®-antecedent, and hence to a ®-implication®.

Proof. Fix a formula ¢ € ®, and let ¢’ be the formula obtained from —¢p
by importing the negation over all connectives. Since ¢ = ¢’ — 1, it is
enough to show that ¢’ is a ®-antecedent, in order to prove the statement.
This is done by induction on the construction of ¢ from ®-implications.
If ¢ is a ®-implication @ — Pos, negating and rewriting it as a A —Pos
already turns it into a ®-antecedent. If = O, where v satisfies the claim,
then —p = &) hence the claim follows for ¢, because ®-antecedents are
closed under diamonds. Likewise, if ¢ = 1 A ¥2, where ¥ and )9 satisfy
the claim, then —¢ = -1 V —1p9 hence the claim follows for ¢, because
d-antecedents are closed under disjunctions. The case of ¢ = 1 V s is
completely analogous. O

2.3.3 Definite implications

In the previous subsubsection, we saw how the correspondence results for
formulas in SF and in AIF can be respectively reduced to the correspondence
results for formulas in Sl and in All. In their turn, the latter correspondence
results can be respectively reduced to the correspondence results for the
subclasses of their definite implications. These are defined by forbidding
the use of disjunction, except within negative formulas, in the building of
antecedents. To be precise:

Definition 2.3. o A definite very simple Sahlquist antecedent is a for-
mula built up from T, 1, negative formulas and propositional letters,
using only A and <.

shows that this restriction is unnecessary in the Boolean case. More about this in Remark
2.6.

’By a ®-antecedent we mean a Sahlqvist antecedent if ® = SF or an atomic inductive
antecedent if & = AIF; by a ®-implication we mean a Sahlqvist implication if & = SF or
an atomic inductive implication if ® = AlF.



o A definite Sahlquist antecedent is a formula built up from T, L, nega-
tive formulas and boxed atoms, using only A and <.

o A definite atomic reqular antecedent is a formula built up from T, L,
negative formulas, and atomic box formulas, using only A and <. A
definite atomic inductive antecedent is a definite atomic regular an-
tecedent with an acyclic dependency digraph.

Let ® € {VSSI,SI,All}. Then ¢ — ¢ € ® is a definite ®-implication if

© is a definite ®-antecedent.

In the next section, we will be able to confine our attention w.l.o.g. to
the definite implications in each class, thanks to Fact 2.4 and to Proposition
2.5.

Fact 2.4. If p; € ML locally corresponds to «;(x) € Lo for 1 < i < n, then
Niq @i locally corresponds to N\;'_; a;(x).

Proposition 2.5. Let ® € {VSSI,SI,All}. Every ¢ € ® is equivalent to a
congunction of definite implications in ®.

Proof. Note that ¢ can be equivalently rewritten as a conjunction of definite
implications in ® by exhaustively distributing & and A over V in the an-
tecedent, and then applying the equivalence AVB — C = (A — C)\ (B —
). O

Remark 2.6. One of the conceptual aims of this paper is showing that
the correspondence mechanism is independent of the Boolean setting we
are in; however, there is one single point in our presentation in which we
took advantage of the specific properties of the classical setting, namely
Proposition 2.2. Thanks to classical negation, we are able to pack (i.e. prove
the semantical equivalence of) any Sahlqvist/atomic inductive formula in
(to) one Sahlqvist/atomic inductive implication. In settings where classical
negation is not available, this cannot be done. However, Sahlqvist formulas
can still be defined as in [3], i.e. allowing the application of disjunction
only between formulas that do not share any proposition letters, and the
correspondence result for this class can still be reduced to the correspondence
result for Sahlqvist implications, thanks to Fact 2.4 and the following facts
(cf. [3, Lemma 3.53]):

1. If ¢ € ML locally corresponds to a(z) € Lo, then for every k € N,
OF¢ locally corresponds to Vy(zRFy — a(y)).



2. If p; € ML locally corresponds to «;(x) € Ly for 1 < i < n, and for
every 1 < i,j < nif i # j then ¢; and ¢; do not have proposition
letters in common, then \/}"_; ¢; locally corresponds to \/;_; a(x);.

3 Algebraic correspondence

3.1 The general reduction strategy

Our starting point is the well-known fact, already mentioned above, that any
modal formula ¢ locally corresponds to its standard second-order translation,
ie.,

Fwlke iff FEVP...VPST:(¢)x:=w. (1)

We are interested in strategies that produce a semantically equivalent first-
order condition out of the default local second-order correspondent of ¢ on
the right-hand side of (1).

A large and natural class of formulas for which, by definition, this is
possible is introduced in [1] by van Benthem:

Definition 3.1. The class of van Benthem-formulas* consists of those for-
mulas ¢ € ML for which VP, ...VP, ST, (y) is equivalent to VP] ...VP ST, (¢)
where the quantifiers VP] ... VP, range, not over all subsets of the domain,
but only those that are definable by means of Lg-formulas.

The van Benthem-formulas are the designated targets of the reduction
strategy in its most general form. To see this, for every frame F = (W, R),
let

Val, (F) = {V": Prop — P(W) | V'(p) is Lo-definable for every p € Prop}.

This is the set of the tame valuations on F. Using the notation introduced
in Subsection 2.1, if ¢ € ML is a van Benthem formula, then the following
chain of equivalences holds for every F and every w:

Fwlo iff we[e](V) for every V on F
iff w e [o](V') for every V' € Val,(F).

Theorem 3.2. FEvery van Benthem-formula has a local first-order frame
correspondent.

“this name first appears in [5].

10



Proof. Let ¢ be a van Benthem-formula and let ¥ be the set of all Ly
substitution instances of ST;(y), i.e. the set of all formulas obtained by
substituting Lo-formulas a(y) for occurrences P(y) of predicate symbols in
ST.(¢). Clearly, VPST.(p) | X[z := w], where P is the vector of all
predicate symbols occurring in ST, (). But also, since ¢ is a van Benthem-
formula, ¥ = VPST,(p)[z := w].

But then ¥ = ST, (¢)[x := w], and since this is a first-order consequence,
we may appeal to the compactness theorem to find some finite subset ¥/ C X
such that ¥ = ST, (¢)[x := w].

We claim that ¥’ = VPST,(p)[z := w]. Indeed, let M be any L;-model
such that M |= ¥'[x := w]. Since the predicate symbols in P do not occur in
¥/ every P-variant of M also models ', and hence also ST, (). It follows
that M | VPST,(p)[z := w].

Thus we may take A Y’ as a local first-order frame correspondent for
Pp. 0

However, relying on compactness, as it does, Theorem 3.2 is of little
use if we want to explicitly calculate the first-order correspondent for a
given ¢ € ML, or devise an algorithm which produces first-order frame
correspondents for each member of a given class of modal formulas; therefore
a more refined strategy is in order, the development of which is the core of
correspondence theory.

As mentioned in the beginning, our treatment aims at integrating the
model-theoretic and the algebraic accounts of correspondence theory: the
model-theoretic one is that each class of modal formulas of Subsection 2.3.1 is
defined so as to guarantee that the second crucial ‘iff” of the chain above can
be proved not just for V' ranging arbitrarily in Val,,(F) but rather ranging
in a much more restricted and nicely defined subset of it. And moreover, it
is the special way in which each of these subsets of tame valuations is defined
that enables the algorithmic generation of the first-order correspondents of
the members of each corresponding class of formulas. In this sense, more
concretely, we will see that each of the following classes of formulas roughly
corresponds to a subset of tame valuations of the form specified in the column
on the right:

UF | V' : Prop — {g, W}
VSSI | V' : Prop — Pgin (W)
SI | V':Prop — {R"[X] | neN,X € Pn(W)}

The algebraic account crucially provides an intermediate step which clar-
ifies the model-theoretic account: each class of modal formulas of section

11



2.3.1 is defined so as to guarantee that, for every formula ¢ in the given class,
[] enjoys certain purely order-theoretic properties that make sure that the
second crucial ‘iff” can be proved for V' ranging in the nicely defined sub-
class of tame valuations (the definition of which, as we already mentioned,
underlies the algorithmic generation of the first-order correspondent of ¢).
We start to see how these integrated accounts work together in the next
subsection.

3.2 Uniform and Closed formulas

The reduction strategy. Among all the first-order definable valuations
V on F, the simplest ones are those which assign W or @ to each propo-
sitional variable. Indeed, let Vj be such a valuation and suppose that the
following were equivalent for the modal formula ¢:

Fwlke iff we[p](V) forall Von F
iff - w e [p](Vo)

This would in turn mean that

FEYP ... VYP,ST,(p)[x = w]
it FEST,(p)x:=w,P:=Vo(p1),...,Pn:=Volpn)]

Therefore, we could equivalently transform the formula above into a first-
order formula by replacing each occurrennce P,z with either z # z if Vy(p;) =
@, or with z = z if Vy(p;) = W. This is enough to effectively generate the
first-order correspondent of ¢.

Order theoretic conditions. For which formulas ¢ would it be possible
to implement the reduction strategy outlined above? The answer to this
question can be given in purely order-theoretic terms:

Proposition 3.3. Let (X;, <), i=1,...,n, and (Y, <) be posets. Let each
X, have a maxzimum, T;, and a minimum, L;. Let f : X1 x---x X,, — Y.
If f is either order preserving or order reversing in each coordinate, then
the minimum of f exists and is f(c1,...cy), where, for every i, ¢; = L; if f
1s order preserving in the i-th coordinate, and c; = T, if f is order reversing
in the i-th coordinate.

Corollary 3.4. For every ¢ € ML, if [¢] : P(W)™ — P(W) is order preserv-
ing or order reversing in each coordinate, then the following are equivalent:

1. WWw e [o](V)).

12



2. w € [¢](Vh), where Vy(p;) = W if ¢ is order reversing in p; and
Vo(p;) = @ if ¢ is order preserving in p;.

Proof. (1 = 2) Clear. (2 = 1) It follows from Proposition 3.3 that [¢](Vp) is
the minimum of [¢] and hence [¢] (Vo) C [¢](V) for every valuation V. [

Syntactic conditions. Now that we have the reduction strategy and suf-
ficient order-theoretic conditions for the strategy to apply, it only remains to
verify that these conditions are met by the uniform formulas. And indeed,
the following proposition can be easily shown by induction on :

Proposition 3.5. If ¢ € ML is a uniform formula, then [¢] is order pre-
serving (reversing) in those coordinates corresponding to propositional vari-
ables in which ¢ is positive (negative).

Example 3.6. Let us consider the uniform formula OOp. The minimal
valuation for p is V(p) = &, since the formula is positive and hence order-
preserving in p. The standard translation of this formula gives

F E VP Vy(Rry — Fz(Ryz A Pz)[z := w]
iff F Vy(Rry — 3z(Ryz A P°2)[x = w)]

where the predicate P’z can be replaced with z # z giving a first-order
equivalent formula Vy(Rxy — J2(RyzAz # z) which simplifies to Vy(—zRy).

To sum up: although the uniform formulas and their accompanying val-
uations are extremely simple, the key features of our account are already
present: first, the subclass of tame valuations is identified, using which
the desired first-order correspondent can be effectively computed; second,
the order theoretic properties are highlighted, which guarantee the crucial
preservation of equivalence; third, the syntactic specification of the formulas
¢ of the given class guarantees that their associated meaning functions [¢]
meet the required order theoretic properties.

3.2.1 Non-uniform formulas and ‘minimal valuation’ argument

The discussion above also shows that every uniform formula is locally equiv-
alent on frames to some closed formula (which is obtained by replacing every
positive variable with L and every negative variable with T). This elimi-
nation of variables can in fact be applied not only to uniform formulas but
also to formulas that are uniform with respect to some wvariables, so as to
eliminate those ‘uniform’ variables separately. Therefore, modulo this elim-
ination, in the following subsections we are going to assume w.l.o.g. that

13



the formulas we consider are non-uniform in each of their variables. Modulo
equivalent rewriting, we can assume w.l.o.g. that every such formula is of
the form ¢ — 1, where 1 is positive, and all the variables occurring in
also occur in . For such formulas, we have:

Fwlke—9¢ iff welp—y](V)foralVonF
iff forall V on F,if w € [¢](V) then w € [¢](V).

The well known model-theoretic heuristics for producing the correspon-
dent of formulas of this form is the ‘minimal valuation’ method (see [2]
subsection 9.4): find the (class of) minimal valuation(s) V* on F such that
w € [¢](V*) (and plug their description in the standard translation of the
consequent). The success of this heuristics rests on two conceptually dif-
ferent requirements: first, that ‘minimal valuations’ exist; second, provided
they exists, that they are tame. The account we will present in the next
sections, as described in the discussion at the end of Subsection 3.1, will deal
with these two requirements separately and in the reverse order. Namely,
first we will single out subclasses of Ly-definable valuations (our target class
of ‘minimal valuations’), restricting the universal quantification to which
guarantees that the first-order correspondents can be effectively computed
(essentially by way of the ‘plug-in’ method alluded to above); second, we
will show that certain order theoretic properties of the extension maps [¢],
seen as operations on F T, guarantee that restricting the universal quantifi-
cation to the target class preserves equivalence (essentially by guaranteeing
the existence of a suitable ‘minimal valuation’ taken in the target class).
Third, we will show that the syntactic conditions on ¢ guarantee that [¢]
satisfies the required order-theoretic properties.

3.3 Very simple Sahlqvist implications

The reduction strategy. Consider the subclass of the tame valuations
which assign finite subsets of some bounded size m € N to propositional
variables, i.e. valuations V; : Prop — P, (W), where

Prn(W) :={S C W [|S| <m},
and suppose the following were equivalent:
L WW(w € [¢](V) = w € [¢](V))
2. VWi(w € [¢](V1) = w € [$](1)).

This would mean that
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FEVP .. VP,ST (¢ — ¥)[x := w]
iff FEVPL.. VPIST,(p — )x :=w),

where the variables Pi1 would not range over arbitrary subsets of W, but
only over those of size at most m. Provided the equivalence between 1 and 2
above holds, we would effectively obtain the local first-order correspondent
of ¢ — 1 by replacing each VPil in the prefix with Vzl-lv,ziz ...Vz" and each
atomic formula of the form Ply with y =z Vy =22V ... Vy=z", where
all the z’s are fresh variables.

Order theoretic conditions. An operation f : P(W)" — P(W) is a
complete operator if:

(a) f preserves arbitrary joins in each coordinate, i.e., for every i = 1...n,
every X CP(W), and all Xq,...,X; 1, X;41,..., X, € P(W),

f(X17"'7Xi—17UX7Xi+17" 7XTL) =
UYGX f(X17 s aXibe’XiJrla s aXn)a

(b) for all X;,...,X,, € P(W), if X; = & for some i € {1,...,n}, then
f(le"'aXn)ZQ'

Notice that for n = 1, (a) implies (b). Indeed,

J@) = f(Jix e PW) | X e o) = Ji/(X) | X e 2} = Jo = 2.

Recall that any complete operator is order preserving in each coordinate.

Composition of complete operators will be important for our account:
in order to describe their order-theoretic properties, the following definition
will be useful.

Definition 3.7. Let g : P(W)" — P(W) be a composition of complete
operators.

1. The degree of g in the ith coordinate, notation 5;, is defined by induc-
tion on g:

(a) If g is itself a complete operator, then (5; = 1 for every coordinate
1 <4 < n whose corresponding variable occurs in g, and d§; = 0
otherwise;

(b) If g = f(h1,ha, ..., hy) for some complete operator f and compo-
sitions of complete operators, hi, ..., hy,, then §g = 6; +---+0; .
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2. The degree of g, notation dg, is max{dé |1 <i<n}

Lemma 3.8. If g : P(W)" — P(W) is a composition of complete operators,
then

1. g is order preserving in each coordinate, and

2. for all Xy,... X, € PW), if X; = @ for some 1 < i < n whose
corresponding variable occurs in g, then g(X1,...,X,) = &.

Proof. 1. Every complete operator is order preserving and the composition
of order preserving maps is order preserving.
2. By induction on d,. O

The composition of unary complete operators yields complete operators,
but that this is not generally the case for non-unary complete operators:

Example 3.9. Consider the extension map [¢] for the very simple Sahlqvist
antecedent ¢(p) = Op A OOp, defined on the complex algebra of the frame
F = (W,R) with W = {w,v,u} and R = {(w,v), (v,u)}. Then,

e({oru{u}) = mgr({v,u}) "nmr(mr({v,u}))
= %w,}v} N{w}
e({vh) Ue({u}) = (mR.({U}) Nmg(mr({v}))) Umg({u}) Nmp(mgr({u}))
= ({w}ne)u({v}n{w})

= QULZ=d.

However, compositions of complete operators do retain a certain sem-
blance of the join-preservation of the operators from which they are built,
as the next lemma shows. We will write Y Cj X or Y € Py(X) to indicate
that Y C X and |Y| <k, for k € N.

Lemma 3.10. If g : P(W)"™ — P(W) is a composition of complete opera-
tors, and X1,..., X, € P(W), then

9(X1,.. ., Xn) = J{g(S1,- ., 8) | Si Cpi Xiy 1 <i<n}.

Proof. By induction on the degree of g. If §; = 1, then g is a complete
operator f and hence

fXy, 0 Xn) = Y b U {=a))

r1€X1 Tn€Xn

= Jrdah Az} {2} & X, 1<i<n}.
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If 64 > 1, then g is of the form f(h1,..., hy) where f is a complete operator
and each h; is a composition of complete operators. Then

9( X1, .., Xn) = fh(X1,. s X0), e han( X1, X))
= FUthS1 S 185 c X 1 <nhiy
= JUra(si, .. S | S) C g X 1<j<n}
C Uil S 185 S gy X 1S5S}
= (Jo(S1,....8) | 85 S5 Xj, 1 <G <n}.

Here the second equality holds by the inductive hypothesis, and the third
since f is a complete operator. The inclusion holds since the set of which
the union is taken in the third line is a subset of the corresponding set in
the fourth line. The last equality holds by the assumptions on ¢ and by
definition of 4.

The converse inclusion follows from g being order preserving (Lemma 3.8).

]
Consider the following conditions on [¢]:
(@) [e1;-- - pn)] = ¢ 11, - o, [0l - -, [e]), where
(b) [¢'(p1y---sPnyS1,---,81)] is a composition of complete operators on

PW),
(¢) [71] to [ve] are order reversing in each coordinate.

For every frame F and every m € N, let Val;(F) be the set of valuations
on F of type V1 : Prop — P, (W).

Proposition 3.11. Let ¢ — 1p € ML be such that [] verifies the conditions
(a)-(c) above and ] is order-preserving. Let m = max}_;m; where m;
is the degree of [¢] relative to its ith coordinate. Then the following are
equivalent for every frame F:

1. (YV e Val(F))[w € [¢](V) = w € [¢](V)]
2. (VWi € Vali (F))[w € [¢](V1) = w € [¢](V1)].

Proof. (1 = 2) Clear. (2 = 1) Let m; be the degree of [¢] in the i-th
coordinate, for 1 <4 <n. Fix V and let w € [¢](V). Hence,

2 # [el(V) = [¢T(V(p1), - Vpn), [n](V), - [yl (V).
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By Lemma 3.8(2), this implies that V(p;) # @ for every i = 1,...,n. By
Lemma 3.10,

IISD]](V) = U{[[SOI]](SD cee 7Sn7 [['71]](‘/)7 EER) [hf]](v)) | Si gmi V(p’i)7 1<:i< n}

Hence, w € [¢](V) implies that w € [¢'[(T4, ..., Do, [11](V), ..., [7](V))
for some T; C,,, V(pi), 1 < i < n. Let V; be the valuation that maps
any ¢ € Prop\ {pi | 1 <i < n} to @ and such that Vi(p;) = T;: clearly,
V1 € Vali(F); moreover w € [¢](V1): indeed,

w € [¢NTr, ..., To, [V, [v](V))

C [[SO/H(TM""TTH[[’Yl]](vl)v"'v[[Vf]](vl))

= [¢'TVi(p1), -, Vilpn), [l (V1) - -+ [ve] (V1))
[l (V1)

the inclusion in the chain above follows since Vi (p) C V (p) for every p € Prop
and the extensions of the ~’s are reversing. Hence, by assumption (2),
w € [¢](V1). Since [¢] is order preserving in every coordinate, and again
Vi(p) € V(p) for every p € Prop, we get w € [¢](V1) C [¢](V), which
concludes the proof. O

Syntactic conditions. It remains to verify that the very simple Sahlqvist
implications verify the assumptions of Proposition 3.11. The assumptions
on 1 are verified because of Proposition 3.5. As to the assumptions on ¢:

Proposition 3.12. If ¢ = ¢(p1,...,pn) s a very simple Sahlquist an-
tecedent then it verifies the assumptions (a)-(c) of Proposition 3.11. In
particular, the maps [v]’s are exactly the ones induced by the negative for-
mulas occurring in the construction of ¢, the map [¢'] is induced by the
compound occurrences of A and <, and for every 1 < i < n, the degree of
[¢'] in the ith coordinate is the number of positive occurrences of p; in .

Proof. For the first part, note that the identity map id : P(W) — P(W),
the intersection N : P(W) x P(W) — P(W) ((X,Y) — X NY) and
semantic diamond operations mp : P(W) — P(W) (X — mp(X)) are
complete operators. The second part is proven by induction on ¢. O

Example 3.13. Let us consider the very simple Sahlqvist formula
p A <Cp — Op,

which locally corresponds to the property of having at most one successor.
The variable p occurs twice positively in the antecedent, giving [p A Cp]
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degree 2 in the corresponding coordinate. Hence, according to our reduc-
tion strategy, the monadic second order quantification in the second-order
translation

VP[P(z) A Jy(xRy A P(y)) — Yu(xRu — P(u))]

can be equivalently restricted to subsets of size at most 2. Doing this yields
the equivalent Lg-formula

VaiVal(rt =21 Vo =22) AJy(zRy A (y = 21 Vy = 22)) — Yu(xRu — (u =
21 Vu=z))].

This can be simplified to
VziVza[(x = 21 Vo = 22) A(@Rz1 VaRz2)) — Yu(zRu — (u = 21 Vu = 22))],
and reasoning a bit further this can be seen to be equivalent to

VoVu(rRu A xRz — u = z).

As seen above, the reduction strategy does not immediately yield the sim-
plest first-order equivalent possible. Some further simplification will usually
be possible, as will also be seen in examples 3.20 and 3.25. More optimal
equivalents could be produced at the cost of complicating the reduction
strategy. This will be further discussed in the conclusion.

3.4 Multiple occurrences of variables

Before moving on to the more general classes of formulas in our hierarchy,
let us present some observations that will allow us to significantly simplify
the presentation in the following sections.

Definition 3.14. A non-uniform implication ¢ — ¢ is a I-implication if
every variable p € Prop occurs positively in ¢ at most once.

All the best known examples of Sahlqvist implications in the literature
are l-implications, and from an order theoretic point of view, these formulas
are much better behaved: for instance, the following is an easy consequence
of Proposition 3.12:

Proposition 3.15. Let ¢ — 1 € ML be a very simple Sahlquist implication
s.t. @ is a positive formula. If ¢ — 1 is a 1-implication then [¢] is a
complete operator.
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Moreover, as an immediate consequence of Proposition 3.11, the tame
valuations corresponding to the 1-very simple Sahlqvist implications map
atomic propositions to singleton subsets. This section is aimed at showing
that the correspondence result of any class of implications ® C ML can be
obtained as a consequence of the correspondence result for the 1-implications
in .

Given a frame F = (W, R), let V be the class of all valuations on F, and
let V' be a subclass of V. Let m,k € N, ¢ = p(r1,...,7m,S1,...,8k) € ML
be positive in the r-variables, and 1 = ¥(s1,...,s,) € ML. Finally, let
PU{p} = {p1,...,pm} U{p} C Prop a subset of fresh variables, i.e. not
occurring in ¢ or 1, and let V& be defined as follows: V" € VB iff there
exists some V' € V' s.t. V" ~, V' and V" (p) = V'(p1) U--- UV (pm).

Proposition 3.16. Suppose that the following are equivalent:
YWeV [welppi/r, . pm/rTm: i pi/s1s -, Vit pi/s1) (V)

= w € [Y(ViZipi/s1,- -, Vil pi/si)] (V)] (2)
eV [w € [[‘P(pl/rb e aPM/rm’ V?ll pi/sh R \/Zl pi/sk)]](vl)
= w € [W(VZipi/s1,-- -, ViZ pi/s)[(V')] (3)

Then the following statements are equivalent:

YW eV (we[elp/ri, - 0/Tm,p/s1,--- 0/sK)](V)
= w € [Y(p/s1,....p/sK)](V)] (4)

YW eV?R [welem/r,....p/Tm,p/s1,- - 0/56)](V')
= w € [¢(p/s1,-...p/sk)J(V')]. (5)
Proof. Clearly, (4) implies (5). To prove that (5) implies (4), we will show
that (5) = (3) = (2) = (4).

(3) = (2) we have by assumption. Condition (2) implies (4): indeed,
since the variables pi, ..., py are fresh, then (4) is equivalent to the special
case of (2) obtained by imposing the restriction that V(p) = V(p1) =--- =
V(pm) (the details of this proof are left to the reader).

For the sake of the implication from (5) to (3), assume (5) and that

w e [[(P(pl/rla s ,pm/’rm, \/pi/Sl, ce \/pl/sk):ﬂ(vl) (6)
=1

=1

for some V' € V/. Let V" bes.t. V" ~, V' and V" (p) = Ui~, V'(ps). Clearly,
V" € V'B. Since ¢ is positive in the r-variables, the following chain holds:
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w lo(p1/715 - P/ Tm, Ve Di/ 51, - -5 Vg Di/ 1)1 (V')

S
- [[(p(p/’l“l,...,p/ijp/Sl,...,p/Sk)]](VH).

Therefore, by assumption (5), w € [¥(p/s1,...,p/sk)](V"). But again,
V(i pi) = V"(p) implies that

[(p/s1,- - p/s)IV") = T\ pi/s1,.... \ i/ s)](V'),
i=1 i=1

which finishes the proof. O

The statement of the Proposition above is more general than we will
need: when it is applied to our case of interest, that of the 1-implications,
the r-variables and the s-variables in ¢ are thought of as the place holders
for the positive and negative occurrences of the variable p. This statement
is also less general than we need, treating just multiple occurrences of one
variable. However, it is straightforward, modulo introducing another set of
indexes, to extend it so as to treat multiple occurrences of n variables.

As we mentioned early on, the proposition above provides us with a uni-
form way of deriving the correspondence result for any class of implications
® from the correspondence result for the class 1-® of the 1-implications in
®: indeed, notice that if the class V' is Lo-definable, then so is V'%; there-
fore if a reduction strategy is available for 1-® w.r.t. the class V' of tame
valuations, then the Proposition above guarantees that a reduction strategy
for any formula ¢ — ¢ € ® is available w.r.t. a class V', of tame valua-
tions that only depends on the multiplicity of occurrences of each variable
in ¢. Moreover, the reduction algorithm for ® can be effectively derived
from the reduction algorithm for 1-® in the following way (here again we
just consider multiple occurrences of just one variable, leaving the multi-
variable case to the reader): if p € AtProp occurs positively in ¢ m times,
then consider the I-formula transform of ¢ — 1, i.e. the formula ¢* — ¥*,
where ¢* is obtained by replacing each positive occurrence of p in ¢ by a
fresh variable in P C AtProp as above, and each negative occurrence of p
in ¢ by V", pi, and ¢* = (V" pi/p); consider the standard translation
of p* — 2*; by assumption we can eliminate the second order variables
P; from this standard translation by replacing the quantification VFP; with
Vz;, where z; is a fresh variable, and the single occurrences of P;y with its
first-order description (3;(z;,y) derived from the tame valuations. Then the
first order correspondent of ¢ — 1 is effectively obtained by replacing the
quantification VP with Vz; ---Vz,,, where the z;’s are fresh variables, and
each occurrence of Py with /i~ 5i(z, ).
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In the remainder of the paper, we will restrict our treatment to the 1-
formulas in each class, and will provide more details on the general account
only when needed.

3.5 Sahlqvist implications

The reduction strategy. Another promising subclass of tame valuations
is formed by those V € Val(F) such that for every p € Prop, Va(p) = R|z]
for some z € W. Indeed, suppose that the following were equivalent:

1. VYV (w € [¢](V) = w € [](V))
2. VWa(w € [p](Va) = w € [¢](V2)).

This would mean that
F VP .. VP,ST, (¢ — )[w] iff Fl=VP?...VYP2ST, (¢ — )[w]

where the variables P? would not range on P(W), but only on {R[z] | z €
W}. Therefore the formula above on the right-hand side can be transformed
into a first-order formula by replacing each VP? in the prefix with Vz; and
each atomic formula of the form P?y with z; Ry \/;n:1 zi Ry, where all the
z’s are fresh variables.

Actually, this argument can be refined and extended to valuations V5
such that for every p € Prop, Va(p) = RF[2] for some z € W, and some
k € N relation on W (Notice that the valuations V; ranging over singletons
are the special case of Vo where k& = 0). In this case, the formula above
on the right-hand side can be equivalently transformed into a first-order
formula by replacing each VPZ-2 in the prefix with Vz;, and each formula of
the form Pfy with an Lo-formula which says ‘there exists an R-path from
z; to y in k; steps’, such as:

ki—1
Jvo, . .. vki[(zi =g N\ /\ UjR’Uj_;,_l Nvg, = y]
=0

This time we are after some conditions on ¢ and ¥ that guarantee that the
universal quantification YV can be equivalently replaced with the universal
quantification VV5.

22



Order theoretic conditions. The maps f,g : P(W) — P(W) form an
adjoint pair (notation: f - g) iff for every X, Y € P(W),

FX)CY iff X Cg(Y).

Whenever f - g, f is the left adjoint of g and g is the right adjoint of f. One
important property of adjoint pairs of maps is that if a map admits a left
(resp. right) adjoint, the adjoint is unique and can be computed pointwise
from the map itself and the order (which in our case is the inclusion). This
means that admitting a left (resp. right) adjoint is an intrinsically order-
theoretic property of maps.

Proposition 3.17. 1. Right adjoints between complete lattices are ex-
actly the completely meet-preserving maps, i.e., in the concrete case
of powerset algebras P(W) they are exactly those maps g such that
9(NS) =Mg(X) [ X € §} for all S € P(W);

2. Right adjoints on a powerset algebra P(W) are exactly maps of the
form ls for some binary relation S on W.

3. For any binary relation S on W, the left adjoint of ls is the map mg-1,
defined by the assignment X — S[X].

Proof. 1. See [8, Proposition 7.34]. 2. We leave to the reader to verify
that every map of form ls is completely meet preserving, hence it is a right
adjoint. Conversely, let g : P(W) — P(W) be a right adjoint. Then by
item 1 above, g is completely meet preserving. Define S C W x W as follows:
for every x,z € W,

xSz it g gW\ {z}).
Hence,
x €ls(W\{z}) iff Slz]C (W \{z}) iff z¢ S[z] iff ze€g(W\{z}),

which shows our claim for all the special subsets of W of type W \ {z}. In
order to show it in general, fix X € P(W) and notice that X = (¢ (W'\
{z}). Using the fact that g is completely meet preserving and the special
case shown above, we get:

9(X) = g(M{W\{z}) | 2 ¢ X})
= MMgW\{z})|z¢ X}
= MWls(W\{z}) | z¢ X}
= Is(MH{W\{z}) |2 ¢ X} (%)
= Is(X).
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The marked equality can be verified directly, but also follows from the more
general fact that ls is completely meet preserving for every S. 3. Left to
the reader. O

Consider the following conditions on [¢]:

(@) @(p,-- - pn) = @' (xa(p1); - - Xn(Pn), 71, - -, ), moreover

(b) [¢'] is a complete operator;

(c) for 1 < i < n, [xi] : P(W) — P(W) is a right adjoint, i.e. there
exists some f; : P(W) — P(W) such that for every X,Y € P(W),
filX)CYy iff X C [al(Y);

(d) for every 1 <i < n, f; is defined by X s RFi[X]
(e) [v1] to [ve] are order reversing in each coordinate.

Notice that, by Proposition 3.17, condition (c) already guarantees that for
every 4, f; is defined by X — S;[X] for some arbitrary binary relation S; on
W; however, since S; is arbitrary, this is not yet enough to guarantee that
valuations defined by p; — fi({z;}) be Lo-definable. Condition (d) above
guarantees this last point.

For every frame F, let Valy(F) be the set of valuations on F such that,
for every p € Prop, Va(p) = R¥[z] for some x € W and some k € N.

Proposition 3.18. Let ¢ — 1» € ML be such that [] verifies the conditions
(a)-(d) above and [¢] is order preserving in each coordinate. Then the
following are equivalent:

1. (VV e Val(F))w € [¢](V) = w € [¢](V)]
2. (VW2 € Valy(F))[w € [p](V2) = w € [¢](V2)]-
Proof. (1 = 2) Clear. (2 = 1) Fix V and let w € [¢](V). Hence,

2 # [e](V) = [£TDal(V(p1), - Dxal (V(2n)), In](V), - el (V)),

and since by assumption (b) [¢'] is a complete operator, [x;](V (p;)) # & for
every 1 < i < n. Moreover, because every set is the union of the singletons
of its elements and complete operators preserve arbitrary unions in each
coordinate, the following chain of equalities holds:
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w € [](V)

= [FTDal(Vp), - Dxal(V(pn), [0 (V), - - [vel (V)
— U1} A 0DV, o, Tl (V) | i} € Dl (Vi i) }ie1
= Ul¥I(ai} - Azt (V) Iel (V) | fi{a}) € Vipi) Vi

where the last equality is a consequence of assumption (c). Then w €
[£1d =zt -zt [ (V), .o e (V) for some 2z, € W, 1 < i < n,
such that f;({z;}) € V(p;). Let Vo be the valuation that maps any ¢q €
Prop\ {p; | 1 <i < n} to @ and such that Va(p;) = fi({z:i}). By assumption
(d), Vo € Vala(F). Let us show that w € [¢](Va): indeed,

[Tz} {znd ] (V), - T (V)

W1 21}, Az, ] (V ). s e (V) | fil{i}) € Val(pi) e
U{[[SO’]]({wl},---y{xn},[[’71%2 Va), ---J[w]](‘ég) | fi{zi}) € Va(pi)}i:
(

1NN m

TV el (Va)) | Tei} € Dl (Vapi)) Yy
DAl (Vaon)s - Deand (Va(on)), [l (Va), - -, el (Va)
[l (Va).

The second inclusion holds since Va(p) € V(p) for every p € Prop and
the [y]'s are order reversing. By assumption (2), we can conclude that
w € [¥](Vz). Now, since [¢] is order preserving in every coordinate, and
Va(ps) = fi({z:}) € V(py) for every 1 < i < m, we get w € [$1(Va) € [0](V).
which concludes the proof. ]

@1 et {anh [ "y

Syntactic conditions.

Proposition 3.19. If o — 1 € ML is a Sahlquist 1-implication, then @ — 1
verifies the hypotheses of Proposition 3.18. In particular, the maps [x;] are
exactly the ones induced by the boxed atoms.

Proof. 1t follows from Propositions 3.12 and 3.17, and the additional fact
that, for every R1,Re CW X W, lg, olr, = IR 0oR,- u

Example 3.20. Consider the (definite) 1-Sahlqvist implication COpAOg —
OC(p A q). This has standard second-order frame equivalent

VPYQ[(Fy(x RyAVu(yRu — P(u)))AVv(zRv — Q(v))) — Yw(xRw — Is(RwsAP(s)AQ(s)))]-

The reduction strategy prescribes that in the above we replace VPV(Q with
Vz1Vz2, and substitute P(y) and Q(y) with Jug3vi(vy = 21 AvgRu1 Avy = y)
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and JugIvi(vg = 22 A vgRv1 A v1 = y), respectively, which simplify to z3 Ry
and 29 Ry, respectively. Doing this we obtain the first-order frame equivalent

V21V [(y(x RyAVu(yRu — z1 Ru))AVv(zRv — 22 Rv)) — Yw(zRw — Is(RwsAz1 RsAz2Rs))],

Using the well-known fact that for any first-order formula 3(z,y) it holds
that VaVyf(z,y) | VaVzB(x,z), we see (by pulling out quantifiers and
setting z; = y and zo = z) that the above has as consequence

VyVw(z Ry A tRw — 3s(xRs A yRs AN wRs)).

An easy semantic argument shows that the converse also holds, and hence
that the last formula is actually a local first-order frame correspondent for
¢Op A Qg — OO(pAg).

3.6 Atomic inductive formulas

The reduction strategy. Let usintroduce the following piece of notation:
For every i + l-ary relation S; on W and all Xy,..., X; C W, let

Si[X1, ..., X)) |
= {yeW|3wr- Iwi[Npoy 20 € Xn A Silan, .. 20, y)]}

The last subclass of tame valuations we are going to consider in this paper
can be described as follows: Given an arbitrary finite set {p1,...,p,} C Prop
strictly and linearly ordered by p; < p; iff ¢ < j, assume that there exist
some ki,...,k, € N and some m; € N for 1 < ¢ < n, such that V3 can be
inductively defined as follows:

1. V3(p1) = Si[ws] for some wy € W, where each S; is the composition
RF1 of R with itself k; times;

2. for every 1 < i <n, Vs3(pi) = Sil{wi}, V3(pir), - - -, V3(pi,, )] for some
wi € W, PiysesDiy, € {po,p1,.--,pi—1}, and where S; is such that
for all zg,...,zm,,y € W,

Si(x0, - wmyy) M (N znRen) Awm Ry, (7)
0<h<m;

where, as before, R is the composition of R with itself k; times. (Notice
that when n = 1, the valuations V3 reduce to special valuations V5 of the
previous section on simple Sahlqvist formulas).

Suppose that the following were equivalent:
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1. WW(w e [¢](V) = w e [¢](V))
2. VV3(w € [](V3) = w € [¢](V3)).

This would mean that

FEVP.. VP,ST(p — )[w] iff  F VP .. .VP}ST(p — ¢)[w],
(8)

where the variables P} would not range on P(W), but only on sets as de-
scribed in the first enumeration above. In this case, the right-hand side of (8)
can be equivalently transformed into a first-order formula by the following

procedure, that we define inductively:

1. Replace VP in the prefix with Vz;, and substitute each subformula of
the form PPy with z; R¥y, where the latter is an abbreviation for

k
Juq ... Eluk1+1(zl =UlINY = U 41 N /\jlzl ujRujJrl).

2. Suppose that, for each 1 < h < 4, VP}::’ in the prefix has been replaced
by first-order quantifiers and in the matrix each subformula of the form
P2y has been substituted with an Lo-formula oy (y). Then, replace
VPi3 in the prefix by Vz; and substitute each subformula of the form

PZ-Sy with
mifl my
oo, - Fvm, [z = vo A (\ vjRuj1) A (N anlon)) Avm, R5y),
Jj=0 h=1

where vy, RFiy is defined similarly to z; Ry in clause 1 above.

This time we are after some conditions on ¢ and v that guarantee that
the universal quantification VV can be replaced with the universal quantifi-
cation VVj3.

Order theoretic conditions. The notion of adjunction of monotone
maps can be generalized to j-ary maps in a component-wise fashion: a
j-ary map f : P(W)? — P(W) is residuated if there exists a collection of
maps A
{gn : PW) = P(W)|1<h<j}
s.t. for every 1 < h < j and for all X1,...,X;, Y € P(W),
f(le?X])gY iff Xhggh(Xl?'"7Xh—17Y7Xh+1a"'an)'

The map gy is the h-th residual of f. The facts stated in the following
example and proposition are well known in the literature in their binary
instance (cf. [10, Subsection 3.1.3]):
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Example 3.21. For every j+1-ary relation S on W and every (X1,...,X;) €
P(W), let

S[X1,. .., X)) |
= {y eW | dxq "-3.7}]'[/\%:1 zp € X5 A S(xl,.. . ,xj,y)]}.

The j-ary operation on P(W) defined by the assignment
(X1,...,Xj) — S[Xq,..., Xj] 9)

is residuated and its h-th residual is the map

gn: POW) = P(W)
which maps every j-tuple (Xi,...,Xp—1,Y, Xp41,..., Xj) to the set

{we W |k},
where a/t(w) is the following first-order formula:
Yy Vy - Vi [(Aggg, o6 € Xk & S(1,. . w0 25,y)) = y €Y,

and for every j € Nand 1 <h <j, j,={1,...,5} \ {h}.

Proposition 3.22. If f : P(W)) — P(W) is residuated and {gp : P(W)? —
PW)|1<h<j} is the collection of its residuals, then:

1. f is order preserving in each coordinate and for 1 < h < j, gp is order
preserving in its h-th coordinate;

2. f preserves arbitrary joins in each coordinate;

3. f coincides with the map defined by the assignment (9), for some j+1-
ary relation S on W.

Proof. 1. Fix 1 < h < j, let X1,...,X;,Y,Z € P(W), and assume that
Y C Z. By residuation, the “tautological” inclusion

f(X1,..,Z,...,X;) C f(X4,...,Z,..., X))
is equivalent to the second inclusion in the following chain:
YCZCgh(Xe, o, f(Xn,yeo s Zyoo o, XG), 0, X),
which yields, again by residuation,

FOX1, .Y LX) C (X, 2, X)),
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The proof that gy is monotone in the h-th coordinate goes likewise.
2. Fix Y CP(W), X1,..., Xn-1, Xps1,-- X € P(W) and let us show
that

FXa LYY X)) =X, YL X)) | Y e D)

The right-to-left inclusion follows by f being order preserving in each coor-
dinate. By residuation, the converse inclusion is equivalent to

Uyggh<X1)7U{f(X177Y77X])|Y€y}77XJ)7

to prove which, the following chain suffices:

U)J - U{gh(Xl,...,f(Xl,...,Y,...,Xj),...,Xj)|Y€y}
C X UK Yo X)) [V D). X)),

The first inclusion readily follows by applying residuation to the “tautolog-
ical” inclusions

FOX1,. Y, X)) C (X, YL X))

for every Y € ). The second one follows by the monotonicity of g, in its
h-th coordinate.
3. Let S € W7t be defined as follows: for all y, z1, ... sxj e W,

(x1,...,z5,y) €S iff {y} C f{z1},.. {z;}).

Then f({z1},...{z;}) = S[{z1},...{z;}]. Using this observation and the
fact that, by item 2 above, every residuated map is completely join preserv-
ing in each argument, then it is easy to show that for all Xy,..., X; € P(W),

F(X1,. . X)) = S[X1, ... X5).
O

Consider the following conditions on [¢]: There exist k1, ..., ky,m1,...,my €
N, such that

(@) [el(p1;- - pn)
= [¢'TDal@), - DenlPass - -5 P,y s 20y [ -5 el

where

(b) [¢'] is a complete operator on P(W),
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(c) for 1 <i<mn, [xi](pir,- .-+ Pipn,,pi) is the (m; + 1)-th residual of some
(mi+1)-ary residuated operation f;, and pi,, ..., pi,,. € {P1,...,Pi-1};

(d) the binary relations S; corresponding to f; is of the form RF;

(e) for every 1 < i <n, the (m; + 2)-ary relations S; on W corresponding
to f; is given, for all xg,...,xm,;,y € W, by

Si(xo, ..o Tm,,y) iff ( /\ T RTp 1) A T, RNy
0<h<m;

(f) 71 to ¢ are negative formulas.

For every frame F, every formula ¢(p1,...,ps) satisfying condition (a)
to (f), let Valg be the set of valuations V3 on F which map any ¢ € Prop \
{p1,...,pn} to @ and are defined inductively on {p1,...,p,} as follows:

o V3(p1) = Si[{w1}] for some w; € W, and where S; is as specified in
(d), above.

e For every 1 < i < n, Vs3(p;) = Si[{wi}, Va(pir), ..., Vs(pi,, )], and
where §; is as specified in (e), above.

Proposition 3.23. Let ¢ — 1 € ML be such that [p] verifies the condi-
tions (a)-(f) above and [] is order preserving in each coordinate. Then the
following are equivalent:

1. (YV e Val(F))[w € [¢](V) = w € [¢](V)]
2. (VV3 € Valg(F))[w € [¢](V3) = w € [¢](V3)].

Proof. (1 = 2) Clear. (2 = 1) Fix V € Val(F) and let w € [¢](V). Hence

g £ [N DalV), ..., [xn](V), ..., [xe](V)), and since by assumption (b)
[#'] is a complete operator, we get, [x;](V) # @ for every 1 <i < n. Then

KTV (x1), - Vxn), V), -, V(7))
= Ul¥W1G1 -z V), V() |z € V), 1 < i < n}
= U{[[(Pl]](zlv s 7zmv(71>7 .- ‘7V(75>) ‘ fi(v(pi1)7 .- '7V(pimi)? {zl}) - V(pi)a 1<i< n}

m

w

where the first equality follows from the fact that [¢'] is a complete operator
and the second from assumption (c).
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Then w € [¢'](wi,...,wn, V(11),...,V (7)) for some wy,...,w, € W
such that, for all 1 <7 <n,

fiV(pir), - Vipin, ) {wi}) € V(pi). (10)
Let V3 be the valuation that maps any g € Prop\ {p; | 1 <i <n} to &
and is defined inductively on {p1,...,p,} as follows:

e V3(p1) = fi{w1}), and
o for 1 <i<mn, V5(p;) = fi(Va(pi,), - .,‘/;;(pimi), {w;}).

By assumptions (d) and (e), V3 € Vals. Moreover, V3(p;) C V(p;), for all
1 < ¢ < p. Indeed, the latter can be shown by induction on ¢. For ¢ = 1, since
wy satisfies (10), we get Va(p1) = fi{w1}) € V(p1). Let i > 1 and suppose
that the inclusion holds for the first ¢ — 1 variables. Since w; satisfies(10)
and, by Proposition 3.22, f; is order preserving in each coordinate, we get

Vfﬂ(pl) = fi(vfﬂ(pil)v’"7V3(pimi)7{wi})
- fi(v(pi1)7 .- ‘7V(pimi)’ {wz}) c V(pz)

Let us now show that w € [¢](V3):

we [ (w1, wn, Vi), ..., V()
[[@q](’llh, <., Wn, ‘/33(71)7 B ‘/3(72))

1NN

[[()0/]](‘/30(1)7 ) Vé(Xn)v ‘/3(71)7 teey VE’)(’YE))
[£l(V3).

Here the first inclusion holds since the [v]’s are order reversing by assump-
tion (f), [¢'] is order-preserving, and as mentioned above Vs(p;) C V(p;)
for all 1 <4 < n. The second inclusion holds by the definition of V3. By
assumption 2., from w € [p](V3) we have that w € [¢](V3). Now, from the
facts that [¢] is order preserving in each coordinate and that Vz(p;) C V(p;)
for all 1 <i < n, we conclude that that w € [¢](V). O

Syntactic conditions.

Proposition 3.24. If ¢ is definite 1-atomic inductive antecedent, then [¢]
verifies the hypotheses (a) to (f) of Proposition 3.23. In particular, the maps
[xi] are exactly the ones induced by the atomic box-formulas.
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Proof. (Sketch) As far as conditions (a), (b), and (f) are concerned, we note
the following. If ¢ is a definite 1-atomic inductive antecedent, then the
atomic box formulas and negative formulas used in its construction corre-
spond to x1,...Xn and ~1,..., s, respectively, in

nglﬂ(ﬂxlﬂ(pl)v AR [[Xn]](pmv cee apnmnapn)’ [[Vlﬂa R [['W]])'

The ‘skeleton’ consisting of the composition of &’s and A’s used in the
construction corresponds to the complete operator [¢'].

As for conditions (c), (d) and (e), we note that since the dependency
digraph of ¢ is acyclic, its transitive closure is a strict partial order. We can
therefore assume, without loss of generality, that the variables are ordered
p1 < p2 < --- < pp by some linear extension of this partial order. Hence
we will have that pi,, ..., pi,,. € {P1,...,pi—1} in each [xi[(Dir; - - -, Piy.» Pi)-
By Propositions 3.12, 3.17, and 3.19, in order to complete the proof, it is
enough to show that for every atomic box-formula

Xi(Pirs - s Py Pi) = O(piy = Opiy — ... O(pi,,, = i) ..),

[x:] is the (m; + 1)-th residual of the map f; : P(W)™i+! — P(W) defined
as

f(X1,..., X, Y) = RN [X,,, N\R[ X, 1N RIXoNRX;NY]---]].
The details of the proof are left to the reader. O

Example 3.25. Let us consider the 1-atomic inductive formula

p:=pAO({p—q) — <q,

which locally corresponds to the property of being a reflexive state. The
dependency digraph induces the order p < ¢ on the variables. We have
ki1 =0, m =0, kg = 0 and my = 1. The standard local second-order
translation is

VPVQ[P(x) AVy(zRy — (P(y) — Q(y))) — Ju(zRu A Q(u))].

The reduction strategy prescribes that we replace VPV(Q in the prefix with
Vz1Vz2 and that we substitute occurrences of the form P(y) with a;(y) :=
Juy(z1 = w1 Ay = up) which is equivalent to y = z;. It further prescribes
that occurrences of the form Q(y) should be substituted with as(y) :=
JupFvy (22 = vo AvgRv1 Avy = 21 Avy = y), where we have already used the
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simplified version of a;. Now aa(y) can be further simplified to zoRz1 Az1 =
y. Doing the substitution we obtain

Vz1Vzax = 21AVy(xRy — (y = 21 — 20Rz1A\y = 21)) — Ju(xRuNzoRz1 Au = z1)].
This is equivalent to

V21V [Vy(x Ry — (y = ¢ — 29Rx)) — Ju(zRu A 22 Rx A u = )]
= Vz1Vz[(zRr — 29Rzx) — Ju(zRx A zeRx)]
TRz,

4 Conclusions

In this paper, the Sahlqvist-style syntactic identification of classes of modal
formulas that are endowed with local first order correspondents has been
explained in terms of certain order-theoretic properties of the extension maps
corresponding to the formulas of these classes. These properties and the
resulting methodology hold beyond the Sahlqvist class, as the example of
atomic inductive formulas shows. Further features which we would like to
emphasize are:

Generalizing the signatures. Our treatment is modular: in particular,
we neatly divided the correspondence proof for each class of formulas in
three stages. Although, for simplicity, we confined our treatment to the
basic modal signature, the most important stage, i.e. the one referred to as
‘order theoretic conditions’ is intrinsically independent from any algebraic
signature. Therefore, it can be applied to any one, and in particular to any
modal signature.

Modifying the description of tame valuations. We have showed that
at the core of the correspondence mechanism there are special classes of
(tame) valuations, the members of which can be described uniformly in the
language L. Of course the classes Vali(F), Vala(F) and Valz(F), on which
we settled as a compromise between simplicity of presentation and general-
ity, are just three instances. A plethora of variations on them is possible. On
the one hand, by complicating the definitions of these classes, using more
parameters and taking into account the positions where boxed atoms / box
formulas occur within the antecedent, the shape of the first-order correspon-
dent obtained can be improved. On the other hand, the class Val3(F), for
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example, is designed to be targeted by atomic inductive implications, and as
such is too small for the whole class of inductive implications. The essential
difference lies in the definition of the (general, not necessarily atomic) box
formulas, which yields shapes such as the following:

O(Ag — O(A; — ...0(4, — ka) o))y

where the A;’s are arbitrary positive formulas. The correspondence result for
the whole class of inductive formulas can be obtained by the same method-
ology we proposed in Section 3.6, applied to a suitably larger class of special
tame valuations.

From the Boolean to the distributive setting. The statements and
proofs about the order-theoretic conditions only use the following two fea-
tures of powerset algebras: that they are complete distributive lattices and
that they are completely join-generated by their completely join prime ele-
ments® (the singleton subsets). Therefore, these proofs go through virtually
unchanged in the more general setting of distributive lattices enjoying these
two properties. In fact, it is well known that the modal expansion of each
of these special lattices is isomorphic to the complex algebra of some frame
for distributive modal logic. This observation motivates the development of
the algorithmic correspondence theory for distributive modal logic in [7] in
the purely algebraic setting of lattices of such kind.

Duality and correspondence. Although it was not strictly needed for
our exposition, in this paper correspondence is regarded as a byproduct of
the duality between Kripke frames and complete and atomic BAO’s. For
instance, results such as Proposition 3.17.2 and .3 and Proposition 3.22.3
are essentially characterizations of objects across a duality. More in general,
the relational interpretation of modal logic can be obtained by dualizing its
canonical algebraic interpretation on BAQO’s. This modus operandi is not
confined to modal logic: any duality involving the class of algebras canon-
ically associated with a given propositional logic provides the appropriate
setting for correspondence results.

San element ¢ of a complete lattice L is completely join prime if, for every S C L, ¢ < s
for some s € S whenever ¢ <\/ S.
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