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Orthogonal polynomials

@ Orthogonal polynomials (OP’s): A system of polynomials
{Pn}n=012,.. (pnofdegree n) which are orthogonal with
respect to some positive measure ;. on R.

@ Special subclasses:

e du(x) = w(x) dx (absolutely continuous measure)
o /1= 7", W;dy (discrete measure)
o 1= Zﬁo w; dy, (finite measure), only OP’s pg, p1, ..., pn

@ Three-term recurrence relation

X Pn(X) = AnPn+1(X) + Bnpn(X) + Cn Pn1(X),
po(x) =1, p-1(x) =0,

Hence the p,(x) are eigenfunctions of a second-order
difference operator in the n-variable with eigenvalue x.
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Classical orthogonal polynomials

Call a system {p,} classical if p,(x) is also an eigenfunction of
some second order operator L in the x-variable with eigenvalue
depending on n:
@ L is second order differential operator (very classical
OP’s): Jacobi, Laguerre, Hermite
@ (Lf)(x)or (Lf)(ix) = a(x) f(v(x + 1)) + b(x) f(v(x))
+c(x) f(v(x — 1)) (v polynomial)
o v is first degree polynomial (Hahn class): Hahn,
Krawtchouk, Mexiner, Charlier (i discrete); continuous
Hahn, Meixner-Pollaczek
e v is second degree polynomial (quadratic lattice class):
Racah, dual Hahn (i discrete); Wilson, continuous dual
Hahn

All classical OP’s are collected in the Askey scheme.
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Group theoretic interpretations

All OP’s in the Askey scheme have group theoretic
interpretations, sometimes interpretations of various kinds for
one family.

@ Jacobi : matrix elements of irreps of SU(2); spherical
functions on compact symmetric spaces of rank one.

@ Laguerre: matrix elements of irrreps of the Heisenberg
group; related to discrete series reps of SL(2,R).

@ Hermite: related to irreps of the Heisenberg group.

@ Krawtchouk: matrix elements of irreps of SU(2); spherical

functions on wreath products of the symmetric group
(Wilson schemes).

@ Hahn: Clebsch-Gordan (3j) coefficients for SU(2);
spherical functions on S, /(Sk x S,_k) (Johnson schemes).

@ Racah: Racah (6)) coefficients for SU(2).
° ...
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Limits for very classical OP’s

Monic OP’s:  pp(x) = x"+ terms of lower degree.

Very classical OP’s
e Jacobi: p™?(x), w(x)= (1 —x)*(1+x)? on (—=1,1)
@ Laguerre: (5(x), w(x)=e*x*on (0,00)
@ Hermite: hy(x), w(x)=e > on (—oc,)

”/2p(a’°‘)(x/a1/2) — hn(x), (1-x2/a)* = e, a—
(=B/2)" pD (1 — 2x/B) — £2(x), x*(1 = x/B)’ = x*e™*, B — oo
(204) n/2£g((2a)1/2x+a) N h,—,(X), (1 + (2/a)1/2x)aef(2a)1/2x N efx2’

o — OO

For Laguerre — Hermite see:
Palama (1939), Toscano (1939), Askey (1986).
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Limits by 3-term recurrence relation

We will always take monic OP’s.

X Pn(X) = Pn+1(X) + Bapn(X) + Cnpp-1(x), n=1,2,...
X Po(x) = p1(x) + Bo po(X),
po(x) =1.
The monic OP’s p,(x) are completely determined by the B, Cy.
If B, and C,, depend continuously on some parameter, then so
does pn(x).

The recurrence relation for pp(x) := (2a)~"2 (2((2a)"/?x + a) :

_ nn-+ «
XPn(X) = P () — (20)~ (20 + Dpn(x) + 25D b, (0
tends for o« — oo to the Hermite recurrence relation

X Pn(X) = Pnt1(X) + %npn—1(x)
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Very classical OP scheme with uniform limits

Pn(x) :=p" pf,o"ﬁ)(p—1 x — o) (rescaled Jacobi) satisfies

X Pn(X) = Pny1(X) + Bnpn(X) + Cnpn_1(x) with
pPap

(a+pB)3

" 4n(1+n/a)(1+n/8)(1 + n/(a + B))
(A+@n—=1)/(a+8) (1 +2n/(a+B))2(1+2n+1)/(a+p))’

n =

B 0 — « 1 1
B"—”(5+a 1+2n/(a+B) 1 +(2n+2)/(a+ﬁ)+a>'
(a+pB)%/2 a—f
Put p::W, O-:a+ﬁ

Then B, and C,, become continuous in (o=, 3~1) for
a~1',5~1>0. Infact, we getfor B,and C, :
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Very classical OP scheme with uniform limits (cntd.)

4n(1+n/a)(1 +n/B)(1 4+ n/(a+ B))
(A+@n-1)/(a+B8))(A +2n/(a+B))2(1 +(2n+1)/(a+B))’

Bn — (671/2 7 a71/2)(571/2 + 0471/2)1/2
" 4n+2+4n(n+1)/(a+p)
(1+2n/(a+p)(1+(2n+2)/(a+B))

Cn:

ﬁ71
Laguerre Jacobi
Hermite—taguerre———

«
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Askey scheme (recall)
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4 parameters Racah
\
3 parameters Hahn | Dual Hahn
/1<
2 parameters Jacobi| |Meixner||Krawtchouk
/
1 parameter Laguer'r: Charlier
\ |7
0 parameters Hermite
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Manifolds with corners

Manifolds with corners were introduced by
J. Cerf (Bull. Soc. Math. France, 1961) and
A. Douady (Séminaire Henri Cartan, 1961/62).

A manifold with corners X is defined like an ordinary manifold,
except that a chartis now a homeomorphism from an open
subset of X onto an open subset of

R?q) = {(X‘],...,Xn)GRn|Xq+‘|,...,XnZO}.

| will describe the Racah scheme as a (quotient space of a)
four-manifold with corners, in one degree of freedom
discretized, with an atlas of three charts mapping to

Ry = {(x1, %2, X3, X4) € R* | x4, Xp, Xg, X4 > O}.
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Racah scheme: the three charts

Racah Racah Racah
Hahn Dual Hahn Dual Hahn
ADNEEVAN
Jacobi| |Meixner||Krawtchouk Meixner| |[Krawtchouk Meixner
/ /
Laguer'rj Charlier Charlier Laguerre
N
Hermite Hermite Hermite
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Racah polynomials

Let N be a positive integer,and n=0,1,...,N.
Racah polynomials are given by

Ra(y(y +v+d6+1);a, 8,—N —1,6)

g tat STy Y+ =N
s a+1,84+6+1,-N !

(—Mi(n+a+ B+ 1)k(=y)k(y +6 — N)k
(o + (B + 6+ 1)k(=N)k! '

n

k=0

Here (a)x := ala+1)(a+2)...(a+ k — 1) is the Pochhammer
symbol.
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Racah polynomials (cntd.)

Monic Racah polynomials:

a+1)n(ﬁ+(5+1)n(—N)n
(n+a+p+1)n

rn(X;a,ﬁ,—N—Lé) = ( RH(X;a’Bv_N_1’5)'

Three-term recurrence relation:
X In(X) = rpp1(X) + Bnra(X) + Cn r—1(X),
where B, =an+ ¢cn, Ch = ap_1¢n Wwith

(n+a+)n+a+p+1)n+5+5+1)(N—n)

n= @nta+p+1)2n+a+pB+2) ’
- nin+a+B+N+1)(0—a—n)(n+p)
T @Cn+a+p)2n+a+B+1) '

If o, 5 > —1and 6 > o+ N then C, > 0: positive orthogonality.
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Racah scheme: first chart

Now, for t1, b, I3, f4 > 0, tit3 < 1 and 1/(fxty) integer, put

Pn(X) = Pn(X; tr, ta, b3, 1a) := p" 1n(p™ X — 0;, B, =N — 1,6),

1 1 1 1+bizly
h = — = — Nzi’ =,
where o =4, f=17 bi t b ts by

tt(1+6)32612
(h+ta+bt)21+(1+b)G4)

(1 +t1)(1 +(1+ b+t Tg)l‘31’4)
t t2(1 +b+2H tg)t3ff

1/27
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Racah scheme: first chart (cntd.)

Then
X Pn(X) = Pn+1(X) + Bnpn(X) + Cn Pn-1(x),
where
B n(1+ 621+ 6+ (n+1)tb)
+b+2tb)(I+b+2nthb)(1+b+2(n+1)tb)(1+bL+bth)/?
x (2nt1 bt +b+(n+1)tk)(1+b+24b)
thtEA+t)(1+k)(1+b+24t)
LB+ tk)—2t(1—b)(1 +b t4))/(t1 ht )
o _ (+t+nt BY(1+(1—ntt)(1—ntibtt)(1+bb+bbt+ntbtt)

(1 —|—t2+(2/7—1)t1 t2) (1 +b+2nt t2)2 (1 +z‘2+(2n+1)t1 tz)

(1+ 1) tibt )

nt)(1+ntb) —rr—""—r H+ b+ bl
xn(1+nt)(1+ 12)1+t3t4+t2t3t4 b+ U+ bl

(1+(n+1)

B, and Cp, as functions of t, &, t3, f4 > 0, can be uniquely
extended to continuous functions of t;, b, 3, & > 0.
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Racah scheme: first chart (recall)

Racah

Hahn

/

AN

Jacobi

Meixner

Krawtchouk

/|

Laguerre

\

/

Charlier

/

Hermite

Tom Koornwinder

Askey scheme




Racah scheme: first chart (cntd.)

Hahn:
n —1 1 1
pn(X;t17t2a0,t4):P Qn(P X—O';O[,ﬁ,N), a = -, /6277
t L
1 (1+6)%2 ¢t T+4
Nzia pP= ) 0= — .
b (th+t+bty)!/2 (M+b+2tb)y
Jacobi:
Pn(X; ti, o, £3,0) = pn(X; t1, 1, 0,0) = p" pi ) (p~x — o),
1 1 (1+5)%2 1+t
o= PR P LR, 0 T Tinh+i26n
1 112 2t b th+telhl
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Racah scheme: first chart (cntd.)

Meixner:
(1 — tt _
pn(X€t17Oat37t4):pn X;t‘lvovoau :pnmn(p 1X_O-;B7C)7
1+ Bty
ﬁ:1+t1 C:t1(1+t3t4)
t 4+t
_ (1-tk)l yo rt)(+86t4)
P ) (Tt tg) 2 (-t
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Racah scheme: first chart (cntd.)

Krawtchouk:
pn(X; 0,2, t3, 4) = pPn (X;O’ L(1+hkl+kil)0 5 ty t4t: to t3 t4)
= p"kn(p~'x — o p, N),
 b(l+hBu+bizh) _ 1
(A+bL)(1+btzty)’ bty
P41+ bl bbbl

1+ tt+btsts)/2’ 7= b(1+0)(1+bigts)
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Racah scheme: first chart (cntd.)

Laguerre:
Pn(X; t1,0,13,0) = pn(x: 4,0,0,0) = p" [ (p~"x — o),
2 1+t

1
o= —, p—t1

I3 I8
Charlier:
Iy
pn(X;o,O7 t37t4):p X; O 0 0 PRI :pnCn(p71X—O'; a)7
1+hY
_1+t3t4 _ t1/2 U__1+t3t4
oy p_(1+fst4)1/2’ B s
Hermite:

pn(X; 07 t27 t37 0) = pn(X; 07 t27 07 0) = pn(X; 07 07 t37 0)
= pn(x;0,0,0,0) = p" h(p~'x — o),
p= 212 5 =0.
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Racah scheme: summary of first chart

Racah
hi 04, T30
Krawtchouk| |Meixner| | Hahn Jacobi

Krawtchouk| [Charlier] |Meixner| |Hermite| |Laguerre Jacobi

S v

Charlier| |Hermite| |[Hermite| [Laguerre

A\

Hermite
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Racah scheme: second chart (recall)
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Racah scheme: second chart

For s1, S5, 83,84 > 0 and 1/(s§s4) integer, put

Pn(X; S1, S, 83, 84) := p n(p” "X — 7y, B, =N = 1,0),

14 54 14 54 1
where o = ) =————, N=—5—,
S1 8 5185 83 84 S5 84
5714‘31"‘3234(1"‘31"‘8132)
S1 5284 ’
e 3132/ U__(1+s1)(1+33—s§s4)+s132

21/2 (4 +s1) S1 8384
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Racah scheme: summary of second chart

Racah
s1 .05, /0 540
Krawtchouk| |Hermite| |dual Hahn| Meixner

P

Krawtchouk| |Hermite

Hermite Charlier

Hermite

Meixner

S

Hermite

Charlier Hermite

Hermite
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Racah scheme: third chart (recall)
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Racah scheme: third chart

For us, p, Us, Uy > 0, 1+ USU3 > Uyl
and 1/(ususuy) integer, put

Pn(X; U, Up, U3, Ug) == p" r(p™ ' X — 01, B, =N — 1,6),

1+u 1 1
where o = 17 =, szi,
Us Uy Us Uz Uy Us Uz Uy
5_1+u4+u2u3u4+u§u3u4
= 5 ,
Us Uz Uy

(1 —|—U1)(1 + Uy Uz + Uy U3U4)
U3 us Uy '

_ 2
p=2"2u" P, o=-
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Racah scheme: summary of third chart

Racah
ty L 0~ /0 U0
T
dual Hahn | |Hermite Meixner Laguerre
) ) \/
Meixner| |Hermite| |Hermite| |Laguerre| |Hermite Laguerre

L

Hermite

Laguerre

Hermite

Hermite

Tom Koo

Y
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first chart «» second chart

S1 S 1+ 54 So
h=—", b=558S, K= , b=—;
T 2T R T (s +s888)) ¢ s

4tz 1-—Hbiily 1 -ty
ST = , So = —m, 3=
1-Hh—tHbhily L) 3ty
6 — b2t

(1-tttzats)?

This is a homeomorphism between
{(t, o, 13,84) |4 >0, >0, t3>0, tg >0,
t1t3(1 + t2t4) <1, bl < 1}
and

{(51,52,53,54) | 81 >0, 50>0,8 >0, 54 >0, s554 < 1}.
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second chart < third chart

s — 1 o — Uo (1 +U4(1 — U U2U3))
! U4('|—U~|U2U3)7 2 14+ U
(14 ur)? Uz uy

(1 + Uy (1 — Uy Uo U3))2 ,

)

S3 = U1 U3 (1—|—U4(1—U1 U2U3)), Sy =

28253+ 84(1+81)(1+281 +52 —s2sp83) — (1+51)S"/2

U1: 9
25253(1+ 5254+ S1.5254)
U — S1 85 84 s Sa(1+281+ 8% —s2sy83) — S'/2
2 148554+ 515084 2 25153(1+ 5284+ S15284)
Us:—231233+s4(1+s1)(1+2s1+s12—s123233)+(1+s1)S1/2
2s1(1+s1) ’
1 Sa(1+281+ 83— s2sp83) — S'/2
Up = —+ 852 )
S1 231(1+S1)

where S:= 53 (1 +2s1 + 7 — §25253)° — 4253 54 (1 + s1).
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Askey scheme (recall)
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Monic Wilson polynomials

2. _ (=1)"(a+b)a(a+c)n(a+d)n
Wn(y*; & b, ¢, d) := (n+a+b+c+d-1),

—-n,n+a+b+c+d—1,a+iy,a—iy > " /n
><4F3 ;1 =
a+b,a+c,a+d — k

(@a+b+K)nkl@at+tc+k)nkla+d+k)nk(a+iy)k(a—iy)k
X .
(n+k+a+b+c+d—1), «

Three possibilities for a, b, ¢, d:
@ two pairs of complex conjugate parameters

@ one pair of complex conjugate parameters and two real
parameters

o four real parameters
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Wilson scheme and its subschemes

Wilson Wilson Wilson Wilson

Cont. Cont. Cont. Cont. Cont.
dual Hahn| | Hahn —/Hahn dual Hahn| |dual Hahn
Meixner- i Meixner- i Meixner- Meixner-
Pollaczek Jacobi Pollaczek Jacobi Pollaczek Pollaczek
Laguerre Laguerre Laguerre Laguerre
Hermite Hermite Hermite Hermite

general a b,ab aa,c,d all real
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first Wilson subscheme

pn(X; ay, dz, as, 34) = pn Wn(p_1X — 0,4, b, c, d)a

1/2
1 1—a1/ a2a4l,
T Sa3B3/2 0. . »
2a‘:’/ aZagas
2
b ala 1+a1/ a as
231 as az as
3/2 42 42 42
p=2%22a2a2a2 a,
1 n 1—82
- 3 54 52 52
4a’ayasa; 2

5/ :
a?al(1+a—aja)ala,
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second Wilson subscheme

pn(X; b1 ) b2) b3) b4) = Pn Wn(P71X — 0, a) b7 C) d)u

where
_B_1+b1 1+4b1b2i
T 2by 2bibebg
1 2+b1b3+b?b2b§+3b?b2b§
c= + ’
b6 b2 b3 by 2 b b, b2
3 2 4 2
d— 2+b1b3-|—b b2b +b bzb 2_1/2b$/2b2b2,

2 b4 b, b2
a:—<1 +4by by + 452 by by + 4 b3 bE by by + 4 b b2 b2 by
+4b4 b2 by b2 + 4 b5 b2 b2 bﬁ)/(4b$ b2 b2).
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@ T. H. Koornwinder, The Askey scheme as a four-manifold
with corners, Ramanujan J. 20 (2009), 409—439;
arXiv:0909.2822

@ related Mathematica notebooks on
http://staff.science.uva.nl/~thk/art/

@ special case (first Racah chart) in 1993:
T. H. Koornwinder, Uniform multi-parameter limit transitions
in the Askey tableau, arxiv:math/9309213.

@ Some special limit cases already in Ferreira, Lopez &
Mainar (2003) and in Ferreira, Lopez & Pagola (2008).

Tom Koornwinder Askey scheme


http://staff.science.uva.nl/~thk/art/

