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Zhedanov’s algebra AW (3)

Let geC, g#0, g"#1(m=1,2,...).
g-commutator: [X, Y] = q%XY — q‘% YX.

The algebra AW(3) has:
m generators Ky, K1, Ko,
m structure constants B, Cy, Cy, Dy, Dy,
m relations

(Ko, Ki]g = Ko,
[K1 , Kg]q = BK; + CoKy + Dy,
[K>, Kolqg = BKo + C1 Ky + Dy.

(Zhedanov, 1991)
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Choice of structure constants

Let a, b, ¢, d be complex parameters.

Let ey, €5, €3, €4 be the elementary symmetric polynomials in
ab,c,d.

Put for the structure constants:

B :=(1-q ")?(es+qer),

Co=(q—q ")

Ci==q '(q-q9 " es,

Do :=—q3(1 — 9)*(1 + q)(es + ge2 + G°),

—q (1
Dy :=—q%(1 — q)’(1 + q)(eres + qes).



Basic representation of AW(3)

Let Asym be the space of symmetric Laurent polynomials
flz] = flz71].
Let the operator Dy, act on Ay, by

(Dymf)[2] := AlZ] (f[qz] - f[2])
+Alz " (flg7 2] - f[2]) + (1 + g ' abcd) f[z],
where
1—az)(1-bz)(1 —cz)(1 —dz)

_
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Basic representation of AW(3)

Let Asym be the space of symmetric Laurent polynomials
flz] = flz71].
Let the operator Dy, act on Ay, by

(Dymf)l2] := AlZ] (f[gz] - f[2])
+Alz " (flg7 2] - f[2]) + (1 + g ' abcd) f[z],
where
—az)(1—-bz)(1 —cz)(1 - dz)
(1-22)(1 - qz?) '
The basic representation of AW(3) on Ay, is given by
(Kof)[2] -= (Dsymf)l[2],
(Kif)lz] = (z + 27 )fl2].

Alz] = (1




Askey-Wilson polynomials

Define and notate Askey-Wilson polynomials by

- q",q" 'abcd, az,az="
Pp[z] := const. 4¢3 < ab, ac, ad q.9),
monic symmetric Laurent polynomial of degree n:
Piz] = Polz N=2"+-- -+ 27"

These are OP’s (in variable x := }(z + z~') ) under certain
conditions for g, a, b, ¢, d.



Askey-Wilson polynomials

Define and notate Askey-Wilson polynomials by

- q",q" 'abcd, az,az="
Pp[z] := const. 4¢3 < ab, ac, ad q.9),
monic symmetric Laurent polynomial of degree n:
Piz] = Polz N=2"+-- -+ 27"

These are OP’s (in variable x := }(z + z~') ) under certain
conditions for q, a, b, ¢, d.

Askey-Wilson polynomials satisfy

DymPn = AnPn, where \,:=q "+ q" 'abcd.



Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials P,[z] are the kernel of an
intertwining operator between the basic representation on Agym
(z-dependence) and a representation on Fun({0,1,2,...})
(n-dependence):

(Ki)z Pnlz] = (Ki)n PnlZ].
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Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials P,[z] are the kernel of an
intertwining operator between the basic representation on Agym
(z-dependence) and a representation on Fun({0,1,2,...})
(n-dependence):

(Ki)z Pn[2] = (Ki)n Pn[Z].

For Ko 2nd order g-difference equation:

A[z]Pnlgz] + B[z]Pnlz] + Clz]Pnla~'z] = AnPalz].
For K; 3-term recurrence relation:

(z+ 2z ")Pyl2] = anPpi1[2] + boPsl2] + coPn1[2].
For K, g-structure relation:

Alz)Polqz] + B[2)P,[2] + Cl2)Pilg ™' 2]
= AnPp1[2] + bnPalz] + ChPa_1[2].



Casimir operator for AW(3)

The Casimir operator
Q= (q 2 — q2)KoKi Kz + gKZ + B(KoKy + KiKp) + qCoKZ
+q 'CiKE + (14 q)DoKo + (1 + g~ 1) D K,
commutes in AW(3) with the generators Kp, K1, K.



Casimir operator for AW(3)

The Casimir operator
Q= (q 2 — q2)KoKi Kz + gKZ + B(KoKy + KiKp) + qCoKZ
+q 'K+ (1+q)DoKo + (1 + g ")Di K,

commutes in AW(3) with the generators Kp, K1, K.

In the basic representation (which is irreducible for generic
values of a, b, ¢, d), Q becomes a constant scalar:

(Qf)[Z] = QO f[Z],
where
Q= 41— 9)(q"(es — 2) + G°(€} — €16 — 262)

— gP(€264 + 264+ €2) + q(€5 — 2e204 — £1€3) + €4(E1 — 62)).



Casimir operator for AW(3)

The Casimir operator

Q:= (g2 — q2)KoKi Kz + gKZ + B(KoKi + K1 Kp) + qCoK2
+q 'K+ (1+q)DoKo + (1 + g ")Di K,
commutes in AW(3) with the generators Kp, K1, K.

In the basic representation (which is irreducible for generic
values of a, b, ¢, d), Q becomes a constant scalar:

(Qf)[z] = Qo f[2],
where
Q=g *(1-9q)? (q4(e4 — &)+ q°(6f — ere3 — 26,)
— gP(€264 + 264+ €2) + q(€5 — 2e204 — £1€3) + €4(E1 — 62)).

Assumption
a,b,c,d#0, abcd#q "™ (m=0,1,2,...).



A faithful representation on Agym

AW (3, Qv) is the algebra AW(3) with additional relation
Q= Q.



A faithful representation on Agym

AW (3, Qv) is the algebra AW(3) with additional relation
Q= Q.

Theorem (THK, 2007)
AW (3, Qp) has the elements

KKy Ko)' K™ (myn=0,1,2,..., 1=0,1)

as a linear basis.
The basic representation of AW (3, Qo) on Agm is faithful.



Double affine Hecke algebra of type (Cy, C1)

The algebra §) has:
m g, a,b,c, d as before,
m generators Z,Z~ ', Ty, To,

m relations
(Ty +ab)(Ty +1) =0,
(To+q 'ed)(To+1) =0,
(T1Z+a)(TyZ+b) =0,
(QToZ ' +¢)(qToZ ' +d) = 0.
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Double affine Hecke algebra of type (Cy, C1)

The algebra §) has:
m g, a,b,c, d as before,
m generators Z,Z~ ', Ty, To,

m relations
(Ty +ab)(Ty +1) =0,
(To+q 'ed)(To+1) =0,
(T1Z+a)(TyZ+b) =0,
(QToZ ' +¢)(qToZ ' +d) = 0.

(Sahi, Noumi & Stokman, Macdonald’s 2003 book;
preceding work by Dunkl, Heckman, Cherednik.)

T1 and Ty are invertible.
Y. =TTy, D:=Y+q 'abcdy~".



Basic representation of

Let A be the space of Laurent polynomials f[z].

The basic representation of $ on A is given by

(2hl2) = z1l2],

02820252 (11271 - 112),

=22 (1 - flaz ).

(T1f)[z] .= —abflz] +

(Tof)[2] .= —q 'cd f[z] +



Basic representation of

Let A be the space of Laurent polynomials f[z].

The basic representation of $ on A is given by

(2hl2) = z1l2],

(T)ld) = ~abflz) + =20 202 (o),

NG (121 e )

(Tof)[2] .= —q 'cd f[z] +
Then
(Tif)[z] = —abf[z] iff f[z] = flz7"],

and
(DN)[2] = (Dymf)l2] if f[2] = flz7'].



Eigenspaces of D

Let

Qnlz] :=a b7z (1 — az)(1 — bz) Py_1]z; qa,qb, ¢, d | q]
=Z2"+.-+a'blz"

Then
DQn = )\an T1 Qn = —Qn-
D has eigenvalues A\, (n=0,1,2,...).
T; has eigenvalues —1, —ab.
D and T{ commute.

The eigenspace of D for A\, is spanned by P, and Q,
(n=1,2,...).



Eigenspaces of Y

Let
ab
Efn:abi(Pn—on) (n:1,2,...),
AN _ ~n—1 AN _ ~n—1
E - (1 —q"ab)(1 — q""abcd) p ab(1 -qg")(1 —q" 'cd) Q,

(1 —ab)(1 —g?Tabed) ' " (1 —ab)(1 — g?"Tabcd)
(n=1,2,...).



Eigenspaces of Y

Let
ab
Efn:abi(Pn—on) (n:1,2,...),
£ _ (1 — g"ab)(1 — q"'abcd) p_ ab(1 — g")(1 — g"'cd) Q
"7 (1—ab)(1—g>-Tabcd) " (1 —ab)(1 —q2"'abcd)
(n=1,2,...).
Then

YEfn: q_n Efn (n: 1,27...),
YE,=q" 'abcdE, (n=0,1,2,..).



Faithfulness of the basic representation of §

Theorem (Sabhi)

The basic representation of $) is faithful.
The elements

Z"Y"Ti  (m,neZ, i=0,1)

form a linear basis of §.




Central extension of AW(3)

Let the algebra Z\VV(S) be generated by Kj, Ki, Ko, Tq such that
Ty commutes with Ky, K, K> and with further relations
(Ti +ab)(Ty +1) =0,
(9+ g YK KoKy — K2Ky — KoK? = BK; + Cy Ko + Dy
+ E Ki(Tq + ab) + Fo(T1 + ab),
(g + g KoK Ky — KGKy — K1K§ = BKy + Cy Ky + Dy
+ E Ko(Ty + ab) + F1(Ty + ab),

where

E :=-q%1-9)°Cc+d),
Fo:=q3(1-9)°(1 +q)(cd +q),
Fi:=qg 31 -q)°(1+q)a+ b)cd.



Basic representation of EVV(S)

The following element Q commutes with all elements of Z\VV(S):

Q:=(KiKo)? — (¢° + 1+ g 2)Ko(KiKo)Ki
+(q+q KEK? + (9 + 9 ) (CoK§ + CiKT)
+ (B+E(Ti +ab))((g+1+ g KoK + K1 Ko)
+(q+1+9 ") (Do+ Fo(T1 + ab)) Ko
+(g+1+q ") (Dy + Fi(T1 + ab)) Ky + G(T; + ab),

where G can be explicitly specified.
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Basic representation of Z\VV(S)

The following element Q commutes with all elements of Z\VV(S):

Q:=(KiKo)? — (¢° + 1+ g 2)Ko(KiKo)Ki
+(q+q KEK? + (9 + 9 ) (CoK§ + CiKT)
+ (B+E(Ti +ab))((g+1+ g KoK + K1 Ko)
+(q+1+9 ") (Do+ Fo(T1 + ab)) Ko
+(g+1+q ") (Dy + Fi(T1 + ab)) Ky + G(T; + ab),

where G can be explicitly specified.

ZITV(S) acts on A such that Ko, Ky, Ty act as Dym, Z + Z ' Ty,
respectively, in the basic representation of § on A.
This action is called the basic representation of AW(3) on A.

Then Q acts as the constant Q.



A faithful representation on A

Definition
AW(3, Qo) is the algebra AW(3) with additional relation
Q= Q.




A faithful representation on A

Definition
AW(3, Qo) is the algebra AW(3) with additional relation
Q= Q.

Theorem (THK, 2007)
Z\VVV(S, Q) has the elements
K§(KiKo)' KPT! (myn=0,1,2,..., ij=0,1)

as a linear basis.
The basic representation of AW(3, Qy) on A is faithful.

AW(3, Q) has an injective embedding in $.
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