
F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
u
to

ria
l
o
n

F
a
ir

D
ivisio

n

U
lle

E
n
d
riss

In
stitu

te
for

L
ogic,

L
an

gu
age

an
d

C
om

p
u
tation

U
n
iversity

of
A

m
sterd

am

"

C
O

S
T

-A
D

T
D

o
ctoral

S
ch

o
o
l
o
n

C
o
m

p
u
tatio

n
al

S
o
cial

C
h
o
ice

E
storil,

P
ortu

g
al,

9
–
1
4

A
p
ril

2
0
1
0

(h
t
t
p
:
/
/
a
l
g
o
d
e
c
.
o
r
g
)

#

U
lle

E
n
d
riss

1

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
a
b
le

o
f
C
o
n
te

n
ts

In
tro

d
u
ctio

n
.....................................................

3

F
airn

ess
an

d
E
ffi

cien
cy

C
riteria

...................................
8

D
ivisib

le
G
o
o
d
s:

C
ake-C

u
ttin

g
P
ro

ced
u
res

.......................
3
2

In
d
ivisib

le
G
o
o
d
s:

C
o
m

b
in

atorial
O

p
tim

isatio
n

...................
4
8

C
o
n
clu

sio
n

.....................................................
6
8

U
lle

E
n
d
riss

2

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

In
tro

d
u
ctio

n

U
lle

E
n
d
riss

3

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

F
a
ir

D
ivisio

n

F
air

d
ivision

is
th

e
prob

lem
of

d
ivid

in
g

on
e

or
several

go
o
d
s

am
on

gst

tw
o

or
m

ore
agen

ts
in

a
w
ay

th
at

satisfi
es

a
su

itab
le

fairn
ess

criterion
.

•
T
rad

ition
ally

stu
d
ied

in
econ

om
ics

(an
d

to
som

e
exten

t
also

in

m
ath

em
atics,

p
h
ilosop

h
y
,
an

d
p
olitical

scien
ce

);
n
ow

also
in

com
p
u
ter

scien
ce

(p
articu

larly
m

u
ltiagen

t
system

s
an

d
A

I).

•
A

b
stract

prob
lem

,
b
u
t

im
m

ed
iately

relevan
t

to
m

an
y

ap
p
lication

s.

U
lle

E
n
d
riss

4

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

F
a
ir

D
ivisio

n
a
n
d

S
o
cia

l
C
h
o
ice

F
air

d
ivision

can
b
e

con
sid

ered
a

prob
lem

of
so

cial
ch

oice
:

•
A

grou
p

of
agen

ts
each

h
ave

in
d
ivid

u
al

preferen
ces

over
a

collective
agreem

en
t

(th
e

allo
cation

of
go

o
d
s

to
b
e

fou
n
d
).

•
B

u
t:

in
fair

d
ivision

preferen
ces

are
often

assu
m

ed
to

b
e

card
in

al

( u
tility

fu
n
ction

s)
rath

er
th

an
ord

in
al

(as
in

votin
g)

•
A

n
d
:

fair
d
ivision

prob
lem

s
com

e
w

ith
som

e
in

tern
al

stru
ctu

re

often
ab

sen
t

from
oth

er
so

cial
ch

oice
prob

lem
s

(e.g.,
I
w

ill
b
e

in
d
iff

eren
t

b
etw

een
allo

cation
s

givin
g

m
e

th
e

sam
e

set
of

go
o
d
s)

U
lle

E
n
d
riss

5

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

P
ro

b
le

m

C
on

sid
er

a
set

of
agen

ts
an

d
a

set
of

go
o
d
s.

E
ach

agen
t

h
as

th
eir

ow
n

preferen
ces

regard
in

g
th

e
allo

cation
of

go
o
d
s

to
agen

ts
to

b
e

selected
.

◮
W

h
at

con
stitu

tes
a

go
o
d

allo
cation

an
d

h
ow

d
o

w
e

fi
n
d

it?

W
h
at

go
o
d
s?

O
n
e

or
several

go
o
d
s?

A
vailab

le
in

sin
gle

or
m

u
ltip

le

u
n
its?

D
ivisib

le
or

in
d
ivisib

le?
C
an

go
o
d
s

b
e

sh
ared

?
A

re
th

ey
static

or
d
o

th
ey

ch
an

ge
prop

erties
(e.g.,

con
su

m
ab

le
or

p
erish

ab
le

go
o
d
s)?

W
h
at

preferen
ces?

O
rd

in
al

or
card

in
al

preferen
ce

stru
ctu

res?
A

re

m
on

etary
sid

e
p
aym

en
ts

p
ossib

le,
an

d
h
ow

d
o

th
ey

aff
ect

preferen
ces?

H
ow

are
th

e
preferen

ces
represen

ted
in

th
e

prob
lem

in
p
u
t?

U
lle

E
n
d
riss

6

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
u
to

ria
l
O

u
tlin

e

T
h
is

tu
torial

con
sists

of
th

ree
p
arts:

•
P
art

1.
F
airn

ess
an

d
E
ffi

cien
cy

C
riteria

—

W
h
at

m
akes

a
go

o
d

allo
cation

?
W

e
w

ill
review

an
d

com
p
are

several
prop

osals
from

th
e

literatu
re

for
h
ow

to
d
efi

n
e

“fairn
ess”

an
d

th
e

related
n
otion

of
econ

om
ic

“effi
cien

cy”.

•
P
art

2.
C
ake-C

u
ttin

g
P
ro

ced
u
res

—

H
ow

sh
ou

ld
w
e

fairly
d
ivid

e
a

“cake”
(a

sin
gle

d
ivisib

le
go

o
d
)?

W
e

w
ill

review
several

algorith
m

s
an

d
an

alyse
th

eir
prop

erties.

•
P
art

3.
C
om

b
in

atorial
O

p
tim

isation
—

T
h
e

fair
d
ivision

of
in

d
ivisib

le
go

o
d
s

gives
rise

to
a

com
b
in

atorial

op
tim

isation
prob

lem
.

W
e

w
ill

cover
cen

tralised
ap

proach
es

(sim
ilar

to
au

ction
s)

an
d

a
d
istrib

u
ted

n
egotiation

ap
proach

.

U
lle

E
n
d
riss

7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

F
a
irn

e
ss

a
n
d

E
ffi

cie
n
cy

C
rite

ria

U
lle

E
n
d
riss

8



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

W
h
a
t

is
a

G
o
o
d

A
llo

ca
tio

n
?

In
th

is
p
art

of
th

e
tu

torial
w
e

are
goin

g
to

give
an

overview
of

criteria

th
at

h
ave

b
een

prop
osed

for
d
ecid

in
g

w
h
at

m
akes

a
“go

o
d
”

allo
cation

:

•
O

f
cou

rse,
th

ere
are

ap
p
lication

-sp
ecifi

c
criteria,

e.g.:

–
“th

e
allo

cation
allow

s
th

e
agen

ts
to

solve
th

e
prob

lem
”

–
“th

e
au

ction
eer

h
as

gen
erated

su
ffi

cien
t

reven
u
e
”

H
ere

w
e

are
in

terested
in

gen
eral

criteria
th

at
can

b
e

d
efi

n
ed

in

term
s

of
th

e
in

d
ivid

u
al

agen
t

preferen
ces

( preferen
ce

aggregation
).

•
A

s
w
e

sh
all

see,
su

ch
criteria

can
b
e

rou
gh

ly
d
ivid

ed
in

to
fairn

ess

an
d

(econ
om

ic)
effi

cien
cy

criteria.

U
lle

E
n
d
riss

9

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

N
o
ta

tio
n

a
n
d

T
e
rm

in
o
lo

g
y

•
L
et

N
=

{1,...,n
}

b
e

a
set

of
agen

ts
(or

p
layers,

or
in

d
ivid

u
als)

w
h
o

n
eed

to
sh

are
several

go
o
d
s

(or
resou

rces,
item

s,
ob

jects).

•
A

n
allo

cation
A

is
a

m
ap

p
in

g
of

agen
ts

to
b
u
n
d
les

of
go

o
d
s.

•
M

ost
criteria

w
ill

n
ot

b
e

sp
ecifi

c
to

allo
cation

prob
lem

s,
so

w
e

also

sp
eak

of
agreem

en
ts

(or
ou

tcom
es,

solu
tion

s,
altern

atives,
states).

•
E
ach

agen
t

i
∈
N

h
as

a
u
tility

fu
n
ction

u
i
(or

valu
ation

fu
n
ction

),

m
ap

p
in

g
agreem

en
ts

to
th

e
reals,

to
m

o
d
el

th
eir

preferen
ces.

–
T
yp

ically,
u

i
fi
rst

d
efi

n
ed

on
b
u
n
d
les,

so:
u

i (A
)

=
u

i (A
(i)).

–
D

iscu
ssion

:
preferen

ce
in

ten
sity,

in
terp

erson
al

com
p
arison

•
A

n
agreem

en
t

A
gives

rise
to

a
u
tility

vector
〈u

1 (A
),...,u

n
(A

)〉.

•
S
om

etim
es,

w
e

are
goin

g
to

d
efi

n
e

so
cial

preferen
ce

stru
ctu

res

d
irectly

over
u
tility

vectors
u

=
〈u

1 ,...,u
n
〉

(elem
en

ts
of

R
n
),

rath
er

th
an

sp
eakin

g
ab

ou
t

th
e

agreem
en

ts
gen

eratin
g

th
em

.

U
lle

E
n
d
riss

1
0

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

P
are

to
E
ffi

cie
n
cy

A
greem

en
t

A
is

P
areto

d
om

in
ated

by
agreem

en
t

A
′
if

u
i (A

)
≤

u
i (A

′)

for
all

agen
ts

i
∈
N

an
d

th
is

in
eq

u
ality

is
strict

in
at

least
on

e
case.

A
n

agreem
en

t
A

is
P
areto

effi
cien

t
if

th
ere

is
n
o

oth
er

feasib
le

agreem
en

t
A

′
su

ch
th

at
A

is
P
areto

d
om

in
ated

by
A

′.

T
h
e

id
ea

go
es

b
ack

to
V

ilfred
o

P
areto

(Italian
econ

om
ist,

1848–1923).

D
iscu

ssion
:

•
P
areto

effi
cien

cy
is

very
often

con
sid

ered
a

m
in

im
u
m

req
u
irem

en
t

for
an

y
agreem

en
t/allo

cation
.

It
is

a
very

w
eak

criterion
.

•
O

n
ly

th
e

ord
in

al
con

ten
t

of
preferen

ces
is

n
eed

ed
to

ch
eck

P
areto

effi
cien

cy
(n

o
preferen

ce
in

ten
sity,

n
o

in
terp

erson
al

com
p
arison

).

U
lle

E
n
d
riss

1
1

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
o
cia

l
W

e
lfare

G
iven

th
e

u
tilities

of
th

e
in

d
ivid

u
al

agen
ts,

w
e

can
d
efi

n
e

a
n
otion

of

so
cial

w
elfare

an
d

aim
for

an
agreem

en
t

th
at

m
axim

ises
so

cial
w
elfare.

C
om

m
on

d
efi

n
ition

of
so

cial
w
elfare

(e.g.,
in

th
e

M
A

S
literatu

re):

S
W

(u
)

=
∑i∈

N

u
i

T
h
at

is,
so

cial
w
elfare

is
d
efi

n
ed

as
th

e
su

m
of

th
e

in
d
ivid

u
al

u
tilities.

M
axim

isin
g

th
is

fu
n
ction

am
ou

n
ts

to
m

axim
isin

g
average

u
tility

.

T
h
is

is
a

reason
ab

le
d
efi

n
ition

,
b
u
t

it
d
o
es

n
ot

cap
tu

re
everyth

in
g

...

◮
W

e
n
eed

a
system

atic
ap

proach
to

d
efi

n
in

g
so

cial
preferen

ces.

U
lle

E
n
d
riss

1
2

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
o
cia

l
W

e
lfare

O
rd

e
rin

g
s

A
so

cial
w
elfare

ord
erin

g
(S

W
O

)
�

is
a

b
in

ary
relation

over
R

n
th

at
is

refl
exive

,
tran

sitive
,
an

d
com

p
lete

.

In
tu

itively,
if

u
,v

∈
R

n
,
th

en
u
�

v
m

ean
s

th
at

v
is

so
cially

preferred

over
u

(n
ot

n
ecessarily

strictly).

W
e

also
u
se

th
e

follow
in

g
n
otation

:

•
u
≺

v
iff

u
�

v
b
u
t

n
ot

v
�

u
(strict

so
cial

preferen
ce

)

•
u
∼

v
iff

b
oth

u
�

v
an

d
v
�

u
(so

cial
in

d
iff

eren
ce

)

U
lle

E
n
d
riss

1
3

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

C
o
lle

ctive
U

tility
F
u
n
ctio

n
s

A
collective

u
tility

fu
n
ction

(C
U

F
)

is
a

fu
n
ction

S
W

:
R

n
→

R

m
ap

p
in

g
u
tility

vectors
to

th
e

reals.

E
very

C
U

F
in

d
u
ces

an
S
W

O
:
u
�

v
⇔

S
W

(u
)
≤

S
W

(v
)

U
lle

E
n
d
riss

1
4

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

U
tilitaria

n
S
o
cia

l
W

e
lfare

O
n
e

ap
proach

to
so

cial
w
elfare

is
to

try
to

m
axim

ise
overall

profi
t.

T
h
is

is
kn

ow
n

as
classical

u
tilitarian

ism
(ad

vo
cated

,
am

on
gst

oth
ers,

by
Jerem

y
B

en
th

am
,
B

ritish
p
h
ilosop

h
er,

1748–1832).

T
h
e

u
tilitarian

C
U

F
is

d
efi

n
ed

as
follow

s:

S
W

u
til (u

)
=

∑i∈
N

u
i

S
o

th
is

is
w

h
at

w
e

h
ave

called
“so

cial
w
elfare”

a
few

slid
es

b
ack.

R
em

ark:
W

e
d
efi

n
e

C
U

F
s

an
d

S
W

O
s

on
u
tility

vectors,
b
u
t

th
e

d
efi

n
ition

s
im

m
ed

iately
exten

d
to

allo
cation

s:

S
W

u
til (A

)
=

S
W

u
til (〈u

1 (A
),...,u

n
(A

)〉)
=

∑i∈
N

u
i (A

(i))

U
lle

E
n
d
riss

1
5

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

E
g
a
litaria

n
S
o
cia

l
W

e
lfare

T
h
e

egalitarian
C
U

F
m

easu
res

so
cial

w
elfare

as
follow

s:

S
W

e
g
a
l (u

)
=

m
in
{u

i
|
i
∈
N
}

M
axim

isin
g

th
is

fu
n
ction

am
ou

n
ts

to
im

provin
g

th
e

situ
ation

of
th

e

w
eakest

m
em

b
er

of
so

ciety.

T
h
e

egalitarian
varian

t
of

w
elfare

econ
om

ics
is

in
sp

ired
by

th
e

w
ork

of

Joh
n

R
aw

ls
(A

m
erican

p
h
ilosop

h
er,

1921–2002)
an

d
h
as

b
een

form
ally

d
evelop

ed
,
am

on
gst

oth
ers,

by
A

m
artya

S
en

sin
ce

th
e

1970s
(N

ob
el

P
rize

in
E
con

om
ic

S
cien

ces
in

1998).

J
.
R
aw

ls.
A

T
h
e
o
ry

o
f
J
u
stic

e.
O

xfo
rd

U
n
iversity

P
ress,

1
9
7
1
.

A
.K

.
S
en

.
C
o
lle

c
tiv

e
C
h
o
ic

e
a
n
d

S
o
c
ia

l
W

e
lfa

re.
H

o
ld

en
D

ay,
1
9
7
0
.

U
lle

E
n
d
riss

1
6



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

U
tilitaria

n
ism

ve
rsu

s
E
g
a
litaria

n
ism

•
In

th
e

M
A

S
literatu

re
th

e
u
tilitarian

view
p
oin

t
(th

at
is,

so
cial

w
elfare

=
su

m
of

in
d
ivid

u
al

u
tilities)

is
often

taken
for

gran
ted

.

•
In

p
h
ilosop

h
y,

econ
om

ics,
p
olitical

scien
ce

n
ot.

•
Joh

n
R
aw

ls’
“veil

of
ign

oran
ce”

(A
T

h
eory

of
Ju

stice,
1971):

W
ith

o
u
t

k
n
ow

in
g

w
h
at

yo
u
r

p
o
sitio

n
in

so
ciety

(class,
race,

sex,
...)

w
ill

b
e,

w
h
at

k
in

d
o
f
so

ciety
w
o
u
ld

yo
u

ch
o
o
se

to
live

in
?

•
R
eform

u
latin

g
th

e
veil

of
ign

oran
ce

for
m

u
ltiagen

t
system

s:

If
yo

u
w
ere

to
sen

d
a

so
ftw

are
ag

en
t
in

to
an

artifi
cialso

ciety
to

n
eg

o
tiate

o
n

yo
u
r

b
eh

alf,
w

h
at

w
o
u
ld

yo
u

co
n
sid

er
accep

tab
le

p
rin

cip
les

for
th

at

so
ciety

to
o
p
erate

b
y?

•
C
on

clu
sion

:
w
orth

w
h
ile

to
in

vestigate
egalitarian

(an
d

oth
er)

so
cial

prin
cip

les
also

in
th

e
con

text
of

m
u
ltiagen

t
system

s.

U
lle

E
n
d
riss

1
7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

N
a
sh

P
ro

d
u
ct

T
h
e

N
ash

C
U

F
is

d
efi

n
ed

via
th

e
pro

d
u
ct

of
in

d
ivid

u
al

u
tilities:

S
W

n
a
s
h (u

)
=

∏i∈
N

u
i

T
h
is

is
a

u
sefu

l
m

easu
re

of
so

cial
w
elfare

as
lon

g
as

all
u
tility

fu
n
ction

s

can
b
e

assu
m

ed
to

b
e

p
ositive.

N
am

ed
after

Joh
n

F
.
N

ash
(N

ob
el

P
rize

in
E
con

om
ic

S
cien

ces
in

1994;
A

cad
em

y
A

w
ard

in
2001).

R
em

ark:
T

h
e

N
ash

(like
th

e
u
tilitarian

)
C
U

F
favou

rs
in

creases
in

overall
u
tility,

b
u
t

also
in

eq
u
ality-red

u
cin

g
red

istrib
u
tion

s
(2

·6
<

4
·4).

U
lle

E
n
d
riss

1
8

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

O
rd

e
re

d
U

tility
V
e
cto

rs

F
or

an
y

u
∈

R
n
,
th

e
ord

ered
u
tility

vector
u
∗

is
d
efi

n
ed

as
th

e
vector

w
e

ob
tain

w
h
en

w
e

rearran
ge

th
e

elem
en

ts
of

u
in

in
creasin

g
ord

er.

E
xam

p
le:

L
et

u
=

〈5,20,0〉
b
e

a
u
tility

vector.

•
u
∗

=
〈0,5,20〉

m
ean

s
th

at
th

e
w
eakest

agen
t

en
joys

u
tility

0,

th
e

stron
gest

u
tility

20,
an

d
th

e
m

id
d
le

on
e

u
tility

5.

•
R
ecall

th
at

u
=

〈5,20,0〉
m

ean
s

th
at

th
e

fi
rst

agen
t

en
joys

u
tility

5,
th

e
secon

d
20,

an
d

th
e

th
ird

0.

U
lle

E
n
d
riss

1
9

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

R
a
n
k

D
icta

to
rs

T
h
e

k
-ran

k
d
ictator

C
U

F
for

k
∈
N

is
m

ap
p
in

g
u
tility

vectors
to

th
e

u
tility

en
joyed

by
th

e
k
-p

o
orest

agen
t:

S
W

k
(u

)
=

u
∗k

In
terestin

g
sp

ecial
cases:

•
F
or

k
=

1
w
e

ob
tain

th
e

egalitarian
C
U

F
.

•
F
or

k
=

n
w
e

ob
tain

an
elitist

C
U

F
m

easu
rin

g
so

cial
w
elfare

in

term
s

of
th

e
h
ap

p
iest

agen
t.

•
F
or

k
=

⌊
n
+

1
2

⌋
w
e

ob
tain

th
e

m
ed

ian
-ran

k-d
ictator

C
U

F
.

U
lle

E
n
d
riss

2
0

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

L
e
xim

in
O

rd
e
rin

g

W
e

n
ow

in
tro

d
u
ce

an
S
W

O
th

at
m

ay
b
e

regard
ed

as
a

refi
n
em

en
t

of

th
e

S
W

O
in

d
u
ced

by
th

e
egalitarian

C
U

F
.

T
h
e

lexim
in

ord
erin

g
�

le
x

is
d
efi

n
ed

as
follow

s:

u
�

le
x

v
⇔

u
∗

lexically
preced

es
v
∗

(n
ot

n
ecessarily

strictly)

T
h
at

m
ean

s:
u
∗

=
v
∗

or
th

ere
exists

a
k
≤

n
su

ch
th

at

•
u
∗i

=
v
∗i

for
all

i
<

k
an

d

•
u
∗k

<
v
∗k

E
xam

p
le:

u
≺

le
x

v
for

u
∗

=
〈0,6,20,35〉

an
d

v
∗

=
〈0,6,24,25〉

U
lle

E
n
d
riss

2
1

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

A
xio

m
a
tic

A
p
p
ro

a
ch

S
o

far
w
e

h
ave

sim
p
ly

d
efi

n
ed

som
e

S
W

O
s

an
d

C
U

F
s

an
d

in
form

ally

d
iscu

ssed
th

eir
attractive

an
d

less
attractive

featu
res.

N
ext

w
e

give
a

cou
p
le

of
exam

p
les

for
axiom

s
—

prop
erties

th
at

w
e

m
ay

or
m

ay
n
ot

w
ish

to
im

p
ose

on
an

S
W

O
.

In
terestin

g
resu

lts
are

th
en

of
th

e
follow

in
g

kin
d
:

•
A

given
S
W

O
m

ay
or

m
ay

n
ot

satisfy
a

given
axiom

.

•
A

given
(class

of)
S
W

O
(s)

m
ay

or
m

ay
n
ot

b
e

th
e

on
ly

on
e

satisfyin
g

a
given

(com
b
in

ation
of)

axiom
(s).

•
A

given
com

b
in

ation
of

axiom
s

m
ay

b
e

im
p
ossib

le
to

satisfy.

U
lle

E
n
d
riss

2
2

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

P
ig

o
u
-D

a
lto

n
P
rin

cip
le

A
fair

S
W

O
w

ill
en

cou
rage

in
eq

u
ality-red

u
cin

g
w
elfare

red
istrib

u
tion

s.

A
xio

m
1

(P
D

)
A

n
S
W

O
�

resp
ects

th
e

P
igou

-D
alton

prin
cip

le
if,

for

all
u
,v

∈
R

n
,
u
�

v
h
old

s
w

h
en

ever
th

ere
exist

i,j
∈
N

su
ch

th
at:

•
u

k
=

v
k

for
all

k
∈
N

\
{i,j}

—
on

ly
i

an
d

j
are

in
volved

;

•
u

i
+

u
j

=
v

i
+

v
j

—
th

e
ch

an
ge

is
m

ean
-preservin

g;
an

d

•
|u

i
−

u
j |

>
|v

i
−

v
j |

—
th

e
ch

an
ge

is
in

eq
u
ality-red

u
cin

g.

T
h
e

id
ea

is
d
u
e

to
A

rth
u
r

C
.
P
igou

(B
ritish

econ
om

ist,
1877-1959)

an
d

H
u
gh

D
alton

(B
ritish

econ
om

ist
an

d
p
olitician

,
1887-1962).

E
xam

p
le:

T
h
e

lexim
in

ord
erin

g
satisfi

es
th

e
P
igou

-D
alton

prin
cip

le.

U
lle

E
n
d
riss

2
3

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

Z
e
ro

In
d
e
p
e
n
d
e
n
ce

If
agen

ts
en

joy
very

d
iff

eren
t

u
tilities

b
efore

th
e

en
cou

n
ter,

it
m

ay
n
ot

b
e

m
ean

in
gfu

l
to

u
se

th
eir

ab
solu

te
u
tilities

afterw
ard

s
to

assess
so

cial

w
elfare,

b
u
t

rath
er

th
eir

relative
gain

or
loss

in
u
tility.

S
o

a
d
esirab

le

prop
erty

of
an

S
W

O
m

ay
b
e

to
b
e

in
d
ep

en
d
en

t
of

w
h
at

in
d
ivid

u
al

agen
ts

con
sid

er
“zero”

u
tility.

A
xio

m
2

(Z
I)

A
n

S
W

O
�

is
zero

in
d
ep

en
d
en

t
if

u
�

v
en

tails

(u
+

w
)
�

(v
+

w
)

for
all

u
,v

,w
∈

R
n
.

E
xam

p
le:

T
h
e

S
W

O
in

d
u
ced

by
th

e
u
tilitarian

C
U

F
is

zero

in
d
ep

en
d
en

t,
w

h
ile

th
e

egalitarian
S
W

O
is

n
ot.

In
fact,

an
S
W

O
satisfi

es
Z
I
iff

it
is

represen
ted

by
th

e
u
tilitarian

C
U

F
.

S
ee

M
ou

lin
(1988)

for
a

precise
statem

en
t

of
th

is
resu

lt.

H
.
M

o
u
lin

.
A

x
io

m
s

o
f
C
o
o
p
e
ra

tiv
e

D
e
c
isio

n
M

a
k
in

g
.

E
co

n
o
m

etric
S
o
ciety

M
o
n
o
-

g
ra

p
h
s,

C
a
m

b
rid

g
e

U
n
iversity

P
ress,

1
9
8
8
.

U
lle

E
n
d
riss

2
4



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
ca

le
In

d
e
p
e
n
d
e
n
ce

D
iff

eren
t

agen
ts

m
ay

m
easu

re
th

eir
p
erson

al
u
tility

u
sin

g
d
iff

eren
t

“cu
rren

cies”.
S
o

a
d
esirab

le
prop

erty
of

an
S
W

O
m

ay
b
e

to
b
e

in
d
ep

en
d
en

t
of

th
e

u
tility

scales
u
sed

by
in

d
ivid

u
al

agen
ts.

A
ssu

m
p
tion

:
H

ere,
w
e

u
se

p
ositive

u
tilities

on
ly:

u
∈

(
R

+
)
n
.

N
otation

:
L
et

u
·
v

=
〈u

1
·v

1 ,...,u
n
·v

n
〉.

A
xio

m
3

(S
I)

A
n

S
W

O
�

over
p
ositive

u
tilities

is
scale

in
d
ep

en
d
en

t

if
u
�

v
en

tails
(u

·w
)
�

(v
·w

)
for

all
u
,v

,w
∈

(
R

+
)
n
.

E
xam

p
le:

C
learly,

n
eith

er
th

e
u
tilitarian

n
or

th
e

egalitarian
S
W

O
are

scale
in

d
ep

en
d
en

t,
b
u
t

th
e

N
ash

S
W

O
is.

B
y

a
sim

ilar
resu

lt
as

th
e

on
e

m
en

tion
ed

b
efore,

an
S
W

O
satisfi

es
S
I
iff

it
is

represen
ted

by
th

e
N

ash
C
U

F
.

U
lle

E
n
d
riss

2
5

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

In
d
e
p
e
n
d
e
n
ce

o
f
th

e
C
o
m

m
o
n

U
tility

P
a
ce

A
n
oth

er
d
esirab

le
prop

erty
of

an
S
W

O
m

ay
b
e

th
at

w
e

w
ou

ld
like

to

b
e

ab
le

to
m

ake
so

cial
w
elfare

ju
d
gem

en
ts

w
ith

ou
t

kn
ow

in
g

w
h
at

kin
d

of
tax

m
em

b
ers

of
so

ciety
w

ill
h
ave

to
p
ay.

A
xio

m
4

(IC
P
)

A
n

S
W

O
�

is
in

d
ep

en
d
en

t
of

th
e

com
m

on
u
tility

p
ace

if
u
�

v
en

tails
f
(u

)
�

f
(v

)
for

all
u
,v

∈
R

n
an

d
for

every

in
creasin

g
b
ijection

f
:
R

→
R

.

F
or

an
S
W

O
satisfyin

g
IC

P
on

ly
in

terp
erson

al
com

p
arison

s
(u

i
≤

v
j

or

u
i
≥

v
j )

m
atter,

b
u
t

n
o

th
e

(card
in

al)
in

ten
sity

of
u

i
−

v
j .

E
xam

p
le:

T
h
e

u
tilitarian

S
W

O
is

n
ot

in
d
ep

en
d
en

t
of

th
e

com
m

on

u
tility

p
ace,

b
u
t

th
e

egalitarian
S
W

O
is.

A
n
y

k
-ran

k
d
ictator

S
W

O
is.

U
lle

E
n
d
riss

2
6

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

P
ro

p
o
rtio

n
a
lity

If
u
tility

fu
n
ction

s
are

m
on

oton
ic

(B
⊆

B
′
⇒

u
(B

)
≤

u
(B

′)),
th

en

agen
ts

m
ay

w
an

t
th

e
fu

ll
b
u
n
d
le

an
d

feel
en

titled
to

1/n
of

its
valu

e.

In
th

e
con

text
of

m
on

oton
ic

u
tilities,

th
is

d
efi

n
ition

m
akes

sen
se:

A
n

allo
cation

A
is

prop
ortion

al
if

u
i (A

(i))
≥

1n
·û

i
for

every
agen

t

i
∈
N

,
w

h
ere

û
i
is

th
e

u
tility

given
to

th
e

fu
ll

b
u
n
d
le

by
agen

t
i.

R
em

ark:
M

ostly
u
sed

in
th

e
con

text
of

ad
d
itive

u
tilities.

U
lle

E
n
d
riss

2
7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

E
n
vy-F

re
e
n
e
ss

A
n

allo
cation

is
called

en
vy-free

if
n
o

agen
t

w
ou

ld
rath

er
h
ave

on
e

of

th
e

b
u
n
d
les

allo
cated

to
an

y
of

th
e

oth
er

agen
ts:

u
i (A

(i))
≥

u
i (A

(j))

R
ecall

th
at

A
(i)

is
th

e
b
u
n
d
le

allo
cated

to
agen

t
i

in
allo

cation
A

.

R
em

ark:
E
n
vy-free

allo
cation

s
d
o

n
ot

alw
ays

exist
(at

least
n
ot

if
w
e

req
u
ire

eith
er

com
p
lete

or
P
areto

effi
cien

t
allo

cation
s).

U
lle

E
n
d
riss

2
8

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

D
e
g
re

e
s

o
f
E
n
vy

A
s

w
e

can
n
ot

alw
ays

en
su

re
en

vy-free
allo

cation
s,

an
oth

er
ap

proach

w
ou

ld
b
e

to
try

to
red

u
ce

en
vy

as
m

u
ch

as
p
ossib

le.

B
u
t

w
h
at

d
o
es

th
at

actu
ally

m
ean

?

A
p
ossib

le
ap

proach
to

system
atically

d
efi

n
in

g
d
iff

eren
t

w
ays

of

m
easu

rin
g

th
e

d
egree

of
en

vy
of

an
allo

cation
:

•
E
n
vy

b
etw

een
tw

o
agen

ts:

m
ax

{u
i (A

(j))
−

u
i (A

(i)),
0}

or

1
if

u
i (A

(j))
>

u
i (A

(i))
an

d
0

oth
erw

ise

•
D

egree
of

en
vy

of
a

sin
gle

agen
t:

m
ax

,
su

m

•
D

egree
of

en
vy

of
a

so
ciety:

m
ax

,
su

m
[or

in
d
eed

an
y

S
W

O
/C

U
F
]

U
lle

E
n
d
riss

2
9

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
u
m

m
ary:

F
a
irn

e
ss

a
n
d

E
ffi

cie
n
cy

C
rite

ria

•
T

h
e

q
u
ality

of
an

allo
cation

can
b
e

m
easu

red
u
sin

g
a

variety
of

fairn
ess

an
d

effi
cien

cy
criteria.

•
W

e
h
ave

seen
P
areto

effi
cien

cy,
collective

u
tility

fu
n
ction

s

(u
tilitarian

,
N

ash
,
egalitarian

an
d

oth
er

k
-ran

k
d
ictators),

th
e

lexim
in

ord
erin

g,
prop

ortion
ality,

an
d

en
vy-freen

ess.

•
A

ll
of

th
ese

(an
d

oth
ers)

are
in

terestin
g

for
m

u
ltiagen

t
system

s.

W
h
ich

is
ap

propriate
d
ep

en
d
s

on
th

e
ap

p
lication

at
h
an

d
,
an

d

som
e

ap
p
lication

s
m

ay
even

req
u
ire

th
e

d
efi

n
ition

of
n
ew

criteria.

•
U

n
d
erstan

d
in

g
th

e
stru

ctu
re

of
so

cial
w
elfare

ord
erin

gs
is

in
itself

an
in

terestin
g

research
area

(see
d
iscu

ssion
of

axiom
s).

U
lle

E
n
d
riss

3
0

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

L
ite

ra
tu

re

M
ou

lin
(1988)

provid
es

an
excellen

t
in

tro
d
u
ction

to
w
elfare

econ
om

ics.

M
u
ch

of
th

e
m

aterial
from

th
is

p
art

of
th

e
slid

es
is

taken
from

h
is

b
o
ok.

M
ou

lin
(2003)

off
ers

a
less

tech
n
ical

version
of

th
e

m
aterial.

T
h
e

“M
A

R
A

S
u
rvey”

(C
h
evaleyre

et
al.,

2006)
lists

m
an

y
S
W

O
s

an
d

d
iscu

sses
th

eir
relevan

ce
to

m
u
ltiagen

t
resou

rce
allo

cation
in

d
etail.

H
.
M

o
u
lin

.
A

x
io

m
s

o
f
C
o
o
p
e
ra

tiv
e

D
e
c
isio

n
M

a
k
in

g
.

E
co

n
o
m

etric
S
o
ciety

M
o
n
o
-

g
ra

p
h
s,

C
a
m

b
rid

g
e

U
n
iversity

P
ress,

1
9
8
8
.

H
.
M

o
u
lin

.
F
a
ir

D
iv

isio
n

a
n
d

C
o
lle

c
tiv

e
W

e
lfa

re.
M

IT
P
ress,

2
0
0
3
.

Y
.
C
h
eva

leyre,
P
.E

.
D

u
n
n
e,

U
.
E
n
d
riss,

J
.
L
a
n
g
,
M

.
L
em

â
ıtre,

N
.
M

a
u
d
et,

J
.
P
a
d
-

g
et,

S
.
P
h
elp

s,
J
.A

.
R
o
d
ŕıg

u
ez-A

g
u
ilar

a
n
d

P
.
S
o
u
sa

.
Issu

es
in

M
u
ltia

g
en

t
R
eso

u
rce

A
llo

ca
tio

n
.

In
fo

rm
a
tic

a
,
3
0
:3

–
3
1
,
2
0
0
6
.

U
lle

E
n
d
riss

3
1

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

D
ivisib

le
G

o
o
d
s:

C
a
k
e
-C

u
ttin

g
P
ro

ce
d
u
re

s

U
lle

E
n
d
riss

3
2



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

C
a
k
e
-C

u
ttin

g
P
ro

ce
d
u
re

s

•
C
ake-cu

ttin
g

as
a

m
etap

h
or

for
th

e
fair

d
ivision

of
a

sin
gle

d
ivisib

le

(an
d

h
eterogen

eou
s)

go
o
d

b
etw

een
n

agen
ts

(called
p
layers).

•
S
tu

d
ied

seriou
sly

sin
ce

th
e

1940s
(B

an
ach

,
K

n
aster,

S
tein

h
au

s).

S
im

p
le

m
o
d
el,

yet
still

m
an

y
op

en
prob

lem
s.

•
T

h
is

p
art

of
th

e
tu

torial
w

ill
b
e

an
in

tro
d
u
ction

to
th

e
fi
eld

:

–
P
rob

lem
d
efi

n
ition

(prop
ortion

ality,
en

vy-freen
ess)

–
C
lassical

pro
ced

u
res

(C
u
t-an

d
-C

h
o
ose,

B
an

ach
-K

n
aster,

...)

–
S
om

e
op

en
prob

lem
s

U
lle

E
n
d
riss

3
3

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

C
a
k
e
s

W
e

w
an

t
to

d
ivid

e
a

sin
gle

d
ivisib

le
go

o
d
,
com

m
on

ly
referred

to
as

a

cake
(am

on
gst

n
p
layers),

by
m

ean
s

of
a

series
of

p
arallel

cu
ts.

T
h
e

cake
is

represen
ted

by
th

e
u
n
it

in
terval

[0,1]:

|
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
|

0
1

E
ach

p
layer

i
h
as

a
u
tility

fu
n
ction

u
i
(or

valu
ation

,
m

easu
re

)
m

ap
p
in

g

fi
n
ite

u
n
ion

s
of

su
b
in

tervals
of

[0,1]
to

th
e

reals,
satisfyin

g:

•
N

on
-n

egativity:
u

i (B
)
≥

0
for

all
B

⊆
[0,1]

•
N

orm
alisation

:
u

i (∅)
=

0
an

d
u

i ([0,1])
=

1

•
A

d
d
itivity:

u
i (B

∪
B

′)
=

u
i (B

)
+

u
i (B

′)
for

d
isjoin

t
B

,B
′
⊆

[0,1]

•
u

i
is

con
tin

u
ou

s:
th

e
In

term
ed

iate-V
alu

e
T

h
eorem

ap
p
lies

an
d

sin
gle

p
oin

ts
d
o

n
ot

h
ave

an
y

valu
e.

U
lle

E
n
d
riss

3
4

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

C
u
t-a

n
d
-C

h
o
o
se

T
h
e

classical
ap

proach
for

d
ivid

in
g

a
cake

b
etw

een
tw

o
p
layers:

O
n
e

p
layer

cu
ts

th
e

cake
in

tw
o

p
ieces

(w
h
ich

sh
e

con
sid

ers
to

b
e

of
eq

u
al

valu
e),

an
d

th
e

oth
er

on
e

ch
o
oses

on
e

of
th

e

p
ieces

(th
e

p
iece

sh
e

prefers).

T
h
e

cu
t-an

d
-ch

o
ose

pro
ced

u
re

satisfi
es

tw
o

im
p
ortan

t
prop

erties:

•
P
rop

ortion
ality

:
E
ach

p
layer

is
gu

aran
teed

at
least

on
e

h
alf

(gen
eral:

1/n
)

accord
in

g
to

h
er

ow
n

valu
ation

.

D
iscu

ssion
:

In
fact,

th
e

fi
rst

p
layer

(if
sh

e
is

risk-averse)
w

ill

receive
exactly

1/2,
w

h
ile

th
e

secon
d

w
ill

u
su

ally
get

m
ore.

•
E
n
vy-freen

ess:
N

o
p
layer

w
ill

en
vy

(an
y

of)
th

e
oth

er(s).

D
iscu

ssion
:

A
ctu

ally,
for

tw
o

p
layers,

prop
ortion

ality
an

d

en
vy-freen

ess
am

ou
n
t

to
th

e
sam

e
th

in
g

(in
th

is
m

o
d
el).

U
lle

E
n
d
riss

3
5

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

O
p
e
ra

tio
n
a
l
P
ro

p
e
rtie

s

B
eyon

d
fairn

ess,
w
e

m
ay

also
b
e

in
terested

in
th

e
“op

eration
al”

prop
erties

of
th

e
pro

ced
u
res

th
em

selves:

•
D

o
es

th
e

pro
ced

u
re

gu
aran

tee
th

at
each

p
layer

receives
a

sin
gle

con
tigu

ou
s

slice
(rath

er
th

an
th

e
u
n
ion

of
several

su
b
in

tervals)?

•
Is

th
e

n
u
m

b
er

of
cu

ts
m

in
im

al?
If

n
ot,

is
it

at
least

b
ou

n
d
ed

?

•
D

o
es

th
e

pro
ced

u
re

req
u
ire

an
active

referee
,
or

can
all

action
s

b
e

p
erform

ed
by

th
e

p
layers

th
em

selves?

•
Is

th
e

pro
ced

u
re

a
prop

er
algorith

m
(a

proto
col),

i.e.,
can

it
b
e

im
p
lem

en
ted

as
a

d
iscrete

seq
u
en

ce
of

q
u
eries

to
th

e
agen

ts?

(n
o

n
eed

for
a

“con
tin

u
ou

sly
m

ovin
g

kn
ife”—

to
b
e

d
iscu

ssed
)?

C
u
t-an

d
-ch

o
ose

is
id

eal
an

d
as

sim
p
le

as
can

b
e

w
ith

resp
ect

to
all

of

th
ese

prop
erties.

F
or

n
>

2,
it

w
on

’t
b
e

q
u
ite

th
at

easy
th

ou
gh

...

U
lle

E
n
d
riss

3
6

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

P
ro

p
o
rtio

n
a
lity

a
n
d

E
n
vy-F

re
e
n
e
ss

F
or

n
≥

3,
prop

ortion
ality

an
d

en
vy-freen

ess
are

n
ot

th
e

sam
e

prop
erties

an
ym

ore
(u

n
like

for
n

=
2):

F
a
ct

1
A

n
y

en
vy-free

d
ivision

is
also

prop
ortion

al,
b
u
t

th
ere

are

prop
ortion

al
d
ivision

s
th

at
are

n
ot

en
vy-free.

O
ver

th
e

n
ext

few
slid

es,
w
e

are
fi
rst

goin
g

to
fo

cu
s

on
cake-cu

ttin
g

pro
ced

u
res

th
at

ach
ieve

prop
ortion

al
d
ivision

s.

U
lle

E
n
d
riss

3
7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

S
te

in
h
a
u
s

P
ro

ce
d
u
re

T
h
is

p
ro

ced
u
re

for
th

ree
p
layers

h
as

b
een

p
ro

p
o
sed

b
y

S
tein

h
au

s
aro

u
n
d

1
9
4
3
.

O
u
r

exp
o
sitio

n
fo

llow
s

B
ram

s
an

d
T
aylor

(1
9
9
5
).

(1
)

P
layer

1
cu

ts
th

e
cake

in
to

th
ree

p
ieces

(w
h
ich

sh
e

valu
es

eq
u
ally).

(2
)

P
layer

2
“
p
asses”

(if
sh

e
th

in
k
s

at
least

tw
o

o
f
th

e
p
ieces

are
≥

1
/
3
)

or

lab
els

tw
o

o
f
th

em
as

“
b
ad

”
.

—
If

p
layer

2
p
assed

,
th

en
p
layers

3
,
2
,
1

each
ch

o
o
se

a
p
iece

(in
th

at
ord

er)
an

d
w
e

are
d
o
n
e.

X

(3
)

If
p
layer

2
d
id

n
o
t

p
ass,

th
en

p
layer

3
can

also
ch

o
o
se

b
etw

een
p
assin

g

an
d

lab
ellin

g
.

—
If

p
layer

3
p
assed

,
th

en
p
layers

2
,
3
,
1

each
ch

o
o
se

a

p
iece

(in
th

at
ord

er)
an

d
w
e

are
d
o
n
e.

X

(4
)

If
n
eith

er
p
layer

2
or

p
layer

3
p
assed

,
th

en
p
layer

1
h
as

to
take

(o
n
e

o
f)

th
e

p
iece(s)

lab
elled

as
“
b
ad

”
b
y

b
o
th

2
an

d
3
.

—
T

h
e

rest
is

reassem
b
led

an
d

2
an

d
3

p
lay

cu
t-an

d
-ch

o
o
se.

X

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
aylo

r.
A

n
E
n
vy-free

C
a
ke

D
ivisio

n
P
ro

to
co

l.
A

m
e
ric

a
n

M
a
th

e
m

a
tic

a
l
M

o
n
th

ly,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
riss

3
8

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

P
ro

p
e
rtie

s

T
h
e

S
tein

h
au

s
pro

ced
u
re

—

•
G

u
aran

tees
a

prop
ortion

al
d
ivision

of
th

e
cake

(u
n
d
er

th
e

stan
d
ard

assu
m

p
tion

th
at

p
layers

are
risk-averse:

th
ey

w
an

t
to

m
axim

ise

th
eir

p
ayoff

in
th

e
w
orst

case).

•
Is

n
ot

en
vy-free

.

•
Is

a
d
iscrete

pro
ced

u
re

th
at

d
o
es

n
ot

req
u
ire

a
referee.

•
R
eq

u
ires

at
m

ost
3

cu
ts

(as
op

p
osed

to
th

e
m

in
im

u
m

of
2

cu
ts).

T
h
e

resu
ltin

g
p
ieces

d
o

n
ot

h
ave

to
b
e

con
tigu

ou
s

(n
am

ely
if

b
oth

2
an

d
3

lab
el

th
e

m
id

d
le

p
iece

as
“b

ad
”

an
d

1
takes

it;
an

d
if

th
e

cu
t-an

d
-ch

o
ose

cu
t

is
d
iff

eren
t

from
1’s

origin
al

cu
t).

U
lle

E
n
d
riss

3
9

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

B
a
n
a
ch

-K
n
a
ste

r
L
a
st-D

im
in

ish
e
r

P
ro

ce
d
u
re

In
th

e
fi
rst

ever
p
ap

er
o
n

fair
d
ivisio

n
,
S
tein

h
au

s
(1

9
4
8
)

rep
orts

o
n

h
is

ow
n

so
lu

tio
n

an
d

a
g
en

eralisatio
n

to
arb

itrary
n

p
ro

p
o
sed

b
y

B
an

ach
an

d
K

n
aster.

(1
)

P
layer

1
cu

ts
o
ff

a
p
iece

(th
at

sh
e

co
n
sid

ers
to

rep
resen

t
1
/
n
).

(2
)

T
h
at

p
iece

is
p
assed

aro
u
n
d

th
e

p
layers.

E
ach

p
layer

eith
er

lets
it

p
ass

(if
sh

e
co

n
sid

ers
it

to
o

sm
all)

or
trim

s
it

d
ow

n
fu

rth
er

(to
w

h
at

sh
e

co
n
sid

ers
1
/
n
).

(3
)

A
fter

th
e

p
iece

h
as

m
ad

e
th

e
fu

ll
ro

u
n
d
,
th

e
last

p
layer

to
cu

t

so
m

eth
in

g
o
ff

(th
e

“
last

d
im

in
ish

er”
)

is
o
b
lig

ed
to

take
it.

(4
)

T
h
e

rest
(in

clu
d
in

g
th

e
trim

m
in

g
s)

is
th

en
d
ivid

ed
am

o
n
g
st

th
e

rem
ain

in
g

n
−

1
p
layers.

P
lay

cu
t-an

d
-ch

o
o
se

o
n
ce

n
=

2
.

X

T
h
e

p
ro

ced
u
re’s

p
ro

p
erties

are
sim

ilar
to

th
at

o
f
th

e
S
tein

h
au

s
p
ro

ced
u
re

(p
ro

p
ortio

n
al;

n
o
t

en
vy-free;

n
o
t

co
n
tig

u
o
u
s;

b
o
u
n
d
ed

n
u
m

b
er

o
f
cu

ts).

H
.
S
tein

h
a
u
s.

T
h
e

P
ro

b
lem

o
f
F
a
ir

D
ivisio

n
.

E
c
o
n
o
m

e
tric

a
,
1
6
:1

0
1
–
1
0
4
,
1
9
4
8
.

U
lle

E
n
d
riss

4
0



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

D
u
b
in

s-S
p
a
n
ie

r
P
ro

ce
d
u
re

D
u
b
in

s
an

d
S
p
an

ier
(1

9
6
1
)

p
ro

p
o
sed

an
altern

ative
p
ro

p
ortio

n
al

p
ro

ced
u
re

for
arb

itrary
n
.

It
p
ro

d
u
ces

co
n
tig

u
o
u
s

slices
(an

d
h
en

ce
u
ses

a
m

in
im

al

n
u
m

b
er

o
f
cu

ts),
b
u
t

it
is

n
o
t

d
iscrete

an
d

req
u
ires

th
e

h
elp

o
f
a

referee
.

(1
)

A
referee

m
o
ves

a
k
n
ife

slow
ly

acro
ss

th
e

cake,
fro

m
left

to
rig

h
t.

A
n
y

p
layer

m
ay

sh
o
u
t

“
sto

p
”

at
an

y
tim

e.
W

h
o
ever

d
o
es

so
receives

th
e

p
iece

to
th

e
left

o
f
th

e
k
n
ife.

(2
)

W
h
en

a
p
iece

h
as

b
een

cu
t

o
ff
,
w
e

co
n
tin

u
e

w
ith

th
e

rem
ain

in
g

n
−

1

p
layers,

u
n
til

ju
st

o
n
e

p
layer

is
left

(w
h
o

takes
th

e
rest).

X

O
b
serve

th
at

th
is

is
also

n
o
t

en
vy-free

.
T

h
e

last
ch

o
o
ser

is
b
est

o
ff

(sh
e

is

th
e

o
n
ly

o
n
e

w
h
o

can
g
et

m
ore

th
an

1
/
n
).

R
em

ark
:

D
iscretisatio

n
is

p
o
ssib

le
b
y

ask
in

g
p
layers

to
m

ark
th

e
cake

w
h
ere

th
ey

w
o
u
ld

call
“
sto

p
”

...

L
.E

.
D

u
b
in

s
a
n
d

E
.H

.
S
p
a
n
ier.

H
o
w

to
C
u
t
a

C
a
ke

F
a
irly.

A
m

e
ric

a
n

M
a
th

e
m

a
tic

a
l

M
o
n
th

ly,
6
8
(1

):1
–
1
7
,
1
9
6
1
.

U
lle

E
n
d
riss

4
1

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

E
ve

n
-P

a
z

D
ivid

e
-a

n
d
-C

o
n
q
u
e
r

P
ro

ce
d
u
re

E
ven

an
d

P
az

(1984)
in

vestigated
u
p
p
er

b
ou

n
d
s

for
th

e
n
u
m

b
er

of

q
u
eries

(cu
ts

or
m

arks)
req

u
ired

to
pro

d
u
ce

a
prop

ortion
al

d
ivision

for

n
p
layers,

w
ith

ou
t

allow
in

g
a

m
ovin

g
kn

ife.

T
h
ey

in
tro

d
u
ced

th
e

follow
in

g
d
ivid

e-an
d
-con

q
u
er

proto
col:

(1)
A

sk
each

p
layer

to
cu

t
th

e
cake

at
h
er

⌊
n2
⌋

/
⌈

n2
⌉

m
ark.

(2)
A

sso
ciate

th
e

u
n
ion

of
th

e
leftm

ost
⌊

n2
⌋

p
ieces

w
ith

th
e

p
layers

w
h
o

m
ad

e
th

e
leftm

ost
⌊

n2
⌋

cu
ts

(grou
p

1),
an

d
th

e
rest

w
ith

th
e

oth
ers

(grou
p

2).

(3)
R
ecu

rsively
ap

p
ly

th
e

sam
e

pro
ced

u
re

to
each

of
th

e
tw

o
grou

p
s,

u
n
til

on
ly

a
sin

gle
p
layer

is
left.

X

T
h
e
o
re

m
2

T
h
e

E
ven

-P
az

pro
ced

u
re

req
u
ires

O
(n

log
n
)

cu
ts.

S
.

E
ven

a
n
d

A
.

P
a
z.

A
N

o
te

o
n

C
a
ke

C
u
ttin

g
.

D
isc

re
te

A
p
p
lie

d
M

a
th

e
m

a
tic

s,

7
:2

8
5
–
2
9
6
,
1
9
8
4
.

U
lle

E
n
d
riss

4
2

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

E
n
vy-F

re
e

P
ro

ce
d
u
re

s

N
ext

w
e

d
iscu

ss
p
ro

ced
u
res

for
ach

ievin
g

en
vy-free

d
ivisio

n
s.

•
F
or

n
=

2
th

e
p
ro

b
lem

is
easy:

cu
t-an

d
-ch

o
o
se

d
o
es

th
e

jo
b
.

•
F
or

n
=

3
w
e

w
ill

see
tw

o
so

lu
tio

n
s.

T
h
ey

are
alread

y
q
u
ite

co
m

p
licated

:
eith

er
th

e
n
u
m

b
er

o
f
cu

ts
is

n
o
t

m
in

im
al

(b
u
t

>
2
),

or
several

sim
u
ltan

eo
u
sly

m
o
vin

g
k
n
ives

are
req

u
ired

.

•
F
or

n
=

4
,
to

d
ate,

n
o

p
ro

ced
u
re

p
ro

d
u
cin

g
co

n
tig

u
o
u
s

p
ieces

is
k
n
ow

n
.

B
arb

an
el

an
d

B
ram

s
(2

0
0
4
),

for
exam

p
le,

g
ive

a
m

o
vin

g
-k

n
ife

p
ro

ced
u
re

req
u
irin

g
u
p

to
5

cu
ts.

•
F
or

n
≥

5
,
to

d
ate,

o
n
ly

p
ro

ced
u
res

req
u
irin

g
an

u
n
b
o
u
n
d
ed

n
u
m

b
er

o
f

cu
ts

are
k
n
ow

n
(see

e.g
.
B

ram
s

an
d

T
aylor,

1
9
9
5
).

J
.B

.
B

arb
a
n
el

a
n
d

S
.J

.
B

ra
m

s.
C
a
ke

D
ivisio

n
w

ith
M

in
im

a
l
C
u
ts.

M
a
th

e
m

a
tic

a
l

S
o
c
ia

l
S
c
ie

n
c
e
s,

4
8
(3

):2
5
1
–
2
6
9
,
2
0
0
4
.

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
aylo

r.
A

n
E
n
vy-free

C
a
ke

D
ivisio

n
P
ro

to
co

l.
A

m
e
ric

a
n

M
a
th

e
m

a
tic

a
l
M

o
n
th

ly,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
riss

4
3

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

S
e
lfrid

g
e
-C

o
n
w
ay

P
ro

ce
d
u
re

T
h
e

fi
rst

d
iscrete

p
ro

to
co

l
ach

ievin
g

en
vy-freen

ess
for

n
=

3
h
as

b
een

d
isco

vered
in

d
ep

en
d
en

tly
b
y

S
elfrid

g
e

an
d

C
o
n
w
ay

(aro
u
n
d

1
9
6
0
).

O
u
r

exp
o
sitio

n
fo

llow
s

B
ram

s
an

d
T
aylor

(1
9
9
5
).

(1
)

P
layer

1
cu

ts
th

e
cake

in
th

ree
p
ieces

(sh
e

co
n
sid

ers
eq

u
al).

(2
)

P
layer

2
eith

er
“
p
asses”

(if
sh

e
th

in
k
s

at
least

tw
o

p
ieces

are
tied

for

larg
est)

or
trim

s
o
n
e

p
iece

(to
g
et

tw
o

tied
for

larg
est

p
ieces).

—
If

sh
e

p
assed

,
th

en
let

p
layers

3
,
2
,
1

p
ick

(in
th

at
ord

er).
X

(3
)

If
p
layer

2
d
id

trim
,
th

en
let

3
,
2
,
1

p
ick

(in
th

at
ord

er),
b
u
t

req
u
ire

2
to

take
th

e
trim

m
ed

p
iece

(u
n
less

3
d
id

).
K

eep
th

e
trim

m
in

g
s

u
n
allo

cated

for
n
ow

(n
o
te:

th
e

p
artial

allo
catio

n
is

en
vy-free).

(4
)

N
ow

d
ivid

e
th

e
trim

m
in

g
s.

W
h
o
ever

o
f
2

an
d

3
received

th
e

u
n
trim

m
ed

p
iece

d
o
es

th
e

cu
ttin

g
.

L
et

p
layers

ch
o
o
se

in
th

is
ord

er:
n
o
n
-cu

tter,

p
layer

1
,
cu

tter.
X

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
aylo

r.
A

n
E
n
vy-free

C
a
ke

D
ivisio

n
P
ro

to
co

l.
A

m
e
ric

a
n

M
a
th

e
m

a
tic

a
l
M

o
n
th

ly,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
riss

4
4

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

S
tro

m
q
u
ist

P
ro

ce
d
u
re

S
tro

m
q
u
ist

(1
9
8
0
)

fo
u
n
d

an
en

vy-free
p
ro

ced
u
re

for
n

=
3

p
ro

d
u
cin

g

co
n
tig

u
o
u
s

p
ieces,

th
o
u
g
h

req
u
irin

g
fo

u
r

sim
u
ltan

eo
u
sly

m
o
vin

g
k
n
ifes:

•
A

referee
slow

ly
m

o
ves

a
k
n
ife

acro
ss

th
e

cake,
fro

m
left

to
rig

h
t

(su
p
p
o
sed

to
cu

t
so

m
ew

h
ere

aro
u
n
d

th
e

1
/
3

m
ark

).

•
A
t

th
e

sam
e

tim
e,

each
p
layer

is
m

o
vin

g
h
er

ow
n

k
n
ife

so
th

at
it

w
o
u
ld

cu
t

th
e

rig
h
th

an
d

p
iece

in
h
alf

(w
rt.

h
er

ow
n

valu
atio

n
).

•
T

h
e

fi
rst

p
layer

to
call

“
sto

p
”

receives
th

e
p
iece

to
th

e
left

o
f
th

e

referee’s
k
n
ife.

T
h
e

rig
h
th

an
d

p
art

is
cu

t
b
y

th
e

m
id

d
le

o
n
e

o
f
th

e
th

ree

p
layer

k
n
ifes.

If
n
eith

er
o
f
th

e
o
th

er
tw

o
p
layers

h
o
ld

th
e

m
id

d
le

k
n
ife,

th
ey

each
o
b
tain

th
e

p
iece

at
w

h
ich

th
eir

k
n
ife

is
p
o
in

tin
g
.

If
o
n
e

o
f

th
em

d
o
es

h
o
ld

th
e

m
id

d
le

k
n
ife,

th
en

th
e

o
th

er
o
n
e

g
ets

th
e

p
iece

at

w
h
ich

h
er

k
n
ife

is
p
o
in

tin
g
.

X

W
.

S
tro

m
q
u
ist.

H
o
w

to
C
u
t

a
C
a
ke

F
a
irly.

A
m

e
ric

a
n

M
a
th

e
m

a
tic

a
l

M
o
n
th

ly,

8
7
(8

):6
4
0
–
6
4
4
,
1
9
8
0
.

U
lle

E
n
d
riss

4
5

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
u
m

m
ary:

C
a
k
e
-C

u
ttin

g
P
ro

ce
d
u
re

s

W
e

h
ave

d
iscu

ssed
variou

s
pro

ced
u
res

for
fairly

d
ivid

in
g

a
cake

(a
m

etap
h
or

for
a

sin
gle

d
ivisib

le
go

o
d
)

am
on

gst
several

p
layers.

•
F
airn

ess
criteria:

prop
ortion

ality
an

d
en

vy-freen
ess

(b
u
t

oth
er

n
otion

s,
su

ch
as

eq
u
itab

ility,
P
areto

effi
cien

cy,

strategy-pro
ofn

ess
...

are
also

of
in

terest)

•
D

istin
gu

ish
d
iscrete

pro
ced

u
res

( proto
cols)

an
d

con
tin

u
ou

s

(m
ovin

g-kn
ife

)
pro

ced
u
res.

•
T

h
e

prob
lem

b
ecom

es
n
on

-trivial
for

m
ore

th
an

tw
o

p
layers,

an
d

th
ere

are
m

an
y

op
en

prob
lem

s
relatin

g
to

fi
n
d
in

g
pro

ced
u
res

w
ith

“go
o
d
”

prop
erties

for
larger

n
u
m

b
ers.

U
lle

E
n
d
riss

4
6

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

L
ite

ra
tu

re

B
oth

th
e

b
o
ok

by
B

ram
s

an
d

T
aylor

(1996)
an

d
th

at
by

R
ob

ertson
an

d

W
eb

b
(1998)

cover
th

e
cake-cu

ttin
g

prob
lem

in
great

d
ep

th
.

T
h
e

p
ap

er
by

B
ram

s
an

d
T
aylor

(1995)
d
o
es

n
ot

on
ly

in
tro

d
u
ce

th
eir

pro
ced

u
re

for
en

vy-free
d
ivision

for
m

ore
th

an
th

ree
p
layers

(n
ot

covered
in

th
is

tu
torial),

b
u
t

is
also

very
n
ice

for
presen

tin
g

several
of

th
e

classical
pro

ced
u
res

in
a

system
atic

an
d

accessib
le

m
an

n
er.

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
aylo

r.
F
a
ir

D
iv

isio
n
:

F
ro

m
C
a
k
e
-C

u
ttin

g
to

D
isp

u
te

R
e
so

-

lu
tio

n
.

C
a
m

b
rid

g
e

U
n
iversity

P
ress,

1
9
9
6
.

J
.

R
o
b
ertso

n
a
n
d

W
.

W
eb

b
.

C
a
k
e
-C

u
ttin

g
A

lg
o
rith

m
s:

B
e

F
a
ir

if
Y
o
u

C
a
n
.

A
.K

.
P
eters,

1
9
9
8
.

S
.J

.
B

ra
m

s
a
n
d

A
.D

.
T
aylo

r.
A

n
E
n
vy-free

C
a
ke

D
ivisio

n
P
ro

to
co

l.
A

m
e
ric

a
n

M
a
th

e
m

a
tic

a
l
M

o
n
th

ly,
1
0
2
(1

):9
–
1
8
,
1
9
9
5
.

U
lle

E
n
d
riss

4
7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

In
d
ivisib

le
G

o
o
d
s:

C
o
m

b
in

a
to

ria
l
O

p
tim

isa
tio

n

U
lle

E
n
d
riss

4
8



F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

A
llo

ca
tio

n
o
f
In

d
ivisib

le
G

o
o
d
s

N
ext

w
e

w
ill

con
sid

er
th

e
case

of
allo

catin
g

in
d
ivisib

le
go

o
d
s.

W
e

can

d
istin

gu
ish

tw
o

ap
proach

es:

•
In

th
e

cen
tralised

ap
proach

(e.g.,
com

b
in

atorial
au

ction
s),

w
e

n
eed

to
d
evise

an
op

tim
isation

algorith
m

to
com

p
u
te

an
allo

cation

m
eetin

g
ou

r
fairn

ess
an

d
effi

cien
cy

req
u
irem

en
ts.

•
In

th
e

d
istrib

u
ted

ap
proach

,
allo

cation
s

em
erge

as
a

con
seq

u
en

ce

of
th

e
agen

ts
im

p
lem

en
tin

g
a

seq
u
en

ce
of

lo
cal

d
eals.

W
h
at

can

w
e

say
ab

ou
t

th
e

prop
erties

of
th

ese
em

ergin
g

allo
cation

s?

U
lle

E
n
d
riss

4
9

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

S
e
ttin

g

F
or

th
e

rem
ain

d
er

of
to

d
ay

w
e

w
ill

w
ork

in
th

is
fram

ew
ork:

•
S
et

of
agen

ts
N

=
{1,...,n

}
an

d
fi
n
ite

set
of

in
d
ivisib

le
go

o
d
s
G
.

•
A

n
allo

cation
A

is
a

p
artition

in
g

of
G

am
on

gst
th

e
agen

ts
in

N
.

E
xam

p
le:

A
(i)

=
{a

,b}
—

agen
t

i
ow

n
s

item
s

a
an

d
b

•
E
ach

agen
t

i
∈
N

h
as

got
a

valu
ation

fu
n
ction

v
i
:
2
G
→

R
.

E
xam

p
le:

v
i (A

)
=

v
i (A

(i))
=

577.8
—

agen
t

i
is

pretty
h
ap

py

•
If

agen
t

i
receives

b
u
n
d
le

B
an

d
th

e
su

m
of

h
er

p
aym

en
ts

is
x
,

th
en

h
er

u
tility

is
u

i (B
,x

)
=

v
i (B

)
−

x
(“q

u
asi-lin

ear
u
tility”).

F
or

fair
d
ivision

of
in

d
ivisib

le
go

o
d
s

w
ith

ou
t

m
on

ey
,
assu

m
e

th
at

p
aym

en
t

b
alan

ces
are

alw
ays

eq
u
al

to
0

(an
d

u
tility

=
valu

ation
).

◮
H

ow
can

w
e

fi
n
d

a
so

cially
op

tim
al

allo
cation

of
go

o
d
s?

U
lle

E
n
d
riss

5
0

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

P
re

fe
re

n
ce

R
e
p
re

se
n
ta

tio
n

E
xam

p
le:

A
llo

catin
g

10
go

o
d
s

to
5

agen
ts

m
ean

s
5
1
0

=
9765625

allo
cation

s
an

d
2
1
0

=
1024

b
u
n
d
les

for
each

agen
t

to
th

in
k

ab
ou

t.

S
o

w
e

n
eed

to
ch

o
ose

a
go

o
d

lan
gu

age
to

com
p
actly

represen
t

preferen
ces

over
su

ch
large

n
u
m

b
ers

of
altern

ative
b
u
n
d
les,

e.g.:

•
L
ogic-b

ased
lan

gu
ages

(w
eigh

ted
goals)

•
B

id
d
in

g
lan

gu
ages

for
com

b
in

atorial
au

ction
s

(O
R
/X

O
R
)

•
P
rogram

-b
ased

preferen
ce

represen
tation

(straigh
t-lin

e
program

s)

•
C
P
-n

ets
an

d
C
I-n

ets
(for

ord
in

al
preferen

ces)

T
h
e

ch
oice

of
lan

gu
age

aff
ects

b
oth

algorith
m

d
esign

an
d

com
p
lexity

.

S
ee

ou
r

A
I
M

agazin
e

article
for

an
in

tro
d
u
ction

to
th

e
prob

lem
of

preferen
ce

m
o
d
ellin

g
in

com
b
in

atorial
d
om

ain
s.

Y
.
C
h
eva

leyre,
U

.
E
n
d
riss,

J
.
L
a
n
g
,
a
n
d

N
.
M

a
u
d
et.

P
referen

ce
H

a
n
d
lin

g
in

C
o
m

-

b
in

a
to

ria
l
D

o
m

a
in

s:
F
ro

m
A

I
to

S
o
cia

l
C
h
o
ice.

A
I
M

a
g
a
z
in

e,
2
9
(4

):3
7
–
4
6
,
2
0
0
8
.
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R
e
su

lts

B
efore

w
e

lo
o
k

in
to

th
e

“
h
ow

”
,
h
ere

are
so

m
e

co
m

p
lexity

resu
lts:

•
C
h
eck

in
g

w
h
eth

er
an

allo
catio

n
is

P
areto

effi
cien

t
is

co
N

P
-co

m
p
lete.

•
F
in

d
in

g
an

allo
catio

n
w

ith
m

axim
al

u
tilitarian

so
cial

w
elfare

is
N

P
-h

ard
.

If
all

valu
atio

n
s

are
m

o
d
u
lar

(ad
d
itive)

th
en

it
is

p
o
lyn

o
m

ial.

•
F
in

d
in

g
an

allo
catio

n
w

ith
m

axim
al

eg
alitarian

so
cial

w
elfare

is
also

N
P
-h

ard
,
even

w
h
en

all
valu

atio
n
s

are
m

o
d
u
lar.

•
C
h
eck

in
g

w
h
eth

er
an

en
vy-free

allo
catio

n
exists

is
N

P
-co

m
p
lete;

ch
eck

in
g

w
h
eth

er
an

allo
catio

n
th

at
is

b
o
th

P
areto

effi
cien

t
an

d

en
vy-free

exists
is

even
Σ

p2 -co
m

p
lete.

R
eferen

ces
to

th
ese

resu
lts

m
ay

b
e

fo
u
n
d

in
th

e
“
M

A
R
A

S
u
rvey”

.

Y
.
C
h
eva

leyre,
P
.E

.
D

u
n
n
e,

U
.
E
n
d
riss,

J
.
L
a
n
g
,
M

.
L
em

â
ıtre,

N
.
M

a
u
d
et,

J
.
P
a
d
-

g
et,

S
.
P
h
elp

s,
J
.A

.
R
o
d
ŕıg

u
ez-A

g
u
ilar

a
n
d

P
.
S
o
u
sa

.
Issu

es
in

M
u
ltia

g
en

t
R
eso

u
rce

A
llo

ca
tio

n
.

In
fo

rm
a
tic

a
,
3
0
:3

–
3
1
,
2
0
0
6
.
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S
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T
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2
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A
lg

o
rith

m
s

fo
r

F
in

d
in

g
a
n

O
p
tim

a
l
A

llo
ca

tio
n

If
ou

r
goal

is
to

fi
n
d

an
allo

cation
w

ith
m

axim
al

u
tilitarian

so
cial

w
elfare,

th
en

th
e

allo
cation

prob
lem

is
eq

u
ivalen

t
to

th
e

w
in

n
er

d
eterm

in
ation

prob
lem

in
com

b
in

atorial
au

ction
s:

•
valu

ation
of

agen
t

i
for

b
u
n
d
le

B
∼

price
off

ered
for

B
by

b
id

d
er

i

•
u
tilitarian

so
cial

w
elfare

∼
reven

u
e

(1st
price

au
ction

)

W
in

n
er

d
eterm

in
ation

is
a

h
ard

prob
lem

,
b
u
t

em
p
irically

su
ccessfu

l

algorith
m

s
are

availab
le.

S
ee

S
an

d
h
olm

(2006)
for

an
in

tro
d
u
ction

.

F
or

oth
er

op
tim

ality
criteria,

m
u
ch

less
w
ork

h
as

b
een

d
on

e
on

algorith
m

s.
A

n
excep

tion
is

th
e

w
ork

of
B

ou
veret

an
d

L
em

âıtre
(2009).

T
.

S
a
n
d
h
o
lm

.
O

p
tim

a
l
W

in
n
er

D
eterm

in
a
tio

n
A

lg
o
rith

m
s.

In
P
.

C
ra

m
to

n
e
t

a
l.

(ed
s.),

C
o
m

b
in

a
to

ria
l
A

u
c
tio

n
s,

M
IT

P
ress,

2
0
0
6
.

S
.
B

o
u
veret

a
n
d

M
.
L
em

â
ıtre.

C
o
m

p
u
tin

g
L
exim

in
-o

p
tim

a
l
S
o
lu

tio
n
s
in

C
o
n
stra

in
t

N
etw

o
rk

s.
A

rtifi
c
ia

l
In

te
llig

e
n
c
e,

1
9
(2

):3
4
3
–
3
6
4
,
2
0
0
9
.
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M
a
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isin
g

E
g
a
litaria

n
S
o
cia

l
W

e
lfare

A
n

alg
orith

m
u
sin

g
(m

ixed
)

in
teg

er
p
ro

g
ram

m
in

g
for

m
axim

isin
g

eg
alitarian

so
cial

w
elfare

w
ith

u
tilities

rep
resen

ted
in

th
e

X
O

R
lan

g
u
ag

e
:

X
O

R
-lan

g
u
ag

e
m

ean
s:

A
g
en

t
i

su
b
m

its
n

i
ato

m
ic

b
id

s
〈B

i
j ,u

i
j 〉

w
ith

B
i
j
⊆

G
an

d
u

i
j
∈

R
+
.

T
h
en

u
tility

o
f
B

⊆
G

is
m

a
x
{
u

i
j
|
B

i
j
⊆

B
}
.

IP
variab

les:
x

i
j
∈
{
0
,1
}

(“
ag

en
t

i
g
ets

jth
b
u
n
d
le”

);
y
≥

0
(=

S
W

e
g
a
l )

IP
alg

orith
m

:
m

axim
ise

y
su

b
ject

to
th

ree
co

n
strain

ts:

(1
)

E
ach

g
o
o
d

g
ets

allo
cated

to
at

m
o
st

o
n
e

ag
en

t:

(∀
k
≤

|G
|)

X

i
∈
N

n
i

Xj
=

1

[k
∈

B
i
j ]·

x
i
j

≤
1
,

w
h
ere

[k
∈

B
i
j ]

∈
{
0
,1
}

(2
)

E
ach

ag
en

t
receives

at
m

o
st

o
n
e

b
u
n
d
le

sp
ecifi

ed
in

th
eir

X
O

R
-b

id
:

(∀
i
∈
N

)

n
i

Xj
=

1

x
i
j

≤
1

(3
)

E
g
alitarian

so
cial

w
elfare

is
at

m
o
st

eq
u
al

to
an

y
in

d
ivid

u
al

u
tility:

(∀
i
∈
N

)
y

≤

n
i

Xj
=

1

u
i
j
·
x

i
j
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D
istrib

u
te

d
A

p
p
ro

a
ch

In
stead

of
d
evisin

g
algorith

m
s

for
com

p
u
tin

g
a

so
cially

op
tim

al

allo
cation

in
a

cen
tralised

m
an

n
er,

w
e

n
ow

w
an

t
agen

ts
to

b
e

ab
le

to

d
o

th
is

in
a

d
istrib

u
ted

m
an

n
er

by
con

tractin
g

d
eals

lo
cally.

•
A

d
eal

δ
=

(A
,A

′)
is

a
p
air

of
allo

cation
s

(b
efore/after).

•
A

d
eal

m
ay

com
e

w
ith

a
n
u
m

b
er

of
sid

e
p
aym

en
ts

to
com

p
en

sate

som
e

of
th

e
agen

ts
for

a
loss

in
valu

ation
.

A
p
aym

en
t

fu
n
ction

is
a

fu
n
ction

p
:
N

→
R

w
ith

p
(1)

+
···+

p
(n

)
=

0.

E
xam

p
le:

p
(i)

=
5

an
d

p
(j)

=
−

5
m

ean
s

th
at

agen
t

i
p
ays
e

5,

w
h
ile

agen
t

j
receives

e
5.
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O

S
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D
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o
o
l
2
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0

N
e
g
o
tia

tin
g

S
o
cia

lly
O

p
tim

a
l
A

llo
ca

tio
n
s

W
e

are
n
ot

goin
g

to
talk

ab
ou

t
d
esign

in
g

a
con

crete
n
egotiation

proto
col,

b
u
t

rath
er

stu
d
y

th
e

fram
ew

ork
from

an
ab

stract
p
oin

t
of

view
.

T
h
e

m
ain

q
u
estion

con
cern

s
th

e
relation

sh
ip

b
etw

een

•
th

e
lo

cal
view

:
w

h
at

d
eals

w
ill

agen
ts

m
ake

in
resp

on
se

to
th

eir

in
d
ivid

u
al

preferen
ces?;

an
d

•
th

e
glob

al
view

:
h
ow

w
ill

th
e

overall
allo

cation
of

go
o
d
s

evolve
in

term
s

of
so

cial
w
elfare?

W
e

w
ill

go
th

rou
gh

th
is

for
on

e
set

of
assu

m
p
tion

s
regard

in
g

th
e

lo
cal

view
an

d
on

e
ch

oice
of

d
esid

erata
regard

in
g

th
e

glob
al

view
.

U
.
E
n
d
riss,

N
.
M

a
u
d
et,

F
.
S
a
d
ri

a
n
d

F
.
T
o
n
i.

N
eg

o
tia

tin
g

S
o
cia

lly
O

p
tim

a
l
A

llo
-

ca
tio

n
s

o
f
R
eso

u
rces.

J
o
u
rn

a
l
o
f
A

I
R
e
se

a
rc

h
,
2
5
:3

1
5
–
3
4
8
,
2
0
0
6
.
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n
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O

S
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D
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S
ch

o
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l
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0

T
h
e

L
o
ca

l/
In

d
ivid

u
a
l
P
e
rsp

e
ctive

A
ration

al
agen

t
(w

h
o

d
o
es

n
ot

p
lan

ah
ead

)
w

ill
on

ly
accep

t
d
eals

th
at

im
prove

its
in

d
ivid

u
al

w
elfare:

◮
A

d
eal

δ
=

(A
,A

′)
is

called
in

d
ivid

u
ally

ration
al

(IR
)

if
th

ere

exists
a

p
aym

en
t

fu
n
ction

p
su

ch
th

at
v

i (A
′)
−

v
i (A

)
>

p
(i)

for

all
i
∈
N

,
excep

t
p
ossib

ly
p
(i)

=
0

for
agen

ts
i

w
ith

A
(i)

=
A

′(i).

T
h
at

is,
an

agen
t

w
ill

on
ly

accep
t

a
d
eal

if
it

resu
lts

in
a

gain
in

valu
e

(or
m

on
ey)

th
at

strictly
ou

tw
eigh

s
a

p
ossib

le
loss

in
m

on
ey

(or
valu

e).

U
lle

E
n
d
riss

5
7

F
a
ir

D
ivisio

n
C
O

S
T

-A
D

T
S
ch

o
o
l
2
0
1
0

T
h
e

G
lo

b
a
l/

S
o
cia

l
P
e
rsp

e
ctive

S
u
p
p
ose

th
at,

as
system

d
esign

ers,
w
e

are
in

terested
in

m
axim

isin
g

u
tilitarian

so
cial

w
elfare

:

S
W

u
til (A

)
=

∑i∈
N

v
i (A

(i))

O
b
serve

th
at

th
ere

is
n
o

n
eed

to
in

clu
d
e

th
e

agen
ts’

m
on

etary
b
alan

ces

in
to

th
is

d
efi

n
ition

,
b
ecau

se
th

ey’d
alw

ays
ad

d
u
p

to
0.

W
h
ile

th
e

lo
cal

p
ersp

ective
is

d
rivin

g
th

e
n
egotiation

pro
cess,

w
e

u
se

th
e

glob
al

p
ersp

ective
to

assess
h
ow

w
ell

w
e

are
d
oin

g.
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E
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m
p
le

L
et

A
=

{
a
n
n
,
b
o
b
}

an
d
G

=
{
c
h
a
ir

,
ta

b
le
}

an
d

su
p
p
ose

ou
r

agen
ts

u
se

th
e

follow
in

g
u
tility

fu
n
ction

s:

v
a
n
n
(∅)

=
0

v
b
o
b (∅)

=
0

v
a
n
n
({

c
h
a
ir
})

=
2

v
b
o
b ({

c
h
a
ir
})

=
3

v
a
n
n
({

ta
b
le
})

=
3

v
b
o
b ({

ta
b
le
})

=
3

v
a
n
n
({

c
h
a
ir

,
ta

b
le
})

=
7

v
b
o
b ({

c
h
a
ir

,
ta

b
le
})

=
8

F
u
rth

erm
ore,

su
p
p
ose

th
e

in
itial

allo
cation

of
go

o
d
s

is
A

0
w

ith

A
0 (

a
n
n
)

=
{
c
h
a
ir

,
ta

b
le
}

an
d

A
0 (

b
o
b
)

=
∅.

S
o
cial

w
elfare

for
allo

cation
A

0
is

7,
b
u
t

it
cou

ld
b
e

8.
B

y
m

ovin
g

on
ly

a
sin

gle
go

o
d

from
agen

t
a
n
n

to
agen

t
b
o
b
,
th

e
form

er
w
ou

ld
lose

m
ore

th
an

th
e

latter
w
ou

ld
gain

(n
ot

in
d
ivid

u
ally

ration
al).

T
h
e

on
ly

p
ossib

le
d
eal

w
ou

ld
b
e

to
m

ove
th

e
w

h
ole

set
{
c
h
a
ir

,
ta

b
le
}.
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o
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e
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ce

T
h
e

go
o
d

n
ew

s:

T
h
e
o
re

m
3

(S
a
n
d
h
o
lm

,
1
9
9
8
)

A
n
y

seq
u
en

ce
of

IR
d
eals

w
ill

even
tu

ally
resu

lt
in

an
allo

cation
w

ith
m

axim
al

so
cial

w
elfare.

D
iscu

ssion
:

A
gen

ts
can

act
lo

cally
an

d
n
eed

n
ot

b
e

aw
are

of
th

e

glob
al

p
ictu

re
(con

vergen
ce

is
gu

aran
teed

by
th

e
th

eorem
).

T
.
S
a
n
d
h
o
lm

.
C
o
n
tra

ct
T
yp

es
fo

r
S
a
tisfi

cin
g

T
a
sk

A
llo

ca
tio

n
:
I
T

h
eo

retica
lR

esu
lts.

P
ro

c.
A

A
A

I
S
p
rin

g
S
ym

p
o
siu

m
1
9
9
8
.
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ch
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W
h
y

d
o
e
s

th
is

w
o
rk

?

T
h
e

key
to

th
e

pro
of

is
th

e
in

sigh
t

th
at

IR
d
eals

are
exactly

th
ose

d
eals

th
at

in
crease

so
cial

w
elfare:

◮
L
e
m

m
a

4
A

d
eal

δ
=

(A
,A

′)
is

in
d
ivid

u
ally

ration
al

if
an

d
on

ly
if

S
W

u
til (A

)
<

S
W

u
til (A

′).

P
ro

of:
(⇒

)
R
ation

ality
m

ean
s

th
at

overall
u
tility

gain
s

ou
tw

eigh

overall
p
aym

en
ts

(w
h
ich

are
=

0).

(⇐
)
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