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Root systems

V d-dimensional real vector space with inner product (., .).
ForO#£acV: &:= @[27>oz, S.(B) =B — (B, &)a (B e V).
Root system R: finite subset of V\{0} such that

Va,B € R s4(8)€ R and (B,d&) € Z.

Weyl group W: group generated by the s, (o € R).
Weight lattice P: {A\ € V |[Va e R (\, &) € Z}.

R choice of positive roots; aq,...,aq Simple roots; s;:= s, .
Dominant weights: P, :={A € P|Va e Ry (), &) > 0}.
A1,...,Ag fundamental weights, (\;, o) = 6.

Dominance partial ordering on P:
A>p iff A — pis asum of positive roots.
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Example: root system C.

simple vectors (1,—1) and (0, 2);
P.={(i))ez?|i>]>0}

fundamental weights (1, 1) and (1, 0);

the black dots are the . € Py for which p < A := (4,2).
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Trigonometric polynomials

ForAe P: e\x):=é&™* (xe V).

With (w f)(x) := f(w='x): we* =e" (we W).

Forae Pr: my:=3% cw,e", We-invariant, mj:=m,.
Algebra of trigonometric polynomials: A := Span{e* | A € P}.
{my | X\ € P,} is a basis of the space AW of W-invariants in A.
The m; (i=1,...,d) generate A" as an algebra.

Dual root system: R”:={& | « € R}.

Dual root lattice Q~ is the Z-span of R™.

Torus T:=V/(27Q%); x—x:V —=T.

If f € Athen f(x) = f(x) for suitable 7.

dx Lebesgue measure on T such that [ dx = 1.
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Jacobi polynomials associated with R

Multiplicity function: k: a +— ky: R — [0, 00)
such that ky, = k, forw e W.
Weighted half sum of positive roots: px := 33 ,cq, Kot

Weight function:
ok(x) = [T [2sin (3(a,x)[* =TT (1 — e*(x))",
acRy acR

is W-invariant functionon T = V/(27Q"), independent of R, .

Inner product on A:  (f, g)k := / f(x) g(x) ok(x) dx.
T
k-Laplacian A, on T:
(BkF)(H) = (A + Tach, ko c0t (e X))0a) F(),
where (9af)(X) := Gf(x + ta)|,_, -
(Akf, gk = (£, Ak@)k (f,g € A); Akow=woly (we W)
(Ak + (A A +2pk))my € Span{m,, | p € Py, p < A},



Jacobi polynomials associated with R (cntd)

Definition (Jacobi polynomial associated with R)

This is an element P{*) (\ € P,) of AW of the form
P/(\k) = Z Cx My,

AU'GP-H HSA
such that ¢y » = 1 and

i (P my=0 ifueP,andu<A.

Instead of (i) we can equivalently require that
iy  AkPY) = — (A +2p) PO

Clearly: (PY) Py, =0 ifA<porp<i (\uePy)
Much deeper:
Theorem (Heckman, 1987)

k k .
(P PN =0 ifa#£p (\pePy).




Jacobi polynomials associated with R (cntd)

R : function algebra on V generated by (1 — e*)~! (a € R,).
Dg: the algebra of W-invariant differential operators D on V
with coefficients in R such that D commutes with Ay.
Then: Dy acts on AY;
Dy is closed under adjointness with respectto (., . )x;
DPY) = —y DY\ + p) P (D eDy, Ae Py).
Then 4 : Dk — CY[V] is an injective algebra homomorphism.
Hence Dy is a commutative algebra.
In particular, yk(Ak)(1) = (1 1) = (P Pic)-

Theorem (Opdam, 1988)

The map ~x: Dk — CLV]W is surjective. Hence, the algebra Dy
has d algebraically independent generators including A.

Then the ng) are separated by eigenvalues of D € Dy. Full
orthogonality will be a consequence.
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Jacobi polynomials associated with R (cntd)

Proofs of general orthogonality:

@ For special parameter values: spherical functions on
compact symmetric spaces. Then orthogonality by Schur.

@ Generators of Dy explicit for BC, and A, (K, 1974).

@ Generators of Dy explicit for A, (Macdonald, 1987;
anticipated by Sekiguchi, 1976 and Debiard, 1983).

@ Generators of Dy explicit for BC, (Debiard, 1987).

@ Heckman (1987) for general R. He used work by Deligne
(1970), Kashiwara & Oshima (1977), van der Lek (1983)
on regular singularities.

@ Macdonald (1987): the g 1 1 limit of a a similar result in the
g-case.

@ Heckman (1991) for general R, much more elementary
than in 1987, by trigonometric Dunkl operators.

@ Cherednik (1991) and Opdam (1995) by using graded
Hecke algebras.
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Dunkl Cherednik

Tom Koornwinder Trigonometric Dunkl operators



Dunkl type operators

For &£ € V and
@ ¢p(t) =t (Dunkl, 1989),  ép(—t) = —ép(t);
® oy(t) = 28%‘23) (Heckman, 1991),  ¢u(—t) = —ou(t);

® ¢c(t) == (Cherednik, 1991), ¢c(—t) =1 — ¢c(t),

the Dunkl type operators
Dék[i)HC] —i 0+ > kal&, ) dpucy (i (-, ) (id—sa)
QEH+

acton C*>(V). In particular, D( ) acts on C[V], DHC] acton A.

Dék[LH] —i0+ 3> kol @) ¢ (i (-, @) (id —sa),

aeR

DI = —i0c+3 Y kalé ) dc(i (., a)) (id—8a)+3 Y ka6, a) (id—s.).

aeR a€RL
WoD(k ow™! #Dwgc (we W).
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Dunkl type operators: commutation

DY = —ioc+ Y kal€a) (i (., o)) (id—s.).

a€R;
D DP = 3 kaks (€.a) (1. 5)
a,B8eRy
x [p(i (., ) (id—sa),0(i (., 8)) (id—sz)]
= > kk5(< a)(n, B) — (n, a)(€, B))
PR p(i(.,a)) (id—s4) 0 p(i (., B)) (id —s5)
= > kkﬁ((fﬂ)@%ﬁ) (. ><§,5)
a,BERL (I< )

)
;) ¢(i (., 5a(B))) Sa S
g kakg(< a)(n, B) = (m, )&, B))

weW o,B€R; saSg=w

< (i (., a)) ¢(i{.,sa(B))W =] > fuwien() W.

simple rotations we W
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Dunkl type operators: commutation (cntd.)

2-d reduction: R’ root system in V/ = R? with Weyl group W’;
. . o —t
w rotation in W’; ¢ (1) =t~ or ﬁ s xe V.
ftn) = D kaks (&), 8) = (n.a)(&,8))
a,BER’; 80 53=wW

x oI (x,a)) 6(i (x,8)).

Then f( ) , W-invariant. Hence f&vkgn = 0 in the Dunkl case and

fv‘fénH:% S kaks (6 ) B) — (.)€, B))
a,BER; 8aSg=wW

in the Heckman case.

)
[Py Dbl = O,

(DX, DI = ~1 . ser, kaks ((€, )1, B) — (n, @) (€, B)) SaSs.
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Self-adjointness

Proposition

The operators Dg‘[}m] acting on A are self-adjoint with respect
to < 59 o >k .
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Heckman’s approach

k . 1+e @
achy

For A € P let C(\) be the convex hull of WA in P.
If A\ € Py then p < Aforall pe C(N).

Letxe P.. Then DY) et = > ay et
HEC(N)

For X\ # € WA the coefficient ay ,, has degree 1in X if 1 = A
and degree 0 in \ otherwise.

In particular, ayx = (A + px, &) ifA e Py.

1 + e_a A _a 1 — e_<>\’é>a A
Indeed, p— (1-s,)e*'=(1+e )W
E-1
= sgn((\, &) <eA +e*W 2 M- eA*fa).
j=1
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Heckman’s approach (cntd.)

k) ._ (k)
Let D, = Z (DMH]
neWwg

W-invariant because w o Dék[L] ow 1 =pW

IfA e Psthen DWer= 3" a, e

neC(X)
For A # u € W the coefficient a, , has degree < rin A if
w # A\, while

a\ = Z ((\ + pk,n))" + terms of degee < rin \. (%)
neW¢

)" (r=2,3,...). This operator is

By W-invariance of Dék,) we have for A € P, and for all w € W:

Dg(r)e"” = Z ay ,e"" with a, , independent of w.
neC(X)

k)
,r

Hence Dé my = Z ar,,m, (A€ Py) with ay ) asin (x).

<A, uEP,
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Heckman’s approach (cntd.)

Dg(r)mA = Z ax,m, (A< Py).
IJ’S)V N€P+
= Y ((A+ pk,m)" +terms of degee < rin A. (%)
neWg

k,) is self-adjoint on AW with

Furthermore, the operator Dé
respectto (., .).

Hence Dg(,) ng) = ay\ ng) with ay » as in (x).

Hence the operators Dg‘r) (r=2,3,...;¢ € V) acting on AW
mutually commute.

Consider the commutative algebra D, generated by the

operators Dg‘,)]AW (r=2,3,..;¢6€ V).

There is a unique algebra isomorphism ~: Dx — C[V]¥ such
that DP) = —y (D)(\ + px) PY) (D € D, A € Py).
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Heckman’s approach (cntd.)

The theorem implies that the Pik) form an orthogonal system.

For fe AW: ad(f)(DL}) = —idt.

Hence  ad(f)...ad(fr11)(DLY) =0,
in particular for Dg(,) restricted to AW.

We can identify AW with C[my, ..., my].
k)

Hence Dér acting on C[my, ..., my] is in the Weyl algebra
(C[m1,...,md,%,...,aim].

So Dék,)|AW, and more generally operators D € Dy coincide with

partial differential operators when acting on AY.
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Example: Laplacian

d
PN F ) (x) = —(Af)(x Ko COt(A (v, X)) (Daf)(X)
Z( ej,H)

j=1 acR;
Ko
+ 3z = Sinz(%<a, X)) (f(x) — f(5ax))

T D Kaks(a, B) cot((a, X)) cot(3(B, X))
x (F(x) — F(SaX) — F(S5X) + F(SaSsX))

If f € AW then

d
(Z(Déf%)zf) (x) = —(BNX) — 3 kacot(} (e, x)(@af)(X)

a€R;
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Orderings on W and P

w € W has length ¢ = {(w) if w = s;, ... s, with £ minimal.

If we W then {(w) = |wRL N (—Ry)|.

Let ((w) =/Cand w = s, ...s;,. Then:

—a € WRLN(—R}) < SaW=S5;, ... ...s), for some k.
Bruhat order on W: u < w if u has reduced expression which is
subword of reduced expression of w.

Partial ordering on P: For A € Plet A* € (W) n P, and
A = wr\* with £(w?) minimal. WA = {w? | A € W\*}.
Put A <w u if either \* < p* or \* = p* and w* > w.

For A € Py let W) :={w € W | w\ = \} and let w, be the
longest element of W,.
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Cherednik-Opdam approach

From now on:
DY = —ide+ Y kal€. )

a€R;

5 (id=sa) = (pk, &)

Proposition

Dék) et =ay et + ay e’ with

n<wA

aa=Ai= A+ 2aeRy; (Aa)>0 K = P

1
Indeed, m (1 - sa) e = W € =

—(A%)
Z e if (\a) >0 and ) e if (A a) <0.
j=1
If ()\,a) < 0then (\*,(w*)~'a) < 0. Hence (W) 'a € —R,.
Hence —a € w*R,.. Hence ws* = s,w* < wh.
This does not work in the Heckman case.
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Cherednik-Opdam approach (cntd.)

A=A+ Z koo — pg
acRy; <>\,a)>0

Proposition

X = wAX*. Furthermore, if A € P, then X = wx(\ + px).
Hence X # [i if A # p.
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Cherednik-Opdam approach (cntd.)

Definition (non-symmetric Jacobi polynomial associated with R)

This is an element £ (A € P) of A of the form

EX= Y c,e" suchthatc,n=1 and
HEP; p<wA

() (EY emyy=0 ifpuecPandu<wA.

Instead of (i) we can equivalently require that
iy DYEY =(X¢) EY, where

X =+ Z Koo — pg.
a€RL; (A\a)>0

The Eﬁk) (A € P) form an orthogonal basis of A with respect to
the inner product (., . ) .
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Cherednik-Opdam approach (cntd.)

ForaePy: P = 3" wel = jwy[" Y wel.
weWwX wew

The ng) (\ € P,) form an orthogonal basis of AW with respect
to the inner product (., . )i .

& Dék): V — End(.A), linear map with commuting
images. This extends to algebra homomorphism
p — p(DX): C[V] — End(A).

Proposition
If p € C[V]W then p(D®¥)) is W-invariant.

(because in the image of the center of a graded Hecke algebra)
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Cherednik-Opdam approach (cntd.)

Let A € P, and p € C[V]Y.

p(DU )P = s 3 p(D®)wE"

weW

= Wi~ S wp(d®)EL

weW

=p(N) Wy S wel

wew

= p(A + px) P .

by W-invariance of p(D(*)) and since A = wy (X + px).
Hence (p (D)) \Aw) = —p.
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Cherednik-Opdam approach (cntd.)

For fe AY: ad(f)(D{") = —iocf.

Hence, for p € C[V] of degree nand f;, ..., f,, 1 € AW:
ad(f) ... ad(fo1)(p(DHX))) = 0.

For p € C[V]W the operator p(D¥) acts on AY, hence on

Clmy, ..., my].
Hence p(D¥) acting on C[my, ..., my] is in the Weyl algebra
(C[m1,...,md,%,...,aiw].

Tom Koornwinder Trigonometric Dunkl operators



Graded Hecke algebra

Definition (Lusztig)

For R a reduced root system on V with set R, of positive roots,
Weyl group W and multiplicity function k the graded Hecke
algebra H is the algebra generated by the polynomial algebra
C[V] and the group algebra C[W] with relations

si§=¢&.5i—ki§ i) (E€V,i=1,...,d).
If R is nonreduced root system with multiplicities k, let R° be
the root system of inmultiplicable roots. If «; is a short simple

root in R then let 2a; with multiplicity k; + 2ko,,, be the
corresponding simple root in RC.

Theorem

Let ({Dék)}, W) be the algebra generated by the operators Dék)
(¢ € V)andw (w e W) acting on C[V]. Then the map

EW — Dék) w extends to an algebra isomorphism of H onto
(D}, w).
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Graded Hecke algebra (cntd.)

si.& = £.5i — Ki(€, o) translates as
SiD¢s; — Dse = —Ki(&, o) s;. Indeed, this holds:
. 1 .
Iék):==—45%-+ > ka<57a>i‘:féia'0d'—3a)“<Pk7§%

aeR;
Then

SiDeSi — Dse = ) ka(1<§’ :—as>a B 1<§7gza)
a€R;
- L e roge)

a€R;

— (k> Si€) + (pk, §)-

Tom Koornwinder Trigonometric Dunkl operators



Graded Hecke algebra (cntd.)

Proposition

The center of H equals C[V]".
Hence the center of ({Dék)}, W) equals ({Dé“}) 8
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