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Askey-Wilson polynomials (AW polynomials):

Rnlz] = Rnlz;a,b,c,d|q] = 4¢3<q ab, ac, ad

—n q"'abcd, az, az""

'q,q ).
Ry[z] = Rn[z~"] is symmetric Laurent polynomial of degree n.
Hence ordinary polynomial of degree nin x = %(z +z7h.
Under constraints on parameters orthogonal polynomials:

22, Qoo dz
/z =1 Am(Z] R"[Z]‘ az,bz,cz,dz; q)e ‘ iz

=0 (m#n).
Eigenfunction of second order g-difference operator:
L;(Ra[z]) = Ao Rnlz],  An:=q "+ abcdg"

where L acts on symmetric Laurent polynomials f[z] by
(Lf)[z] = L(f[2]) := (1 + g~ 'abcd) f[Z]

—az)(1-b —cz z
(1 )((11 — zzz))((1 qzz))( %) (flaz] - fl2])
(a—2)(b—2)(c—z)(d - 2) qg 'z]-flz
(1 —2%)(q - 2?) (g 21~ )
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Zhedanov algebra (AW algebra):
(Kof)[2] = L(fl2]),  (KiD)l2] = (z+ 2z Dflzl. (1)
Then

(q+q_1)K1 KoKy — K12K0 - K0K12 = BKi + Cy Ky + Dy,
(C]+q_1)K0K1K0—K02K1 —K1K02 = BKy+ Ci Ky + Dy

with structure constants B, Cy, C1, Dy, D; explicitly given in
termsof a,b, ¢, d, q.

The abstract algebra generated by Kj, K; with relations (2) is
the AW algebra

AW = AW, p ¢ 0.9(Ko, K1)

and (1) defines its basic representation.
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Duality for AW polynomials and for the AW algebra
Dual parameters:

&= (q 'abcd):, b=ab/a &=ac/a d=ad/a
Recall

—n q"'abcd, az, az™"
Rn[Z;a,b,C,d‘q]: 4¢3<q q q7q)

ab, ac, ad
Hence the duality relation
R.la'g ™ ab,c,d|q] =Rn[a'q " a,b,c.d|q] (mneZs).
Recall the relations for the AW algebra:
(g + g K KoKy — K2Ky — KoK2 = BK; + Co Ko + Do,
(g+q ") KoKi Ko — KEKi — KiK& = BKy + C1 K + Dy

Hence we have for the AW algebra the duality (both
isomorphism and anti-isomorphism):

AWa,b,C,d;q(KOa K1) = AWé,5757a;q(aK1 » 571 K0)7
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Duality in a small part of the g-Askey scheme

Askey-Wilson
Continuous Dual g-Hahn t--------- Big g-Jacobi
Al-Salam-Chihara f----------- Little g-Jacobi

Tom Koornwinder Dualities in the g-Askey scheme and degenerate DAHA



Marta Mazzocco’s motivation

The Painlevé differential equations are eight non-linear ODE’s
whose solutions are encoded by points in the so-called
monodromy manifolds (a different manifold for each Painlevé
equation). Each of these monodromy manifolds carries a
natural Poisson structure which quantizes to a special
degeneration of the AW algebra that regulates a specific family
in the g-Askey scheme.
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Continous dual g-Hahn and Big g-Jacobi:

Askey-Wilson:
_ B q",q" 'abed, az,az"!

Rn[zravbacad|q]_ 4¢3< ab,ac,ad q,9),
Rnla'q™ a,b,c,d|q] = Rm[a 'q ";3a,b,¢,d|q] (duality).
Continuous dual g-Hahn:

Rnlz;a,b,c|q] = lim Ry[z;a,b,c,d|q]
d—0
N az az"!
= 3¢2(q . q, CI) .

ab, ac
Big g-Jacobi:

Pn(x; &b, c;q) = lim Ra[A"'x; A, gax™", gcA~", bc '\ | q]

_ g ".q"'ab, x
—39252( aq, cq :q,9) -

Duality between Continuous dual g-Hahn and Big g-Jacobi:
Rnla'q ™ a,b,c|q] = Pn(q ";q 'ab,ab™',q 'ac; q).
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Al-Salam-Chihara and Little g-Jacobi

Al-Salam-Chihara is Continuous dual g-Hahn for ¢ = 0:

_ B q " azaz '
Rn[Z,a,b,O\q]— 3¢2< ab,O vq7q>'

Little g-Jacobi is Big g-Jacobi for ¢ = 0:

g ",q"ab,x >

Pn(x;a,b,0;q) = 3¢2< 2q.0

Duality between Al-Salam-Chihara and Little g-Jacobi:

Rnla'q"™ a,b,0|q] = Pm(q";q 'ab,ab™",0; q).
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Degenerate AW-algebras

Continuous dual g-Hahn:

AW boiq(Ko. Ki) = lim AWap60iq(Ko, Ki)
Big g-Jacobi:

BqJ . _q
AWaf}),c;q(Ko, Ki) = A@O AW, gar—1 gea-1.be—1x.g(Ko, A7 K1).

Duality between both algebras:

CDgH -~ BqJ
Awa’b’C;q(Ko’ K1) = lANVQ*‘a—xb,azbq,cr‘ac;q(aK1 , Ko).-

For the duality beteween Al-Salam-Chihara and Little g-Jacobi
put c = 0.
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Remark

Our dualities between orthogonal polynomials in the g-Askey
scheme are not completely bispectral. Instead one can identify,
for instance, Al-Salam-Chihara polynomials for base g~ with
dual little g-Jacobi polynomials, see for instance Atakishyiev &
Klimyk.

On the level of AW algebras this would need

q
Awa,b,c,d;q(Km K1) = AW@H,b*1,c4,df1;qf1 (m Ko, K1) .

and its limit cases.

Tom Koornwinder Dualities in the g-Askey scheme and degenerate DAHA



Askey-Wilson DAHA (Sahi; Noumi & Stokman)
Algebra 7 with generators Ty, Ty, Ty, To and with relations
(T1 +ab)(Ty +1) =0,
(To+q 'ed)(To+1) =0,
(afy +1)(bTy +1) =0,
(cTo+q)(dTo+q) =0,
T TiToTog=1.
PutTo=T,'Z, Ti=Z7'T]", To=T;'V.
Then we get the presentation #{ s p ¢ d.q(T1. Y, Z):
(Ty +ab)(Ty +1) =0,
('Y +q 'ed)(T 'Y +1) =0,
(@ 'T "+ 1)(bZz7 ' T 1) =0,
(c+qZ 'T7'Y)d+qZ 'TTY) =0,
zz'=1=2z"2
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Basic representation of 74 on Laurent polynomials

(2)[2] = zf]2],

R L
(YN)[2] = z(1+ab-(a+b)z)((c+ d)g— (cd+q)z) i

q(1 - 22)(q — 22)
1—az)(1-bz)(1—-cz)(1 —adz
(a1t ea)t— o) g
(1 —az)(1 - bz)((c+ d)gz — (cd + q))
i (i — 22)(1 — q2?)
(c—2z)(d—2z)(1+ab—(a+b)z2)
(1—-2%)(q—2%)

flz71]

flgz7'].
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Non-symmetric AW polynomials:

Enlz;a,b,c,d|q] := Rnlz;a,b,c,d|q]—
a(1—g"(1 - g™ 'ed)(1 — az)(1 — bz)
g™ 1'(1 — gab)(1 — ab)(1 — ac)(1 — ad)z

(n>0, (1-q9"E,—1 :=0forn=0),
E_,lz;a,b,c,d|q] .= Rn[z;a,b,c,d|q]—
(1 — g"ab)(1 — @"'abed)(1 — az)(1 — bz)
q"'b(1 — gab)(1 — ab)(1 — ac)(1 — ad)z

Rn—1 [Z; qa, qb7 C, d| q]

Rn—1 [Z; qa, qb7 C, d ‘ q]

(n=1),

Symmetric AW polynomial Rj, is linear combination of
E,and E_,.
YE,=q" 'abcdE, (n=0,1,2,..)),
YE_n:qinE_n (n: 1,2,...)7
(Y+qg 'abedY "R, = LR, = R, (n=0,1,2,..)).
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Duality for non-symmetric AW polynomials:
En[zag(m)™';a,b,c,d|q] = En|zs4(n)~";8,b,E,d|q] (m.neZ),
where

Zaq(n) := aq" (n=
Zag(—n):=a'g" (n>0).

Duality for the Askey-Wilson DAHA:
/H'[a,b,c,d;q< T1 ) Y, Z_1 > ~ TH

an anti-isomorphism.
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DAHA degeneration from AW to continuous dual g-Hahn
(Mazzocco)

Write the AW DAHA as Hapca.q(T1, Y, Y 1,2, Z77),
rescale Y-'=qgc 'd~'Y’, and let d — 0.
Then we get the degenerate DAHA for continuous dual g-Hahn

oy e (T, Y, Y, 2,271 = lim lapcaqlTr.¥Y.qc a7V, 2,27

with generators Ty, Y, Y’,Z,Z~ " and relations
(Ty +ab)(T; +1) =0,
'Y+ Y'Ti4+1=0,
(@Z'T7 1)z ' T 1) =0,
gZ 'T'Y+Y'TiZ +c=0,
YY =0=VY'Y, ZZ'=1=2Zz""Z

Further degeneration to Al-Salam-Chihara by ¢ — 0.
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DAHA degeneration from AW to big g-Jacobi (Mazzocco)

INHapcaq(Ti, Y, Y ,Z,Z7") rescale

(a,b,c,d) — (\,gax~",gcA"", bc\), Z — A1 X,
Z-' 5 XX, and let A — 0.

Then we get the degenerate DAHA for big g-Jacobi:

m’jjﬂc; AT Y, YL X X))

= lim P gar-1,ger- be-1xig (Tt ¥ Y=L X ATTX)
with generators Ty, Y, Y~=', X, X’ and with relations
(T1 +qa)(T1 +1) =0,
(T7'Y +b)(T'Y +1) =0,
TiX +qaX'T, ' + ga=0,
bY 'TiX+gX'T, Y + gc =0,
XX'=0=XX.

Further degeneration to little g-Jacobi by ¢ — 0.
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Duality for degenerate DAHA’s (Mazzocco)

M T X a b X, ay T aty)

a,b,c;q
~ 734BdI —1 /
— mq*1ab,ab*‘,q*1ac;q<7-1’ Ya Y 7XaX>'

Also for ¢ — 0.
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Non-symmetric dual g-Hahn polynomials:

Enlz;a,b,c|q] = Jiino Enlz;a,b,c,d|q].

In basic representation of Higz?gq(ﬂ, Y,Y.Z,Z7):

YE,=0 (n=0,1,2,...),
YE_n = qin E_n (n == 1,2, .. .)7
YE,=q "a'b'E, (n=0,1,2,..)),

YE ,=0 (n=1,2,...).

Also for ¢ — 0.
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Non-symmetric big g-Jacobi polynomials
Recall that

Pn(x;a,b,c;q) = lim Ra[A'x; X, gax", gea™", bc™ '\ | q].

Ein[z; a,b,c,d|q]is linear combination of R,[z; a, b, c,d | q]
and z7'(1 — az)(1 — bz)R,_1[z; qa, gb, c,d | q].

So the non-symmetric big g-Jacobi polynomial would be the
limit for A — 0 of a linear combination of

Ra[A'x; X\, gax~1, geA~1, bc="\| g] and

x 11 = x)(1 — gax)Ra_1[\"'x; g\, g?ax1, gcA~1, bc= 1\ | q].
This would introduce undesired dependencies.
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Non-symmetric AW polynomials as vector-valued
polynomials (K & Bouzeffour)

A way around. First write the non-symmetric AW polynomials
as 2-vector-valued symmetric Laurent polynomials, and then
take limit to non-symmetric big g-Jacobi polynomials as
2-vector-valued ordinary polynomials.

flz] = filz] + az~'(1 - az)(1 - b2)[2] & Fl2] = (;;ED ’

where fi[z] and f[z] are symmetric Laurent polynomials.
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Then

. Rnlz;a,b,c,d | q]
Enlz] = ( o(mARn_1(z:qa gb,c,d | q] ) (n=0),
(1 —qgab)(1 — ab)(1 — ac)(1 — ad)

. Rnlz;a,b,c,d | q]
E_nlz] = ( o(—n)Rn-1[z: qa, gb.c,d | q] ) (n>0),
(1 —gab)(1 — ab)(1 — ac)(1 — ad)

where

a(n):=q"""(1 —q")(1 — 9" 'cd) (n>0),
o(—n):=(ab)~'q'"(1 — q"ab)(1 — q"'abcd) (n > 0),

(
and where o(n)R,_1 = const. (1 — @")R,_1 := 0 for n = 0.
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For f a Laurent polynomial and A an operator acting on Laurent

polynomials:
Aq A12) (f1> e
Af & — AT,
<A21 Az ) \

where the Aj; are operators acting on symmetric Laurent

polynomials. Then
—ab 0
T1 - )
0o -1

Y11 Y12)
Y= ,
<Y21 Yoo
where the Yj; are g-difference operators acting on symmetric
Laurent polynomials.

1 (a—i—b—z—z—1 —a(1—az)(1 —az=")(1 - bz)(1 —bz—‘)>

T ab—1 a’ ab(z+z"')— (a+b)
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Vector-valued non-symmetric big g-Jacobi:

En(x;a,b,c;q) = lim E. "x; M\ gaxt, gex",bc '\ | q] (n€ 2).

Then
. Pn(x;a,b,c| q)
Enx)=| q'"(1-g"(1-g"b) 22 b ac.
(T aa)( -~ qa)t —qo) (T abAD
(n=0),
. Pn(x;a,b,c| q)
E_n(X) = B q—n(1 n+1 a)( n+1 ab)

P._1(gx, g%a, b, qc; q)

a(l - qa)(1 - g%a )( - qc)
(n> 0)7

where (1 — q@")P,_1 := 0 for n= 0. Also for ¢ — 0.

Can also take limit of the AW Y matrix operator, has the E,: as
eigenfunctions.
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Duality between non-symmetric continuous dual g-Hahn

and non-symmetric big g-Jacobi:

En(237Q(m)_1 ; 4, bv c | q)

= (1 pavq(n)) En(@ " q 'abab™' g 'ac;q) ()
(m,neZ),
where
Zaq(n) := aq" (n=0),
Zag(—n):=a 'q”" (n>0),
and

fabg(n) :==abq™"(1-q")  (n>0),
pabg(—n) :==q "(1—q"ab)  (n>0).
In (3) on the left nonsymmetric continuous dual g-Hahn

polynomials and on the right row vector times column vector of
non-symmetric big g-Jacobi polynomials.
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Remark

—

En(x;c,ab/c, a)

Pn(x;a,b,c| Q)
= q'~"(1 — g")(c — g"ab) ) (n>0),
— P » .
c(1-qa)(1 —ge)(1 — qc) " 1(ax, g2, gb, g"c; q)
E_,(x;c,ab/c, a)
Pn(x;a,b,c|q)
= g "(1 - g"'c)( — g™ ab) (n>0)

_ P b 2 :
g-shifts in parameters here are different from the ones in
En(x; a,b,c;q).

No clear limit of corresponding degenerate DAHA for ¢ — 0.

Tom Koornwinder Dualities in the g-Askey scheme and degenerate DAHA



